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Abstract

A fundamental goal of computer science is to understand the complexity of computational
problems. One class of problems are promise constraint satisfaction problems (PCSP’s). We study
PCSP’s related to graph coloring, linearly ordered coloring (LO-coloring) and rainbow coloring.
We first dive into graph coloring PCSP’s and classify the non-existence of certain gadget reductions
between such problems. Next we systematically classify the existence gadget reductions between
PCSP’s related to graph coloring and LO-coloring and between PCSP’s related to graph coloring
and rainbow coloring that could yield new complexity results. For the most part these gadget
reductions are shown to be non-existent. We do however prove the existence of a reduction from
PCSP(K;,Ky) to PCSP(LO;,LO}) for k£ > [ > 3 and r > 4 yielding a substantial number of
new NP-hardness results for PCSP(LOj, LOY},).
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1 Introduction

One of the fundamental goals of computer science is to classify the complexity of computational
problems. That is determine whether specific computational problems are polynomial time solvable,
NP-hard or of another complexity. One class of computational problems are constraint satisfaction
problems (CSP’s), in short the aim of a CSP is to given a set of elements with relations between the
elements, can we assign a value to each element in a way that satisfies certain constraints. This class
consists of a large variety of problems with a rich mathematical structure providing a good place to
experiment with complexity classifications and algorithmic techniques.

Problems that can be formulated as CSP’s have been around for a long time, a prime example
is graph coloring. The more formal framework however originated apporximately 40 years ago in-
dependently in three different fields, computer science, artificial intelligence and database theory. It
showed up in different ways in the three fields and it was not until the late 1990s that it was realised
that all three fields were in fact studying the same concept. As mentioned above these problems are
extensively studied in theoretical computer science. In Al and applied computer science they can be
used to solve various real-world problems such as scheduling. [17]

An extensively studied class of CSP’s are the ones with a restricted set of types of constraints, or
a fixed constraint language. The CSP’s we study only have one type of constraints. Graph coloring is
again a prime example where the only constraint is that two adjacent edges cannot receive the same
color.

An important question regarding CSP’s with a fixed constraint language was whether all CSP’s
with a fixed constraint language are either in polynomial time solvable or NP-complete. This was
conjectured by Feder and Vardi [12], the conjecture had support in previous works such as Schaefer
[20] who showed that the conjecture holds for Boolean CSP’s. This conjecture distinguishes CSP’s
from the more general class of problems NP since assuming P#NP there are infinitely many so called
NP-intermediate problems that are not in P but neither NP-complete [18]. This conjecture, known as
the Dichotomy Conjecture, lead to a great deal of research in the area for about two decades which
resulted in two independent proofs by Bulatov |11] and by Zhuk [22, [23]. The algebraic approach
to the CSP can be used as a tool to determine the complexity of CSP’s and was in particular an
important tool for both proofs. This uses so called polymorphisms that are multivariate mappings
between relations on sets where relations are preserved under the mapping. This approach started
with the importance of polymorphisms being established in a couple of papers by Jeavons et al. |16]
and Jeavons [15]. Next this was brought to a more abstract level by Bulatov et al. [9} |10] where
the CSP’s could be translated into an algebraic problem. This gave a more powerful approach to the
study of CSP’s.

The problems studied in this thesis are an extended version of the CSP, namely the promise
constraint satisfaction problem. This is denoted by PCSP. The aim of these problems is to find
an approximately good solution to a problem given that a good solution is known to exist. By
an approximate solution we mean a solution in which all constraints are satisfied, but where each
constraint is relaxed. An example of this is given a 3-colorable graph, find a valid 8-coloring E

We study the decision variant of this problem which asks whether a good solution exists or if not
even an approximately good solution exists for a given input. Open problems of this form have existed
and been studied before the notion of PCSP was introduced. The PCSP was introduced quite recently
[2, {7, 18] formalizing a new set of computational problems containing these open inapproximability
problems together with infinitely more problems yet to be studied. Note that PCSP’s contain all
CSP’s as these problems simply ask whether an input has a good solution or does not even have a
good solution, i.e we can let the approximate solution be the good solution.

One of the open problems contained in PCSP’s that is studied in this thesis is determining the
complexity of the problem of distinguishing graphs that are k-colorable or not even g-colorable for

1Note that we are not referring to the most common notion of an approximately good solution which is a solution in
which almost all constraints are satisfied. An example of this is a 3-coloring of a graph where almost no two adjacent
vertices are colored the same.



q > k; PCSP(Ky,K,;). Two substantial results for the NP-hardness of these results were found
recently; distinguishing k-colorable from not even (2k — 1)-colorable graphs is NP-hard for k& > 3
[5]. Also, for k > 4 distingushing k-colorable graphs from not even ((Lklj2 j) — 1)-colorable graphs is
NP-hard|21].

We also look at PCSP’s related to Linearly ordered coloring (LO-coloring) and rainbow coloring
of hypergraphs. LO-coloring is a natural variant of normal hypergraph colorings studied by Barto,
Baristelli and Berg [3], they studied 3-uniform hypergraphs where they called an admissible k-coloring
one where if two vertices of an edge have the same color then the remaining one is given a higher color,
the colors are [k] = {1,2,...,k}. They posed the question if it is NP-hard to find an LO-k-coloring
of a 3-uniform hypergraph with the promise that the input graph is LO 2-colorable. This is still an
open problem. Nakajima and Zivny [19] studied more general cases of LO-coloring where not only
LO-colorings of 3-uniform, but r-uniform hypergraphs for r > 4 were studied. They did not answer
the question posed by Barto et al. [3], but they did however prove various NP-hardness results for
r-unifrom hypergraphs for » > 5.

A c-rainbow coloring of a k-uniform hypergraph H is a coloring of H such that all ¢ colors are
represented in each edge. PCSP’s related to rainbow coloring have been studied in the last few years
[1, |6, |13} |14] and still has open questions regarding its complexity. The specific PCSP related to
rainbow coloring we study in this thesis is to distinguish k-rainbow colorable hypergraph from those
that are not even 2-colorable. The definitions of these colorings are presented in Section There
exists specific complexity results for this PCSP [1} 13| [14] that that we present and use in this thesis.

The aim of this thesis is to present a more comprehensive classification for when so called gadget
reductions exist or do not exist between PCSP’s of the mentioned types of coloring. A more compre-
hensive classification of this is of interest as it could directly yield new complexity results. A problem
PCSP(A,B) can be concluded to be NP-hard if an NP-hard PCSP is found to have a reduction to
PCSP(A,B). The problem PCSP(A,B) could also be found to be in P if it can be reduced to a
PCSP in P. Furthermore it is of interest to find reductions between PCSP’s of unknown complexity,
because then a future complexity result of one PCSP could by this more comprehensive classification
immediately yield information about the complexity of other problems.

2 Background

We closely follow the notation and definitions presented by Barto et al. [5]. We however talk about
relations on sets instead of relational structures as the objects we study are relational structures
containing only one relation. We use notation [n] = {1,2,...,n}.

Definition 2.1. A relation on a set A is a tuple A = (A; R?) where A is a set and each RA C A1)
is a relation on A of well defined arity ar(R*) > 1.

Throughout this thesis we refer to tuples existing in a relation on a set A = (A4; R*), when this is
done we are formally referring to tuples existing in R4.

A simple example of a relation is on a digraph D = (V; E) where V is the set of vertices and E is
a relation of arity 2. We have that (z,y) € E C V? for whenever x has an edge to y. In this thesis we
study undirected graphs, G = (V; E) with the requirement that if an edge exists in one direction it
also must exist in the other, that is if (z,y) € F then (y,z) € E. Examples of specific graphs is the
complete graph Ky = ([k]; {(z,y) € [k]?|z # y}) and a 5-cycle

C5 = ([5]’ {(17 2)7 (2’ 1)7 (27 3)7 (37 2)7 (37 4)7 (4‘7 3)7 (574)7 (47 5)7 (57 1)7 (17 5)})‘

Other important relations in this thesis are on k-uniform hypergraphs. These are generalised graphs
where instead of each edge consisting of two vertices they consist of k vertices for some k > 2. Note that

a normal graph is a 2-uniform hypergraph. An example of this is Hs 3 = ([3]; [3]*\{(1,1,1), (2,2,2), (3,3,3)}).
Note that there exists plenty of edges containing a vertex more then once, two examples of this are

the edges (1,1,2) and (3,2, 3).



Definition 2.2. Two relations on sets A = (A; R*Y) and B = (B; RP) are said to be similar if
ar(R*) = ar(RB).

Note that this means that all graphs are similar.

Definition 2.3. For two similar relations A and B a homomorphism from A to B is a map
H : A — B such that (a1, ..., ag(ga)) € RY = (h(ay), s h(agrrE)) € RP

We write A — B to denote that a homomorphism exists from A to B.

2.1 CSP’s and PCSP’s

Now we are ready to introduce a formal definition of a CSP problem.

Definition 2.4. For a fized relation B, CSP(B) is the problem of deciding whether a given input
relation I, similar to B, admits a homomorphism to B. Here B is called the template for CSP(B).

An example of a CSP problem is 1-in-3-SAT, CSP(T) which uses the following relation on {0, 1};
T = ({0,1};{(1,0,0),(0,1,0),(0,0,1)}). We can describe the problem from two equivalent perspec-
tives given an input I = ({z1,...,zn}; {(z1,1, 2,1, 23,1), (21,2, 2,2, 23,2), -, (T1,ms T2,ms T3m) & Tij =
x; for some | € [n] Vi,j € [3] x [m]}). The first perspective is just following the definition, does there
exist a homomorphism I — T? The second equivalent perspective is determining if we can assign
values 0 or 1 to variables x1, ..., z,, so that for each of the clauses
(1,1,22,1,23.1), (T1,2, 2,2, 23,2)s oo, (T1ms T2,m, T3,m) © Ti; = 27 for some | € [n] Vi, j € [3] x [m] one
element is given the value 1 and the other two are given the value 0. We think of 1 as True and
of 0 as False. In this thesis we generally stick to the first perspective, especially in various proofs
since the theorems we introduce use the first perspective. In the background we continue using both
perspectives in order to better relate to the various examples that are presented.

Now let us introduce the main topic of this thesis; promise constraint satisfaction problems which
we denote by PCSP. We begin with a formal definition.

Definition 2.5. A PCSP template is a pair of similar relations A and B such that A — B. The
problem PCSP(A, B) is, given an input I similar to A and B, output YES if I — A and NO if
I/4 B

The question the PCSP problem asks is whether an input I satisfies A or does not even satisfy B.
The promise in these problems is that it is never the case that I — B but I 4 A. This would be a
problem since neither YES nor NO could be the output of such an input. Also A — B makes sure
that that for no input, the output could be both YES and NO. Because then we could have the case
that I — A but I 4 B. Note also that PCSP(A, A) is the same problem as CSP(A).

The search version of the problem is given an input I such that I — A, find a homomorphism
h: I — B. An example of this would be given that a graph G is 3-colorable, find a 6-coloring of G.

2.2 Relevant CSP’s for this thesis

Here we introduce the CSP’s that are relevant for this thesis.

2.2.1 Graph coloring
Recall that Ky = ([k]; {(z,y) € [k]? : @ # y}) is the complete graph of k vertices.

Definition 2.6. A graph G = ([I];{ some subset of [[|*}) is k-colorable if and only if there exists a
homomorphism G — K.



Note then that the problem CSP(Ky) is, given an input G, determine if the graph G is k-colorable.
Note that this coincides with the regular definition of k-coloring. The homorphism existing simply
means that we can assign one of k colors to each vertex in G such that the relation is preserved, that
is if two vertices share an edge in G there images must share an edge in K meaning that they receive
different colors. Let us study a graph

G = ({4, B,C,D};{(A, B),(4,0), (B, A),(B,C), (B, D), (C, A), (C, B), (D, B)})

And see how we could find a valid 3-coloring, or homorphism G — Ks.

Not valid 3-coloring Valid 3-coloring

O=1
O=2
O=3

Figure 1: The left coloring is not valid since the edge (A, B) is monochromatic.

In Figure [I] have that a valid homomorphism G — K3 is sending A — 2, B — 1, C — 3 and
D — 3.

2.2.2 Normal coloring of k-uniform hypergraph

We use the relation on a set [c] Hy,. = ([c];{(a1,...,ax) € []* : a; # a; for some 4,5 € [k]}). Note
that we in this thesis study undirected hypergraphs. This means that if a hypergraph has the edge
(ai,...,a) then it also has the edge (ar(1), ..., ar()) for all permutations 7 : [k] — [k]. This is also
the case for the templates for rainbow coloring and LO-coloring presented later.

Definition 2.7. A k-uniform hypergraph I is c-colorable if and only if there exists a homomorphism
I— Hk:,c

Note then that the problem CSP(Hy ) is, given an input I, determine if the hypergraph I is
c-colorable. This simply means that a k-uniform hypergraph I is c-colorable if and only if each vertex
can be assigned a color such that no edge is monochromatic, i.e all vertices of the edge do not have
the same color.

In Figurewe have that a valid homomorphism I —+ Hy 5 is sending A, B,C, D, E — 1 and F' — 2.

2.2.3 Rainbow coloring of k-unifrom hypergraph

Here we use a relation on the set [c] Ri.. = ([c]; {(a1, a2, ...,ax) € []* : Va € []a = a; for some i € [k].
This means that (a1, as, ..., ax) € [¢]* is a tuple in the relation if it contains all values of [c].

Definition 2.8. A k-uniform hypergraph I is c-rainbow colorable if and only if there exists a
homomorphism I — Ry, ..

Note then that the problem CSP(Ry) is, given an input I, determine if the hypergraph I is
c-rainbow colorable. This simply means that a k-uniform hypergraph I is c-rainbow colorable if and
only if each vertex can be assigned a color such that each edge contains all colors.

In Figure |§| we have that a valid homomorphism I — Ry 3 is sending D, F' — 1, A, E — 2 and
B,C — 3.



Not a valid 2-coloring Valid 2-coloring

Figure 2: Two colorings of graph I. The left coloring is not valid since (C, D, E, F') forms a monochro-
matic edge

o0
"

Not valid 3-rainbow-coloring Valid 3-rainbow-coloring
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Figure 3: Two colorings of graph I. The left coloring is not a valid rainbow coloring as the edge
(A,B,C,F) does not contain a vertex of the red color.

000
I

2.2.4 Linearly ordered coloring of r-uniform hypergraphs

For Linearly ordered coloring or LO coloring we use a relation on the set [I] LO; = ([I]; {(a1, a2, ...,a,) €
[]" : (a1, ag, ..., a,) has unique maximum}.

Definition 2.9. A r-uniform hypergraph I is [-LO colorable if and only if there exists a homomor-
phism I — LOj.

Note then that the problem CSP(LOY) is, given an input I, determine if the hypergraph I is ¢-LO
colorable. This simply means that a r-uniform hypergraph I is ¢-LO colorable if and only if each
vertex can be assigned a color (in the form of a number) such that for each edge only one vertex is
given the color/number of the highest value.

In Flgurelwe have that a valid homomorphism I — LO2 issending B,C, F,F — 1and A, D — 2.

2.3 The PCSP’s we study
Now we present the PCSP’s we study in this thesis related to each of the different colorings.

e Graph coloring: PCSP(Kj,K,) for ¢ > k > 3. The task is to determine whether a graph is
k-colorable or not even g-colorable.

e Rainbow coloring: PCSP(Ry 4, Hy o) for K > ¢ > 2. The task is to determine whether a
k-uniform hypergraph is g-rainbow colorable or not even 2-colorable.



Not valid 2-LO-coloring Valid 2-LO-coloring

®®® @@)@
®

@\ © ®\. ©

o0
[

Figure 4: Two colorings of graph I. The left coloring is not valid as the for the edge (C, D, E, F)
the maximum color is 2, but both F and F have this color so the maximum color is not unique and
therefore not a valid LO-coloring.

e LO coloring: PCSP(LO;,LO}) for £ > 1 > 2 and r > 3. The task is to determine whether an
r-uniform hypergraph is [-LO colorable or not even k-LO colorable.

As graph coloring has the most applications and is the most actively researched this the main
interest of the thesis. Therefore we want to figure out what gadget reductions exist within graph col-
oring PCSP’s and gadget reductions that exist between graph coloring and the PCSP’s corresponding
to the other colorings. As this could potentially yield new NP-hardness results or give information
about what potential future complexity results imply regarding the complexity of other colorings.

2.3.1 Gadget reductions

The reason for we want to find specifically gadget reductions is that they are a commonly used in
theoretical computer science to prove complexity results. Furthermore there exists theorems stating
when they exist or do not exist which we use in this thesis. Gadget reductions were used before term
gadget reduction was even introduced. Let us give a definition.

Definition 2.10. Let I} = (I1; Ry) be an input to PCSP(A, B). A gadget reduction from PCSP(A, B)
to PCSP(C,D) is an algorithm that in polynomial time transforms the I = (I1; Ry) into an input
L, = (I; Ry) of PCSP(C, D) such that each tuple in Ry defines a new set of tuples which together form
the tuples of Ry. It is required that if Iy is a YES-instance then so is I, and if I} is a NO-instance
then so is I.

We can see gadget reductions as each constraint that needs to be satisfied being transformed into
a set of constraints of another problem that must be satisfied. This set of constraints becomes the
gadget that in a sense simulates our original constraint. The new problem consists of several gadgets
that correspond to one of the constraints of the original problem. Gadget reductions play an important
role in the algebraic theory of CSP’s where there exists certain conditions for when they exist [4]. For
this thesis however it is not necessary to dive deeper into this algebraic theory.

2.4 Known NP-hardness results and trivial reductions

We go through each of the PCSP’s and present the known complexity results and also show trivial
reductions that exist within each class of PCSP’s. Some of which are immediate from the following
observation.

Observation 2.11. If for relations on sets Ay, Aa, B1, Ba the homomorphisms Ay — As and By —
By exist, then PCSP(Aq, By) can be gadget reduced to PCSP(As, By) in polynomial time.



Proof. The following is a valid gadget reduction.

function PCSP(A4,B;)(I):
return PCSP(A,, By)(I)

YES instances are mapped to YES because if I — A; and A; — As then I — A,. Next NO
instances are mapped to NO because if I 4 By and Bo — B then I 4 Bs.

O
2.4.1 Graph coloring PCSP (K, K,)

We have that PCSP(Ky, K, ) is NP-hard if 2k —1 > ¢ > k for k > 3 ([5]) and if ((Lk];2J) —1)>q>k
for k > 4 (|21]). Furthermore we know that CSP(K3), i.e 2-coloring, is in P which in turn implies
that PCSP(K, K,) is in P for ¢ > 2.

We state a few trivial reductions as theorems which we illustrate together with the known NP-hard
results in Figure

Theorem 2.12. There exists a gadget reduction PCSP(Ky,, K,;) — PCSP(Ky, K,_1) for ¢ >k > 2.
Proof. Follows immediately from Observation [2.11 O
Theorem 2.13. There exists a reduction PCSP(Ky,, K;) — PCSP(Kjy1, Kyy1) forq >k > 2.

Proof. This can be shown with the following reduction:

function PCSP(Kj, K,)(I):
add a new node v to I and create an edge between v and all other vertices.
return PCSP(K 11, K,41)(T)

YES-instances are mapped to YES-instances as we can color the original vertices with k£ colors and
we can color the new vertex v with (k + 1). Furthermore NO-instances are mapped to NO-instances
because the new vertex v must receive a unique color, this means we must color the original ver-
tices with ¢ colors which cannot be done as our assumption was that we have a NO-instance to
PCSP (K, K). O

Corollary 2.14. There exists a reduction PCSP(Ky, K;) — PCSP(Ky,Ky) if k' > k > 2 and
K—k>q —q.

Proof. This is obtained by the transitivity of reductions combined with the results of Theorem [2.12
and Theorem 213 O

2.4.2 Rainbow coloring

We have that PCSP(Ry 4, Hy 2) NP-hard for & > ¢ if ¢ < 5 (Theorem 2 [14]). Furthermore
PCSP(Ryg,q, Hi,2) is NP-hard if for some ¢ > 1 and d > 2 we have that k > td + ng and g <
t(d—1)+1and k > ¢ > 2 (1] Theorem 1.3). A concrete consequence of this is that for k£ > 3 that
PCSP(Ry, ;5| vz Hi,2) is NP hard ([1] Corollary 1.4). Furthermore PCSP(Ry,k, Hy,2) is in P for
k> 2 [13).

We state a few trivial reductions as theorems which we illustrate together with the known NP-hard
results in Figure [6]

Theorem 2.15. We have a gadget reduction PCSP(Ry, 4, Hy, o) — PCSP(Ry, q—1, Hy 2) fork > g > 3.

Proof. Follows immediately from Observation [2.11] O
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Figure 5: Illustration of complexity results and trivial reduction. As we increase k we quickly get
many NP-hard problems, for k& = 20 we have that PCSP (Ko, K184755) is NP-hard.

Theorem 2.16. We have a gadget reduction PCSP(Ry, 4, Hy 2) — PCSP(Ryy1,q, Hiy1,2) for k >
q=>2.

Proof. This can be shown with the following reduction:

function PCSP(Ry 4, Hy 2)(I):
for each edge (21, ..., zx) replace it with (1, ..., zk, Tk)
return PCSP(Ry11 ¢, Hy11 2)(I)

YES instances are mapped to YES-instances since a valid g-rainbow-coloring of the original hyper-
graph is valid also for the new hypergraph. Furthermore NO-instances are mapped to NO-instances
as if the new hypergraph were to admit a 2-coloring then so would the original one with the same

coloring.
O

Corollary 2.17. There exists a reduction PCSP(Ry, g, H 2) — PCSP(Rys o, Hy 2) if k' > k > q >
q>2

Proof. This is obtained by the transitivity of reductions combined with the results of Theorem [2.15
and Theorem 2.16 O

2.4.3 LO-coloring PCSP(LO;,LO})

We have that PCSP(LOj,LOj,) is NP-hard if » > k — 1 + 4 ([19] Corollary 27) for k > 1 > 2.
We state a few trivial reductions as theorems which we illustrate together with the known NP-hard
results in Figure

Theorem 2.18. We have a gadget reduction PCSP(LOj, LOy,) — PCSP(LO;,LO;,_,) fork >1> 2.
Proof. Follows immediately from Observation O
Theorem 2.19. We have a reduction PCSP(LOj, LO},) — PCSP(LOj,,LO}, ) fork>1>2.

10
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Figure 6: Illustration of complexity results and trivial reductions.

Proof. This can be shown with the following reduction:

function PCSP(LO;, LO})(I):
add a new node v to I
for each original vertex w in the hypergraph I add an edge of the form (u, ...,u,v) of arity .
return PCSP(LO;,,,LO;_,)(I)

YES-instances are mapped to YES-instances as we can LO-color the original vertices with colors
1,...,0 and we can color the new vertex v with (I + 1). Furthermore NO-instances are mapped to
NO-instances because the new vertex v must receive a unique maximal color, this means we must
color the original vertices with at most k colors which cannot be done as our assumption was that we
have a NO-instance to PCSP(LOj,LO}).

O

Corollary 2.20. There exists a reduction PCSP(LOj,LO},) — PCSP(LO;,, LOS,) ifl! > 1> 2 and
UV'—1>kK -k

Proof. This is obtained by the transitivity of reductions combined with the results of Theorem
and Theorem 2,19 0

2.5 Polymorphisms and theorems

The main goal of this thesis is to classify what reductions do and do not exist between the different
types of colorings that that could yield new NP-hardness results for some PCSP’s. One way to do
this is to just try and gadget reduce various PCSP’s to each other and see if it works. This can
however become really difficult and if it turns out that no reductions exist one might end up searching
forever for something that does not exist. There is however an algebraic approach which gives specific
requirements for when gadget reductions exist and do not exist between PCSP’s. We present this
approach now starting with some definitions in order to understand the important theorems.
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k PCSP(LO},LO3) k PCSP(LO;{°, LO}Y)
reductions: / reductions: /

20 + 20 +

19 + + 19 + +

18 + 18 +

17 + 17 +

16 + 16 + .
15 + 15 .
14 + 14 + .
13 + 13 + 1 o . .
12 1+ 12 + . . . . .
11 + . 11+ . . . . . .
10 10 | e . . .

9+ 9+ 7/. . 'S 'S

81 8t . . . .

71 7+ . . .

61 6+ . .

i: : Unknown hardness i: ©: Unknown hardness

31 -hard 31 O: -har

24 . 24 .

2 3 4 5 6 7 8 9 10 2 3 4 5 6 7 8 9 10

Figure 7: Illustration of complexity results and trivial reductions for » =5 and r = 10

Definition 2.21. The n’th power of a relation on a set A = (A; RA) is the relation on A"; A" =
(A™; RA"). Tuples in RY" are of the form (a1, ..., T4r(pa)) where z; = (Ti1,...,Tin) Vi € [ar(R?)]
such that for all j € [n] we have that (215, ..., Tar(rA),;) € RA.

We can view the tuples in R4" as coming from matrices M of size ar(R) x n such that the columns
of M are tuples of R*. Let the rows represent elements of A”. For any such M the rows form a tuple

of size ar(R) and exactly these tuples are the elements that exist in R4".
An example of this is the 6’th power of K3. Here we have the tuple ((1,1,2,2,3,3),(2,3,1,3,1,2))

from the matrix
11 2 2 3 3
2 3 1 3 1 2

where all columns are valid relations in K3. The relation K$ does not however contain the tuple
((1,1,1,1,1,1),(1,3,2,3,2,2)) as they have the same element in the first coordinate, i.e. for the

matrix
1 11111
1 3 2 3 2 2
the first column is not a valid relation in Ks.
Another example is the tuple ((1,2,1,1),(2,1,2,1),(1,1,1,2)) in (LO3)* as for the matrix

1 2 11
21 2 1
111 2

we have that each column forms a tuple in the relation LO3.

Definition 2.22. An n-ary polymorphism from A to B is a homomorphism from A™ to B. That is
amapping f : A" — B such that for any combination of n tuples (a11, ..., @ar(R)1)5 -+ (@1ns -+, Qar(R)n) €
R4 we have that

(f(a117 ) aln)7 cey f(aar(RA)lv cey aar(RA)n)) € RB

We use the notation Pol(A,B) to denote the set of all polymorphisms from A to B. We denote
Pol(A, A) by Pol(A). Note that n-ary polymorphisms f from Ky to K, can be seen a g-colorings of
the graph K.

A simple example of a polymorphism of Pol(A) is a dictator, also known as a projection.
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Definition 2.23. A dictator on a set A is an operation pz(-n) : A" — A of the form pgn) (X1, %, .y Ty) =
;.

A dictator péG) on K3 would be péG) : Kg — K3 sending each element of K§ to its second coordinate,
for example pa(1,2,3,3,3,1) = 2. It is easy to see that this is a valid polymorphism in Pol(Ks, K3).
For the example ((1,1,2,2,3,3),(2,3,1,3,1,2)) which is a tuple in the relation Kg we obtain that
P (1,1,2,2,3,3),p57(2,3,1,3,1,2)) = (1,3) must be a valid relation in K3 which it is.

We can also call functions of the form pl(-n)(xl, Za,...,Tn) = x; in Pol(A,B) dictators. Note that
such dictators can only exist if A C B because otherwise it cannot be a well defined mapping. Dictators

can however be found in some Pol(A,B) even if A ¢ B if we slightly adjust the function. The set
Pol(A,B) is usually in the context of a corresponding PCSP(A, B) which promises the existence of a

homomorphism ¢ : A — B. In such cases dictators can be defined as pgn)(acl, ey Tp) = P5).
Definition 2.24. An n-ary function f : A™ — B is called a minor of an m-ary function g : A™ — B
if there exists a map 7 : [m] — [n] if

f(xl, al'n) = g(xﬂ'(l)? axﬂ'(m))
forall xy,....,x, € A

Definition 2.25. Let O(A,B) = {f : A" — B|n > 1}. A minion M on a pair of sets (A, B) is a
non-empty subset of O(A, B) that is closed under taking minors. For a fivzed n we denote the set of
n-ary functions from of M by M.

We have that for any PCSP(A,B) that Pol(A,B) is a minion. We can also have homorphisms
between minions.

Definition 2.26. Let My and My be two minions. A mapping ¢ : M1 — Ms is called a minion
homomorphism if

1. it preserves arities; ar(g)=ar(¢(g)) for all g € M and

2. if f(x1, .., %) = g(Tr(1), o) Tr(m)) for some f € MO g e M and 7 : [m] — [n], then
Qs(f)(l'la ,ZL’n) = ¢(g)(x7r(l)7 7xﬂ'(m))

Definition 2.27. Let My and My be two minions. There exists a minion homomorphism from
My to My if there exists a mapping ¢ : M1 — My such that ¢ is a minion homomorphism.

We denote the existence of a minion homomorphism from M; to My by M1 — Ms. Now we are
ready to introduce our first important theorem.

Theorem 2.28. [5] Let (A1, B1) and (A, Bs) be two finite PCSP templates. There exists a poly-
nomial time gadget reduction from PCSP(Ay, Bs) to PCSP(Aq, By) if and only if Pol(Ay, By) —
POZ(AQ, Bg)

Finding a minion homorphism Pol(A;,B;) — Pol(A2,B3) can be a tedious task as there are
infinitely many potential homomorphisms one could test and there is no clear efficient method to
finding one. To alleviate this we thankfully have the so called free structure offering a more systematic
approach to proving the existence or absence of minion homomorphisms. We introduce the approach.

Definition 2.29. Let A = (A, R?) be a finite relation on the set A = [n], and M be a minion. The
free structure of M generated by A is a relation on the set M™) (n-ary functions of M) similar to A
denoted Fpq(A) = (MM, RFMA)) | Let RA be of arity k, and let m = |RA| and R* = {r1, 72, ..., 7 m }.
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Note that r; € A* = [n]* for each i € [m]. We have that R7*(4) is defined as the set of all k-tuples
(f1, - fre) € FA(A) such that there exists an m-ary function g € M that satisfies

Ji(@1, @2, oy ) = g(Tr (1) Try(1)s oos T (1))

fk(xh L2y eey l'n) = g(x’r’l(k)a Lo (k)s -+ xrm(k))

Let us give a couple examples of this, let M = Pol(K4,K;5) and A = Kj3. The free structure
Frol(K4,Ks) (K3) consists of the set Pol(Ky, K5)®) with a relation consisting of tuples (f1, fo) if and
only if

fi(z1, 2, 23) = g(21, 21, 22, T2, T3, T3)

f2(1‘1,1‘2,$3) = g(x2;$35$1ax373317x2)
For some g € Pol(Ky4, K5)(® where the indexes of the columns form all the tuples of the relation Kj,.
When we have so few variables we can denote them by x,y, z instead and obtain

fi(z,y,2) = g(x,2,9,9,2, 2)

f2($7y72) =g(y,z,x,z7m,y).
Another example is when M = Pol(LO3,LO}) and A = LOj. The free structure here is

FPol(LO? LO%) (LO3) consisting of the set Pol(LO3, LO})®). This free structure has the tuple (f1, f2, f3, f1)
if and only if

filz,y) =g(y, x,z, )
f2(2,y) = g(z,y,7,7)
f3(2,y) = g(z,2,y, )
fa(z,y) = g(z, 2,2, y)

For some g € Pol(LO3, LO})®.
Now we are ready to introduce an important theorem that helps us determine the existence of
minion homomorphisms.

Theorem 2.30. (5] For two PCSP-templates (A1, B1) and (Aa, Ba) we have that Fpoya, ,)(Az2) —
B if and only if there exists a minion homomorphism from Pol(Aq, By) to Pol(As, Bs).

The strength of this theorem is that to figure out the existence of a minion homomorphism
we do not need information about polymorphisms of all different arities. It is enough to study
Fpol(A,,B,)(Az2) consisting of polymorphisms of arity [As| which contains tuples determined by the
existence of polymorphisms of only one other arity. The free structure for a minion M and relation
on set A is in essence the most general structure F such that there exists a minion homomorphism
from M to Pol(A, F). The free strucure F has homomorphism to any B similar to A such that there
is a minion homomorphism from M to Pol(A,B). Note how this reflects the powerful statement of
Theorem [2.30l The general idea is in order to figure out whether a minion M has a minion homo-
morphism to another minion Pol(A,B) one starts from the most general minion Pol(A, F) that M
has a minion homorphism to.

Then putting Theorem together with Theorem yields the following corollary.

Corollary 2.31. |5 For two PCSP-templates (A1, B1) and (Az, By) we have that Fpoya, B,)(A2) —
B, if and only if PCSP(As, By) can be gadget reduced in polynomial time to PCSP(A4, By ).

If one is unfamiliar with the free structure and how these theorems are applied it could be a good
idea to warm up with a few simple examples before diving in to the proofs in this thesis. These can
be found in the appendix (Section which can be used to prove the existence of some of the trivial
reductions in Section [2:4] with the help of the presented theorems.
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3 Results

3.1 Introduction

In this section we present and prove the existence or absence of gadget reductions between graph
coloring PCSP’s and PCSP’s of the other coloring types. We also prove the absence of some more
gadget reductions between graph coloring PCSP’s.

Several theorems in this thesis state that there is no gadget reduction from PCSP(A3,B3) to
PCSP(A1,B;) for some A1, Ay, B1,Bs. These are proven by Corollarystating that it is enough
to prove Fpo( Al’Bl)(Ag) -+ By. We use one of two techniques to prove this statement in our theo-

rems. The first technique is to show that there exists a tuple (a,a, ..., a) of arity ar(RfPol(ArBl)(A?))
in R7Peiar.81)(A2) when no such tuple exists in By. It is then impossible for a homomorphism ¢ :
Fpol(A;,B;)(A2) — By to exist as we would then have that (¢(a), ¢(a), ..., #(a)) of arity ar(R7peiar By (A2))
is a tuple in By which by assumption is not the case. The second technique is can be used if
Fpol(A,,B,)(Az2) has the structure of a graph meaning that ar(RFPol(Al’BN(A”) = 2 and By = K;,
for some k. The technique is to prove that Fpoia, B,)(A2) has a clique of size ¢ > k = [K| = |Ba.
This contradicts the existence of a homomorphism ¢ : Fpgia,,B,)(A2) — Bz as all elements of the
clique cannot be mapped to distinct elements in Kj which is needed for the relation to be preserved.

3.2 Graph coloring

In this section we investigate the existence of gadget reductions between graph coloring PCSP’s not
covered by the trivial reductions in Section [2.4

3.2.1 PCSP(K;,K,) to PCSP(Kj3,K,) for k > 4.

The following theorem is an already known result (Proposition 10.4 [5]). We however reformulate
the proof so that it follows a similar structure to later proofs in this thesis. We also generalise this
theorem in Section 3.2.21

Theorem 3.1. There is no gadget reduction from PCSP(K4, K;) to PCSP(K3, Kg) for any ¢ > 4.

Proof. By Corollary this is equivalent to there not existing a homomorphism ¢ : Fpoik, k) (K4) =
K,. In this free structure we have the tuple (h1,hs) for hy, hy € Pol(Ksz,Kg)® if there exists a
g € Pol(K3,Kg)1?) such that

h1<aa b, C, d) = g(av a, a, ba ba b7 ¢ GG, da d? d)

h2(a7 b7 C’ d) = g(b’ c7 d7 a7 C7 d) a7 b’ d’ a? b7 C)'

If the tuple (f,f) exists in Fpok, k) (Ka) for some f € Pol(K3,Kg)® the homomorphism ¢ :
Frol(Ks,Ke) (Ka) — K, cannot exist as (¢(f), #(f)) is not a tuple in K, as ¢(f) = ¢(f). We show
this to be the case. The tuple (f, f) exists in the relation if there is a g € Pol(K3,Kg)?) such that

f(a7 b7 C’ d) = g(a7 a/? a7 b’ b’ b’ C? C? c? d7 d7 d)

f(a7 b7 C’ d) = g(b7 C? d) a7 C’ d7 a7 b7 d7 a’? b7 c)

meaning that we must have a 6-coloring of Kéz such that
g(a7 a” a? b7 b7 b) C7 C7 C7 d7 d7 d) = g(b7 C7 d7 a) C7 d? C(:, b7 d7 a7 b’ C)'

for any a, b, ¢,d € [3]. Let the 6 colors be (1,1), (1,2), (1,3), (2,1), (2,2) and (2,3). We color elements
x = (x1,...,212) as follows:
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1. g(x) = (1, a) if z follows one of the patterns (a, a, a, b, b,b, ¢, ¢, ¢,d,d,d) or (b,¢,d, a,c,d,a,b,d,a,b,c)
and ¢ # d

2. g(x) = (2,x12) otherwise

The nontrivial property we need to verify is that there is no monochromatic edge of the color
(1,a). In particular that there would be an assignment of values in [3] to variables a,b,c,d such
that (a,a,a,b,b,b,¢,¢,c,d,d,d) and (b,c,d,a,c,d,a,b,d,a,b,c) differ in every coordinate and ¢ # d
(and thereby form a monochromatic edge). Assume without loss of generality that ¢ = 1 and d = 2.
Ifa =c¢ a=4d b= cor b= d then the 2nd, 3rd, 5th or 6th coordinate has the same value
for (a,a,a,b,b,b,c,c,c,d,d,d) and (b,¢,d,a,c,d,a,b,d,a,b,c) meaning that they do not have an edge
between them. For this not to be the case we must have a = b = 3 causing the 1st coordinate to be
the same for (a,a,a,b,b,b,c,c,c,d,d,d) and (b,c,d,a,c,d,a,b,d,a,b,c) yielding that they do not to
have an edge between them. This shows that our coloring yields no monochromatic edges concluding
that ¢ : Fpoik,,K,) (K4) 7 K, meaning that there is no gadget reduction from PCSP(K,,K,) to
PCSP(K3, Kg)

O

We provide an alternate proof using Theorem [2.30

Proof. By Theorem it is enough to show that a minion homomorphism Pol(K3, K¢) — Pol(K4, K;)
does not exist. This can be done directly by showing that there is a g € Pol(K3, Kg) such that
g(a7 a7 a” b7 b7 b7 C7 C7 C’ d? d? d) = g(b’ CV d7 a7 C? d7 a? b’ d’ a7 b7 C)
for any a, b, c,d € [3] (as shown in the proof of Theorem but no f in Pol(K4, K,) such that

f(a7 a” a) b7 b7 b’ c7 C’ C) d7 d7 d) = f(b7 c’ d’ a7 c’ d’ a) b7 d7 a” b) C)
for any a, b, c,d € [4] because then by setting a =1, b = 2, ¢ = 3, d = 4 we would have that

f(17 1717272’273737374’4’4) = f(27374’ 173747 172’4)17273)

which is impossible as (1,1,1,2,2,2,3,3,3,4,4,4) and (2,3,4,1,3,4,1,2,4,1,2,3) are neighbors in K12. This
contradicts the existence of a minion homomorphism from Pol(K3, Kg) — Pol(K4, K,) because as
Pol(K3,Kg) is closed under taking minors we have a g; € Pol(K3z, Kg)® such that

gla,a,a,b,b,b,¢,c,c,d,d,d) = g1(a,b,c,d) = g(b,c,d,a,c,d,a,b,d,a,b,c)
If we then were to have a minion homomorphism ¢ : Pol(K3, Kg) — Pol(K4, K,) this would mean
that
o(g)(a,a,a,b,b,b,¢c,c,c,d,d,d) = ¢(g1)(a, b, c,d) = ¢(g)(b,¢,d,a,c,d,a,b,d,a,b,c)
.
#(g9)(a,a,a,b,b,b,¢,¢,¢,d,d,d) = $(g)(b,¢,d,a,c,d,a,b,d,a,b,c)

for some ¢(g) = f € Pol(K4,K,). This gives us the contradiction as we have shown that no such f
exists in Pol(K4, Ky). O

It follows from Theorem that there is no gadget reduction PCSP(Ky, K,) — PCSP(K3, K.)
for any ¢ > k > 4 and ¢ > 6 because by Section we have the reductions PCSP(K3,K.) —
PCSP(K3Kg) and PCSP(K4, K ) — PCSP(Ky, K,) for some ¢’ > 4 which together with Theorem
[3:1] contradict the existence of such a gadget reduction. This means that no NP-hardness result of
PCSP(Ky,K,) for ¢ > k > 4 can imply any new NP-hardness results for problems of the form
PCSP(K3, K,.) with a gadget reduction. We illustrate Theorem in Figure
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Figure 8: The purple dashed arrow symbolises the absence of a gadget reduction

3.2.2 PCSP(K;,K,) to PCSP(K; K,) for k > 1> 3.
Theorem 3.2. There is no gadget reduction from PCSP(K;y1,K,) to PCSP(K;, Ky) for any q¢ >
[+1.

Proof. This proof follows the ideas of the second proof of Theorem we can show that there exists
a g € Pol(K;, Ky )“(+1) such that

g(m,xhﬂﬁl, ~-~7$l+1,$l+1,$l+1) =

9(@2, 23,4, oy Ty—2, Ty—1, T1)
to prove the absence of a minion homomorphism from Pol(K;, Kg;) to Pol(K;y1,K,). The I(I +1)
coordinates creates [(I + 1) pairs of indexes which are exactly to the tuples in K;11. Such a g can be

represented as a (2{)—coloring of Kl(l(l+1)) such that the equality

G(T1, T1, T ey T 1, Tt 15 Tie1) = G(T2, T3, Ty ooy Tim2, Ty—1, T1)
holds. Let the 2I colors be denoted as (1,1), (1,2),...,(1,1),(2,1),(2,2), ..., (2,1). We can define g(y) =
91, Y2, Y35 - Yi(41)) as follows:
e g(y) = (1,y1) if y follows one of the patterns above and y; # yi11.
e g(y) = (2,y141) otherwise.

The nontrivial property to verify is that there is no monochromatic edge of the color (1,y1).
In particular that there would be an assignment of values in [I] to variables xi,..,2; such that
(T1,21,215 ooy Tpp1, Tir1, Ti1) and (2, T3, 24, ..., Tj—2, Tj—1,x;) differ in every coordinate and x; #
2141 (and thereby form a monochromatic edge). We show that this cannot be the case by showing
that two such vertices have a common value at at least one coordinate, that is z; = x; for some 7 # j.
We know that z; # x;41 (requirement for vertices having color (1,y1)). Now for any two vertices of
color (1,y1) we can define two cases can define two cases:

e Case 1: For some ¢ < [ we have that x; = x; or z; = x4
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e Case 2: z; # z; and x; # x4 for all i <

If Case 1 holds then we have x; = x; for j =1 or j = [+ 1 and we are done since we then have
have a coordinate for which the two vertices share a value. Next if Case 2 holds this means that we
need to assign each of the variables 1, ..., ;1 one value out of [ — 2 total values, as two of the [ colors
are reserved for x; and x;41. By the pigeon hole principal at least two variables z; and x; are given
the same value implying that we also here have a coordinate where two vertices share the same value.
We have now proven the existence of a g € Pol(K;, Kzz)(l(lﬂ)) that the required equality holds.

Furthermore,there exists no f € Pol(K;1,K,) such that

J(x1, @1, 20, 0, D1, T, Tigr) =
f(x2, 3, T4y ooy W12, 711, T1)
because assigning each x; the value i gives us that any f would yield a monochramtic edge between
(L,1,1,..,i+1,l+1,14+1) and (2,3,4,...,l — 2,1 — 1,1). This means that g cannot to be mapped to
a function f € Pol(K;4+1,K,) such that the equality is preserved contradicting the existence of the
minion homomorphism which in turn proves the absence of a gadget reduction from PCSP(K;4+1,K,)

to PCSP(K;, Ky;) for any ¢ > [+ 1.
O

It follows from Theorem that there is no gadget reduction PCSP(K,K,;) - PCSP(K;, K,)
for any ¢ > k > [+ 1 and ¢ > 2l because by Section we have the reductions PCSP(K;, K.) —
PCSP(K;Ky;) and PCSP(K;+1,K,) — PCSP(Ky,K,) for some ¢’ > I + 1 which together with
Theorem contradict the existence of such a gadget reduction. This means that no NP-hardness
result of PCSP (K, K,) can through a gadget reduction imply any new hardness results for problems
of the form PCSP(K;,K.) for any k > [ > 3. We illustrate Theorem in Figure @
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Figure 9: The purple dashed arrows symbolise the absence of a gadget reduction

3.2.3 PCSP(K3, K}) to PCSP(K,,K,) for ¢ > k > 3

It is of interest to classify when gadget reductions exist from PCSP(Ky, K,) to PCSP(Ky/, K,/ ) for
q > q. We know that a reduction exists when k' — k > ¢’ — ¢. To gain some knowledge on whether a
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gadget reduction exists for other cases we study the special case of whether we have a gadget reduction
from PCSP(K3,Ky) to PCSP(K4,K,) for ¢ — k > 2. We begin with a gadget reduction that does
not exist.

Theorem 3.3. There is no gadget reduction from PCSP(Ks, K5) to PCSP(Ky, Kg).

Proof. Using Corollary [2.31] we know that it is enough to show that there exists no homomorphism
Froi(k,,Ks) (K3) = Ks. The free structure contains the tuple (hy, ha) where hi, hy € Pol(Ky, Kg)®
if there exists a g € Pol(Ky, Kg)(©® such that

hi(a,b,c) = g(a,a,b,b,c,c)
h2(a’a b7 C) = g(b7 ¢, a,c, a, b)

We show that the homomorphism does not exist by proving that Fpex 4’K8)(K3) contains a 6-clique,
i.e 6 functions fi,..., f¢ that all are related to each other. This contradicts the existence of the
homomorphism because if it existed all 6 functions would have to be mapped to 6 different elements
to preserve the relation. The problem is that K5 only contains 5 elements making the homomorphism
impossible. We define the functions as follows.

e fi(a,b,c) =
e fo(a,b,c) =
e f3(a,b,c) =
e fi(a,b,c) =aif a =b=c, otherwise f4(a,b,c) =a+4
e f5(a,b,c) =0bif a =0b=c, otherwise f5(a,b,c) =b+4
e fs(a,b,c) =cif a=b=c, otherwise fg(a,b,c) =c+4

Note that all these colorings can in essence be seen as dictators with the requirement that fi(a,a,a) =
.. = fe(a,a,a). Let us show that all of these are neighbors with the following cases:

e f; and f5; are neighbors: Let g be the dictator p . The mapping p( ) is obviously a valid
homomorphism and it maps vertices of the form (a,a,b,b,c,c) to a = fi(a,b,c) and vertices of
the form (b, ¢, a,c,a,b) to b = fa(a,b,c) exactly as g should.

e f; and f3 are neighbors: Let g be the dictator péﬁ). The mapping péG) is obviously a valid

homomorphism and it maps vertices of the form (a,a,b,b,c,c) to a = f1(a,b,c) and vertices of
the form (b, ¢, a,c,a,b) to ¢ = f3(a,b,c) exactly as g should.

e fo and f3 are neighbors: Let g be the dictator pff). The mapping pff) is obviously a valid

homomorphism and it maps vertices of the form (a,a,b,b, ¢, c) to b = fa(a,b, c) and vertices of
the form (b, ¢, a,c,a,b) to c = f3(a,b,c) exactly as g should.

e f; and f; are neighbors for i € {1,2,3} and j € {4,5,6}: Let

fi(a,b,c) if z is of the form (b, ¢, a,c,a,b)
g(z) = (6)
ps; (x)  else,

g is a valid polymorphisms due to both f; and p;? being polymorphisms mapping elements
to two distinct sets guaranteeing that we have no monochromatic edges, except that they send
(a,a,a) to the same color but this yields no monochromatic edges. Furthermore vertices of the
form (b, ¢, a,c,a,b) are sent to f;(a,b,c) as they should and vertices of the form (a,a,b,b,c,c)

are mapped to f;(a,b,c) = pél)(a, a,b, b, c, c) as they should.
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e f4 and f; are neighbors: Let

() = piG)(x) +4 if z is of the form (a,a,b, b, c,c) or (b,¢,a,c,a,b) such that a,b, c are not all equal.
g p§6)(x) else,

g is a valid polymorphisms due to both f; and pgﬁ) being polymorphisms mapping elements
to two distinct sets guaranteeing that we have no monochromatic edges. For a,b,c not being
all equal we have that the g maps vertices of the form (a,a,b,b,c,c) to a +4 = fy(a,b,c) and
vertices of the form (b, ¢, a,c,a,b) to b+ 4 = fs(a,b, c) exactly as g should.

e f4 and fs; are neighbors: Let
o(z) = pgﬁ)(az) +4 if z is of the form (a,a,b,b, ¢, c) or (b,c,a,c,a,b) such that a, b, c are not all equal.
pgﬁ)(x) else,

g is a valid polymorphisms due to both f; and pgﬁ) being polymorphisms mapping elements

to two distinct sets guaranteeing that we have no monochromatic edges. For a,b,c not being

all equal we have that the g maps vertices of the form (a,a,b,b,c,c) to a +4 = f4(a,b,c) and

vertices of the form (b, ¢, a,c,a,b) to c+ 4 = fg(a, b, c) exactly as g should.

e f5 and fs are neighbors: Let

pff)(x) +4 if z is of the form (a,a,b, b, c,c) or (b, ¢, a,c,a,b) such that a, b, ¢ are not all equal.
g(z) = (6)
Py (x) else,

g is a valid polymorphisms due to both f; and ng) being polymorphisms mapping elements
to two distinct sets guaranteeing that we have no monochromatic edges. For a,b, ¢ not being
all equal we have that the g maps vertices of the form (a,a,b,b,c,c) to b+ 4 = f5(a,b,c) and
vertices of the form (b, c,a,c,a,b) to ¢+ 4 = fg(a,b,c) exactly as g should.

We have now shown that Fpo(k, k) (Ks3) has a 6-clique proving that the homomorphism does not
exist allowing us to conclude that there is no gadget reduction from PCSP (K3, K5) to PCSP (K4, Kg)
O

We illustrate this result in Figure Note that it would have been surprising if such a gadget
reduction existed as it would have yielded a new NP-hardness result for an extensively researched
problem. This result can with a similar proof be expanded to show the non-existence of a gadget
reduction from PCSP (K, Kax—1) to PCSP (K11, Kogt2) for k& > 3. It follows that there is no gadget
reduction from PCSP(Kjy, Kog—1) to PCSP(Ky41,K,) for ¢ > 2k + 2 due to the trivial reductions
from Section 2.4

From the trivial reductions in Section we know that a reduction exists from PCSP(K3, K7) to
PCSP(K,4, Ks). So the remaining interesting question is if a gadget reduction exists from PCSP(K3, Kg)
to PCSP (K4, Kg) which is equivalent to the existence of a homomorphism from Fpeyk, k) (K3z) —
K. The free structure contains the tuple (hq,hs) where hy, he € Pol(K4,K8)(3) if there exists a
g € Pol(Ky, Kg)©® such that

hi(a,b,c) = g(a,a,b,b,c,c)

ha(a,b,c) = g(b,c,a,c,a,b).

A standard way to prove the existence of the homomorphism Fpo ik, k) (K3) — K¢ is by defining
it by mapping f € Pol(K4, Kg)® to f(a,b,c) for some a,b,c € [4] : a # b # ¢ # a € [4]. This however
does not work because this would mean that some f are mapped to 7 or 8 which are not in Kg. We
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could handle all f mapped to 7 by instead mapping them to f(d,d,d) for d € [4]\{a, b, c}. However,
we cannot then handle the f mapped to 8.

The next approach we can try is to instead prove the absence of the homomorphism Fpgyk, k) (K3z) —
Kg. There are two good ways one can go about this. The first one is showing that the tuple (f, f)
exists in the relation for some f € Pol(Ky, Kg)(B) because such an f. This however does not work as
this implies the existence of a g such that

g(a7 a” b? b7 C’ C) = g(b3 C7 a’ C’ a7 b)
for any a, b, ¢, € [4] which cannot hold as we would have the equality
9(1,1,2,2,3,3) = ¢(2,3,1,3,1,2)

yielding a monochromatic edge.

The second way we can try proving the non-existence of the homomorphism Fpik, k) (K3z) — Kg
is by showing that Fpqk 47K8)(K3) has a 7-clique as the 7 elements of the clique would then have
to be mapped to 7 different elements in Kg which is impossible as K¢ only contains 6 elements. We
show however that this method does not work either.

Proposition 3.4. Fp, ik, ky)(K3) does not contain a 7-clique.

Proof. Assume we do have a T7-clique {fi,..., fr} in Fpoyk, ks (K3z). It must be the case that
fila,a,a) = fj(a,a,a) foralli,j € [7] : i # j and a € [4]. Because (f;, f;) is a tuple in Fpok, k) (K3)
by assumption meaning that there exists a g € Pol(Ky, Kg)(6) such that

fi(xayaz) = g(m7x7yayazvz)

fj(‘T7 Y, Z) = g(y7 Z,T, 2, T, y)
This implies that
fi(a,a,a) = g(aaava’aa7a7a) = fj(ll,(l,d),
which in turn implies that f;(a,a,a) = f;j(a,a,a) for all 4,5 € [7] : ¢ # j and a € [4]. Next it must
be the case that f;(1,2,3) # f;(1,2,3) for all i # j : i,j € [7]. Because if this were not the case we
would have that since (f;, f;) is a tuple in Fpoyk, k) (K3) we have that

9(1,1,2,2,3,3) = fi(1,2,3) = f;(1,2,3) = 9(2,3,1,3,1,2)

which would yield a monochratic edge between (1,1,2,2,3,3) and (2,3,1,3,1,2) in K$ meaning that g
would not be a valid polymorphism which is not the case. We conclude that we cannot have f;(1,2,3) =
f3(1,2,3) for i # j. Now assume that f;(4,4,4) = x € [8] for all ¢ € 7. Then it must be the case the
set {f1(1,2,3),..., f7(1,2,3)} = [B]\{z} as f;(1,2,3) # fi(4,4,4) for all i € [7] because otherwise f;
would not be a valid polymorphism as (1,2,3) and (4,4,4) would form a monochromatic edge in K.
Similarly we have that if f;(3,3,3) = y for all ¢ € [7] that the set {f1(4,1,2),..., fz(4,1,2)} = [8]\{y}.

Now assume without loss of generality that f;(a,a,a) = a for all i € [7]. Now for elements
a,b,c,d € [4] such that they are all different we have that {f1(a,b,¢), ..., fz(a,b,¢)} = [8]\{d} because
fila,b,¢) # fi(d,d,d) = d for all i € [7]. This means that for any a,b,c € [4] : a #b # ¢ # a we
have that f;(a,b,c) =5 for some i € [7] because 5 # fi(d,d,d) for all i € [7] and d € [4]. Now assume
w.Lo.g that f1(1,2,3) = 5. We also must for some i € [7] have that f;(4,2,3) = 5. If ¢ # 1 then f;
and f; cannot be neighbors as then for some g € Pol(Ky, Kg)(6) we would have that

g(la 1527273a3) = f1(17273) =1= fl(47273) = 9(27374a3a472)
implying that
9(17172a27353) = 9(273747374a2)
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which is a contradiction to g being a valid polymorphism. This means that we must have that
fi(4,2,3) =5 for i =1, i.e f1(1,2,3) = f1(4,2,3). This can be generalised to if fi(a,b,c) = 5 then
fila,b,¢) = fi(a,b,d) = fi(a,d,c) = fi1(d,b,c) =5 for a, b, ¢,d € [4] such that a, b, ¢, d are all different.
Using the generalisation and assumption that f1(1,2,3) = 5 we obtain

f1(17273) =0 = fl(4a2?3) = f1(4a173) = f1(471’2) = f1(3,172)

implying that f1(1,2,3) = f1(3,1,2) contradicting that f; is a valid polymorphism. This allows us to
conclude that Fpgk, k) (K3) does not contain a 7-clique.
O

This makes determining the existence of a gadget reduction PCSP(Kj3,Kg) to PCSP(Ky, Kg)
quite challenging as none of these useful methods work.
There is however another gadget reduction that we can prove the absence of.

Theorem 3.5. There is no gadget reduction from PCSP(Ks, Kg) to PCSP(Ky, Ksg)

Proof. Using Corollary we know that it is enough to show that there exists no homomorphism
FProl(K4,Ks) (K3) = Kg. The free structure contains the tuple (h1, hz) where hy, hy € Pol(Ky, K36)(3)
if there exists a g € Pol(Ky, Kag)©) such that

hi(a,b,c) = g(a,a,b,b,c,c)
h2(a’7 b7 C) = g(b7 ¢ a,c, a, b)

We show that the homomorphism does not exist by proving that Fpoyk, k,s)(K3) contains a 7-clique,
i.e 7 functions fi,..., fr that all are related to each other. This contradicts the existence of the ho-
momorphism because if it existed all 7 functions would have to be mapped to 7 different elements to
preserve the relation. The problem is that Kg only contains 6 elements making the homomorphism
impossible. The functions f; we can see as 36-colorings of Pol(K4, Ks36)® and g as a 36-coloring
of Pol(K4,Ksz6)®. Let the 36 colors be (1,1),...,(1,4), (2,1),...,(2,4), (3,1),....,(3,7), (4,1),...,(4,7),
(5,1),...,(5,7), (6,1),...,(6,7). We define each f; using the colors (2,1),...,(2,4), (3,1),...,(3,7), (4,1),...,(4,7),
(5,1),...,(5,7), (6,1),...,(6,7) and reserve the colors (1,1),...,(1,4) for later:

e fi(a,a,b) = fi(a,b,a) = fi(b,a,a) = (2,a). If a is in the majority of the coordinates the vertex
is given the color a.

e fi(a,b,c) for (a,b,c) € {1,2,3}> for a # b # ¢ # a: See Table

e fi(a,b,c) for (a,b,c) € {1,2,4}3 for a # b # ¢ # a: We can color this in an analagous way to
when (a,b,¢) € {1,2,3}3 for a # b # ¢ # a using the colors (4,1),...,(4,7) instead.

e fi(a,b,c) for (a,b,c) € {1,3,4}3 for a # b # ¢ # a: We can color this in an analagous way to
when (a,b,c) € {1,2,3}3 for a # b # ¢ # a using the colors (5,1),...,(5,7) instead.

e fi(a,b,c) for (a,b,c) € {2,3,4}3 for a # b # ¢ # a: We can color this in an analagous way to
when (a,b,c) € {1,2,3}3 for a # b # ¢ # a using the colors (4,1),...,(4,7) instead.

In order to show that these form a 7-clique we must show that there exists a g € Pol(Ky, K36)(6)
such that
fila,b,¢) = g(a,a,b,b,c,c)
fj(a’> ba C) = g(b7 ¢ a,c,a, b)
For any 4,7 € [7] : ¢ # 7 We define ¢ in the following way:
fila,b,c) if x is of the form (a,a,b,b, ¢, c)
g(x) =< fila,b,c) if 2 is of the form (b, c,a,c,a,b)
(1,p§6) (z)) else
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f3(1,2,3) = (3,3)
f3(17372) = (374)
f3(27 173) = (375)
f3(273’ 1) = (3’6)
f3(37172) = (377)
f3(3727 1) = (37 1)
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Table 1: Colorings of vertices (a,b,c) € {1,2,3}3 for a # b # ¢ # a.

We need to check that the coloring g does not yield a monochromatic edge. There is trivially no
monochromatic edge of a color (1,z). Furthermore there is no monochromatic edge of a color(2, x)
as a vertex of such a color has an x in four of its entries meaning that any two vertices given this
color have at least 2 coordinates where they both have an x meaning that they do not have an edge
between them. Lastly we must make sure that there is no monochromatic edge of a color (3,z),
(4,z), (5,x), or (6,z). It is enough to show it for (3, x) as if there is no mononochromatic edge of a
color (3,z) there is not a monochromatic edge of the other colors. What we need to check is that no
monochromatic edge exists between vertices of the form (a1, a1, b1,b1,c1,¢1) and (be, ¢2, ag, c2, ag, ba)
for a;,b;,c; € {1,2,3} : a; # b; # ¢; # a; for i € [2]. The only way these vertices share an edge is if
a1 = ag, by = by and ¢; = ¢ because if for example b; = as then the vertices would have the same
value in the third coordinate implying that the vertices do not share an edge. We know however that

these vertices are given different colors if a; = as, by = by and ¢; = ¢y as

fila1,b1,¢1) = glar,a1,by,b1,c1,¢1)

fj(ahbl?cl) = g(blaclaalaclvalﬂbl)a

and the colorings f; and f; are defined so that fi(ai,bi,c1) # fj(a1,b1,¢1) for i # j implying
that g(a1,a1,b1,b1,¢1,¢1) # g(b1,c1,a1,¢1,a1,b1). This concludes that we indeed have a T-clique
in Fpoik, Kss) (K3) proving that the homomorphism does not exist and we can thereby conclude that

there is no gadget reduction from PCSP (K3, Kg) to PCSP (K4, Ksg)

O

This result is illustrated in Figure It would be interesting to investigate the existence of a
gadget reduction from PCSP(Kj3, Kg) to PCSP(Ky, q) for some ¢ closer to 8 then 36. In this thesis
we unfortunately did not have the time to determine the existence of such gadget reductions.

3.3 Rainbow coloring
3.3.1 PCSP(Ry, Hy.) to PCSP(K;,K.,)

First we show the absence of a specific gadget reductions and then combine the result with the existing
reductions from Section to show that no NP-hardness result of rainbow coloring PCSP’s can imply
any new hardness results for graph coloring PCSP’s.

Theorem 3.6. There is no gadget reduction from PCSP(Ry j—1, Hy2) to PCSP(K,., Ks.) for any

k,c>3

23



q q 3
PCSP (K, K,) :
reductions:\{' O : Unknown hardness :
O : NP-hard O: P B
200 | -ttt s o a s s 2 o s s o o o :
180 1 e e I e o o o o o o o o o 10 1 - ' °
160 ¢ ¢ I e o o o o o o o o o 9 | ps
140 ¢ ¢ e o o o o o o o o o 8 s
120 ¢ ¢ e o o o o o o o o o 7+ .
100 ¢ ¢ e o o o o o o o o o o 6 1 rs
80 + ¢ o /o e o o o o o o o o o 5+ °
60 | ¢ o ® o o o o o o o o o o o 4 + L3
40 ¢ = e o o o o o o o o o o o 3+ .
0T EEPT DT T T s 2 [
—?—% —F T +—— 1 ———+—— T
2345678 91011121314151617181920 2

Figure 10: The purple dashed arrow symbolises the absence of a gadget reduction. The left graph
is a zoomed in version of the right one. The black dashed arrow symbolises the gadget reduction
PCSP(Kj3,Ks) to PCSP(Ky, Kg) that we would like to know the existence of.

Proof. Corollary [2.31] gives us that it is enough to show that there exists no homomorphism ¢ :
Frol(K.,Kao) (Rik—1) = Hy 2. In Fpoik, ko) (Ri,k—1) we have the tuple (f1, f2, ..., fx) for fi, fa, ..., fr €
Pol(K., Ky, )"~ if there exists a g € Pol(K., Ks.)" such that

(xi1,1 y Lig,nyeees xil,ﬂl)

(xi2,1 » Lig g5 s xiQ,}VI)

f1($17 ~~~75Uk71)

=49
f2(x1a "'axk—l) =g

fk(‘r17 "'7xk71) = g(xik,uxik,y e xik,]\{)

where each index ix; € [k — 1]. The columns of indexes form exactly the all the tuples in Ry 1.
That means that we have M = k!% columns. We can calculate M by first imagining us having k
different indexes, giving us k! orderings, next we choose one out of the k£ — 1 indexes to appear twice
giving us (k — 1)k! orderings, but since one index appears twice we count each ordering twice, so we
divide by 2 and obtain M = k551,

What we want to show is that in Fpoyk, Ks..)(Rkk—1), (f1,f2,.., fx) is a tuple in the relation
even if fi = fo = ... = fi because this would contradict the existence of a homomorphism ¢ :
fPol(Kc,Kgc)(Rk,k—l) - Hk72 as (¢(f1)7 ¢(f2)a ey d)(fk)) = ((¢(f1)v d)(fl)? ) ¢(f1)) = (a7 a, ..., CL) for some a €
{1,2} would have to be a tuple in Hj o which it is not. We do this by showing that there exists a
g € Pol(K.,Ky.)™, or in other words a 2c-coloring g of KM, such that

g(mil,l yLigny s xi1,M) =

g(min yLig oy - xiz.M)

= g(xik,uxik,,w "'7xik,M)'

Note that since fi,..., fx € PO](KC,Kgc)k_l we have that x1,...,25-1 € [¢]. Now we color the ver-
tices y = (1, ..., yar) in KM with 2¢ colors denoted (1,1),(1,2),..., (1,¢),(2,1),(2,2),...,(2,¢) in the
following way:
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e (1, ,) if it follows one of the patterns (z;, ,,...,z;, ,,) above.

e (2,y1) otherwise.

There are two nontrivial properties we need to verify. The first being that given a vertex y =
(y1, ..., yar) matching one of the patterns above, it is well defined which entry is given by the variable
i, ,- The issue would be if 2 matches more than one pattern but not all patterns. If x matches all
patterns it means that y = (a, a, ..., a) for some a € [¢] and then the value of variable z;, , is obviously
a. Now assume y matches the pattern of two of the rows k and [, but not all rows. Let these rows be
of the form

k= (ki,..., knr)

L= (1., L)

where each [;,k; is some variable x; for ¢ € [k —1]. Let A C [M] : A # [M] be a nonempty
set such that y; = y; Vi,j € A and y; # y;Vi € Aand j € [M]\A. As y follows the pattern of
k and ! we must have that the set {z1,..,25-1} = {kc : ¢ € A} U {ke : ¢ € [M]\A} and that
{z1,.cyxp_1} = {lc : ¢ € A} U{l. : ¢ € [M]\A}. Note also that if ¥ # [ all combinations of
indexes (z;, ;) must exist in the columns of rows k and ! above. This yields a contradiction as our
assumptions yield that we only have columns of the form (x;,z;) if i € {k.:c€ A}, j € {lc:c€ A}
ori € {k.:ce [MN\A}, j € {l.:ce [M]\A}, meaning that no columns exist of the form (x;,x;)
where i € {k.:c€ A}, j € {l.: ¢ € [M]\A} which must hold for k # [ and A # [M] being nonempty.

The second nontrivial property to verify is that no edge of the form (1,x;, ;) is monochromatic,
that is that two vertices represented by two of the rows (x4, ,, i, ,, ..., %i; ;) have an edge between
them. This is only the case if they differ in every coordinate and we make sure that this cannot be
the case. Let us show that there is no edge between two arbitrary rows, i.e they do not differ in every
column. As the columns of all the rows form all tuples in Ry ;—; the columns of our two arbitrary
rows should list all possible ordered pairs of {x1,...,2x_1} including (z;, ,;, ,), meaning that any
two rows colored with color (1,z;, ;) do not differ from each other in all coordinates.

Thus, Fpoi(K, ,Ks.) (Rkk—1) 7+ Hy 2 implying that there is no gadget reduction from PCSP(Ry -1, Hy2)
to PCSP(K,, Ka.). O

It follows from Theoremthat there is no gadget reduction PCSP(Ry, 4, Hi 2) = PCSP (K., Koctq)
forany k > q¢ > 2, ¢ > 3 and a > 0 because by Sectionwe have the reductions PCSP (K., Koctq) —
PCSP (K., Ks.) and PCSP(Ry -1, Hy2) = PCSP(Ry ¢, Hy 2) which together with Theoremcon—
tradict the existence of such a gadget reduction. This means that no NP-hardness results of rainbow-
coloring PCSP’s can imply new hardness results for graph coloring PCSP’s using gadget reductions
as PCSP(K,, Ky.) is known to be NP-hard for ¢ > 3 as presented in Section

3.3.2 PCSP(K; K.) to PCSP (R, Hy.,)

To show that no NP-hardness results of graph coloring PCSP’s cannot imply new hardness results for
rainbow coloring PCSP’s using gadget reductions requires a few steps. We begin with a theorem.

Theorem 3.7. There is no gadget reduction from PCSP(Ks, K.) to PCSP(Raoy—_3.q, Hag—32) for
c>3 and q> 4.

Proof. By Corollary it is enough to show that Fpoyr,,_, . H,.) (K3) 7 Ke. In Fpoi(r,,_s.,) (Ks)
we have the tuple (f1, f2) for fi, fo € Pol(qu_37q,H;€,2)(3) if and only if

f1($7y72) :g(x7xuy7y7zuz>

fQ(JZ,y,Z) = g(y,z,x,z,z,y)
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for some some g € POI(RQq,&q,Hk’Q)(G). If there is a tuple (f1, f2) : f1 = fa In FpoyRo,_s.,.Hy.o) (K3)
then there exists no homomorphism ¢ : Fpoi(Rs,_, ., .H, ) (K3) — K¢ because (¢(f1), #(f2)) = (¢(f1), ¢(f1)) =
(a,a) for some a € [c] is not a tuple in K.. We show that there exists an f € Pol(Rao,_3.4, Hi2)®
such that (f, f) is a tuple in Fpoi(Ry, s ,H, ) (K3). There exists such an f if there exists a g €
Pol(Ra,—3.4, Hy 2)(® such that

f(z,y,2) = g(z,2,9,y,2,2)

f(@,y,2) = gy, 2,2, 2,2, 9)
where we must have that

9(z,2,y,y,2,2) = g(y,2,,2,2,y).

We show that such a g : [¢] — [2] exists. We define g as follows

1 fx;=1lorasz=1
Q(I1’$27x37I3,$4,$5ax6) = 2 else

First we show that g is a valid polymorphism in Pol(Ra,_3,4, Hx 2)(®). For any (2¢ — 3) input strings
Y1, ---, Y2q—3 such that each coordinate has all ¢ values (i.e the i’th coordinate of all strings forms a
tuple of Rog_3 4 for all i) there is at least one string y; such that the first and third coordinate are
not 1. This is the case because in each column at most (2¢ —3) — (¢ — 1) = ¢ — 2 rows have the value
1. Because we have (2¢g — 3) rows and in each column all ¢ colors need to exist yielding at least ¢ — 1
elements in each column that are not 1. The fact that for each column at most ¢ — 2 elements have
the value 1 implies that at most 2(¢ — 2) = 2¢q — 4 strings have value 1 in coordinate 1 or 3 yielding
at least one string that does not have the value 1 in the first or third coordinate. Next it is obvious
that at least one string has value 1 in the first or third coordinate as all columns including the first
and third must contain all values. This means that for any given 2¢ — 3 rows of length 6 so that each
column forms a tuple in Rg,_3, we have that the rows are not all mapped to the same element in
H, > meaning the mappings of the rows form a tuple in Hy, » allowing us to conclude that g is a valid
polymorphism. It is also easy to see that g satisfies the requirement

9(357957.%%2”2) = g(y,z,x,zmc,y)

because if ;1 = 1 or 23 = 1 this means that « = 1 or y = 1 meaning that (z,z,y,y, 2,2) and
(y,z,x,z,x,y) are mapped to 1. Furthermore they are both mapped to 2 if ;1 # 1 and z3 # 1
because then x nor y is 1.

We have now shown that Fpoir,,_, , H,.)(K3) / K. meaning that there is no gadget reduction
from PCSP(K3, K.) to PCSP(Raq—3 4, Hy 2) for ¢ > 4, ¢ > 3. O

It follows from Theoremthat there is no gadget reduction PCSP (K., ,K,,) = PCSP(Ry,q, Hy 2)
for any k such that 2¢ —3 > k > q¢ > 4, ¢ > ¢1 > 3 because by Section we have the reductions
PCSP(Ry,q, Hi 2) = PCSP(Raq—3,4, Hr2) and PCSP(K3,K.) - PCSP(K,,,K,,) for some ¢ > 3
which together with Theorem contradict the existence of such a gadget reduction. We call this
Fact 1. Now we want to show that there exists no graph coloring PCSP can yield any new NP-
hardness results for rainbow coloring PCSP’s with a gadget reduction. We list Fact 1 and two other
facts that consist of the known NP-hardness results for rainbow coloring presented in Section [2.4]

e Fact 1: No gadget reduction exists from PCSP(K3, K.) to PCSP(Ry 4, Hg 2) for 2¢ —3 > k >
q=z4,¢23.

e Fact 2: PCSP(Ry 4, Hy 2) is NP-hard for & > L%J and ¢ > 2. This follows from the result
that PCSP(Ry, ¢, Hy2) is NP-hard if for some ¢ > 1 and d > 2 we have that k > ¢td + |¢] and
g<t(d—1)+1and k > ¢ > 2 (|1] Theorem 1.3) by setting t =1 and d = gq.

e Fact 3 PCSP(Ry,q, Hi 2) is NP-hard for k > ¢ if ¢ <5 (Theorem 2 [14]).
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Now we show that no graph coloring PCSP can yield any new NP-hardness results for rainbow
coloring PCSP’s with a gadget reduction. It is enough to do so for two cases:

e Case 1: ¢ € {2,3,4,5}. By Fact 3 we already know that PCSP(Ry 4, Hy2) for £ > ¢ is
NP-hard

e Case 2: ¢ > 6. By Fact 2 we know that PCSP(Ry 4, Hy 2) for £ > L%J is NP-hard. This
means that the only new potential hardness result for a fixed ¢ > 6 is PCSP(Ry, 4, Hy 2) for
k< L?’Q—QJ < 2q — 3. However, by Fact 1 there exists no gadget reduction from a graph coloring
PCSP to such a PCSP(Ry,q, Hy 2)

We illustrate this in Figure With these cases we can conclude that no graph coloring PCSP can
prove any new NP-hardness results for rainbow coloring PCSP’s with a gadget reduction.

PCSP(Ry 4, Hy 2)
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Figure 11: There is no gadget reduction from a graph coloring PCSP to any PCSP below the line
2q — 3. This illustrates that no graph coloring PCSP can imply any new NP-hardness results for
rainbow coloring PCSP’s with a gadget reduction.

3.4 LO-coloring
3.4.1 PCSP(LO;,LO}) to PCSP(K,,K,)
We begin with a theorem.

Theorem 3.8. There is no gadget reduction from PCSP(LOj,LOY)) to PCSP(K,., Ks.) for any
k>2andc,r> 3.

Proof. We do this first for the case = 3 and then generalize to all » > 4. By Corollary it
is enough to show that ]—'pol(Kc,KQC)(Log) + LO%. This statement is proven by showing that the

relation cannot be preserved in a mapping from prI(KC,K%)(LOg) to LO%. In fpol(Kcﬁch)(Log) we
have the tuple (f1, f2, f3) for fi, fa, f3 € Pol(K,, Kz.)® if
fl(xvy) = g(y,x,:l:)
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fZ(xvy) = g(ﬂc,y,m)
fs(z,y) = g(z,z,y)
for some g € Pol(K,., Ks.)®). The issue that arises is that we in Fpol(KCVKQC)(LOE) have the tuple

(f1, fa, f3) for fi = fo = f3, this cannot be preserved in LO} for any mapping ¢ fpol(KcyK%)(LOg) —

LO3, because ((f1), (fa2), d(f3)) = (6(f1), d(f1), d(f1)) is not a tuple in LO} as it does not have a
unique maximum. This is the case only if there exists a g € Pol(K,, Ks.)® such that

f1(33,y) = g(y7xa$)

fi(z,y) = g(z,y,2)
fi(z,y) = g(@,2,y),
that is
9y, x,x) = g(x,y,2) = g(z, z,y).
By showing that such a g exists we prove that there does not exist a homomorphism Fpoyk. K,.) (LOg) -+
LO;. Such a g is a 2c-coloring of the vertices [c]*>. We denote our 2¢ colors by (1,1), (1,2), ..., (1,¢)
and (2,1),(2,2),...,(2,c). We define g in the following way, if input [¢]? has a b € [c] in all but one

entry we give it the color (1,b), otherwise it receives the color (2, z1) where z; is the color of the first
entry.

1,b) if z; # b for at most one ¢ € [3] for some b € [c¢
9@, @2,23) = { EZ x)1) els:é ¥ ;

What this does is assign the color (1, z) to vertices of the form
Y, , )

(
(,y,2)
(2, 2,y)
(z,z,x)

for any =,y € [¢] :  # y. This causes no issue as there exist no edge between these vertices for a fixed
2. So all vertices of this form can be colored with the ¢ colors (1,1), (1,2), ..., (1, ¢) while following the
requirement that

9(y, z,x) = g(x,y,2) = g(z,2,y)

for any x,y € [c]. The rest of the vertices that are not of this form are colored with ¢ separate colors
using a dictator coloring. We have now defined a valid 2c-coloring g of the vertices [c]> with the
requirement that
9(y, z,x) = g(x,y,x) = g(x, z,y)

for any x,y € [c]. This proves that Fpok, K,.)(LO3) # LOj, proving that absence of a

a gadget reduction from There is no gadget reduction from PCSP(LO3, LO})) to PCSP(K., Ka,).
This result can be easily generalised to Fpoik. k,.)(LO3) # LOj for any r > 3. All that needs to
be done is adjust the function g to be a 2c¢-coloring of [¢]” which follows all its requirements by being
defined:

[ (1,b) if x; # b for at most one i € [r] for some b € [¢]
9(@r, 22, -0y Tr) { (2,z1) else

This means that we now know that there does not exist any gadget reduction from PCSP(LOj, LO%,))
to PCSP(K,, Ks,.) for any k > 2 and ¢,r > 3.
O
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It follows from Theorem [3.8|that there is no gadget reduction PCSP(LO], LO},) — PCSP(K., Kocya)
forany k > 1 > 2and ¢,r > 3 and a > 0 because by Sectionwe have the reductions PCSP (K., Kaoctq) —
PCSP(K,,Kz.) and PCSP(LO3,LO;) — PCSP(LO;,LOj,) which together with Theorem con-
tradicts the existence of such a gadget reduction. This means that no NP-hardness results of LO-

coloring PCSP’s can imply new hardness results for graph coloring PCSP’s using gadget reductions
as PCSP(K,, Ks.) is known to be NP-hard for ¢ > 3 as presented in Section

3.4.2 PCSP(K.,K,) to PCSP(LO}, LO})

Theorem 3.9. There is no gadget reduction from PCSP(Ks, K,) to PCSP(LO;, LO5) for any q,r >
3.

Proof. We first show this for the case r = 6 and then generalize this to all » > 3. By Corollary 2:31]it is

enough to show that there exists no homomorphism Fp,Los,Log)(Ks) = Kq. In ]:Pol(Log,LO:(f)) (Ks)

we have the tuple (f1, fo) if and only if there exists a g € Pol(LO3, LO3)®) such that
fl(xvyvz) = g(m,y,z,x,y,z)

f2(177yaz) = g(z7xvyayazvx)'

The issue is that the tuple (f1, f2) : f1 = f2 existsin .Fpol(LogLog)(Kg) for some f; € Pol(LOS, LOg)(?’).
This means that no mapping ¢ : FpeLos,Los) (Ks) = Kq can preserve the relation as (¢(f1), #(f2)) =

(o(f1),9(f1)) is not a tuple in K, for any mapping ¢ as ¢(f1) = ¢(f1) for all mappings ¢ :
FroiLog,Los) (Ks) — Kg. What we need to prove is that such a tuple indeed exists in the free
structure. To show that (f1, f1) is a tuple in Fpoyrog Log)(Ks) we must show that there exists a

g € Pol(LOS, LO%S)(® such that
h(z,y,2) =9(@,y,2,2,y,2)
filz,y,2) =g(z,z,y,y,2,)
i.e,
9(@,y,2,3,y,2) = 9(2,2, 9,9, 2, x)
for all z,y,z € [2]. This is the same as defining a 3-LO-coloring of LOS with the requirement that

vertices (z,y, z,z,y,2) and (z,z,y,y, z,2) must be given the same color for any z,y, z € [2]. Below is
such a coloring g.
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Jiiééiazi 9(2,2,2,1,1,1) = 1, 9(2,1,2,1,1,1) = 2,
9(2,2,2,2,1,2) = 3, 9(2,2,1,2,1,1) = 2, 9(2,1,1,2,1,1) = 1,
9(2,2,2,1,2,2) = 3, 9(2,2,1,1,2,1) = 2, 9(2,1,1,1,2,1) =1,
9(2,2,1,2,2,2) = 3, 9(2,2,1,1,1,2) = 3, 9(2,1,1,1,1,2) = 3,
9(2,1,2,2,2,2) = 3, 9(2,1,2,2,1,1) = 2, 9(1,2,2,1,1,1) = 1,
9(1,2,2,2,2,2) = 3, 9(2,1,2,1,2,1) = 2, 9(1,2,1,2,1,1) = 2,
9(1,1,2,2,2,2) = 3, 9(2,1,2,1,1,2) = 3, 9(1,2,1,1,2,1) = 2,
9(1,2,1,2,2,2) = 3, 9(1,2,2,2,1,1) = 1, 9(1,2,1,1,1,2) = 1,
gl2.21.29) =2 | L2252 =1, 9(1,1,2,2,1,1) = 2,
g(1,27272’1’2) =2, 9(1,2,2,171,2) =3, 9(171,2,1,2,1) =2,
9(1,2,2,2,2,1) = 1, 9(1,1,1,2,2,2) = 3, 9(1,1,2,1,1,2) = 1,
9(2,1,1,2,2,2) = 3, 9(2,1,1,2,2,1) =1, 9(1,1,1,2,2,1) = 1,
9(2,1,2,1,2,2) = 3, 9(1,2,1,2,2,1) = 2, 9(1,1,1,2,1,2) = 3,
9(2,1,2,2,1,2) = 3, 9(1,1,2,2,2,1) = 2, 9(1,1,1,1,2,2) = 3,
9(2,1,2,2,2,1) = 2, 9(2,1,1,2,1,2) = 3, 9(2,1,1,1,1,1) = 1,
9(2,2,1,1,2,2) = 3, 9(1,2,1,2,1,2) = 3, 9(1,2,1,1,1,1) = 2,
9(2,2,1,2,1,2) = 3, g(1,1,2,2,1,2) = 3, 9(1,1,2,1,1,1) = 2,
9(2,2,1,2,2,1) = 2, 9(2,1,1,1,2,2) =3, g(1,1,1,2,1,1) = 1,
9(2,2,2,1,1,2) = 3, 9(1,2,1,1,2,2) = 3, g(1,1,1,1,2,1) = 1,
9(2,2,2,1,2,1) = 1, 9(1,1,2,1,2,2) =3, 9(1,1,1,1,1,2) = 3,
9(2,2,2,2,1,1) = 1, 9(2,2,1,1,1,1) = 2, 9(1,1,1,1,1,1) = 1.

We have that ¢ is a valid 3-LO-coloring if
(Q(Il,l,xl,z, ~-~am1,6)7

g\r2,1,222, .-, 126

)
9(x3.1,23,2, ..., T3,6),
)
)

(
(
g(x4,1,m4,2, oy L4,6
9(25,1,%5,2, ., T5,6),
(

g 336,17 1‘672, ceey 336,6))

is a tuple in LOg, meaning it has a unique maximum for any combination of vertices such that in each
column there exists a unique maximum, that is each column is a tuple in LOS7 this means that each
column has one 2 and the rest are 1. That this holds for g can be verified manually. Note that we have
given the maximum color 3 to almost all vertices that have a 2 in the 6th element. No other vertices
are given the color 3. This means that if the vertex (x;1,%;2,...,Z;6) above with x; ¢ = 2 is given
the color 3 we know that we have a unique maximum. The challenging part to check is if the vertex
(i1, %2, .o Tig) With ;6 = 2 is not given the color 3, for these we need to check all combinations of
6 vertices creating 6 columns of tuples in LOg and make sure they have a unique maximum. There
are quite a few combinations to check but it can be done quite simply by hand. One of course also
needs to check that the requirement g(x,y, z,x,y,2) = g(z,,y,y, z,z) holds. Even though this can
be checked manually the risk of error is significant so a python program has also been written which
takes the coloring and checks that it is a valid 3-LO-coloring of (LO$)®, this code can be found in the
Appendix Section

We can now conclude Fpoiros,Los)(Ks) 7 Kg. Next we generalise this to Fporoj Loy (Ks) 7
K, for any r > 3. The exact same coloring g can be used to show this but it is now instead defined
from (LO%)% — LO%. For r > 6 all but at most 6 rows is (1,1,1,1,1,1) and we are as previously
shown able to give a unique maximal color to one of those 6 rows as all rows (1,1,1,1,1,1) are given
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the minimal color 1. Next if r = 3,4,5 we already know that g works as these cases are equivalent to
when r = 6 given that at least 3, 2 or 1 row respectively is (1,1,1,1,1,1).

This means that we indeed have that Fpoi(Los,Loy)(K3) # K4 for any r > 3. This implies that
no gadget reduction exists from PCSP(K3,K,) to PCSP(LO3, LO%) for g, > 3. O

It follows from Theoremthat there is no gadget reduction PCSP(K;, K,) — PCSP(LO5,LOy)
for any ¢ > 1> 3, r > 3 and k > 2 because by Sectionwe have the reductions PCSP(K3, K.) —
PCSP(K;,K,) for some ¢ > 3 and PCSP(LO3,LO;) — PCSP(LOj,LOj) which together with
Theorem contradicts the existence of such a gadget reduction. This means that no NP-hardness
results of graph coloring PCSP’s can imply new hardness results for PCSP(LO%, LO}) using gadget
reductions for k,r > 3.

3.4.3 PCSP(K;, K;) yields new NP-hardness results for PCSP(LO;,LO})

Theorem 3.10. There exists a gadget reduction from PCSP(K,, K}) to PCSP(LO;,LOY) for k >
>3 andr>4

Proof. This can be shown with the following reduction:

function PCSP(K;, Kj)(I):
For every edge (x,y), add a new node z to our set and replace the edge (z,y) the hyperedge
(z,y,2,...,2) of arity r
return PCSP(LO;,LO})(I)

To show that this is valid we must first show that YES instances are mapped to YES instances.
This is quite simple, if I is [-colorable then for the [-LO-coloring of the updated I we can color all the
new nodes z with the color 1 and color all other vertices the same way as for the graph [-coloring,
for each edge (x,y, z,...,2z) we then have that z and y are given different colors making the larger
one a unique maximum as z’s are mapped to 1. Next we show that NO-instances are mapped to
NO-instances. Assume that I is not k-colorable, then for any k-coloring of the updated I which is a
hypergraph we have that for some edge (z,y, z, ...z) that 2 and y are given the same color causing the
edge not to have a unique maximum as z exists in the edge at least twice yielding that the coloring
is not a valid k-LO-coloring meaning that the updated I is not k-LO-colorable. O

This reduction was found after proving its existence with the algebraic approach. We present this
proof.

Proof. By Corollary to it is enough to show that there exists a homomorphism ¢ : FpoyLor LoT) (K;) —

K. In the free structure we have the tuple (fi, f2) for fi, fo € Pol(LO],LO})® if there exists a
g € Pol(LOj, LO})™) such that

fl(xla '~'7$l) = g(xlvxla ey L1y X2, X2y w00y XYy ‘rl)
fo(x1, 1) = g(w2, 23, . T, 1, T3, o, Ty—2, Ty—1)

where each column of indexes forms one of the tuples in K;, each tuple appears in exactly one column.
This means that M = (I — 1) = I?> — I. Because all [ elements appear in the top row [ — 1 times for
each of the other elements it can have underneath it. Let us now define ¢ : Fpoyror Lor) (Ki) = K,
let ¢(f) = f(1,2,...,1) for all f € Pol(LO},LO)®. All that is needed for ¢ to be a homomorphism
is that it is a well defined map and for any tuple (f1, f2) in the free structure f; and fy are mapped
to different elements in order to preserve the relation. The mapping is well defined as f sends input
to the set LO}, = [k] = Kj. Next we need to show that no two related elements can be sent to the
same element in Ky, as this would yield a contradiction. Let (f1, f2) be a tuple in ]-'pol(LO;-’LOD(Kl).
We have that
H12,..,0)=9(1,1,...,1,2,2 ..., 1,1)
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f2(1,2,.,0) = g(2,3,..,1,1,3, ..., 1 — 2,1 — 1)

Next note that the following is a tuple in (LO])™ where the first two rows are identical to the ones
above:

(1 1 12 2 ! ),
2 3 I 1 3 1—2 1-1),
(1 1 111 1 1),
a1 ... 111 ... 1 1))

In total we have r rows. This is a tuple in (LO])™ as the columns of the first two rows are tuples in
K; meaning that for each column the two first rows are different yielding that one of the elements is
greater then the other and is also greater than 1. This means that each column has a unique maximum
and is a tuple in LO] meaning that the above is a tuple in (LO})*. This means that the set of images
of the rows under g has a unique maximum, the unique maximum cannot be the image of (1,1, ...,1) as
several rows of the form (1,1,...,1) are mapped there meaning that it cannot be a unique maximum.
This means that one of the two first rows are sent to the unique maximum implying that they are
mapped to different colors. This shows that two related elements fi, fo in our free structure cannot
be mapped to the same element under the homomorphism ¢ : fpol(LO{7Loz) (K;) — K} implying that
(¢(f1),d(f2)) is a tuple in Ky, for any related fi, fo implying that ¢ is a valid homomorphism allowing
us to conclude the existence of a gadget reduction.

O

The theorem gives us the following corollary yielding a great deal of new NP-hardness results for
LO-coloring PCSP’s

Corollary 3.11. PCSP(LO;,LO},) is NP-hard if 2l —1 >k > 1 forl > 3 and if((u/lzj) - >k>1
forl>4.

Proof. Theorem tells us that if PCSP(K;, K) is NP-hard for & > | > 3 then so is PCSP(LO;, LOY},)
for r > 4. Then the Corollary is proven by PCSP(K;,Ky) being NP-hard if 20 — 1 >k >l for { > 3
([5]) and if((WZQJ)—l)Zkzlforlzél(). ]

We illustrate the new NP-hard results in Figure and we can see that we indeed have found a
great deal of new NP-hardness results

& 5 5
| POSP(LOY, LOY) ' PCSP(LO}’, LOY)
reductions: / o ©: Unknown hardness
a0 | i reductions: f ©: NP-hard
19 | @ : New NP-hard result
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Figure 12: Illustration of complexity results and trivial reductions for » =5 and r = 10
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4 Conclusion

For graph coloring PCSP’s we generalized a previous result and showed that there exists no gadget
reduction from PCSP(K, K,) to PCSP(K,/,Ky) for k' < k and ¢’ > 2k’ meaning that new hardness
results for PCSP(Ky/, K /) cannot be proved by a gadget reduction from PCSP(Ky,K,). We also
proved the absence of gadget reductions PCSP(K3,K5) — PCSP(K,4,Ks) and PCSP(K3,Kg) —
PCSP(K4,Kss). An interesting open question if there exists PCSP (K3, Kg) — PCSP(K4, Ks). Or if
one at least could decrease the number 36 to something smaller in the absence of the gadget reduction
PCSP(K:),, KG) — PCSP(K4, K36).

The following results we illustrate in Figure We have shown that now graph coloring and
rainbow coloring PCSP’s can prove any new NP-hardness results of each other by a gadget reduction
Furthermore we showed that LO-coloring PCSP’s cannot by a gadget reduction yield any new hardness
results for graph coloring PCSP’s and that graph coloring PCSP’s cannot by a gadget reduction yield
any hardness results for PCSP(LO3, LO}) for v,k > 3. Finally we prove the existence of a gadget
reduction PCSP(K;,K}) to PCSP(LO;,LO}) for kK > 1 > 3 and r > 4 resulting in a great deal of
new hardness results for LO-coloring PCSP’s. These new results are that for » > 4 PCSP(LO;,LO},)
is NP-hard if 2l — 1 > k > [ for [ > 3 and if ((Wl%) —1) >k >1lforl > 4. An interesting question
that we have not investigated in this thesis is whether there exists gadget reductions between rainbow
coloring and LO-coloring PCSP’s.

PCSP(LO},LO}) PCSP(Ry. g, Hy 0)

Figure 13: The dashed purple arrows symbolise the absence of a gadget reductions that can yield new
complexity results. The black arrow symbolises the existence of PCSP(K;, K}) to PCSP(LO;,LO})
for k >1>3 and r > 4.
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5 Appendix

A Proofs of minion homomorphisms existing

A.0.1 Pol(Ky ,K,)—=Pol(Ky, K,) for 3<k <k <¢ <gq

We have from theorem m that Pol(Ky, Ky )—Pol(Ky, Ky) for 3 < k < k' < ¢ < ¢ if and
only if fpol(Kk,7Kq,)(K;€) — K,. We show that this homomorphism exists for the specific case
Frol(K4,Ks) (K3) — Kg as it is easier to relate to and follow than a general proof. From this proof it

is then easy to see how it can be generalised to any 3 < k < k' < ¢ <q.
In Fpoi(k, k) (K3) we have the tuple (f1, f2) where fi, fo € Pol(Ky, K;5)(3) if and only if

fl(l‘,%z) :g(xa$ay7y7zaz)

f2($7yvz) = g(y,zw,z,ay)

For some g € Pol(Ky,K5)(® where the variables in the columns form all tuples in K;. The de-
sired homomorphism Fpoi(k, k) (K3) — K can be defined by f — f(1,2,3) Vf € Pol(K4, K5)®).
This is a well-defined mapping to Kg as f maps elements in [4]* to [5] C [6] = Kg. The map-
ping also preserves the relation as two related elements f; and fo are mapped to ¢(1,1,2,2,3,3)
and ¢(2,3,1,3,1,2) respectively. Note that (1,1,2,2,3,3) and (2,3,1,3,1,2) differ in every entry
meaning that ((1,1,2,2,3,3),(2,3,1,3,1,2)) is a tuple in K. As g € Pol(K4,K5)©® we have that
9(1,1,2,2,3,3) # ¢(2,3,1,3,1,2) implying that (¢(1,1,2,2,3,3),9(2,3,1,3,1,2)) = (£1(1,2,3), f2(1,2,3))
is a tuple in K¢ for any tuple (f1, f2) € Fpoi(k,,k5)(K3).

This concludes Fpoi(k, k) (K3) — Kg, for the general case fpol(Kk/,Kq,)(Kk) — K, the valid
homomorphism sends f — f(1,2,...,k). We have now shown that Pol(K/, Ky )—Pol(Ky, K,) for
3<k<K <q¢d <q

Al POl(Rk/yq/, Hk,/72)—>POl(Rk7q, Hk72) if 2 < (]/ <g< k< K

We show this for a specific case to make easier to follow and understand. The specific case can easily
be generalised to all other cases.

We want to show that Pol(Re 3, Hg2) — Pol(Rs 4, Hs5 2)) and we do this using theorem m The
minion homomorphism exists if and only if there exists a homomorphism of from Fpoy(re 5, He o) (R5,4) =
H; 5. In the free structure we have the tuple (fi, fa, f3, f1, f5) for f1, fa, f3, f1, f5 € Pol(Re 3, Hg2)*
if there exists an g € Pol(Rg 3, Hg 2)™ such that
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Sl )
fo(@1, 22, 23, 24) = f
( )=
( ) =

&

T1,T2,T3,2T4

fa

fs(x1, 2,23, 24) = f(Tis |, Tig oy e Tig

T1,T2,T3,T4

where the indexes iy ; € [4] and the m columns of indexes form all of the tuples in Rs 4. To better mo-
tivate that our soon to be defined homomorphism Fpoy(Rg ;5 Hs.2) (Rs,4) = Hj5 2 is valid we complement
our f; : i € [5] with another row consisting of fs = f5, so ts; = i5 ; for all j € [m]:

fi(zy, x2, 3, 24) = f(T4, 5 iy gy oos Tiy )
fo(x1, 2,23, 24) = f(Tiy 1 Tigor-oor Tis,,)
fa(x1, 22,3, 24) = f(Tiy s Tig gy ons Tig )
fa(wr, 22,23, 24) = f(Tiy ), Tig gy oos Tig )
fs(x1, 2,23, 24) = f(Tis 1> Tig s o Tis )
Jo(x1, 2,23, 24) = f(Tig 1> Tigor o Tig )

We define the homomorphism ¢ : Fpoi(Re.4,H ) (R5,4) = Hs2 by o(f) = f(1,2,3,3) € [2] = Hs52 as
sets. This works since each of the columns above contain all variables x1, z2, 3, 4 as each of the first
five indexes of the columns of form a rainbow coloring which means that substituting them for 1,2, 3,3
every column is a tuple in Rg 3. As g is a polymorphism in Pol(Rg 3, H672)(m) we have that the 6
rows are mapped to a tuple in Hg o, meaning that (¢(f1), ¢(f2), ¢(fs), o(fa), @(f5), ¢(fs)) is a tuple in
Hi o, but note that as f; = fo —> 6(f5) = 6(fs) we have that (6(f1), 6(f2), 6(fz), 6(f1), 6(fs)) is a

tuple in Hy o showing that our mapping preserves the relation and is therefore a valid homomorphism.
This result can be easily generalised to there existing a ¢ : fpol(Rk,,q,ka,g)(Rk,q) — Hj, » for any
2<q <qg<k<Fk. Just define ¢(f) = f(1,2,...,¢' — 1,4, ...,¢") for any f € Pol(Ry o, Hps 2)@. Tt
is a valid homomorphism with a similar motivation to the above.
Thus we not only conclude that Pol(Rg 3, Hg 2) — Pol(Rs 4, Hs 2)), but that Pol(Ry o, Hyr o) —Pol(Rg, 4, Hy 2)
forall2<¢ <g<k<k.

A.2 Pol(LOj;,LO;,)—»Pol(LO;,LO;) if 2<I<U' <K <k
We have from theorem 2.30|that Pol(LO},, LO},)—Pol(LO7, LOy) if and only if Frol(LO}, .LOT,) (LO}) —

LOj,. We show that this homomorphism exists for the specific case FpoyrLos,Lo4) (LO3) — LO; as it
is easier to relate to and follow than a general proof. From this proof it is then easy to see how it can
be generalised to any 2 <[ <!’ <k’ <k and r > 3.

In FpoiLos,Lot) (LO3) we have the tuple (f1, fa, f3, f1) where fi, fa, f3, f1 € Pol(LOj3,LOY)?
are related if and only if

fl(xay) :g(y,:r,:c,:zr)
f2(1'7y) zg(x,y,x,x)
f3($,y) zg(x,x,y,x)

f4(937y) = g(a:,:c,x,y)

for some g € Pol(LOé, LO})™® where the variables of the columns form all the tuples in LOj3. The de-
sired homomorphism fPOI(LogyLOi)(LO§> — LO3 can be defined by f — f(1,2)Vf € Pol(LO3,LO})®.
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This is a well-defined mapping to LOz as f maps elements in [3]? to [4] C [5] = LO2. The map-
ping also preserves the relation as four related elements f1, fa, f5 and fy are mapped to ¢(2,1,1,1),
9(1,2,1,1), g(1,1,2,1) and ¢(1,1,1,2) respectively. Note that for

2,1,1,1)
1,2,1,1)
1,1,2,1)

(
(
(1,1,2,
(1,1,1,2)

= w
— o
[\
N~—
N—
-
92
Q

(LO3)*. As g € Pol(LO3,LO})™ we have that (g(2,1,1,1), g(
tuple in LOJ, i.e has a unique maximum implying that (f(1,2
in LOj for any tuple (f1, f2, f3, f1) € Froiwos Lo (LO3).

This concludes Fpoyro4,L0#) (LO3) — LO3, for the general case Pol(LO},, LO},)—Pol(LO}, LOY)
the valid homomorphism from the free structure to LOj, sends f — f(1,2,...,1).

B Code to verify 3-LO-coloring of (LO$)®

#Assigning color to each vertecx
values={}
values[(2,2,2,2,2,2)]=3

values[(2,2,2,2,2,1)]=1
values[(2,2,2,2,1,2)]=3
values[(2,2,2,1,2,2)]=3
values[(2,2,1,2,2,2)]=3
values[(2,1,2,2,2,2)]=3
values[(1,2,2,2,2,2)]=3

values[(1,
values[(1,
values[(1,
values[(1,
values[(1,
values[(2,
values[(2,
values[(2,
values[(2,
values[(2,
values[(2,
values[(2,
values[(2,
values[(2,

NNNNNNDNEFE PR R DNDNDNDDND -
NNNNFE, P EFEDNDNNDNNDENNDNDRN
N, PR, NNENNEDNDNDNDEDNDN
P NFE NP NN DNDNDNDNDEDNDDNDN

N

~—

—_—

Il

w

values[(2,2,2,2,1,1)]=1
values[(2,2,2,1,1,1)]=1
values[(2,2,1,2,1,1)]=2
values[(2,2,1,1,2,1)]=2
values[(2,2,1,1,1,2)]=3
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values[(2,1,

2,2,1
values[(2,1,2,1,2,1)]=2
values[(2,1,2,1,1,2)]=3
values[(1,2,2,2,1,1)]=1
values[(1,2,2,1,2,1)]=1
values[(1,2,2,1,1,2)]=3
values[(1,1,1,2,2,2)]=3

values[(2,1,1,2,2,1)
values[(1,2,1,2,2,1)
values[(1,1,2,2,2,1)
values[(2,1,1,2,1,2)
values[(1,2,1,2,1,2)
1,2,2,1,2)
1,1,1,2,2)
2,1,1,2,2)
1,2,1,2,2)

values[(1,
values[(2,
values[(1,
values[(1,

[ S N S Wy
]
W WWwwwwNnN -

values[(2,
values[(2,
values[(2,
values[(2,
values[(2,
values[(1,
values[(1,
values[(1,
values[(1,
values[(1,
values[(1,
values[(1,
values[(1,
values[(1,

B

H R, R, R, R, ERENDNNNMNNDNNDE 22PN
R, R, NN PR, RN E R RN
P NNNPFPFPRPNNMNRPRPRPNR,ERERNNDR PR
NP NFRPNPRPEPEPNRE PR, EPRNRE P

-

p

—_—

Il

[\

values[(1,1,1,1,2,2)]=3
values[(2,1,1,1,1,1)]=1
values[(1,2,1,1,1,1)]=2
values[(1,1,2,1,1,1)]=2
values[(1,1,1,2,1,1)]=1
values[(1,1,1,1,2,1)]=1
values([(1,1,1,1,1,2)]=3

values[(1,1,1,1,1,1)]=1

count = [0]
def check_unique_max(x,y,z,a,b,c):
"thehecks if our dictionary defines a valid polymorphism from (LO_2°6)°6 to LO_3°6 (3-LO-colorin
list = [values[x],values[y],values([z],values[a],values[b],values[c]]
#Checks if the mazimum color/value is unique
if list.count(max(list)) !'= 1:
print ("wrong", list, x,y,z,a,b,c)
count [0]+=1
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#creating all combinations of 6 columns. listi defines the t'th column. Then
count=0
for il in range(6):
listil= [1,1,1,1,1,1]
list1[il]+=1
for i2 in range(6):
list2= [1,1,1,1,1,1]
list2[i2]+=1
for i3 in range(6):
list3= [1,1,1,1,1,1]
1list3[i3]+=1
for i4 in range(6):
list4= [1,1,1,1,1,1]
list4[i4]+=1
for i5 in range(6):
listb= [1,1,1,1,1,1]
listb[ib]+=1
for i6 in range(6):
list6= [1,1,1,1,1,1]
list6[i6]+=1

#count+=1
check_unique_max ((list1[0],1ist2[0],1ist3[0],1ist4[0],1ist5[0],1ist6[0]), (1is

#checking requirement holds for polymorphism
print (count)
for a in [1,2]:
for b in [1,2]:
for ¢ in [1,2]:
if values[(c,a,b,b,c,a)] == values[(a,b,c,a,b,c)]:
print("ok")
else:
print ("wrong")
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