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article info abstract

Keywords: Sparse representation systems that encode signal structure have had a profound impact on sampling and compres-
Acoustic signal processing sion paradigms. Remarkable examples are multi-scale directional systems, which, similar to our vision system,
Space-time

encode the underlying structure of natural images with sparse features. Inspired by this philosophy, we introduce
a representation system for wave-based acoustic signal processing in 2D space-time, which has one spatial and
one temporal dimension. We refer to this representation as the boostlet transform, which encodes sparse features
of natural acoustic fields using the Poincaré group and isotropic dilations. Boostlets are spatiotemporal func-
tions parametrized with dilations, Lorentz boosts, and translations in space-time. Physically speaking, boostlets
are wave functions propagating with phase speeds other than the speed of sound, resulting in a peculiar scal-
ing function. We formulate a discrete boostlet transform using a tensor product of Meyer wavelets and bump
functions. An analysis with experimentally measured fields indicates that discrete boostlet coe [ciehts decay
significantly faster and attain superior reconstruction performance than wavelets, curvelets, shearlets, and wave
atoms. The results suggest that boostlets o [erla natural and compact representation of broadband acoustic waves

Wave-based modeling
Dispersion relation
Weyl group

in space-time.

1. Introduction

Wave equations are mathematical structures central in many fields
of physics and engineering, with applications ranging from medical
imaging to acoustics, seismic exploration, electromagnetism, and grav-
itational wave detection. In acoustics, canonical solutions to the wave
equation are well-known in various geometries [1], typically described
in planar, cylindrical, and spherical coordinates. From Fourier’s un-
certainty principle, planar wave solutions are fully localized in the
wavenumber-frequency domain and non-localized in space-time. As a
consequence, modeling localized phenomena in space-time—such as
wave scattering of an object with a size comparable to the wavelength—
is challenging and computationally expensive. Another challenging as-
pect is the transition of the wave from being localized in space-time in
the vicinity of the object, with a broadband Fourier spectrum, to being
spatially extended far away from the object, with a band-limited Fourier
spectrum. As a consequence of the Sommerfeld radiation boundary con-
dition [2], the compact wave expands spherically outwards and turns
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into a transient planar wave—becoming a localized ridge in the Fourier
domain. How these dynamics are captured by a representation system
is key for analyzing and processing acoustic fields in space-time.

1.1. From Gabor atoms to Poincaré wavelets

Decades of e [arks in applied harmonic analysis have led to remark-
able representation systems. In 1946, Gabor presented a theory for time—
frequency analysis [3] by applying Heisenberg’s uncertainty principle
and establishing an analogy between sound and quanta. Gabor envi-
sioned that a family of parametrized atoms could detect transient com-
ponents more e Leckively than Fourier bases. Gabor’s ideas later trig-
gered the development of the wavelet transform in the 1970s, initially
coined as the cochlear transform by Zweig [4], and later formalized
in various ways by Grossmann, Morlet, Daubechies, and Meyer in the
1980s-1990s [5-7].

Notable works by Ali, Antoine, and Gazeau in the early 1990s es-
tablished a framework for square-integrability conditions of unitary
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representations in space-time. In a two-part study, they introduced re-
producing triples and continuous frames [8] and constructed explicit
coherent-state wavelet bases on the forward light-cone [9], laying the
mathematical foundation for analyzing wave equations via continuous
wavelet transforms. Related results were found by Bohnke on the ad-
missibility conditions for Lorentz-group wavelets and tight frames of
localized solutions on the light cone [10]. Bernier and Taylor later gen-
eralized these ideas to square-integrable representations of semidirect
products of groups [11]. These works were largely theoretical, but pro-
vided a basis for later applications and were eventually consolidated by
Ali, Antoine, and Gazeau in a comprehensive book on coherent states
and wavelets [12].

By the mid-1990s, Kaiser had introduced the notion of physical
wavelets as actual acoustic or electromagnetic pulses rather than ab-
stract basis functions [13]. Kiselev, Perel, and Sidorenko built on these
foundations by formulating the Poincaré wavelet transform [14,15],
comprising wavelets that are dilated, Lorentz-boosted, and translated
in space-time. In the field of image processing, many other anisotropic
transforms were constructed in the late 1990s and early 2000s, e.g.,
directional wavelets to localize edges [16], ridgelets to localize ridge
functions [17], and curvelets [18], shearlets [19], and contourlets [20]
to localize curved singularities. In the mid 2000s, research in microlo-
cal analysis showed that curvelets and shearlets resolve the wavefront
set [21,22]. In fact, curvelets [23], shearlets [24], and wave atoms [25]
provide optimally sparse representations of the wave propagator in free
space. In the late 2000s, Demanet and Ying [25] showed that optimally
sparse representations of Fourier integral operators and Green’s function
of the wave equation are attained with anisotropic essential support of
the order of 2"@  2"1_2 where a , [1_2;1]. At around the same time,
Pinto and Vetterli introduced directional filter banks to approximate
wavefronts measured by smoothly-varying 1D microphone arrays [26].

1.2. Historical developments in acoustic simulation and experiments

The analysis and processing of acoustic fields has seen numerous de-
velopments since the first computer simulations in the late 1950s [27,
28], when applications of geometrical-acoustics methods, e.g., ray trac-
ing [29], quickly became popular. Some years later, the image source
method was developed as an analytical tool to predict acoustical re-
flections in complex room geometries [30]. In the 1980s, Williams and
collaborators made monumental advancements in sound source quan-
tification by introducing acoustic holography [31], an industrial break-
through for contactless characterization of vibroacoustic sources. By the
end of the 1990s, Berkhout et al. studied the analysis [32] and extrapo-
lation [33] of acoustic fields inside rooms in great detail by using analo-
gies from seismic exploration. Numerical approaches such as finite ele-
ments [34], finite-di Lerknce-time-domain methods [35], and, more re-
cently, spectral element methods [36] and discontinuous Galerkin meth-
ods [37], have been used extensively to approximate the solution by
discretizing the computational domain.

Since the rise of compressed sensing [38], sparse representations
have had impactful applications in acoustic simulations and experi-
ments, including super-resolution, multi-scale analysis, and feature ex-
traction for model-based and machine-learning frameworks. Sampling
and reconstructing acoustic fields in space-time is challenging because
many data points are required to avoid aliasing. For example, in the
human audible range (20 Hz to 20 kHz), about 1:6 million microphone
positions are necessary to reconstruct the pressure field over a cubic
meter of air. Thus, overcoming sampling limitations has a profound
impact on technologies based on the wave equation, such as seismic
exploration, medical ultrasound, and vibroacoustic imaging, to men-
tion a few. Notable studies have investigated the sparse reconstruction
of acoustic fields with monopole sources [39-41], plane waves [42],
curvelets [43], and shearlets [44]. Finally, data-driven and machine-
learning methods, such as physics-informed neural networks [45,46],
deep prior approaches [47], generative models [48,49], and neural op-
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erators [50] have recently achieved impressive results due to their abil-
ity to more closely adapt to the structure (spatial or temporal) of the
acoustic fields.

1.3. Contribution of the work

The mathematical structure behind the boostlet transform is simi-
lar to wavelet constructions based on the Poincaré group [12]. In par-
ticular, boostlets are spatiotemporal atoms parameterized by continu-
ous dilations, Lorentz boosts, and space-time translations—mirroring
the parameters of the Poincaré wavelet transform. Despite this sim-
ilarity, Poincaré-based systems were studied initially in the context
of relativistic monochromatic point sources [51] and asymptotic solu-
tions to the wave equation in smoothly inhomogeneous media [52].
In the former context, a Lorentz boost is interpreted from a rela-
tivistic perspective as an observer’s velocity, e.g., as in optics, which
is inapplicable to acoustic, wave-like signals. In the latter context, a
Lorentz boost is interpreted as a characteristic ray that is traced in
the medium viatan =sinh , which is an asymptotic assumption valid
for particle-like (high-frequency) wave propagation. In contrast, the
proposed boostlet transform decomposes broadband acoustic waves in
space-time in terms of their phase speed content—determined by pass-
bands of Lorentz boosts—and their frequency content—determined by
passhands of space-time scales. Additionally, the boostlet transform has
finite scales and a scaling function, completing a resolution of identity
and ensuring acoustic field reconstruction down to zero hertz. While
sharing mathematical similarities with Poincaré wavelet systems, the
novelty of the boostlet transform proposed in this work lies in the ap-
plication to low-frequency (wave-based) acoustic field representation.

The main contributions of this work are summarized as follows:

(i) We apply the principle of analogy from sparsely coding natural im-
ages [53,54] to sparsely coding broadband acoustic waves in space—
time. A previous study [55] has shown that sparse patterns learned
from transient acoustic fields in 2D space-time follow analytical
transformations that preserve the dispersion relation. These initial
findings have motivated the design of an analytical sparse code for
acoustic data in the present paper. This contribution extends to po-
tential acoustics applications in machine learning, as such sparse
codes would no longer need to be learned.

(if) We introduce the boostlet transform, which decomposes broadband
acoustic waves into a collection of band-limited functions on L2.R?/,
referred to as boostlets, parametrized by the Poincaré group (Lorentz
boosts and translations), and isotropic dilations in 2D space-time.
The physical meaning of the admissibility condition and the associ-
ated scaling function are discussed. A discrete transform formulation
with a Meyer wavelet system is presented, which is shown to outper-
form wavelets, curvelets, shearlets, and wave atoms in sparsity and
reconstruction performance.

In addition to the contributions above, this work aims to enhance
the accessibility and applicability of space-time wavelets in the context
of engineering sciences. While the mathematical foundation of wavelets
built from unitary representations of the Poincaré group has been stud-
ied since the early 1990s [8-10,12,14,15,56,57], much of this litera-
ture is practically inaccessible for researchers working outside harmonic
analysis and mathematical physics. In this way, the present work con-
tributes to making space-time wavelet systems more usable and inter-
pretable within the engineering sciences.

2. Background

Although solutions of the wave equations have a wide frequency
range, this study focuses on the acoustic regime between infrasound
and ultrasound. Our ambition is that the methodology can be extended
to other types of waves and propagation media. This section presents
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the relevant background on wave equations, Fourier acoustics theory,
and encoding dispersion relations.

2.1. Wave equation preliminaries

The linearized wave equation in a homogeneous medium with con-
stant sound speed, in the absence of flow, is a second-order hyperbolic
partial di IEantial equatii)n (PDE) of the form [1]

1)
c2 )2
where , is the d’Alembert operator, p.r;t/ _ R is the acoustic pressure
at the position r = .x;y;z/T and time t, ¢, . R is the sound speed of the
medium, and (2 is the Laplacian operator in Cartesian coordinates.

A classical approach to solving (1) is to separate the space and time
variables and compute time-harmonic wave solutions with fixed angular
frequency ! = 1, . R*,

p.r;t/ = p.r; 1/e™itot; )

prtii= CG* p.r;t/ =0; (1)

where i is the imaginary unit. Substituting (2) into (1) turns the hyper-
bolic PDE in Eq. (1) into the elliptic PDE

Cp.ri 1o/ +K2p.r; 15/ =0; ?)
known as the Helmholtz equation in acoustics [1]. Here, the acoustic
wavenumber isky = ¥,_cy; i.e., acoustic waves are linearly dispersive. A

common solution in Cartesian coordinates to Eq. (3) is a plane wave [58,
Ch. 2.6]

p.r; o/ =P. 1y el "k, 4)

where P. 1,/ _ Cisthe wave amplitude at frequency !, . /denotes the
scalar product, and Ky = .Kyq; Kyo; k,o/T . R® is the wavenumber vector
with components defined as:

Kyo = Kocos sin ;

Ky
Ky0 = kg cos ;

o = kgsin cos ; 5)

where . ; /are the azimuth and elevation angles along which the wave
propagates, so that k3 = k2 + k%) + k%, forms a sphere of radius ko,
known in the literature as Ewald sphere [58, Ch. 2.11.2].

Given the generic vector k = .k,;ky; k,/T . R3, the spatial Fourier
transform of Eq. (4) gives the following Dirac delta located at k,

QK!M=OWPJMQI“%ﬂ”Hr=PJy.k*%k (6)

which is fully localized in Fourier space and non-localized (global)
in space—time. Similar expressions exist for cylindrical and spherical
waves [58, Ch. 4, Ch. 6].

Using ko = 1o_co and k3 = k2 + k§0 + k2, the plane-wave solutions
satisfy the dispersion relation
1, = cozko; 7
where & & indicates the 12 norm of the vector, which will play a cen-

tral role in the geometric interpretation of acoustic radiation in Fourier
space.

2.2. Acoustic radiation in Fourier space

Fourier acoustics theory [58, Ch. 2] provides a clear description
of how acoustic energy distributes between propagating (far-field) and
evanescent (near-field) components. At a fixed frequency ! = 1, the
admissible wavenumber vectors lie on the sphere kZ + kJ + kZ = k2 with
radius ky = 1,_cy. Consider, without loss of generality, that a plane
wave is propagating along the z-axis. In this setting, .k,;k,/ represent
the transverse wavenumber components and k, is the longitudinal com-
ponent. Rewriting the dispersion relation (7) in terms of k, gives [58,
Ch. 2.6.2]

K2 = k2 * K2 * K2 ®)
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Since the transverse wavenumbers .k, ; k,/ span all of RZ, the longitudi-
nal component k, can now be real or imaginary valued
T
h
k2*k2*k2. k2+k2fk2.
n_"o ™ %y " Ty %0
k2= 1 t—z 2 412> K2 ©)
i K2+Kk2 . .
EH kx+ky*ko, kx+ky>k0.

The first case corresponds to a propagating plane wave with real k,,
whereas the second corresponds to an evanescent wave with imaginary
k, = ik}, that decays exponentially along z. Substituting the two cases
above into (4) and, subsequently, the time-harmonic ansatz (2), gives a
propagating wave

p.rit/ = P .1/ elkorkyy+kez ol (10)
and an evanescent wave
p.rit/ = P 1o/ ehkecrkyy HatgTiz, (11)

The boundary between these two regimes is found by setting k, = 0,
which gives the condition k2 + kf/ = k2. This curve is known as the acous-
tic radiation circle in the k-space plane [58, Ch. 2.6.2], and is illus-
trated in Fig. 1(a). Waves inside the circle (k2 + k§ < kg) correspond
to propagating, or far-field, components, while waves outside the circle
(KZ + k2 > k3) correspond to evanescent, or near-field, components.

These plane waves are also known in the literature as trace
waves [58, Ch. 2.6.2], which are moving with phase speeds .c,; cy; ¢,/ =
-Yo_Kky: Yo_ky; ¥o_k,/ along the spatial coordinates .x;y; z/. In this man-
ner, the triplet .k, kyik,/=.2 _ ;2 _ ;2 _ ,/ denotes the trace
wavenumbers along the spatial directions with their corresponding trace
wavelengths . ; ; /. Propagating trace waves are aIso&alled super-
sonic since their phase speed along the .x;y/ plane ¢, =1 c2 +¢;2 >
Co- Conversely, evanescent trace waves are also referred to as subsonic
since ¢,y <¢;. Fig. 1(b) and (c) illustrate examples of the 3D spatial
distribution of a supersonic and a subsonic plane wave, respectively,
obtained by plotting Egs. (10) and (11) att=0with P.1,/=1.

We now extend this geometric picture by allowing the frequency
! to vary. Because the radius of the radiation circle scales linearly
with I through the dispersion relation (7), the family of circles gen-
erated over all frequencies forms a double cone in the .k,;ky; !/ do-
main, depicted in Fig. 1(d). This surface, I = , cyzka, is called the acous-
tic radiation cone, and is closely related to the concept of the plena-
coustic function [59]. The radiation cone is obtained by extruding the
radiation circle along the frequency axis according to the dispersion
relation. This cone characterizes all physically admissible frequency-
wavenumber triplets .k,;ky; ¥/ and, similarly to the acoustic radiation
circle, it separates propagating and evanescent waves.

While trace waves of the form (4) propagate in three dimensions,
we consider in this study one-dimensional measurements of these wave-
fields (such as those obtained using a linear microphone array [44,55]).
The result is a projection of the trace wave along a single spatial co-
ordinate, say X, which induces a one-dimensional wavefield along that
coordinate, p.x;t/ = P. ¥ y/e-k*tot The resulting radiation cone in the
-ky; ¥/ domain is shown in Fig. 1(e) and follows from setting k, = 0. The
projection of the radiation circle is indicated with the line ' = 1, and
the propagating and evanescent regions are found when intersecting this
line with the cone. Two lines of constant phase speed are also shown in
Fig. 1(e): one supersonic ¢, = 2c, and one subsonic ¢, = 0:5¢,. Intersect-
ing these lines with 1 = 1, results in the propagating and evanescent
trace waves illustrated in Fig. 1(f) and (g), respectively, obtained by
plotting Egs. (10) and (11) with k, =0and P.1o/ = 1.

2.3. Encoding the dispersion relation and tessellating Fourier space

The presence of the acoustic radiation cone, delimiting supersonic
and subsonic waves, suggests that a natural decomposition of a wave-
field, i.e., one that is to have a physical interpretation, must preserve
this cone. This hypothesis has been tested in air media [55], where
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Fig. 1. Acoustic radiation circles and cones, and their physical relation to time-harmonic trace waves [58]. (a) k-space representation of propagating (supersonic) and
evanescent (subsonic) plane wave solutions p.r;t/ in Egs. (10) and (11). There is a supersonic wave with trace wavenumbers .K,; K,/ = .0:6kj; 0:4Ky/, and a subsonic
wave with trace wavenumbers .K,; k,/ = .0:7k,; *1:1ky/, separated by the acoustic radiation circle K2 + k§ = kg. (b) Real part of the supersonic trace wave in (a) in 3D
space .x;y; z/. (c) Real part of the subsonic trace wave in (a) in 3D space .x;y; z/. (d) Acoustic radiation cone in the 3D Fourier domain .k,;k,; 1/, formed by letting
the frequency ! vary and extruding the radiation circle in (a). The k-space plane in (a) is simply a frequency slice of the 3D cone at I = I, i.e., when observing the
cone from the top. (e) Projection of the radiation cone in the 2D Fourier domain .k; !/ letting k, = 0 in (d). The projection of the k-space plane in (a) is, similarly
to (d), a frequency slice of the 2D cone at I = I,,. The cone boundary defines trace waves with speed c, = ¢y, delimiting the supersonic and subsonic regimes. Two
diagonal lines of constant phase speed are shown in the diagram: one with supersonic speed ¢, = 2¢,, and one with subsonic speed ¢, = ¢,_2. Intersecting these phase
speed lines with the cone results in a supersonic wave at .k,; 1/ =.0:251,_c,;0:5!,/, and a subsonic wave at .k,; 1/ =.1,_c,;0:51,/. (f) Real part of the supersonic
trace wave in (e) in 3D space-time .x; z; t/. (g) Real part of the subsonic trace wave in (e) in 3D space-time .x; z;t/.

a sparse code learned from experimental data undergoes geometrical
transformations that preserve the dispersion relation. Another impor-
tant conclusion from that study is that broadband acoustic fields are
structured into phase-speed conic intervals, similar to the directional
filters by Pinto and Vetterli [26], but also into hyperbolic frequency
scales [55]. In particular, the spectral amplitude of a transient point
source is singular at and decays away hyperbolically from the radiation
cone boundary [55].

The geometrical structures observed in [55] suggest that the
Poincaré group is a natural candidate for generating a set of functions
well adapted to representing this type of signal. It preserves cone sym-
metries, and many of its mathematical properties have been previously
studied in Poincaré-based wavelet systems [12]. Specifically, the orbits
of the Lorentz subgroup form hyperbolae in the wavenumber-frequency
domain, reproducing the structures observed in experimental data [55].
Concretely, the Poincaré group modifies the phase speed of a wave-
field while preserving its frequency scale, whereas the isotropic dilations
scale the wavefield frequency while preserving its phase speed.

To illustrate the above intuition in a geometric fashion, let us ap-
ply various cell partitions to the 2D wavenumber-frequency domain, as
shown in Fig. 2. For simplicity, we shall denote the trace wavenumber
k, simply with k throughout the remainder of the paper.

The radiation cone is overlaid in orange. Plane waves [58], isotropic
wavelets [6], and wave atoms [25] partition the spectrum into rectangu-
lar cells of various areas (see Fig. 2(a)—(c)), some of which are supported
inside and outside the cone boundary and do not respect the dispersion
relation. While curvelets [18] and shearlets [19], shown in Fig. 2(c), can
be defined with a conic partition, their decomposition scales (corona)
do not follow the hyperbolic frequency scales observed in [55]. The di-
rectional sub-band filters proposed by Pinto and Vetterli [26], shown
in Fig. 2(e), decompose spatiotemporal wavefields into broadband com-
ponents with various phase speeds. The boostlet partitioning shown in
Fig. 2(f), inspired by the initial findings in [55], is composed of hyper-
bolae, phase speed cones, and a concave-shaped scaling function (more
details in Section 3.2). The main di Cerbnce between boostlets and direc-
tional filters lies in the localization of narrow-band frequency content
within hyperbolic bands. Localizing narrow-band frequencies enables a
flexible description of frequency-dependent absorption and scattering
phenomena, e.g., di Lerknt bands can have di [erknt energies.

3. Continuous boostlet transform

The framework to handcraft the continuous boostlet transform,
which follows the same spirit of previous harmonic analysis construc-
tions [18,19,57], is presented in this section. Let us begin with basic
definitions.

Definition 3.1. Define adilation matrix D, and a boost matrix B acting
on space-time vectors & = .x; /T _ R? as

(0] 1 )

a o0 cosh *sinh

D, = i
a *sinh cosh

. . 12
o 4 : (12)
with dilation parameter a , R*, and Lorentz boost (hyperbolic rotation)
parameter _ R. It is often convenient to combine these two transfor-
mations into a single dilation-boost matrix M,. given by

*asinh
acosh

acosh

Ma: =DaB =B Da= osinn

(13)

Definition 3.2. Given a translation vector in 2D space-time =
.« /T . R? adilation factor a _ R*, and a boost parameter _ R,
we define the boostlet function , . .&/ _ L2.R?/ as

a4 =a"t

*lp*1 — a*1 *1 .
DB 4> / =a"t MItax /; (14)

respectively, for some mother boostlet _ L2.R?/.

Let us define the Fourier transform of spatiotemporal functions p.&/

as

p. /=0 pale™?iedg: (15)
R2

Here is the wavenumber—frequency vector = .k; 1/T representing the

spectrum of the wavefield in both space and time. It is then seen that
the Fourier transform of the boostlet function is given by

o . 1=ae™ T M7 (16)

In the following, we will require . / to be supported in the near-
field cone, i.e. . /=0for =.k;!/suchthat k < ! .This near-field
boostlet can then be transformed into a far-field boostlet by defining

<xitl= txl (17)
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Fig. 2. Tessellating the 2D wavenumber—frequency (Fourier) domain with di Cerent cell partitions. (a) Plane waves [58]. (b) Isotropic wavelets [6]. (c) Curvelets [18]
and shearlets [19]. (d) Wave atoms [25]. (e) Directional sub-band filters [26]. (f) Boostlets. The orange cone overlaid corresponds to the acoustic radiation cone in
Fig. 1(e). The white regions in (b), (c), and (f) denote the wavelet, curvelet/shearlet, and boostlet scaling functions, respectively.

This function will then have the property that <. /=0forall k > I,
and is thus supported in the far-field. Since the Poincaré group preserves
the radiation cone, we will have that ,.. and ; . are also supported
in the near and far fields, respectively. Decomposing a wavefield p using

these boostlets gives us the desired boostlet transform.

Definition 3.3. SetB=".a, ; /:a_R*; _R; _ R2‘ For a near-
field mother boostlet _ L2.R?/, we define the continuous boostlet trans-
form of a spatiotemporal function p.&/ . L2.R?/ by the mapping

%Cp; 5. °

a

P By= & o e B (18)

where €p; q° refers to the standard inner product on L2.R?/.

The set B above is known in the wavelet literature as the
a [nelPoincaré group, the Weyl-Poincaré group, and the similitude
group [12], and its mathematical structure is well-studied. We shall re-
fer to it in this paper as the boostlet group.

The boostlet transform expands p into a redundant representation,
comprised of its inner products with the boostlet functions ,.. and

; . From a signal-decomposition perspective, boostlets band-pass fil-
ter the signal p at various scales a , R* (frequency intervals) and boosts
. R (phase speed intervals).

It is known from classical wavelet theory [60] that the existence
of a reproducing formula that recovers the original function from the
transform relies on the admissibility of the wavelet function . In light of
this, we define the admissibility of the mother boostlet  in the following
manner.

Definition 3.4. Let _ L2.R?/ define a continuous boostlet transform
a ; />CEp; 4 . °Wereferto asadmissible with respect to the boost-
let group B, if

< o < dad d .

a; a; as !

+ @p;

P=o D &% a;
B

(19)
3.1. Admissible boostlets

The next step is now to characterize the set of admissible functions

a: L2.R?/. The following theorem introduces the admissibility con-

dition associated with the boostlet transform, which is similar to that of

space-time wavelets previously studied in the literature [10,12]. Our
proof is included in the Supplemental Material.

forall p_ L2.R%:

Theorem 3.1. Let _ L2.R?/ be such that

K 12
= KV k=1

R T (20)

Then, is an admissible boostlet in 2D space-time.

It shall be noted that the absolute value of the rational function
1_.k2* 12/ in the above integrand is known in the literature as the
Duflo-Moore operator associated with the a [nePoincaré group in 2D
space-time [12,61]. We also note that the requirement that equal one
in the above resultéan be replaced by having < , asin [12], and
then dividing by " to obtain an admissible boostlet function.

Examples of admissible boostlets _ L2.R?/ are tensor wavelets de-
fined in the parameter space .a; / _ R* R (shown in Fig. 4). To illus-
trate this, let us introduce a curvilinear change of coordinates for the
near-field cone:

ak /= kZ=*12
1 (21)
.k; 1/ = atanh E

Given the Fourier transform .a; / of an analytical 2D wavelet, we can
then define a boostlet through a change of variables:

kW= ak; 1/ kU (22)
Inserting this into the formula for , we obtain that
.72
e o -2 G (23)
0 R a

In other words, we can construct .a; / as the tensor product of an
admissible 1D wavelet ;.a/and a lowpass filter ,. /and the resulting
boostlet will be admissible after change of variables. Indeed, this will be
the approach for constructing a discrete boostlet frame in Section 4. One
can then define a Cartesian grid in the wavenumber-frequency domain
.1, k/, apply the mapping (21) to said grid and sample the values of, for
instance, 2D tensor Meyer wavelets in the .a; / space (where we have a
wavelet in the a direction and a scaling function in the direction).

A physical interpretation of the admissibility condition in Eq. (20)
in the language of Section 2.2 can be noted. The denominator, k2 * 12,
states that admissible boostlets in 2D space-time are all trace waves
whose phase speed is not equal to the sound speed. In other words,
boostlets must be supported away from the acoustic radiation cone. Ad-
missible boostlets in the far-field cone, i.e., 12 > k2, are propagating
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(supersonic) waves, and admissible boostlets in the near-field cone, i.e.,
12 < k2, are decaying (subsonic) waves.

3.2. Boostlet scaling function

In practice, the dilation parameter a is upper-bounded by a value
R*. As a consequence, the validity of Eq. (19) cannot be guaranteed for
a generic wavefield p _ L2.R?/ as such a requirement prevents sampling
the full R? space.

Definition 3.5. Let the boostlet group parameters be bounded as a _

.0; /and _ R. Then, we can define:
0 2 2ld d
— T T ad .
= o M, 1+ <.Ma; / - (24)
0 R

Let .&/ - ’.&/ , L2.R?/ such that

P+ =1 (25)
forall _ R2.Wecall .&/ the scaling function associated with the boost-

let .&/ at scale
Denoting the translation of .&/ with
&= &> (26)

we can now form the inner products €p; © for all _ R? in order to
capture the parts of the wavefield ignored by the continuous boostlet
transform when restricting it to scales below . In particular, we have
the following theorem.

Theorem 3.2. Letp . L2.R?/, _ L2.R%/ be an admissible boostlet, and
. L2.R?/ be its associated scaling function at scale . Then, we have the
following reproducing formula

p.&/=°R2(Ep; ° &d +o o o €p; 5. ° o &/

RZ R 0
dad d
+Ep; ; . ° ; & = : 27

The proof is similar to that of Theorem 3.1 (see Supplemental Mate-
rial) and we omit it here for brevity. This finite-scale boostlet transform
is also an isometry for L2.R?/.

4. Discrete boostlet transform

We now introduce and validate a discrete formulation of the boostlet
transform based on frame theory. This is achieved by carefully designing
a set of boostlet functions in order to satisfy a discrete version of the
boostlet admissibility condition.

4.1. Frame theory preliminaries

Let us begin with some basic definitions. In the following, let
be a set of functions in L2.R?/ indexed by the discrete set

Definition 4.1. The decomposition or analysis of the function p into the
sequence of functions is then defined as

p> ¢ ;. wherec =@p; © (28)

Here, the coe [ciehts ¢ are so-called expansion coe [ciemts result-
ing from the inner product between the data p and the system

Definition 4.2. Similarly, the synthesis of the coe [Ciehts ¢ is
defined as )
c & (29)

This is the adjoint of the decomposition defined above.
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We are now ready to introduce frame systems and their properties
in the following definitions.

Definition 4.3. A collection of functions in L2.R?%/ is a frame

if there exist constants 0 <A £B <  such that

Azpzl F

¢ 2 FBapal; forallp , L2.R?: (30)

The above expression states that the energy of the expansion coe Lciehts
is lower- and upper-bounded by the frame bounds A and B. These bounds
determine important special cases of frames, described in the following
definition.

Definition 4.4. A frame is called a tight frame if it has bounds
A = B. It is known as a Parseval frame if A=B = 1.

It is known that the synthesis operator of a Parseval frame is the
inverse of the analysis operator [62]. In the context of this work, we
shall use this property to design the discrete boostlet system.

4.2. Discrete boostlet frames

Using the frame formalism in Section 4.1, we want to apply it in the
case where the s are boostlet functions. Concretely, we will construct
a mother boostlet  such that .. .&/ (suitably renormalized) form a
frame for certain set of .a; ; /. Let us start by defining

nm-&/ =271 DB e *2te™ N mi; (31)
where I;n _ Z and m _ Z2, for some > 0. This is essentially a8
witha=2', =n,and =2'e"" m, scaled by a factor ™" (this is
needed to compensate for the higher sampling rate at higher boost lev-
els). Since we need both near- and far-field boostlets to capture an entire
wavefield, we will define * ..., “y.n_zm_z2 to be a boostlet frame if the
frame bound T

Azpz® T 0 a2+ S’ 2 fBapa? (32)
I;n;m
is satisfied. (Here and in the following, we will suppress the index sets
of sums where necessary to avoid cumbersome notation.)
We can now show that such a system forms a frame under a certain
condition on the mother boostlet in the following Theorem, the proof
of which is found in the Supplemental Material.

Theorem 4.1. The system * . 1.n_zm_z2 forms a frame if the support
of . /is contained in a disk of diameter one and there are A; B > 0 such
that

Af DaB, 7%+

In

“DuB, /2 B (33)

almost everywhere. The frame bounds are then given by A and B.

To obtain a Parseval frame (A = B = 1), we thus wish to find  such
that

DuB, /2+ <“DuB, /%=1 (34)

Inz

forall _ R? outside of a set of measure zero. Note that we include both
.&/ and its flipped version <.&/ in the above sum in order to cover for
both the near and far fields.
For simplicity, we will focus on constructing a discrete frame for the
near field, noting that a complete frame is then obtained by flipping the
axes to create a far-field discrete frame. We thus seek a near-field mother

boostlet .&/ (with Fourier support contained in a disk of diameter one)
such that

.DuB, /2=1 (35)
In

forall =.k;1/_ R%Zsuchthat k > 1.
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Following the discussion at the end of Section 3.1, we use the map-
ping in Eqg. (21) to instead consider our boostlets in scale-boost space,

setting
Kk 1/ =

ak 1, kv (36)

where is some function defined on the half-plane R* R. One useful
property of this mapping is that we can express a dilated and boosted
version of the mother boostlet quite easily. Indeed, since

a.DgB o.k; 1/T/ = a’a.k; 1/

37
DgB ok /= k1/*° S
we obtain

DB, k1/T/= 2'ak 1/ k1/*n/ (38)

Our goal is thus to tile the half-plane by dilating and shifting .a; /.
This is most easily done by defining .a; / as a tensor product
a [=7al%, (39)

and ensuring that dilated copies of ”.a/ and shifted copies of *,. / tile
the positive real numbers and the whole real line, respectively. Indeed,
suppose that we have that

>,2'a/2=1  foralla>0;and
1.2 (40)
.. *n/?=1 forall _R:
n.zZ
Then we have that
2'a; *n/2=1 (41)

In

forall .a; /_ R* R.Sincethe mapping .a.k; 1/; .k; 1// maps the near-

field cone in the wavenumber-frequency space onto the half-plane in

dilation-boost space, we can thus guarantee that Eq. (35) holds for k >
I . To construct the frame, we therefore only need to find the functions
7, and 7, that satisfy the above constraints.

4.2.1. Dilation wavelets *;.a/

The wavelets in this section are based on those in [63], which in turn
leverages the framework introduced by Meyer in [64]. In mathematical
terms, we define the dilation wavelet ”.a/ as

h
nsin 5 Ba*1/ ; 13Faf23
n
“pa/=qeos ; E*1 ; 23Fa 43 (42)
n
no; otherwise;

where we employ the usual auxiliary function

ho; ifu<o;
n

.U/ = 135u% * 84u° + 70u8 * 20u”; if O FuF1; (43)
5‘1; ifu>1:

This wavelet function satisfies one important property, namely that
*2.a/+72.2a/ = 1fora [1_3;2_3]. As a result, we then have

2
-.2'a/"=1 forall a>o0: (44)
1.2

4.2.2. Boost bumps ”,. /
Another useful property of the functions introduced previously is the
symmetry of the auxiliary function .u/. Indeed, it can be verified that
A*u/=1%* .u/, thatis, .u/+ .1*u/=1. We therefore define
o
oo l= A% (45)
for some >0.
Due to the symmetry property described above, we have that
*,. 12+ 7,0 * [2=1 over the interval [0; ]. We therefore obtain
that

750 %N 12=1; R: (46)
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4.2.3. Scaling function

The above construction requires us to decompose our signal at all
scales 2!, ranging from very small to very large. As discussed in Sec-
tion 3.2, the maximum scale is often limited depending on the task at
hand. This corresponds to limiting the dilation index I to some maxi-
mum value L, yielding the index set [~ =~1 _ Z: I <L*.

To recover the remaining energy, we need to decompose the signal
using a scaling function that captures the remaining scales. For this, we
first define

hi; 0< a 1.3
n
.a/ = jcos 3 Ba*1l/; 13<a 23 47
jDO; a >23;
and note that
L*1
2Las?+ 2lar?=1 (48)
1=
foralla>0.
We then obtain the scaling function
Y= 2Lak (49)
Together with the near-field boostlets defined previously, we then have
Yorzs .DuB, /2=1 (50)
I<Ln.Z
forall = .k; 1/ in the near-field cone. If we also consider the far-field

boostlets <. /, we obtain

.L/. / 2 +
I<Ln,Z

forall . RZ

.DuB, /2+ <DuB, /2 =1 (51)

4.2.4. Transform redundancy and sampling constraints

The redundancy of the progosed boostlet transform follows:
. scaling function/ + .2cones/ "~ y_o K.l/boosts. Let us upper-
bound L and K.l1/ to make this precise. As in the case of discrete
wavelets with dyadic scales, the number of discrete dilations L of the
boostlets above is upper-bounded by the number of space-time samples
Ny N;as

L Fmin log, N, log, N2 : (52)

If we have, for instance, a signal of dimensions N, = N; = 128, the max-
imum number of dilation levels of the boostlet frame is L = 7. Examples
of a wavelet family ~,.;.a/ for I = 70;1;2* and its corresponding scaling
function .2%a/ for L = 3 are shown in Fig. 3(a). This wavelet family
band-pass filters the high-frequency content of the wavefront into three
dyadic scales. The scaling function filters the low-frequency content of
the wavefront at scales larger than L = 3, as shown in Eq. (50).

Similarly, the number of discrete boost levels, K, is upper-bounded,
e.g., in the far-field (similarly near-field) cone, as follows:

cosh™ 211 /!

K KI/F2 ————= +1; for 1=0,8;L*1; (53)

where I is the sampling frequency. In short, there are more boost levels
(narrow-band phase speeds) at larger scales (lower frequencies). An ex-
ample of a bump family *,.,. /forn=2*1;0;1“and =1 rad is shown
in Fig. 3(b). Each bump function band-pass-filters the phase speed con-
tent of the wavefront in a boost bandwidth of . This particular family
spans a maximum boost |, @ 2 rad, which captures trace waves trav-
eling with a phase speed c, ¥ cytanh ., @ 0:96c,. Waves traveling at
greater speeds, 0:96¢, <c, Fc, , are captured by the boostlet scaling
function -¥.k; 1/, which, from Eq. (49) is constant along boosts and
low-pass along dilations.

Bounding (53), we see that K.1/ = O. I/:?:ince cosh™ .x/ F log.2x/. As
a result, the total number of boosts 1 +2 'I‘:é is bounded by 0.L%/,
which in turn becomes O.log.min.N,; N//2/. In other words, we observe
a scaling of the redundancy factor similar to other wavelet-like decom-
positions.
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Fig. 3. (a) A dilation wavelet family of L = 3 scales, ”;.,.a/ = > ,.2'a/, with I =70;1;2¢, and the scaling function .2%a/. (b) A boost bump family Tone I =750 *0

withn=2*1;0;1“and =1.

) (b) -

3 S
k

: - (f)
X

x (m)

—_
=
=

t (ms)

x (m)

x (m)

Fig. 4. Prototype boostlet functions in (a)—(d) Fourier space and (e)—(h) space-time. (i) Experimental setup of room-acoustical measurement and (j) pressure field
measured in space-time. (k)-(n) Convolution between the acoustic field in (j) and the boostlets in (e)-(h).

4.3. Visualization of admissible boostlets and wavefield decompositions

This section presents examples of admissible boostlets and associ-
ated decompositions of a natural acoustic field measured in 2D space—
time. Examples of such functions for di Cerknt wavelengths and phase
speeds are shown in Fig. 4. The convolution between an acoustic field
in 2D space-time (see Fig. 4(i) and (j)) and these boostlets is shown in
Fig. 4(k)-(n). It can be seen that, similar to a shearlet decomposition
of the acoustic field [44], boostlets extract (discard) wavefronts aligned
(misaligned) with their phase speed.

The boostlet scaling function is shown in Fig. 5(a), and it resembles
the wavenumber—frequency spectrum of a transient monopole observed
in the theoretical analysis in [55]. This can be qualitatively seen with
the point-like source localized in space-time in Fig. 5(b). Fig. 5(c) shows
the convolution between the scaling function and the field in Fig. 4(j).
It is worth noting that the scaling function smoothens the acoustic field.
Moreover, the latter exhibits large amplitudes for waves propagating
with phase speeds near the speed of sound, in correspondence with the
Fourier support in Fig. 5(a).

Let us compare the boostlet and wavelet scaling functions (likewise
for curvelets and shearlets) in terms of directional attributes. For tran-
sient, broadband wave solutions, the phase speed of the wave, c,, gov-
erns its “directionality” in space-time. If one were to apply a wavelet
decomposition to an acoustic field in space-time, the wavelet scaling
function would contain plane waves with all phase speeds whose corre-
sponding lines intersect with a square region of Fourier space (see the
white region in Fig. 2(b)). In contrast, boostlet scaling functions con-
tain plane waves propagating with phase speeds in a concave region of
Fourier space (cf. Fig. 5(a)). Following a similar reasoning, the wavelet
scaling function has a low-pass shape, filtering coarse wave content from
the acoustic field with all phase speeds. The boostlet scaling function has

x (m)

Fig. 5. Prototype boostlet scaling function in (a) Fourier space and (b) space-
time with a Meyer scaling function of a in the .a; / space. (c) Convolution be-
tween the acoustic field in Fig. 4(j) and the scaling function.

a combination of (i) a band-pass shape near the cone boundary, filter-
ing broadband waves propagating with phase speed equal to the speed
of sound (cf. Fig. 5(c)), and (ii) a low-pass shape near the lines ! =0
and k = 0, filtering coarse waves propagating with all phase speeds.

4.4, Sparsity analysis with experimental data

This section presents an empirical analysis of the magnitude decay of
the coe [ciehts when applying the prototype boostlets from Section 4.3
and benchmark systems to three independent acoustic measurements
taken with a 1D microphone array (100 positions spaced by 3 cm) and
sampling frequency 11:25 kHz. More details on the measurement setup
are described in [44]. Four windows of 100 100 space—time samples are
considered in this analysis, shown in Fig. 6(a)—(d). The benchmark sys-
tems considered are Daubechies45 and Meyer wavelets [6] (using MAT-
LAB’s Wavelet Toolbox), curvelets [65] (using the CurvelLab toolbox),
wave atoms [66] (using the WaveAtom toolbox), and cone-adapted
shearlets [63] (using the FFST toolbox). We set L = 3 dilation levels for
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Fig. 6. Sparsity analysis of various decomposition methods on experimentally measured acoustic fields. (a)-(d): Acoustic fields of space-time dimensions 100 100.
(e)-(h): Magnitude of the 10000 largest coe [ciehts of Daubechies45 wavelets, Meyer wavelets, curvelets, shearlets, wave atoms, and boostlets. (i)-(I): Relative

reconstruction error &p * pnaeg_aepag using 10000 largest coe [ciehts.

Table 1

Left: 1*-norm of the largest 10000 coe [ciehts for each method and
acoustic field (Fig. 6(a)—(d)). Right: Reconstruction error using the
largest 1000 coe Lciehts. Smallest values are in bold.

Method 1' (top 10000) Rel. error, % (top 1000/

6(@) 6(b) 6(c) 6(d) 6(d) 6(b) 6(c)  6(c)

Daubechies45 91.5 93.1 925 952 77.4% 79.1% 85.1% 87.3%

Meyer 929 945 926 954 87.2% 77.1% 75.2% 90.4%
Curvelets 738 799 726 822 31.7% 35.0% 27.7% 43.3%
Shearlets 91.8 94.7 89.2 97.3 59.6% 71.1% 54.3% 82.7%
Wave atoms  66.4 721 61.9 83.3 16.9% 22.8% 11.4% 40.5%
Boostlets 45.0 46.8 41.8 47.0 84% 9.8% 6.9% 9.7%

wavelets, curvelets, shearlets, and boostlets, and we fix K.1/ =7 boost
levels for all boostlet scales (given suitable = .1/ values obtained via
Eq. (53)). While Daubechies45 and Meyer wavelets are critically sam-
pled (decimated) with no redundancy, curvelets, wave atoms, shearlets,
and boostlets have redundancy factors of 2:5, 32, 29, and 43, respectively.

The analysis is as follows. First, each transform method decomposes
the acoustic field to obtain its corresponding coe [ciehts. Next, the co-
e Lciehts are sorted in descending amplitude, and we examine the spar-
sity and reconstruction performance using the first 10000 largest co-
e Lciehts. Similar to the paper by Candes et al. [65], we compensate
for the redundancy of the transforms by normalizing the coe Lciehts by
the 12-norm of the overall signal to preserve its energy. Besides calcu-
lating the coe [cieht amplitudes to examine their decay, we also com-
pute the corresponding n-term relative mean-squared reconstruction er-
ror gp* pnaeg_aepaez, where p, is the n-term approximation of the origi-
nal wavefield p. The results are summarized in Fig. 6, for four acous-
tic field examples in (a)-(d), their corresponding n-term coe [cieht de-
cays in (e)-(h), and n-term relative reconstruction errors in (i)-(l). The
code to reproduce the results can be found in the GitHub repository:
https://github.com/eliaszea/Boostlets SparsityAnalysis.

We first note that the acoustic fields in Fig. 6(a)—(c) are representa-
tive of the early part of the microphone recordings (i.e., direct sound
and early reflections). In contrast, the acoustic field in Fig. 6(d) is mea-

sured at a later time, having much more significant wave interference
and reverberation. For such late reverberation, the sound field becomes
increasingly di [use (i.e., waves propagate in all directions) due to the
complex superposition of reflected and scattered waves from walls and
objects inside the room. We will see that the sparsity of the representa-
tions demonstrates this nuanced e [ect with an increase in the 11-norms.

For the acoustic fields considered, Fig. 6(e)—(h) show the magnitudes
of the 10000 largest boostlet coe [ciehts decay faster than those of the
benchmarks. Wave atoms and curvelet coe [ciehts decay similarly, with
curvelets having a sharper decay above 10000 coe Lciehts. Shearlets,
Daubechies45, and Meyer wavelets have an asymptotically similar de-
cay. In particular, the boostlet coe [ciehts begin to decay significantly
faster than the other expansions above 1000 coe [ciehts.

Similarly, Fig. 6(i)—(I) demonstrate that the relative reconstruction
errors for these four acoustic fields obtained with boostlets decay con-
sistently faster than the errors obtained with the benchmark systems.
There is some variability that appears to depend on the acoustic field it-
self. For example, the relative errors obtained with wave atoms lie much
closer to the errors obtained with boostlets in Fig. 6(k)-(l). Furthermore,
as shown in Fig. 6(l) at a later time, the errors obtained with wave atoms
and curvelets are very similar, nonetheless with a significantly slower
decay than the errors obtained with boostlets. Shearlets, Daubechies45,
and Meyer wavelets exhibit the slowest error decays.

To complement these observations, the 11-norms of the 10 000 largest

coe [ciehts and the relative MSE errors using the 1000 largest coe [=—1

cients are obtained with the acoustic fields in Fig. 6(a)-(d). These met-
rics are summarized in Table 1. For the acoustic fields considered, the
smaller 11-norm values of the boostlet coe Lciehts are strong indications
of sparsity. This result is further corroborated by the relative reconstruc-
tion errors in the right-most column of the Table, indicating that boost-
lets attain significantly lower errors than the benchmark systems.

It is worth stressing that the prototype boostlets used for the expan-
sions in this section, including those shown in Fig. 4, are implemented
as a frame system with tensor Meyer wavelets using the mapping in
Eq. (21). Sparser decompositions may be attainable. Although the re-
sults shown are empirical, it is promising that boostlet decompositions
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exhibit faster coe [cieht decay and smaller reconstruction errors from
partial coe [ciehts compared to the benchmark systems.

5. Conclusion

We introduce a boostlet transform for wave-based acoustic signal
processing in 2D space-time and non-dispersive media. While some
mathematical foundations of the transform are not new, the novelty lies
in the application to low-frequency acoustic field representation. Several
interesting physical interpretations concerning admissibility conditions
and the transform parameters are discussed. We provide a discrete for-
mulation of boostlet frames using analytical tensor Meyer wavelets in
the dilation-boost domain. A sparsity analysis with experimentally mea-
sured acoustic fields reveals that discrete boostlet coe Lciehts exhibit a
significantly faster decay and lower reconstruction error compared to
various benchmarks, including wavelets, curvelets, shearlets, and wave
atoms. Although not shown in this paper, preliminary results in [67]
indicate that discrete boostlets attain superior denoising performance
than wavelets and shearlets. Ongoing e [arks focus on super-resolution
of acoustic wavefields, as well as extending the validity of the transform
to higher spatial dimensions and dispersive media.
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\begin {equation}\label {eq:waveeq} \Box p(\mathbf {r},t) : = \left ( \nabla ^2- \frac {1}{c_0^2} \frac {\partial ^2}{\partial t^2}\right ) p(\mathbf {r},t) = 0,\end {equation}


\begin {equation}\label {eq:space-time-ansatz} p(\mathbf {r},t) = \hat {p} (\mathbf {r};\omega _0) e^{-i \omega _0 t},\end {equation}


\begin {equation}\label {eq:helmholtz} \nabla ^2 \hat {p}(\mathbf {r};\omega _0) + k_0^2 \, \hat {p}(\mathbf {r};\omega _0) = 0,\end {equation}


\begin {equation}\label {eq:ansatz} \hat {p}(\mathbf {r};\omega _0) = P(\omega _0) \, e^{i \, (\mathbf {r} \cdot {\mathbf {k}_0}) },\end {equation}


\begin {equation}\label {eq:kxkykz} \begin {split} {k}_{x0} & = k_0 \cos \alpha \sin \beta , \\ {k}_{y0} & = k_0 \sin \alpha \cos \beta , \\ {k}_{z0} & = k_0 \cos \beta , \end {split}\end {equation}


\begin {equation}\hat {p}(\mathbf {k};\omega _0) = \int _{\mathbb {R}^3} P(\omega _0) e^{i \, (\mathbf {r} \cdot {\mathbf {k}_0})} e^{-i(\mathbf {r} \cdot \mathbf {k})} \mathrm {d}\mathbf {r} = P(\omega _0) \delta (\mathbf {k} - \mathbf {k}_0), \label {Xeqn6-6}\end {equation}


\begin {equation}\label {eq:disprel} \omega _0 = c_0 \lVert \mathbf {k}_0 \rVert ,\end {equation}


\begin {equation}k_z^2 = k_0^2 - k_x^2 - k_y^2. \label {Xeqn8-8}\end {equation}


\begin {equation}\label {eq:kzwavenumber} k_z = \begin {cases} \displaystyle \sqrt {k_0^2 - k_x^2 - k_y^2}, & k_x^2 + k_y^2 \le k_0^2, \\[0.5em] \displaystyle i \sqrt {k_x^2 + k_y^2 - k_0^2}, & k_x^2 + k_y^2 > k_0^2. \end {cases}\end {equation}


\begin {equation}\label {eq:propagating} p(\mathbf {r},t) = P(\omega _0)\, e^{i(k_x x + k_y y + k_z z - \omega _0 t)},\end {equation}


\begin {equation}\label {eq:evanescent} p(\mathbf {r},t) = P(\omega _0) \, e^{i(k_x x + k_y y - \omega _0 t)} e^{-k_z' z}.\end {equation}


\begin {equation}D_a = \begin {pmatrix} a & 0 \\ 0 & a \end {pmatrix}, \,\,\, B_\theta = \begin {pmatrix} \cosh \theta & -\sinh \theta \\ -\sinh \theta & \cosh \theta \end {pmatrix}, \label {Xeqn12-12}\end {equation}


\begin {equation}M_{a,\theta } = D_a B_\theta = B_\theta D_a = \begin {pmatrix} a \cosh \theta & -a \sinh \theta \\ -a \sinh \theta & a \cosh \theta \end {pmatrix}. \label {Xeqn13-13}\end {equation}


\begin {equation}\psi _{a,\theta ,\tau }(\varsigma ) = a^{-1} \psi \left (D_a^{-1} B_\theta ^{-1}(\varsigma -\tau )\right ) = a^{-1} \psi \left (M_{a,\theta }^{-1} (\varsigma - \tau )\right ), \label {Xeqn14-14}\end {equation}


\begin {equation}\hat {p}(\xi ) = \int _{\mathbb {R}^2} p(\varsigma ) e^{-2\pi i \xi ^\transp \varsigma } d\varsigma . \label {Xeqn15-15}\end {equation}


\begin {equation}\hat {\psi }_{a,\theta ,\tau }(\xi ) = a\, e^{-2\pi i \tau ^\transp \xi } \hat {\psi }(M_{a,\theta }^\transp \xi ). \label {eq:FourierBoostlet}\end {equation}


\begin {equation}\psi ^*(x, t) = \psi (t, x). \label {Xeqn17-17}\end {equation}


\begin {equation}p \to \mathcal {B}_{p} = \left ( \langle p, \psi _{a, \theta ,\tau } \rangle , \langle p, \psi _{a, \theta , \tau }^* \rangle \right )_{(a,\theta ,\tau ) \in \mathbb {B}}, \label {Xeqn18-18}\end {equation}


\begin {equation}p = \int _{\mathbb {B}} \left ( \langle p, \psi _{a,\theta ,\tau } \rangle \, \psi _{a,\theta ,\tau } + \langle p, \psi _{a, \theta , \tau }^* \rangle \, \psi _{a, \theta , \tau }^* \right )\, \frac {\mathrm {d}a \mathrm {d}\theta \mathrm {d}\tau }{a^3}, \quad \text {for all} \quad p \in L^2(\mathbb {R}^2). \label {eq:recformula}\end {equation}


\begin {equation}\label {eq:admissboostlet} \Delta = \int _0^{\infty } \int _{-k}^{k} \frac {\left |\hat {\psi }(k,\omega )\right |^2}{k^2 - \omega ^2} \mathrm {d}\omega \mathrm {d}k = 1.\end {equation}


\begin {equation}\label {eq:diffeo} \begin {split} a(k, \omega ) & = \sqrt {k^2 - \omega ^2}, \\ \theta (k, \omega ) & = \operatorname {atanh} \frac {\omega }{k}. \end {split}\end {equation}


\begin {equation}\label {eq:anwavelet} \hat {\psi }(k, \omega ) = \hat {\Psi }(a(k, \omega ), \theta (k, \omega )).\end {equation}


\begin {equation}\Delta = \int _0^{\infty } \int _{\mathbb {R}} \frac {|\hat {\Psi }(a, \theta )|^2}{a} \mathrm {d}\theta \mathrm {d}a. \label {Xeqn23-23}\end {equation}


\begin {equation}\label {eq:delta_omega} \Delta ^\Omega (\xi ) = \int _0^\Omega \int _{\mathbb R}\left (\left |\hat {\psi }(M^\transp _{a,\theta }\xi )\right |^2 + \left |\hat {\psi }^*(M^\transp _{a,\theta }\xi )\right |^2\right )\frac {\mathrm {d}a\mathrm {d}\theta }{a}.\end {equation}


\begin {equation}|\hat {\phi }(\xi )|^2 + \Delta ^\Omega (\xi ) = 1 \label {Xeqn25-25}\end {equation}


\begin {equation}\phi _\tau (\varsigma ) = \phi (\varsigma - \tau ), \label {Xeqn26-26}\end {equation}


\begin {align}p(\varsigma ) &= \int _{\mathbb {R}^2} \langle p, \phi _\tau \rangle \phi _\tau (\varsigma ) \mathrm {d}\tau + \int _{\mathbb R^2}\int _{\mathbb R}\int _0^\Omega \left (\langle p,\psi _{a,\theta ,\tau }\rangle \psi _{a,\theta ,\tau }(\varsigma )\right . \nonumber \\ &\quad \left .+ \langle p, \psi ^*_{a,\theta ,\tau } \rangle \psi ^*_{a,\theta ,\tau }(\varsigma )\right ) \frac {\mathrm {d}a\mathrm {d}\theta \mathrm {d}\tau }{a^3}. \label {Xeqn27-27}\end {align}


\begin {equation}p \mapsto \left \{ c_\gamma \right \}_{\gamma \in \Gamma }, \quad \text {where } c_\gamma = \langle p, \psi _{\gamma } \rangle . \label {Xeqn28-28}\end {equation}


\begin {equation}\label {eq:frameExp} \sum _{\gamma \in \Gamma } c_\gamma \psi _{\gamma }(\varsigma ).\end {equation}


\begin {equation}\label {eq:frame-bounds} A\| p \|_2^2 \leq \sum _{\gamma \in \Gamma } |c_\gamma |^2 \leq B \| p \|_2^2, \,\, \mbox {for all} \,\, p \in L^2(\mathbb {R}^2).\end {equation}


\begin {equation}\psi _{\ell ,n,m}(\varsigma ) = 2^{-\ell } e^{-|n|\delta } \psi (D_{2^{\ell }}^{-1} B_{n\delta }^{-1} (\varsigma - 2^\ell e^{-|n|\delta } m)), \label {Xeqn31-31}\end {equation}


\begin {equation}A \|p\|^2 \le \sum _{\ell ,n,m} \left (|\langle p, \psi _{\ell ,n,m} \rangle |^2 + |\langle p, \psi ^\ast _{\ell ,n,m} \rangle |^2\right ) \le B \|p\|^2 \label {Xeqn32-32}\end {equation}


\begin {equation}\label {eq:frame-condition} A \le \sum _{\ell ,n} \left (|\hat {\psi }(D_{2^{\ell }} B_{n\delta } \xi )|^2 + |\hat {\psi }^\ast (D_{2^\ell } B_{n\delta } \xi )|^2\right ) \le B\end {equation}


\begin {equation}\sum _{\ell ,n\in \mathbb {Z}} |\hat {\psi }(D_{2^{\ell }} B_{n\delta } \xi )|^2 + |\hat {\psi }^\ast (D_{2^{\ell }} B_{n\delta } \xi )|^2 = 1 \label {Xeqn34-34}\end {equation}


\begin {equation}\label {eq:square-sum-near-field} \sum _{\ell ,n} |\hat {\psi }(D_{2^{\ell }} B_{n\delta } \xi )|^2 = 1\end {equation}


\begin {equation}\hat {\psi }(k, \omega ) = \hat {\Psi }(a(k, \omega ), \theta (k, \omega )), \label {Xeqn36-36}\end {equation}


\begin {equation}\begin {split} a( D_{a'} B_{\theta '} (k, \omega )^\transp ) &= a' a(k, \omega ) \\ \theta ( D_{a'} B_{\theta '} (k, \omega )^\transp ) &= \theta (k, \omega ) - \theta ' \end {split} \label {Xeqn37-37}\end {equation}


\begin {equation}\hat {\psi }(D_{2^\ell }B_{n\delta } (k, \omega )^\transp ) = \hat {\Psi }(2^\ell a(k, \omega ), \theta (k, \omega ) - n\delta ). \label {Xeqn38-38}\end {equation}


\begin {equation}\label {eq:tensorboostlet} \hat {\Psi }(a, \theta ) = \varphi _1(a) \varphi _2(\theta ),\end {equation}


\begin {equation}\begin {split} \sum _{\ell \in \mathbb {Z}} |\varphi _1(2^{\ell } a)|^2 &= 1 \qquad \text {for all } a > 0, \text {and} \\ \sum _{n \in \mathbb {Z}} |\varphi _2(\theta - n\delta )|^2 &= 1 \qquad \text {for all } \theta \in \mathbb {R}. \end {split} \label {Xeqn40-40}\end {equation}


\begin {equation}\sum _{\ell , n} |\hat {\Psi }(2^{\ell } a, \theta - n\delta )|^2 = 1 \label {Xeqn41-41}\end {equation}


\begin {equation}\varphi _1(a) = \begin {cases} \sin \left ( \frac {\pi }{2} \nu \left ( 3a - 1 \right ) \right ), & 1/3 \leq |a| \leq 2/3 \\ \cos \left ( \frac {\pi }{2} \nu \left ( \frac {3a}{2} - 1 \right ) \right ), & 2/3 \leq |a| \leq 4/3 \\ 0, & \text {otherwise}, \end {cases} \label {Xeqn42-42}\end {equation}


\begin {equation}\nu (u) = \begin {cases} 0, & \text {if } u < 0, \\ 35u^4 - 84u^5 + 70u^6 - 20u^7, & \text {if } 0 \leq u \leq 1, \\ 1, & \text {if } u > 1. \end {cases} \label {Xeqn43-43}\end {equation}


\begin {equation}\sum _{\ell \in \mathbb {Z}} \left |\varphi _{1}(2^{\ell }a)\right |^2 = 1 \quad \text {for all} \quad a > 0. \label {Xeqn44-44}\end {equation}


\begin {equation}\varphi _2(\theta ) = \sqrt {\nu (\delta (1-|\theta |))}, \label {Xeqn45-45}\end {equation}


\begin {equation}\sum _{n \in \mathbb {Z}} \left |\varphi _{2}(\theta - n\delta )\right |^2 = 1, \quad \forall \theta \in \mathbb {R}. \label {Xeqn46-46}\end {equation}


\begin {equation}\phi (a) = \begin {cases} 1, & 0 < |a| \le 1/3, \\ \cos \left (\frac {\pi }{2}\nu \left (3a - 1\right )\right ), & 1/3 < |a| \le 2/3, \\ 0, & |a| > 2/3, \end {cases} \label {Xeqn47-47}\end {equation}


\begin {equation}|\phi (2^{L}a)|^2 + \sum _{l = -\infty }^{L-1} |\varphi _{1}(2^{\ell } a)|^2 = 1 \label {Xeqn48-48}\end {equation}


\begin {equation}\label {eq:discrete:scaling} \phi ^{(L)}(k, \omega ) = \phi (2^{L} a(k, \omega )).\end {equation}


\begin {equation}\label {eq:discrete:squares:nf} |\phi ^{(L)}(\xi )|^2 + \sum _{\ell < L, n \in \mathbb {Z}} |\hat {\psi }(D_{2^\ell } B_{n\delta }\xi )|^2 = 1\end {equation}


\begin {equation}|\phi ^{(L)}(\xi )|^2 + \sum _{\ell < L, n \in \mathbb {Z}} \left (|\hat {\psi }(D_{2^\ell } B_{n\delta } \xi )|^2 + |\hat {\psi }^*(D_{2^\ell } B_{n\delta } \xi )|^2\right ) = 1 \label {Xeqn51-51}\end {equation}


\begin {equation}L \leq \min \left (\left \lfloor \log _2 N_x \right \rfloor , \left \lfloor \log _2 N_t \right \rfloor \right ). \label {Xeqn52-52}\end {equation}


\begin {equation}\label {eq:Kbound} K \equiv K(\ell ) \leq 2 \Big \lfloor \frac {\cosh ^{-1}{ ( 2^{\ell } \omega _s ) } }{\delta } \Big \rfloor + 1, \quad \textrm {for} \quad \ell = 0,{\ldots },L-1,\end {equation}
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