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Abstract | i

Abstract

This thesis addresses the topic of semilinear partial differential equations (PDEs) with homogeneous
Dirichlet boundary conditions. At first, the existence and uniqueness of a solution to these kind of
PDEs are being proven for a wide range of superposition operators. Afterwards, a number of numerical
solution algorithms are analysed and a discretised version of them is subsequently employed on the
PDE. A semi-smooth Newton method, a pure fixed-point method, a gradient descent, a first discretize,
then optimize procedure, a generalised Newton method, and path-following methods are utilised to
compute a numerical solution. All of the aforementioned methods are set up in the Sobolev space
H1

0 (Ω) and discretised using linear finite elements. Afterwards, the associated tracking-type optimal
control problem (OCP) is analysed in terms of the existence and uniqueness of a solution. In order
to solve the OCP, a gradient descent and a first discretize, then optimize procedure are employed on
the OCP. The first order necessary optimality conditions of the OCP are also solved for with a semi-
smooth Newton method, a pure fixed-point method, and a Uzawa like iterative method. Finally, the
efficiency, speed of convergence, and mesh dependence of all methods are analysed and compared,
which shows that the considered semi-smooth Newton method in a potential combination with path-
following methods on the PDE yields the best result. On the OCP the considered semi-smooth Newton
method and the Uzawa like iterative method lead to the most favourable results.

Keywords

Semi-linear PDE, Semi-smooth Newton method, Gradient descent, Generalised Newton method, Path-
following method, tracking-type optimal control problem, Uzawa like iterative method
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Sammanfattning

I denna uppsats behandlas semilinjära partiella differentialekvationer (PDE:er) med homogena Dirichlet-
randvillkor. Existensen och entydigheten av en lösning bevisas för ett brett spektrum av superposi-
tionsoperatorer. Dessutom analyseras flera numeriska lösningsalgoritmer som sedan används på en
diskretiserad version av PDE:n. För att beräkna en numerisk lösning används en Newton-metod, en
fixpunktsmetod, en gradientnedstigning, ett förfarande där man först diskretiserar och sedan optimerar,
en generaliserad Newton-metod och path-following methods. Alla ovannämnda metoder är uppbygg-
da i Sobolev-rymden H1

0 (Ω) och diskretiseras med hjälp av linjära finita element. Därefter analyseras
det tillhörande optimala kontrollproblemet (OCP) med avseende på existensen och unikheten hos en
lösning. För att lösa optimala kontrollproblemet används en gradientnedstigning och en procedur som
går ut på att först diskretisera och sedan optimera problemet. OCP:ns nödvändiga optimalitetsvillkor
av första ordningen löses också med en Newton-metod, en fixpunktsmetod och en Uzawa like iterative
method. Effektiviteten, konvergenshastigheten och nätberoendet för alla metoder analyseras sedan.
Detta visar att Newton-metoden ger de bästa resultaten i en potentiell interaktion med path-following
methods på PDE. När den tillämpas på OCP eller dess optimeringsvillkor leder Uzawa like iterative
method och Newton-metoden till de bästa resultaten.

Nyckelord

Semilinjär PDE, semi-smooth Newton-metod, Gradientnedstigning, Generaliserad Newton-metod, path-
following methods, tracking-type optimalt kontrollproblem, Uzawa like iterative method



iv | Sammanfattning



Zusammenfassung | v

Zusammenfassung

Die vorliegende Arbeit befasst sich mit semilinearen partiellen Differentialgleichungen (PDEs) mit ho-
mogenen Dirichlet-Randbedingungen. Für eine Vielzahl an Überlagerungsoperatoren wird ein Beweis
über die Existenz und die Eindeutigkeit der Lösung erbracht. Des Weiteren erfolgt eine Analyse di-
verser numerischer Lösungsalgorithmen, welche im Anschluss auf eine diskretisierte Version der PDE
angewendet werden. Zur Berechnung einer numerischen Lösung werden ein Newton-Verfahren, eine
Fixpunktiteration, ein Gradientenabstieg, ein Verfahren, bei dem zuerst diskretisiert und dann optimiert
wird, ein verallgemeinertes Newton-Verfahren sowie eine Path-following method verwendet. Die ge-
nannten Verfahren werden im Sobolev-Raum H1

0 (Ω) aufgestellt und mit Hilfe linearer finiter Elemente
diskretisiert. Außerdem wird das zugehörige tracking-type Optimalsteuerungsproblems auf Existenz
und Eindeutigkeit einer Lösung hin untersucht. Zur Lösung des Optimalsteuerungsproblems (OCP)
werden ein Gradientenabstieg sowie ein Verfahren, welches das Problem zuerst diskretisiert und an-
schließend das nichtlineare Optimierungsproblem löst, angewandt. Die notwendigen Optimalitätsbe-
dingungen erster Ordnung des OCPs werden ebenfalls mit einem Newton-Verfahren, einer Fixpunkt-
methode sowie einer Uzawa like iterative method gelöst. Im Anschluss erfolgt eine Analyse und ein
Vergleich der Verfahren bezüglich deren Wirksamkeit, der Konvergenzgeschwindigkeit und Gitterab-
hängigkeit. Dabei zeigt sich, dass das Newton-Verfahren in einem potentiellen Zusammenspiel mit der
Path-following method auf der PDE die besten Ergebnisse liefert. Auf das OCP, bzw. dessen Optima-
litätsbedingungen angewendet führen die Uzawa like iterative method und das Newton-Verfahren zu
den besten Ergebnissen.

Schlüsselwörter

Semilineare PDE, semi-smooth Newton-Verfahren, Gradientenabstieg, verallgemeinerte Newton-Methode,
path-following methods, tracking-type Optimalsteuerungsproblem, Uzawa like iterative method
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1 Introduction

Partial differential equations (PDEs) play a crucial role in describing various phenomena across multiple
disciplines, including physics, engineering, economics, chemistry, biology, and social science. Among
these, semi-linear elliptic PDEs constitute an important class, as they arise in numerous applications,
including non-linear diffusion, chemical reactions, and population dynamics. Solving complex social
problems is like solving elliptic, semi-linear partial differential equations: It necessitates patience, pre-
cision and the collaboration of numerous disciplines. This is the only way to achieve stability and
progress. In the theory of differential equations, one is interested in a function satisfying an equation
that relates its derivatives to the function. Furthermore, a particular focus lies in the analysis of the
existence and uniqueness of a solution to these equations. As �nding an analytical solution is nearly
impossible in general settings, numerical solution algorithms are employed.
This thesis deals with numerical solutions of semi-linear elliptic partial differential equations of the type

� � u + g(u) = q in 
 ; u = 0 on @


with 
 � Rd, d 2 f 2; 3g, being a bounded Lipschitz domain, g : R a given function acting as a superpo-
sition operator, and q 2 L 2(
) a given right-hand side. The discussion then focuses on the associated
tracking-type optimal control problem and the transfer of numerical solution algorithms to (the station-
arity conditions of) the tracking-type optimal control problem.
This thesis has two principal objectives: �rstly, to investigate and implement numerical techniques for
solving semi-linear elliptic PDEs; and secondly, to apply these methods to solve optimal control prob-
lems that are constrained by these equations. Chapter 2 provides an overview of the fundamental
mathematical concepts that are essential for understanding the subsequent chapters. These include
the foundations of functional analysis, the Lebesgue spaces L p(
) and the Sobolev space H 1

0 (
) . Fol-
lowing a brief overview of the relevant concepts of differentiability, the PDE of interest is analysed in
Chapter 3 in terms of well-posedness. Additionally, several manufactured examples with superposition
operator and right-hand side are presented. Subsequently, these are used in Chapter 4 to evaluate
the ef�ciency of the numerical solution algorithms discussed, such as a semi-smooth Newton method,
a pure �xed-point method, a gradient descent, a generalised Newton method for non-Lipschitzian su-
perposition operators, and a path-following methods method. These methods are constructed in the
Sobolev space H 1

0 (
) and afterwards discretised with well-de�ned linear �nite elements. The �rst dis-
cretize, then optimize procedure uses a different strategy, i.e. �rst, the problem is discretised using
linear �nite elements, and second, the resulting �nite-dimensional root �nding problem is solved by
transferring it to an optimisation task. All numerical solution algorithms are analysed in terms of mesh
dependence, effectiveness, convergence speed, and how changes to the factor in front of the super-
position operator in�uence the behaviour. The PDE of interest has an associated tracking-type optimal
control problem. The existence of a solution to such an OCP together with the �rst order necessary
optimality conditions are analysed in Chapter 5. In Chapter 6 the resulting stationarity system is solved
using numerical algorithms, including a semi-smooth Newton method and an experimental Uzawa like
iterative method. The pure �xed-point method is shown to be not transferable from the partial differential
equation to the �rst order necessary optimality conditions. Furthermore, the tracking-type optimal con-
trol problem is reduced into a single-variable optimisation problem by employing the solution operator of
the PDE. This problem is then solved with a gradient descent and a �rst discretize, then optimize proce-
dure. All these methods are constructed in a function space and discretised with linear �nite elements.
Afterwards, the methods used for solving the OCP are analysed with respect to mesh dependence,
effectiveness, and speed of convergence.
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2 | Introduction

Through the development and implementation of these numerical techniques, this thesis aims to con-
tribute to the broader understanding of computational methods for solving semi-linear elliptic PDEs and
their role in optimal control theory.



2 Mathematical Background

The �rst section of this thesis deals with mathematical concepts related to the topics of functional
analysis, partial differential equations, and differentiability. We assume that the reader is familiar with
the basic concepts of advanced mathematics. Therefore, we do not cover de�nitions, such as norm,
inner product, Hilbert spaces, Banach spaces, and similar concepts. In Section 2.1, we cover important
de�nitions and lemmas, followed by frequently used results from functional analysis in Section 2.3, and
the de�nition of Hölder, Lebesgue, and Sobolev spaces in Section 2.2. The chapter is closed with
a detailed discussion of various concepts of differentiability, such as Fréchet differentiable or Newton
differentiable in Section 2.4.

2.1 De�nitions

A well known equivalence in advanced mathematics is the following relation stated in Lemma 2.1.1.

Lemma 2.1.1. Let A : V ! W be a linear operator between the two normed vector spaces V and W .
Then the following statements are equivalent

1. A is continuous, i.e., xn ! x in V ) A(xn ) ! A(x) in W

2. 9M > 0 such that kAx kW � M kxkV 8x 2 V

The proof is elementary and is given e.g. in [AN16, 5.1. Lemma]. The second statement in
Lemma 2.1.1 is equivalent to 9M > 0 with

kA(x) � A(y)kW � M kx � ykV 8x; y 2 V: (2.1)

This leads us to the concept of Lipschitz continuity, which is a generalisation of Equation (2.1) for non-
linear operators/functions.

De�nition 2.1.1 (Lipschitz continuity). Let V and W be two Banach spaces and Y � V . We call a
function A : Y ! W M -Lipschitz continuous, if it ful�ls the condition in (2.1) for all x; y 2 Y . The
constant M is called the Lipschitz constant of A .

The concept of Lipschitz continuity can be weakened to the concept of local Lipschitz continuity.

De�nition 2.1.2 (Local Lipschitz continuity). Let Y � V and W as in De�nition 2.1.1. We say that the
function f : Y � V ! W is locally Lipschitz near x 2 Y if 9L > 0; " > 0 such that

kf (y1) � f (y2)kW � Lky1 � y2kV 8y1; y2 2 B " (x) =: f y 2 Y j kx � ykV < " g (2.2)

In this thesis, we are often interested in operators, which are Lipschitz continuous on compact sets.

De�nition 2.1.3 (Lipschitz continuous on compact sets). An operator is Lipschitz continuous on com-
pact sets, if the operator is Lipschitz continuous on all compact subsets of Y � V .

De�nition 2.1.1 gives a stronger conditions, that De�nition 2.1.3, which is stronger that De�ni-
tion 2.1.2. The concept of Lipschitz continuity generalises to Hölder continuity.

3
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De�nition 2.1.4 (Hölder continuous). Let V be a real Banach space. We call a function f : Y � V ! R
Hölder continuous, if 9� 2 (0; 1] and cH � 0 with

kf (y1) � f (y2)kW � cH ky1 � y2k�
V 8y1; y2 2 V

Analogous to local Lipschitz continuity, one can de�ne local Hölder continuity.
It is evident that a (local) Lipschitz continuous function constitutes a particular instance of a (local)
Hölder continuous function. After discussing upper bounds on the distance of two points and their
function values, we now focus on lower bounds on the grows.

De�nition 2.1.5 (Coercive operator). An operator A : V ! V � from a Hilbert space V to its dual V � is
called coercive if

lim
kxk!1

A(x)(x)
kxkV

= 1 (2.3)

For bilinear maps, we consider the following stricter De�nition 2.1.6.

De�nition 2.1.6 (Coercive bilinear form). A continuous bilinear form a : V � V ! R is called coercive
if there exists a constant C > 0 with

a(x; x ) � Ckxk2
V 8x 2 V: (2.4)

For a continuous bilinear form a : V � V ! R, the map A : V ! V � ; x 7! a(x; �) is well-

de�ned, i.e. a(x; �) 2 V � . If (2.4) is satis�ed, (2.3) is automatically satis�ed, since lim
kxkV !1

A(x)( x)
kxkV

=

lim
kxkV !1

a(x;x )
kxkV

� lim
kxkV !1

CkxkV = 1 . The coercivity condition of an operator A can be de�ned as

a suf�cient growth in the operator for an increasing input. For example, A(x) = 0 8x 2 V is not
coercive, since it does not demonstrate any growth. A concept that is analogous to this is that of
strongly monotone mappings.

De�nition 2.1.7 (Strongly monotone mapping). Let V be a Hilbert space and T : V ! V � . If 9C > 0
with

(T(x) � T(y))( x � y) � Ckx � yk2
V 8x; y 2 V; (2.5)

the operator T is called strongly monotone.

If condition (2.5) is satis�ed for C = 0 , the map is said to be monotone. From this de�nition it is
apparent, that strongly monotone implies monotone. We follow [DM13, De�nition 6.1.2] for the strongly
monotone operator. Some authors refer to an operator that satis�es Equation (2.5) as coercive.
The Cauchy-Schwarz inequality is the most frequently employed inequality in this thesis and a well-
established result, as evidenced by [AN16, 2.2 Lemma].

Theorem 2.1.1 (Cauchy-Schwarz inequality). Let V be a Hilbert space. It then follows that for all
x; y 2 V we have the inequality j (x; y)V j � k xkV kykV . The equality is only attained when x is a
scalar multiple of y 2 V .

Furthermore, Alt and Nürnberg show their work [AN16, 2.2. Lemma] that every Hilbert space V
satis�es the parallelogram identity (2.6).

kx + yk2
V + kx � yk2

V = 2
�
kxk2

V + kyk2
V

�
8x; y 2 V (2.6)

The inverse is also true, as evidenced by Jordan-von Neumann theorem, which can be found in [Fri23,
Theorem 3.4]. A question, which is of interest in several sections, is whether integration and taking the
limit can be exchanged. In certain circumstances, as set forth in Lebesgue's dominated convergence
theorem, this is indeed possible.
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Theorem 2.1.2 (Lebesgue's dominated convergence theorem). Let f f ngn2 N be a sequence of mea-
sureable functions with f n : 
 ! R, which converge a.e. to a measurable function f . Furthermore,
there exists an integrable function g : 
 ! R� 0 with jf n j � g a.e. and

R



g dx < 1 . Then f n ; f are

integrable and
R



f n dx !

R



f dx .

For a proof, see [Els08, 5.2 Satz von der majorisierten Konvergenz].

Theorem 2.1.3 (Brouwer's theorem). Let f : B1(0) = f x 2 Rd j kxk � 1g ! B1(0) be continuous.
Then there exists x � 2 B1(0) such that f (x � ) = x � .

For the proof, the reader is referred to [Pat19, Theorem 9.1].

2.2 Function spaces

This section examines the basic concepts of Hölder, Lebesgue, and Sobolev spaces, which are neces-
sary to follow the next parts. Given the inherently complex nature of the subject matter and the depth
of its engagement with measure theory, this overview is necessarily brief and incomplete. It is not in-
tended to be a comprehensive or mathematically rigorous account. The space of continuous functions
is denoted by C0( �
) .

2.2.1 Hölder space C0;� (
)

The Hölder space for � 2 (0; 1] is de�ned as the set of all Hölder continuous functions f : 
 � Rd ! R
with exponent � , i.e.

C0;� (
) =
n

f : 
 ! R j j f jC0;� (
) < 1
o

with jf jC0;� = sup
x;y 2 
 ;x6= y

jf (x) � f (y)j
kx � yk�

The map jf jC0;� is only a seminorm, since every constant function is assigned a value of zero. With
kf kC0;� = kf k1 + jf jC0;� , where kf k1 denotes the supremum norm, we obtain a norm. C0;� equipped
with that norm thereby becomes a Banach space [AN16, 3.7 Hölder continuous functions]. Lastly, we
state a result about the composition of a continuous and a Hölder continuous function for which the
proof is given in Appendix A.1.

Lemma 2.2.1. Let u 2 C0(
) be arbitrary and g 2 C0;� (
) . Then g0(u) 2 L 1 (
) .

2.2.2 Lebesgue space Lp(
)

The discussion of Lebesgue spaces is based on the approach outlined in [Els08, Chapter 2]. In this
context, L p(
) for p 2 [1; 1 ) denote the space of Lebesgue-measurable functions f : 
 ! R, withR



jf (x)jp d� (x) < 1 where � denotes the Lebesgue measure. The map k � kp : L p(
) ! R� 0; f 7!

 
R



jf (x)jp d� (x)

! 1
p

is a seminorm. In order to de�ne the map as a norm, we de�ne N as the set of

all measurable functions f : 
 ! R such that f (x) = 0 almost everywhere, which is a subspace of
L p(
) . Thus, on the quotient space L p(
) = L p(
) =N the map

k � kp : L p(
) ! R� 0; [f ] 7!

0

@
Z




jf (x)jp d� (x)

1

A

1
p

becomes a norm. For simplicity, we are using kf kL p (
) =

 
R



jf (x)jp dx

! 1
p

for f 2 L p(
) , i.e. we omit

equivalence classes. With the above de�ned norm, the space L p(
) is complete [AN16, 3.16 Theorem
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(b)], i.e. a Banach space and only L 2(
) is a Hilbert space [AN16, 3.16 Theorem (3)]. The different
Lebesgue spaces are related to each other, which becomes clear from Lemma 2.2.2, i.e. [Els08,
2.10 Satz]. Lebesgue spaces can also be approximated by functions that are in�nitely continuously
differentiable and have compact support as stated in Theorem 2.2.1.

Theorem 2.2.1. Let 
 � Rd open, then C1
0 (
) is dense in L p(
) for 1 � p < 1 .

The proof can be found in [AN16, 4.15 Theorem (3)]. Another important relation between distinct
Lebesgue spaces was identi�ed by Hölder. A proof can be found in [Els08, 1.5 Höldersche Ungle-
ichung]. It can be seen that the Cauchy-Schwarz inequality represents a particular instance of this
inequality. The subsequent special case of the Hölder's inequality is of signi�cance in Section 4.2.2 and
the proof to the corollary is presented in Appendix A.1.

Theorem 2.2.2 (Hölder's inequality). Let 1 � p � 1 and 1 � q � 1 with 1
p + 1

q = 1 (For p = 1 ,

we take q = 1 and vice versa). Then for u 2 L p(
) , v 2 L q(
) it holds uv 2 L 1(
) and kuvkL 1 (
) �
kukL p (
) kvkL q (
) .

Lemma 2.2.2. Let 1 � p < q � 1 . Then for w 2 L q(
)

kwkL p (
) � � (
) r kwkL q (
) for r =

8
<

:

q� p
pq if q < 1

1
p if q = 1

From Lemma 2.2.2, we immediately conclude L q(
) � L p(
) for 1 � p < q � 1 .

2.2.3 Sobolev space H 1
0 (
)

The Sobolev space H 1
0 (
) is a subset of the Lebesgue space L 2(
) . It contains all square-integrable

functions f : 
 ! R, whose gradients are also in L 2(
) , and which vanish at the boundary. This
space uni�es properties of differentiability with those of integrability and play a crucial role in the anal-
ysis of differential equations. For a complete introduction to Sobolev spaces, please refer to [AN16,
§3.27 Sobolev spaces]. Throughout this work, we consider Lipschitz bounded domains, which are
characterised by their boundary being “suf�ciently smooth”. For reference see [AN16, A8.2 Lipschitz
boundary].

De�nition 2.2.1. Let 
 � Rd be an open, Lipschitz bounded domain. We de�ne the space H 1
0 (
) to

be
H 1

0 (
) := f v 2 L 2(
) j r v exists and kr vkL 2 (
) < 1 ; v(@
) = f 0gg

This space is equipped with the H 1
0 (
) inner product which induces the H 1

0 (
) norm, i.e. for u; v 2
H 1

0 (
)

(v; w)H 1
0 (
) =

Z




r v(x)T � r w(x) dx; kvkH 1
0 (
) =

vu
u
t

Z




r v(x)T � r v(x) dx

If 
 has a Lipschitz boundary, it can be shown that C1
0 (
) is also dense in H 1

0 (
) [LB10, p. 7.1.5].
This space is complete, i.e. a Banach space and with the previously de�ned inner product also a
Hilbert space. An alternative approach is to consider the norm kvk :=

q
kuk2

L 2 (
) + kr uk2
L 2 (
) with

inner product (u; v) := ( u; v)L 2 (
) + ( r u; r v)L 2 (
) . However, both norms are equivalent. This is a
consequence of a well-established result from Poincaré, which relates the norm of a square integrable
function with the norm of its gradient. So for the sake of simplicity, we take the norm kvkH 1

0 (
) =
 

R



jr v(x)j2 dx

! 1
2

.



Mathematical Background | 7

Theorem 2.2.3 (Poincaré inequality). Let 
 � Rd be a bounded domain. Then, there exists a constant,
denoted by cp(
) > 0, which only depends on the domain 
 such that

kvkL 2 (
) � cp(
) kr vkL 2 (
) 8v 2 H 1
0 (
) (2.7)

The smallest constant for which this inequality is satis�ed for all v 2 H 1
0 (
) on the domain 
 is

called the Poincaré constant and denoted with cp(
) . For the sake of simplicity, and when the context
is clear, the domain is omitted, so that cp denotes the constant. The proof for the Poincaré inequality
is based on [AN16, 6.7 Poincaré inequality] and given in Appendix A.1. This is provided to gain insight
into an approximation of the Poincaré constant. The estimate cp = b� a, which emerges from the proof,
is not an optimal bound on the Poincaré constant. A superiour bound was established by Gilbar and
Trudinger.

Theorem 2.2.4. Let v 2 H 1
0 (
) with 
 � Rd bounded and d � 2. Then cp �

�
� (
)
! d

� 1
d with ! d being

the volume of the d-dimensional unit ball.

For the proof, the reader is referred to [GT01, Lemma 7.12 with Lemma 7.14 and equation 7.44].

Remark 1. On d = 2 , this means ! d = � and thus kvkL 2 (
) �
p

� (
)
p

� kvkH 1
0 (
) .

Remark 2. For d = 3 , this means ! 3 = 4�
3 and thus C = 3

q
3� (
)

4�

Further tighter bounds on the Poincaré constant can be found in literature, for example in [KN15],
[AM90, Corollary 2]. The shape of the domain can also be taken into consideration. Now, we have a
look at several bounds in the space H 1

0 (
) .

Lemma 2.2.3. Let d 2 f 2; 3g. Then there exists cd > 0 for r 2 [1; 1 ) if d = 2 and r 2 [1; 6] if d = 3
such that

kukL r (
) � cdkr ukL 2 (
)

For the proof consider [AN16, p. 10.9]. In the space H 1
0 (
) , we analyse linear maps, which are given

by the L 2(
) inner product and a L 2(
) function, i.e. are of the form H 1
0 (
) ! R; u 7! (v; u)L 2 (
) for

some v 2 L 2(
) . Every function of that kind is an element of the dual space of H 1
0 (
) as Lemma 2.2.4

shows. The dual space of H 1
0 (
) is also denoted by H 1

0 (
) � .

Lemma 2.2.4. De�ne T : H 1
0 (
) ! R; u 7! (v; u)L 2 (
) for an arbitrary v 2 L 2(
) . Then T 2 H 1

0 (
) � .

The proof of Lemma 2.2.4 is rather basic and follows from the Cauchy-Schwarz inequality, the
Poincaré inequality and Lemma 2.1.1.

Theorem 2.2.5 (Stampacchia). Let 
 � Rd, v 2 H 1
0 (
) be arbitrary. Then v+ = max f 0; vg 2 H 1

0 (
)
and

@
@xi

v+ = 1f v� 0g
@v
@xi

8i 2 [d] (2.8)

Furthermore, kv+ kH 1
0 (
) � k vkH 1

0 (
) .

Using p = 2 in [ABM06, Theorem 5.8.2] yields the result.

2.3 Functional analysis

This thesis examines a number of linear maps and considers a representation with respect to the un-
derlying inner product. The existence of such a representative is demonstrated by a theorem attributed
to Riesz.
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Theorem 2.3.1 (Riesz representation). Let V be a Hilbert space and let ` 2 V � be a linear and
continuous functional on V . Then there exists a unique element � 2 V such that `(x) = ( x; � )V for all
x 2 V .

The proof is elementary and can be found, for example, in [LB10, Theorem 7.1]. The Riesz repre-
sentation allows us to derive a crucial relation concerning the so-called Riesz representative, which is
denoted by i R (`) 2 V .

Corollary 2.3.1. The function i R : V � 7! V; ` 7! � which maps a linear functional to its Riesz represen-
tative in a Hilbert space V is an isomorphic isomorphism, i.e. k`kV � = ki R (`)kV where k � kV � denotes
the operator norm.

The proof is straightforward and based on the Cauchy-Schwarz inequality and the Riesz repre-
sentation (For reference see [AN16, 6.1. theorem]); therefore, it will not be discussed in detail here.
The Riesz representation theorem establishes a connection between linear functionals and elements
of a Hilbert space. Lax and Milgram developed this concept further by establishing the existence and
uniqueness of solutions for bilinear forms, thereby extending the representation to variational problems.

Theorem 2.3.2 (Lax-Milgram). Let V be a Hilbert space, a : V � V ! R a coercive, continuous bilinear
form on V , and ` 2 V � . Then there exists a unique solution u 2 V to

a(u; v) = `(v) 8v 2 V (2.9)

Proof is based on Riesz' representation theorem and can be found in [LB10, Theorem 7.3]. The next
theorem extends linear operators on subspaces to the entire vector space, which are upper bounded
by sublinear functionals. A map p : V ! R is called sublinear, if p(x + y) � p(x) + p(y) for all x; y 2 V
and p(�x ) = �p (x) for x 2 V and � � 0.

Theorem 2.3.3 (Hahn-Banach theorem). Let V be a real vector space, U � V subspace, and p : V !
R sublinear. Moreover, let ` : U ! R be a linear functional with ` � p on U. Therefore, there exists a
linear functional L : V ! R such that L jU = ` and L(x) � p(x) 8x 2 V .

The result is taken from [AN16, 6.14. Theorem]. The Hahn-Banach theorem allows us to derive
the Corollaries 2.3.2 and 2.3.3, which are then used in the derivation of generalised derivatives in
Section 2.4. The following corollaries are based on [Fri23, Corollary 10.1-10.4].

Corollary 2.3.2. Let V be a real vector space and p : V ! R sublinear. Then, there exists a linear
map L : V ! R such that p(x) � L (x) for all x 2 V .

Corollary 2.3.3. Let V be a real vector space and p : V ! R sublinear. For v 2 V there exists a linear
map L v : V ! R such that p(x) � L v(x) and p(v) = L v(v).

Next, we have a look at invertible linear operators, for which we can establish results about continu-
ity.

Theorem 2.3.4 (Open mapping for invertible operators). Let ` 2 L(V; W) with V and W Banach such
that ` is also invertible. Then ` � 1 is also continuous.

Proof. Rudin showed, an open set of a surjective, continuous, linear operator between two Banach
spaces is again open [Rud73, Theorem 2.11]. An operator is continuous if and only if the preimage
of every open set is again open. So, let U � W be open. Due to the ` being invertible, we get
`(U) =

�
` � 1� � 1 (U) and with the result of Rudin, we conclude that `(U) is open and thus T � 1 is

continuous.

In this work we use vector spaces and subspaces and frequently necessitate a projection of an
element from the vector space to the subspace. In order to establish the projection, we will consider
the following theorem and lemmas, which also provide insight into the behaviour of the projection in
relation to the inner product.
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Theorem 2.3.5 (Projection theorem). Let V be Hilbert and X � V a closed, nonempty, and convex
subset. Then, there exists for every x 2 V a unique best approximation in X , i.e., 9!v 2 X such that
kx � vkV � k x � v0kV 8v0 2 X .

The proof of this theorem is based on the following references: [Fri23, Theorem 3.3] and [AN16,
4.3. Projection theorem]. It is presented in the appendix. The projection of x 2 V onto the closed,
nonempty, and convex subset is denoted by PX (x) 2 X . From this theorem, we conclude the following
lemma, which also helps to simplify the optimality condition of the optimal control problem (OCP).

Lemma 2.3.1. Let X be a closed, nonempty, and convex subset of the real Hilbert space V . Then

z = PX (x) , z 2 X ^ (x � z; y � z)V � 0 8y 2 X (2.10)

Proof. We start with ) . With the projection theorem, we have z = argmin
v2 X

kx � vkV , thus z is a

minimiser of F : X ! R; y 7! k x � yk2
V . This means that " = 0 is a minimiser of f (" ) = F ((1� " )z+ "y )

for every y 2 X . The �rst order necessary condition of the the differentiable function f yields

0 =
d
d"

f (" ) j"=0 =
d
d"

�
kx � (1 � " )z � "yk2

V

�
j"=0

=
d
d"

�
(x � z; x � z)V + " (x � z; z � y)V + " (z � y; x � z)V + "2 (z � y; z � y)V

� �
�
�
"=0

= 2 ( x � z; z � y)V

Reversely, assume that 9y 2 X with kz � xkV > ky � xkV . De�ne f (" ) = kx � z + "(z � y)k2
V . Then

f (0) = kx � zk2
V > kx � yk2

V = f (1). But

f (" ) = kx � zk2
V + " (x � z; z � y)V| {z }

� 0

+ " (x � z; z � y)V| {z }
� 0

+ "2kz � yk2
V (2.11)

So, the function is monotone increasing for positive " , which is a contradiction to f (0) > f (1).

The �rst implication, gives an even stronger result, i.e. z = PX (x) implies (x � z; y � z)V = 0
for all y 2 X with x 2 V . This means for any v 2 X if X is a closed subspace with X 6= f 0g as
y = v + PX (x) 2 X , that

0 = ( v + PX (x) � PX (x); PX (x) � x)V = ( v; PX (x) � x)V = ( v; PX (x))V � (v; x)V

, (v; PX (x))V = ( v; x)V :

This shows the next corollary.

Corollary 2.3.4. Let V be a real Hilbert space and X 6= f 0g be a closed subspace. The projection
PX : V ! X has the following property

(PX (x); y)V = ( x; y)V 8x 2 V; y 2 X (2.12)

If X is a �nite dimensional subspace of the Sobolev space V = H 1
0 (
) , the projection is called Ritz

projection [VM24, Section 3.2.].

Theorem 2.3.6. Let V be a re�exive Banach space and f xngn2 N � X a bounded sequence. Then,
there exists a weakly convergent subsequence f xnk gk2 N of the original sequence.

The result can be found in [AN16, Theorem 8.10] and [Fri23, Theorem 11.1].
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2.4 Generalised Gradient and Derivative

This section presents an overview of the various de�nitions of derivatives in real Banach spaces and
follows the approach of Clarke in [Cla90]. We assume that the considered function f : Y ! R maps
from an open subset Y � V of a real Banach space to the real numbers.

De�nition 2.4.1 (Generalised directional derivative). The generalised directional derivative at point
x 2 Y with direction v 2 V is denoted by f � (x; v) and de�ned by

f � (x; v) = lim sup
y! x
t#0

f (y + tv) � f (y)
t

(2.13)

with y 2 V and t 2 (0; 1 ).

Prior to working with the generalised directional derivative, it is essential to ascertain its well-de�ned
nature. In the de�nition of the “normal” derivative of a function f at a point x 2 Y , it is assumed that the
function is called differentiable if the limit exists. However, this is not the case for the generalised direc-
tional derivative. As [Cla90, 2.1.1. Proposition] shows, the generalised derivative from De�nition 2.4.1
is �nite, positively homogeneous, subadditive on V and Lipschitz continuous if f is locally Lipschitz
continuous. Moreover, the function f � (x; v) is upper semicontinuous with respect to (x; v). This shows,
that the generalised directional gradient is well-de�ned. For x 2 Y , the function f � (x; �) is sublinear,
so Corollary 2.3.2 ensures the existence of a linear functional � : V ! R with f � (x; v) � � (v) for all
v 2 V . The continuity of � follows with Lemma 2.1.1, since

j� (v)j = max f � (v); � � (v)g = max f � (� v)g � maxf f � (x; � v)g

= max f� f � (x; v)g = jf � (x; v)j � LkvkV ;

i.e. � 2 V � . This leads to the de�nition of the generalised gradient.

De�nition 2.4.2 (Generalised gradient). The generalised gradient of the function f : Y � V ! R at a
point x 2 Y is denoted by @f(x) and de�ned as

@f(x) = f � 2 V � : f � (x; v) � � (v) 8v 2 Vg: (2.14)

The de�nition shows, that @f is a set valued function. It has the following properties.

Lemma 2.4.1. The generalised gradient for a locally L -Lipschitz function f near x 2 V satis�es

1. @f(x) is nonempty, convex and k� k� � L 8� 2 @f(x)

2. f � (x; v) = max
� 2 @f(x)

f � (v)g for all v 2 V .

Proof. Due to the Hahn-Banach theorem the set @f(x) is nonempty. For � 1; � 2 2 @f(x) and � 2 [0; 1]
we get �� 1 + (1 � � )� 2 2 @f(x), i.e. convexity because for v 2 V

�� 1(v) + (1 � � )� 2(v) � �f � (x; v) + (1 � � )f � (x; v) = f � (x; v):

By de�nition, we have f � (x; v) � � (v). Suppose now f � (x; v) > � (v) for all � 2 @f(x) and some v 2 V .
For that v 2 V , there exists L v 2 V � with f � (x; w) � L v(w) for all w 2 V due to Corollary 2.3.3, i.e.
L v 2 @f(x), which is a contradiction.

Now, we consider vector-valued function of the form F : Rn ! Rm ; x 7!
�
f 1(x) � � � f m (x)

� T

and every component f i is Lipschitz continuous near the point x 2 Rn of interest. The following result
from Rademacher links Lipschitz continuity and differentiability and its proof can be found in [Rad19].
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Theorem 2.4.1 (Rademacher's theorem). Let U � Rn be an open subset and F : U ! Rm be
Lipschitz continuous. Then F is almost everywhere differentiable in U.

So, for a locally Lipschitz continuous function F : U � Rn ! Rm in the neighbourhood of x 2 Rn ,
we know that F is almost everywhere differentiable in that neighbourhood. We denote the points at
which F is differentiable with DF .

De�nition 2.4.3 (Generalised Jacobian). Let F : Rn ! Rm be a locally Lipschitzian function. The
generalised Jacobian is denoted by @F(x) and de�ned by

@F(x) = conv

8
<

:
lim

x i ! x
x i 2 D F

F 0(x i )

9
=

;
(2.15)

where conv f�g denotes the convex hull.

The generalised Jacobian has the following properties, which are due to [Cla90, Proposition 2.6.2].

Lemma 2.4.2 (Properties of the generalised Jacobian). 1. @F(x) is nonempty, convex and a com-
pact subset of Rm� n

2. @Fis upper semicontinuous at x, i.e. 8" > 09� > 0 such that 8y 2 B � (x), we get @F(y) �
@F(x) + B m� n

"

The proof is given in [Cla90, Proposition 2.6.2]. After discussing the generalised directional deriva-
tive, resp. the generalised gradient, the natural question arises, how these concepts are related to the
classical directional derivative.

De�nition 2.4.4 (Classical directional derivative). Let F : Y � V ! W with V and W being two
Banach spaces. The (one-sided) directional derivative of F at the point x 2 Y in the direction of v is
de�ned as

F 0(x; v) = lim
t#0

F (x + tv) � F (x)
t

: (2.16)

when the limit exists. F is said to admit a Gáteaux derivative at x 2 Y , an element in the space
L(V; W), denoted DF (x), provided that for every v in Y , F 0(x; v) exists and equals DF (x)(v). Let us
note that this is equivalent to saying that the difference quotient converges for each v 2 V , that one has

lim
t#0

F (x + tv) � F (x) = DF (x)(v)

and that the convergence is uniform with respect to v in �nite sets (the last is automatically true). If the
word “�nite” in the preceding sentence is replaced by “compact”, the derivative is known as Hadamard;
for “bounded” we obtain the Fréchet derivative [Cla90, Classical derivatives].
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3 Semi-linear elliptic PDE

The initial objective to be examined is a semi-linear elliptic partial differential equation (PDE), which is
introduced in Section 3.1. As this is a generalisation of the Poisson equation, we also cover the theory
related to this equation with homogeneous Dirichlet boundary conditions. In Sections 3.2.1 and 3.2.2,
we examine the existence of a solution to the PDE for different conditions on the continuous function
g : R ! R, which acts as a superposition operator on the solution of the PDE. Moreover, Section 3.3
presents an overview of potential superposition operators along with examples of right-hand sides and
corresponding analytical solutions. These form the basis for the evaluation of the numerical solution
algorithms discussed in Section 4.2. The solutions are speci�ed for the two dimensional scenario. Fi-
nally, we undertake an examination of the stability of the solution operator with respect to perturbations
in Section 3.4.

In many theorem, the assumption u 2 L 1(
) implies g(u) 2 L 2(
) is made. In order to demonstrate
the implications of this, we consider 
 = (0 ; 1) � R, � 2 (0; 1), � > � 1, u(x) = x � , and g(u) = u� .
Then

Z




ju(x)j dx =

1Z

0

x � dx =
1

1 + �
x1+ � j10=

1
1 + �

< 1 ) u 2 L 1(I ):

But
Z




jg(u(x)) j2 dx =

1Z

0

x2�� dx =
1

1 + 2��
x1+2 �� j10=

(
1

1+2 �� 1 + 2�� > 0

1 1 + 2�� � 0

which means that u 2 L 1(
) does not necessarily imply g(u) 2 L 2(
) . Nevertheless, if u 2 C0( �
) \
L 1(
) then g(u) 2 L 2(
) since the convolution g(u) is continuous on the bounded domain �
 and thus
attains a maximum and minimum value.

3.1 Problem description

The focus of our research is on semi-linear elliptic PDEs of the form

� � u + g(u) = q in 
 u = 0 on @
 (3.1)

in which 
 � Rd represents a bounded, convex, Lipschitz-boundary with dimension d 2 f 2; 3g. The
given continuous function g : R ! R acts as a superposition operator. Lastly, q 2 L 2(
) denotes
the right-hand side of the PDE with homogeneous Dirichlet boundary conditions. If we take g � 0, we
obtain the classical Poisson equation also with homogeneous Dirichlet boundary conditions for right-
hand side f 2 L 2(
)

� � u = f in 
 ; u = 0 on @
 : (3.2)

This problem has been the subject of extensive study, resulting in a substantial theory on the existence
and uniqueness of a solution. The most signi�cant �ndings are presented below, accompanied by
references.

Theorem 3.1.1 (Hölder continuity). Let p > d
2 . Then there exists 
 > 0 only depending on 
 and p

such that 8f 2 L p(
) the solution u of Equation (3.2) lies in C0;
 (
) and it holds

kukC0;
 (
) � ckf kL p (
) : (3.3)

13
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This results holds on general Lipschitz domains and a special case of the De Giorgi-Nash-Moser
theory. For the proof see [GT01, Theorem 8.22] and [VM24, Theorem 2.2.12]. From this theorem, we
can deduce an important corollary regarding the regularity of the solution of the Poisson equation.

Corollary 3.1.1. For every f 2 L p(
) with p > d
2 the solution to (3.2) is continuous and ful�ls

kukL 1 (
) � ckf kL p (
) : (3.4)

Corollary 3.1.1 follows from Theorem 3.1.1 and the de�nition of the norm k � kC0;
 ( �
) . For a convex
domain, additional regularity is given for the solution as Grisvard showed in [Gri11, Theorem 3.2.1.2].

Theorem 3.1.2. Let f 2 L 2(
) with 
 � Rd convex, bounded, and open. Then u 2 H 1
0 (
) \ H 2(
)

with u being the solution to (3.2). Furthermore, there exists a constant c independent on f and u such
that the following estimate holds.

kukH 2 (
) � ckf kL 2 (
)

3.2 Existence and uniqueness

In this section, we show the existence and uniqueness of a solution to (3.1). We begin with a mono-
tone increasing function g : R ! R, which acts as a superposition operator. The results presented
are based on those in [VM24, Chapter 2.6] and address the more general case, in which the super-
position operator may depend not only on the value of the solution u, but also on the position x within
domain 
 . This is necessary, as the �rst order necessary optimality conditions of the optimal control
problem explored in Chapter 5 require a superposition operator with position-dependence behaviour.
Subsequently, we permit the use of non-monotone superposition operators, whereby the function g is
composed into two monotone increasing functions g1; g2 : R ! R with g = g1 � g2. The problem is
then reformulated into a �xed-point equation, for which we utilise the results established in [CW22].

3.2.1 Existence and uniqueness for monotone superposition operators

In this section, we have a look at the concept of weak solutions. For the problem Equation (3.1), we
prove the existence of a weak solution and conclude the existence of a solution in H 1

0 (
) \ C0(
) . This
section is based on [VM24, Chapter 2.6] and we consider the Assumptions 3.2.1 for the more general
problem (3.5) with s : 
 � R ! R acting as a superposition operator.

� � u(x) + s(x; u(x)) = q(x) 8x 2 
 ; u(x) = 0 8x 2 @
 (3.5)

The superposition operator s : 
 � R ! R has the following assumptions.

Assumptions 3.2.1. 1. The function s(�; u) : R ! R for u 2 R is almost everywhere bounded, i.e.
s(�; u) 2 L 1 (
) .

2. The superposition operator is monotone increasing and continuous in the second argument

3. For u 2 L 1(
) , we have ks(�; u(�))kL 2 (
) < 1

For u 2 L 1(
) the function s(�; u(�)) : 
 ! R is again measurable as a composition of a con-
tinuous and a measurable function. For this chapter, we interpret s(�; u(�)) as an element of the dual
space H 1

0 (
) � , i.e. s(�; u(�)) is a linear and continuous functional on H 1
0 (
) . This is possible due to

Lemma 2.2.4 since s(�; u) 2 L 2(
) for u 2 L 1(
) . For simplicity, we only use s(u) := s(�; u(�)) for
u 2 L 1(
) .

Lemma 3.2.1. If g : R ! R is continuous, monotone increasing and satis�es u 2 L 1(
) ) g(u) 2
L 2(
) , then (3.1) can be transformed to (3.5) while satisfying Assumptions 3.2.1.
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Proof. As (3.5) is a generalisation of (3.1), the claim becomes apparent when utilising s(x; u) = g(u).
The �rst assumption is therefore evident, given that s is constant in its �rst argument. Furthermore, the
assumptions on g ensure that the second and third assumptions are also ful�lled.

In classical analysis, we aim to �nd a twice continuously differentiable solution u. However, for many
PDEs classical solutions may be dif�cult to obtain. To circumvent this dif�culty, we broaden the notion
of a solution by integrating the PDE against test functions and using Green's formula. This results in
the concept of weak solutions.

De�nition 3.2.1 (Weak solution). Let q 2 L 2(
) be given. A function u 2 H 1
0 (
) is a weak solution to

Equation (3.5), if s(u) 2 H 1
0 (
) � and 8' 2 H 1

0 (
)

(u; ' )H 1
0 (
) + ( s(u); ' )L 2 (
)

| {z }
=:

R




s(x;u (x)) ' (x) dx

= ( q; ' )L 2 (
) : (3.6)

To gain insight into the relation of De�nition 3.2.1 and the problem (3.1), it is necessary to examine
Green's formula, which is presented in Theorem 3.2.1.

Theorem 3.2.1 (Green's formula). Let u 2 C2(
 ; R) and v 2 C1(
 ; R). Then, with n
 denoting the
outward-pointing unit normal, we have

�
Z




v� u dx =
Z




r u � r v dx �
Z

@


(n
 � r u)v ds: (3.7)

The proof is based on the divergence theorem [DM13, Remark 4.3.105]. The weak solution can be
derived as follows: Let ' 2 H 1

0 (
) be arbitrary. After multiplying (3.5) with ' 2 H 1
0 (
) on both sides

and integrating over the domain 
 , we obtain with the use of Green's formula

(q; ' )L 2 (
) =
Z




q(x)' (x) dx =
Z




� � u(x)' (x) + s(x; u(x)) ' (x) dx

=
Z




r u(x) � r ' (x) dx �
Z

@


(n
 (x) � r u(x)) ' (x) ds

| {z }
=0 as ' (@
)=0

+
Z




s(x; u(x)) ' (x) dx

= ( u; ' )H 1
0 (
) + ( s(u); ' )L 2 (
)

Our interest lies in the case of 
 � Rd with d = 2 or d = 3 . We begin by establishing the uniqueness
of a solution.

Lemma 3.2.2. Under Assumptions 3.2.1, there exists at most one weak solution to Equation (3.6).

Proof. Assume two weak solutions u1; u2 2 H 1
0 (
) exist, i.e. for ' 2 H 1

0 (
)

(u1; ' )H 1
0 (
) + ( s(u1); ' )L 2 (
) = ( q; ' )L 2 (
) ; (u2; ' )H 1

0 (
) + ( s(u2); ' )L 2 (
) = ( q; ' )L 2 (
)

) (u1 � u2; ' )H 1
0 (
) + ( s(u1) � s(u2); ' )L 2 (
) = 0

Now we can also take ' = u1 � u2 2 H 1
0 (
) and thus

0 = ( u1 � u2; u1 � u2)H 1
0 (
)

| {z }
= ku1 � u2k2

H 1
0 (
)

� 0

+ ( s(u1) � s(u2); u1 � u2)L 2 (
)

= ku1 � u2k2
H 1

0 (
) +
Z




(s(x; u1(x)) � s(x; u2(x))( u1(x) � u2(x)) dx
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For any x 2 
 , we can conclude that either u1(x) > u 2(x), u1(x) < u 1(x), or u1(x) = u2(x) in the latter
case, we conclude, that the integrand is zero. In the �rst case, due to the monotonicity of s in the second
argument, we get s(x; u1(x)) � s(x; u2(x)) , and hence (s(x; u1(x)) � s(x; u2(x)))( u1(x) � u2(x)) � 0.
For the second case, we get u1(x) < u 2(x) and thus s(x; u1(x)) � s(u2(x)) and thus (s(x; u1(x)) �
s(x; u2(x)))( u1(x) � u2(x)) � 0. We conclude that

R



(s(x; u1(x)) � s(x; u2(x)))( u1(x) � u2(x)) dx � 0,

which implies ku1 � u2kH 1
0 (
) � 0 and hence u1 = u2. Alternatively, the second part is greater than

zero, due to the monotonicity of the superposition operator.

Next, we prove the existence of a solution. For this we use a theorem from [Zei88] along with the
concept of hemicontinuity.

De�nition 3.2.2 (Hemicontinuous). Let A : V ! V � with V re�exive Banach space. It is called
hemicontinuous, if

f : [0; 1] ! R; t 7! A(u + tv)(w) 8u; v; w 2 V

is continuous.

Theorem 3.2.2 (Browder, Minty). Let A : V ! V � be a monotone, coercive, and hemicontinuous
operator on the real, separable, re�exive Banach space V . Then for every b 2 V � the equation Au = b
has a solution u 2 V . The solution set of this equation is bounded, convex and closed.

Figure 3.1: De�nition sM : 
 � R ! R

For the proof see [Zei88, Theorem 26.A a)]. To
show that our problem has a solution, we start by
showing it for a function, which acts as a super-
position operator, which is bounded in the second
component. We use the following de�nition

sM : 
 � R ! R;

(x; u) 7!

8
>><

>>:

s(x; � M ) � M < u

s(x; u) juj � M

s(x; M ) u < M

:

For the new superposition operator sM , we con-
sider the weak formulation in (3.8).

Find uM 2 H 1
0 (
) with (uM ; ' )H 1

0 (
) + ( sM (uM ) � q; ' )L 2 (
) = 0 8' 2 H 1
0 (
) (3.8)

Lemma 3.2.3. Let q 2 L 2(
) . Then, there exists a solution to Equation (3.8). Furthermore, there exists
a constant c > 0 that is independent of M and the superposition operator s such that

kuM kH 1
0 (
) � ckq � s(�; 0)kL 2 (
) : (3.9)

Proof. In order to prove the lemma, we will invoke the results of Theorem 3.2.2. To this end, we
introduce the operator

AM : H 1
0 (
) ! H 1

0 (
) �

u 7! (u; �)H 1
0 (
) + ( sM (u); �)L 2 (
) :

We may now rewrite equation (3.8) as AM (uM ) = Q with Q : H 1
0 (
) ! R; f 7! (q; f )L 2 (
) which

is well de�ned due to Lemma 2.2.4. We now prove, that the operator is monotone, coercive, and
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hemicontinuous. Theorem 3.2.2 then yields the existence of a solution uM 2 H 1
0 (
) to AM (uM ) = Q.

This operator is monotone, since

(AM u � AM v)(u � v) = ( u; u � v)H 1
0 (
) + ( sM (u); u � v)L 2 (
) � (v; u � v)H 1

0 (
) � (sM (v); u � v)L 2 (
)

= ku � vk2
H 1

0 (
) + ( sM (u) � sM (v); u � v)L 2 (
) � 0

which employs the same argument as that presented in Lemma 3.2.3, which is based on the mono-
tonicity of sM . This operator is also coercive since

AM (u)(u)
kukH 1

0 (
)
=

(u; u)H 1
0 (
) + ( sM (u); u)L 2 (
)

kukH 1
0 (
)

=
kuk2

H 1
0 (
) + ( sM (u) � s(�; 0); u � 0)L 2 (
) + ( s(�; 0); u)L 2 (
)

kr ukL 2 (
)

� k ukH 1
0 (
) +

(s(�; 0); u)L 2 (
)

kukH 1
0 (
)

:

In the inequality, we used the previously derived monotonicity. The second term is bounded because

(s(�; 0); u)L 2 (
) =
Z




s(x; 0)u(x) dx � k s(�; 0)kL 1 (
)

Z




juj dx � k s(�; 0)kL 1 (
) � (
) kukL 2 (
)

� k s(�; 0)kL 1 (
) � (
) cpkukH 1
0 (
)

due to the Cauchy-Schwarz inequality and the Poincaré inequality. With this argument, we conclude
the coercivity of the operator AM . Next, we show the hemicontinuity. For this let u; v; w 2 H 1

0 (
) be
arbitrary. We de�ne the map f : [0; 1] ! R via

f (t) = ( AM (u + tv))( w) = ( u + tv; w)H 1
0 (
) + ( sM (u + tv); w)L 2 (
)

Let us now �x t 2 [0; 1] and consider an arbitrary sequence f tngn2 N � [0; 1] with the property that
tn ! t as n ! 1 . Then, for the �rst term, we may apply the linearity of the integral,

(u + tnv; w)H 1
0 (
) = ( u; w)H 1

0 (
) + tn (v; w)H 1
0 (
)

n!1���! (u; w)H 1
0 (
) + t (v; w)H 1

0 (
) = ( u + tv; w)H 1
0 (
) :

For the second term, we get maxfj s(�; M )j; s(�; � M )jg 2 L 1 (
) due to Assumptions 3.2.1 and thus
maxfj s(�; M )j; js(�; � M )jgjw(x)j 2 L 2(
) . Thus, the following bound holds

jsM (x; u(x) + tnv(x))w(x)j � maxfj s(x; M )j; js(x; � M )jgjw(x)j

and the assumptions on Lebesgue's dominated convergence theorem are ful�lled. Consequently, we
get with the continuity of sM

Z




sM (x; u(x) + tnv(x))w(x) dx !
Z




sM (x; u(x) + tv(x))w(x) dx:

Finally, Theorem 3.2.2 yields the existence of a solution uM 2 H 1
0 (
) to the equation AM (uM ) = Q. In

order to obtain an estimate, we make use of the identity A(uM )(uM ) = Q(uM ) and apply the Poincaré
and the Cauchy-Schwarz inequality

kuM k2
H 1

0 (
) + ( sM (uM ) � s(�; 0); uM � 0)L 2 (
)
| {z }

� 0

= ( q � s(�; 0); uM )L 2 (
)

) k uM k2
H 1

0 (
) � k uM k2
H 1

0 (
) + ( sM (�; uM ) + s(�; 0); uM )L 2 (
) = ( q � s(�; 0); uM )L 2 (
)

� j (q � s(�; 0); uM )L 2 (
) j � cpkuM kH 1
0 (
)

�
kq � s(�; 0)kL 2 (
)

�
:
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Next, we have a look at a lemma from [KS80, Lemma B.1].

Lemma 3.2.4. Let ' : [k0; 1 ) ! [0; 1 ) be nonincreasing with

' (h) �
C

(h � k) � ' (k) � 8h > k > k 0 (3.10)

with constants C > 0; � > 0; � > 1. Then ' (k0 + d) = 0 where

d� = C' (k0) � � 12� �
� � 1 (3.11)

Proof. Let kn = k0 + d �
�

d
2n

�
for n 2 N. Now k0 < k n < k n+1 8n � 1 and inserting into (3.10) yields

' (kn+1 ) �
C

(kn+1 � kn ) � ' (kn ) � =
C2(n+1) �

d� ' (kn ) � 8n � 1 (3.12)

This is also true for n = 0 , since for " > 0 small, we get k1 > k 0 + " > k 0 and thus

' (k1) �
C

(k1 � (k0 + ")) � ' (k0 + ") � �
C

(d=2 � " ) � ' (k0) � !
C2�

d� ' (k0) � (3.13)

where we used that ' is nonincreasing, i.e. k0 + " > k 0 ) ' (k0 + ") � ' (k0).
Claim: ' (kn ) � ' (k0)2n �

1� � for n 2 N.
For n = 0 the claim is trivial, for n = 1 , we get with Equation (3.13) that

' (k1) �
C2�

d� ' (k0) � =
C2�

C' (k0) � � 12��= (� � 1)
' (k0) � = 2 � � ��

� � 1 ' (k0) = 2 � �
� � 1 ' (k0)

Next for n + 1 , we get again with Equation (3.12), that

' (kn+1 ) �
C2(n+1) �

d� ' (kn ) � =
C2(n+1) �

C' (k0) � � 12
��

� � 1

' (kn ) � Induction
�

2(n+1) � � ��
� � 1

' (k0) � � 1

h
' (k0)2n �

1� �

i �

=
2(n+1) � � ��

� � 1

' (k0) � � 1 ' (k0) � 2n ��
1� � = ' (k0)2n � ( � � 1)

� � 1 + � ( � � 1)
� � 1 � ��

� � 1 � n ��
� � 1 = ' (k0)2� n� + �

� � 1 = ' (k0)2(n+1) �
1� �

Taking now the limit n ! 1 , yields 0 � ' (k0 + d) � ' (kn ) � ' (k0)2n �
1� � ! 0 since � > 1, i.e.,

' (kn ) ! 0. As kn ! k0 + d, we get ' (k0 + d) = 0 .

Prior to discussing an upper bound on kuM kL 1 (
) , it is �rst necessary to examine the weak solution
of the Poisson equation, which is stated in Equation (3.14) and can be derived from Equation (3.6) by
using g(x) = 0 and f 2 L 2(
) as right-hand side.

Find u 2 H 1
0 (
) with (u; ' )H 1

0 (
) = ( f; ' )L 2 (
) 8' 2 H 1
0 (
) (3.14)

Theorem 3.2.3. For f 2 L 2(
) there exists a unique weak solution u 2 H 1
0 (
) of Equation (3.14).

Furthermore, there exists a constant c > 0, independent of f , such that

kukL 2 (
) + kukH 1
0 (
) � ckf kL 2 (
) (3.15)

holds.

This is a classic result for Poisson equations and can be attained with an appropriate mapping
` 2 H 1

0 (
) � and the Riesz representation. The estimate is derived from the Poincaré and the Cauchy-
Schwarz inequalities by employing ' = u in (3.14) for the solution u 2 H 1

0 (
) . See e.g. [VM24,
Corollary 2.2.2.].
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Lemma 3.2.5. Let q 2 L 2(
) and let s satisfy the Assumptions 3.2.1. Then, the solution uM of
Equation (3.8) is continuous. Furthermore, there exists a constant c > 0 that is independent of M , q,
and s with

kuM kL 1 (
) � ckq � s(�; 0)kL 2 (
) :

Proof. Let uM 2 H 1
0 (
) be the solution to Equation (3.6). Then

(q � sM (uM ); ' )L 2 (
) = ( uM ; ' )H 1
0 (
) 8' 2 H 1

0 (
) :

We observe that uM is a solution to the weak Poisson equation (3.14) with f = q � sM (uM ). This
signi�es, that uM is a weak solution to Equation (3.2) with f = q � sM (uM ) 2 L 2(
) . Theorem 3.2.3
guarantees the existence of a solution, while Lemma 3.2.2 establishes its uniqueness. We can apply
these results, since uM 2 L 2(
) � L 1(
) and thus, due to Assumptions 3.2.1, sM (uM ) 2 L 2(
) .
Moreover, the solution uM solves the following Poisson equation with homogeneous Dirichlet boundary
conditions

� � uM = q � sM (uM ) in 
 ; uM = 0 on @
 :

Figure 3.2: Example for vt : [� 5; 5] ! R along with
corresponding 
 � from the proof of Lemma 3.2.5

Corollary 3.1.1 and Theorem 3.2.3 together show
that uM 2 C0( �
) and uM 2 H 1

0 (
) . We can
de�ne vt 2 H 1

0 (
) \ C0( �
) for every t > 0 via

vt (x) =

8
>><

>>:

uM (x) + t uM (x) � � t

0 � t < u M (x) < t

uM (x) � t uM (x) � t

:

This is well de�ned since uM 2 C0( �
) and thus
vt is continuous. On @
 , we have � t < u M (x) =
0 < t and thus vt (x) = 0 8x 2 @
 , i.e. vt 2
H 1

0 (
) \ C0(
) . Furthermore, de�ne


 � (t) := f x 2 
 j uM (x) � � tg


 + (t) := f x 2 
 j uM (x) � tg


( t) := 
 � [ 
 + :

Lastly, de�ne 	( t) := � (
( t)) . We now show, by using Lemma 3.2.4, the existence of � > 0 with
	( t) = 0 , i.e. � � � uM (x) � � for almost all x 2 
 . Given that vt 2 H 1

0 (
) we employ the function
' = vt in Equation (3.8), thereby obtaining

(uM ; vt )H 1
0 (
) + ( sM (uM ) � s(�; 0); vt )L 2 (
) = ( q � s(�; 0); vt )L 2 (
) :

Due to the construction of 
( t), we get r vt (x) = r uM (x) for all x 2 
( t) and r vt (
 n 
( t)) = 0 .
Thus,

(uM ; vt )H 1
0 (
) =

Z


( t )

r uM � r vt dt = kvt k2
H 1

0 (
)

Next, we utilise, that sM (�; uM (�)) � sM (�; � t) � s(�; 0) and vt � 0 on 
 � (t), as well as sM (�; uM (�)) �
sM (�; t) � s(0) and vt � 0 on 
 + (t). Combing these results, yields,

(sM (uM ) � s(�; 0); vt )L 2 (
) � 0

) k vt k2
H 1

0 (
) = ( q � s(�; 0); vt )L 2 (
) � (sM (uM ) � s(�; 0); vt )L 2 (
) � (q � s(�; 0); vt )L 2 (
)
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Next, we use the Cauchy-Schwarz inequality along with Hölder's inequality

(q � s(�; 0); vt )L 2 (
) � k q � s(�; 0)kL 2 (
) kvt kL 2 (
) = kq � s(�; 0)kL 2 (
)

0

@
Z




jvt j2 dx

1

A

1
2

= kq � s(�; 0)kL 2 (
) kjvt j2k
1
2
L 1 (
) � k q � s(�; 0)kL 2 (
) kjvt j2k

1
2
L 2 (
) k1k

1
2
L 2 (
( t ))

= kq � s(�; 0)kL 2 (
) kvt kL 4 (
) � (
( t))
1
4

Next, we apply Lemma 2.2.3 onto kvt kL 4 (
) with r = 4 . Thus kvt kL 4 (
) � ckr vt kL 2 (
) . Putting all
things together yields

kr vt kL 2 (
) � ckq � s(�; 0)kL 2 (
) � (
( t))
1
4 :

Next, we want to obtain a lower bound on the previous estimate. For this we introduce r = 8 for d = 2
and r = 6 for d = 3 . Lemma 2.2.3 yields existence of a constant cd > 0 and the estimate

kvt kL r (
) � cdkr vt kL 2 (
) � cdckq � s(�; 0)kL 2 (
) � (
( t))
1
4

Now for s > t > 0, we get 
( s) � 
( t) and therefore

kvt kr
L r (
) =

Z


( t )

jvt jr dx =
Z


 � (t )

juM (x) + tjr dx +
Z


 + (t )

(uM (x) � t)r dx =
Z


( t )

(juM (x)j � t)r dx

�
Z


( s)

(juM (x)j � t)r dx �
Z


( s)

(s � t)r dx = ( s � t)r � (
( s)) = ( s � t)r  (s)

) (s � t) (s)
1
r � cdckq � s(�; 0)kL 2 (
)  (t)

1
4

The function 	 satis�es all assumptions to Lemma 3.2.4 with k0 = 0 , � = r , � = r
4 > 1 and C =

(cdc)r kq � s(�; 0)kr
L 2 (
) . Thus,  (� ) =  (� + 0) = 0 with � r = kq � s(�; 0)kr

L 2 (
) (cdc)r  (0)
r
4 � 12

r
4

r
4 � 1

| {z }
=:~cr

=

~cr kq � s(�; 0)kr
L 2 (
) . For this � � 0, we get juM (x)j � � for almost all x 2 
 and thus

kuM kL 1 (
) � � = ~ckq � s(�; 0)kL 2 (
) (3.16)

As shown in the previous lemma, the solution uM 2 H 1
0 (
) is continuous. With this result, we are now

able to derive the main result of this section, which states the existence and uniqueness of a solution
to Equation (3.5) along with stability estimates on the H 1

0 (
) -norm, resp. L 1 (
) -norm.

Theorem 3.2.4. Let q 2 L 2(
) and the Assumptions 3.2.1 be ful�lled. Then, there exists a unique
solution u 2 H 1

0 (
) \ C0( �
) to (3.6). Furthermore, there exists a constant c > 0 independent of s and
q such that

kukH 1
0 (
) + kukL 1 (
) � c

�
kqkL 2 (
) + ks(�; 0)kL 1 (
)

�

Proof. Take M = c
�
kq � s(�; 0)kL 2 (
)

�
in Lemma 3.2.5. Then uM 2 H 1

0 (
) \ C0( �
) and juM (x)j � M
a.e. on 
 . Thus sM (uM ) = s(uM ) and u = uM is a solution to the weak problem (3.6). The uniqueness
has been shown in Lemma 3.2.2.

Similar to the Poisson equation, if we have a convex domain, we can even obtain a higher regularity.

Corollary 3.2.1. Let q 2 L 2(
) and Assumptions 3.2.1 be satis�ed. Then u 2 H 1
0 (
) \ H 2(
) and the

estimate
kukH 2 (
) � ~c

�
kqkL 2 (
) + s(M )

�

with M = ckq � s(0)kL 2 (
) and a constant, which is independent on q and s holds.
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Proof. The proof is based on [VM24, Corollary 2.6.12]. We know that u 2 H 1
0 (
) \ C0( �
) is the solution

to Equation (3.5). Thus, the solution also solves the linear Poisson equation with f = q� s(u) 2 L 2(
)
and homogeneous Dirichlet boundary conditions. The solution is almost everywhere bounded by M :=
ckq � s(0)kL 2 (
) , i.e. kukL 1 (
) � M , so ks(u)kL 1 (
) � s(M ). With Theorem 3.1.2, we obtain the
estimate

kukH 2 (
) � ckq � s(u)kL 2 (
)

for a constant independent on q, u, and s. Finally,

kukH 2 (
) � c
�
kqkL 2 (
) + ks(u)kL 2 (
)

�
� c

�
kqkL 2 (
) + � (
) s(M )

�

� ~c
�
kqkL 2 (
) + s(M )

�

3.2.2 Existence and uniqueness for non-monotone superposition operators

In this section, we permit the use of non-monotone operators. We decompose the function g into two
continuous and monotone increasing functions g1 and g2 with g = g1 � g2. The problem (3.1) is then
transformed into a �xed-point equation on which we employ results from [CW22]. First, we show the
existence of a solution under the Assumptions 3.2.2 and afterwards the uniqueness of a solution under
the stronger Assumptions 3.2.3.

Assumptions 3.2.2. 1. g1 is monotone increasing, g1(0) = 0 , and u 2 L 1(
) implies g(u) 2 L 2(
)

2. g2 : R ! [0; C] for C 2 R, i.e. g2 is bounded and positive

With these assumptions, we are able to de�ne P = f p 2 L 1 (
) : 0 � p � C a.e. in 
 g, P =
P n f pC g with pC : 
 ! R; x 7! C and U = L 1

+ (
) = f u 2 L 1 (
) : 0 � u a.e. in 
 g � L 1 (
) .
Furthermore, we de�ne the set of non-negative square integrable functions L 2

+ (
) := f f 2 L 2(
) j
f � 0 a.e.g. The solution operator

S : P � U ! L 2(
)

(p; q) 7! S(p; q) = u with � � u + g1(u) = q + p in 
 ; u = 0 on @
 (3.17)

is well-de�ned as g1 satis�es the Assumptions 3.2.1 and thus the well-posedness follows from The-
orem 3.2.4. For p; q 2 L 1 (
) , we get p + q 2 L 2(
) since 
 is bounded. Lastly, we de�ne
� : L 2(
) ! P � L 1 (
) ; v 7! g2(v) with P nonempty and �( L 2(
)) � P , which is well-de�ned since
g2 is bounded. The �xed-point equation in Equation (3.18) is now of the form discussed in [CW22].
These results are based on the theorem of Birkhoff-Tartar.

u 2 L 2(
) ; u = S (�( u); q) ; S : P � U � L 1 (
) � L 1 (
) ! L 2
+ (
) ; � : L 2(
) ! P (3.18)

Thus, the problem (3.1) now becomes

� � u + g1(u) = g2(u) + q in 
 ; u = 0 on @
 (3.19)

Lemma 3.2.6. Let u 2 L 1 (
) be twice differentiable. It is a solution to Equation (3.1) if and only if u
satis�es Equation (3.18) with � : v 7! g2(v) and S in (3.17).

Proof. Let u be a solution to Equation (3.1). Then u satis�es also Equation (3.19). With Lemma 3.2.2,
the solution to � � u + g1(u) = p + q is unique for all p 2 P since g1 is monotone increasing. Now
S(g2(u); q) also satis�es � � S(g2(u); q) + g1(S(g2(u); q)) = g2(u) + p in 
 and S(g2(u); q) = 0 on 
 .
Thus u = S(g2(u); q) = S(�( u); q).

For the inverse assume now that u = S(�( u); q), then q+ g2(u) = � � S(g2(u); q)+ g1(S(g2(u); q)) =
� � u + g1(u) in 
 and 0 = S(g2(u); q) = u on @
 .
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Lemma 3.2.7. If g1; g2 satisfy Assumptions 3.2.2, then there exists a solution to (3.19) for every q 2
L 1

+ (
) .

Proof. For the proof, we show that all assumption of [CW22, Theorem 2.4] are satis�ed and conclude
the result. We now show that � is monotone and S in its �rst argument too. Since g2 is monotone, it
is clear for v1; v2 2 L 2(
) with v1 � v2 a.e. in 
 , that �( v1) = g2(v1) � g2(v2) = �( v2) a.e., i.e. �
is monotone increasing. Next, for the monotonicity of S, let p1; p2 2 P , q1; q2 2 U be arbitrary with
p1 � p2 a.e. and q1 � q2 a.e.. De�ne u1 := S(p1; q1), u2 := S(p2; q2), which satisfy

� � u1 + g1(u1) = p1 + q1; � � u2 + g1(u2) = p2 + q2 in 


) � �( u1 � u2) + g1(u1) � g1(u2) = p1 � p2 + q1 � q2 � 0 a.e. in 


Next, we multiply by maxf 0; u1 � u2g = ( u1 � u2)+ and integrate over 
 to obtain with 
 + = f x 2 
 j
u1(x) � u2(x)g
Z




(g1(u1) � g1(u2))( u1 � u2)+ dx

| {z }
=: G� 0 by monotonicity of g1

�
Z




[�( u1 � u2)] (u1 � u2)+ dx =
Z




(p1 � p2 + q1 � q2)(u1 � u2)+ dx

) 0 �
Z


 +

(p1 � p2 + q1 � q2)(u1 � u2) dx = �
Z


 +

[�( u1 � u2)] (u1 � u2) dx + G

=
Z


 +

r (u1 � u2) � r (u1 � u2) dx �
Z

@
 +

(n � r (u1 � u2))( u1 � u2) dx + G

=
Z


 +

r (u1 � u2) � r (u1 � u2) dx + G =
Z




1f u1 � u2 � 0gr (u1 � u2) � r (u1 � u2) dx + G

T heorem 2:2:5z}|{
=

Z




r ((u1 � u2)+ ) � r ((u1 � u2)+ ) dx + G = k(u1 � u2)+ k2
H 1

0 (
) + G � 0

Thus, k(u1 � u2)+ kH 1
0 (
) = 0 . Since H 1

0 (
) is a Hilbert space, we get (u1 � u2)+ = 0 , i.e. maxf u1 �
u2; 0g = 0 a.e. in 
 . The boundary conditions are also satis�ed by construction. Therefore u2 � u1

a.e., so S(p1; q) = u1 � u2 = S(p2; q) a.e. for q = q1 = q2. This proves the monotonicity in the �rst
argument. It can be seen from this proof that the monotonicity in the second argument is also evident,
namely S(p; q1) � S(p; q2) for all q1; q2 2 U with q1 � q2.
Lastly, we prove that the operator S is well-de�ned. This entails showing that S(p; q) 2 L 2

+ (
) for all
(p; q) 2 �P � U, that is, that it is positive and square integrable. In order to accomplish this, we observe
that for p = 0 , q = 0 and g1(0) = 0 , we obtain S(0; 0) = u = 0 . This leads to the conclusion that
the solution operator is non-negative for all (p; q) 2 P � U. Given the monotonicity with respect to p
and q, and the bound C > 0 on g2, it is therefore suf�cient to show S(C; q) 2 L 2(
) for all q 2 U. Let
q 2 U be arbitrary. As 
 is a bounded set, we immediately obtain q 2 L 2

+ (
) by Lemma 2.2.2. So with
Theorem 3.2.4, we obtain a solution S(C; q) 2 L 2

+ (
) . Now S : �P � U ! L 2
+ (
) and � : L 2(
) ! P

are well de�ned and [CW22, Theorem 2.4] yields the existence of a solution.

Now, we will restrict the assumptions further in order to obtain a unique solution.

Assumptions 3.2.3. 1. The function g1 is monotone increasing, convex, g1(0) = 0 , and u 2 L 1(
)
implies g1(u) 2 L 2(
)

2. The function g2 is monotone increasing, 9" > 0 such that g2 : [� "; 1 ) ! R is concave, and
0 � g2(x) � C for C 2 R> 0 constant for almost all x 2 


3. q 2 L 1
+ (
)

Theorem 3.2.5. Under the Assumptions 3.2.3 the problem (3.1) has an unique solution.
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Proof. In order to establish the existence of the solution, we invoke Lemma 3.2.7. For the existence
of the solution, we rely on results presented in [CW22, Proposition 5.2]. The given Assumptions 3.2.3
are more stringent than the required Assumptions 3.2.2; therefore, the result provided by Lemma 3.2.7
is applicable. For the uniqueness of the solution, we show that all of the requisite assumptions for
that result are satis�ed. It is �rst necessary to verify that P is a convex subset of a real vector space
satisfying a conical-like condition. For this let p1; p2 2 P and � 2 [0; 1] be arbitrary. As pi 2 P , we get
0 � pi � C and thus 0 � �p 1 + (1 � � )p2 � C. Thus, P is convex and subset of the real vector space
L 1

+ (
) . Furthermore U is a convex subset of L 1
+ (
) with 0 2 U and q 2 U due to Assumptions 3.2.3.

Third the operator S is convex, i.e. �S (p1; q1) + (1 � � )S(p2; q2) � S(�p 1 + (1 � � )p2; �q 1 + (1 � � )q2).
In order to validate this condition, let � 2 [0; 1], p1; p2 2 P , q1; q2 2 U be arbitrary and de�ne u1 =
S(p1; q1), u2 = S(p2; q2) and u3 = S(�p 1 + (1 � � )p2; �q 1 + (1 � � )q2). Then,

� � u1+ g1(u1) = p1+ q1; � � u2+ g(u2) = p2+ q2; and � � u3+ g1(u3) = � (p1+ q1)+(1 � � )(p2+ q2)

It remains to prove that �u 1 + (1 � � )u2 � u3. The convex combination �u 1 + (1 � � )u2 satis�es

� � [ �u 1 + (1 � � )u2] + �g 1(u1) + (1 � � )g1(u2) = � (p1 + q1) + (1 � � )(p2 + q2) = � � u3 + g1(u3)

Thus, by employing the de�nition of u3

) � � u3 + g1(u3) = � � � u1 � (1 � � )� u2 + �g 1(u1) + (1 � � )g1(u2)
(� )
� � � � u1 � (1 � � )� u2 + g1(�u 1 + (1 � � )u2) = � �~u + g1(~u)

with ~u = �u 1 + (1 � � )u2. In (� ), we used the convexity of g1. Now we multiply again with (~u � u3)+

and integrate over 
 similar to the proof of Lemma 3.2.7.

0 � �
Z




�(~u � u3)(~u � u3)+ dx +
Z




(g1(~u) � g1(u3))(~u � u3)+ dx

| {z }
=: G� 0

=
Z




1f ~u� u3 � 0gr (~u � u3) � r (~u � u3) dx + G =
Z




r ((u1 � u2)+ ) � r ((u1 � u2)+ ) dx + G

= k(~u � u3)+ k2
H 1

0 (
) + G � 0

From these calculations, we conclude (~u � u3)+ = 0 , which shows u3 � ~u = �u 1 + (1 � � )u2. With
the same argumentation as in Lemma 3.2.7, we get S(p; u) 2 L 1

+ (
) . The monotonicity in the second
argument has already been discussed. Finally, the assumptions on g2 are directly transferable to � ,
and all assumptions on the proposition are satis�ed. This establishes the uniqueness of a solution to
(3.18) follows. Similar to Lemma 3.2.6, we now have the existence of a unique �xed point to (3.18),
which satis�es

q+ g2(u) = � � S(g2(u); q)+ g1(S(g2(u); q)) = � � u+ g1(u) in 
 and 0 = S(g2(u); q) = u on @
 :

3.3 Manufactured solutions

This section presents an illustration of six distinct functions g : R ! R, which serve as superposition op-
erators. For each operator, a prescribed right-hand side is provided, accompanied by the corresponding
analytical solution. We commence with the case where g is a polynomial, subsequently consider the
case where g is the max-function. Then, we examine the signed square root function, which is also non-
Lipschitz and non-differentiable. The objective of this examination is to ascertain how the algorithms
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further discussed in Section 4.2 behave when applied to different situations, using these three func-
tions. As all methods require that g is increasing, we proceed to examine the absolute value function,
which is a non-monotone function and it does not satisfy the criteria discussed before for the existence
and uniqueness of a solution. We also have a look at a non-monotone function, for which we can prove
the uniqueness of a solution via the results based on the Birkhoff-Tartar theorem in Section 3.2.2. For
this reason, we call that operator Birkhoff-Tartar superposition operator. And last, we present an exam-
ple, which is considered to be challenging to solve due to the non-differentiability of the superposition
operator at the analytical solution. A summary of the examples and superposition operators is provided
in Table 3.1. In order to facilitate a comparison of the numerical results from different examples and to
reduce the amount of computational time required, the 
 is set to equal (0; 1)2 for all examples, with
the exception involving the Birkhoff-Tartar superposition operator, for which 
 equals B1(0). This latter
choice is necessary due to the speci�c structure of the superposition operator and the requirements of
Theorem 3.2.5. As the Poincaré constant is dif�cult to compute, we use upper bounds on it, which are
discussed after Theorem 2.2.4. These are cp = 1p

� for the rectangular domain and cp = 1 for the unit
circle due to the bound of Gilbar and Trudinger. In each example, we change the coef�cient in front of
the superposition operator. This is due to the fact, that the Laplace operator produces values that are
signi�cantly larger than those produced by the superposition operator. If the coef�cient is not modi�ed,
the Laplace operator will overlap the superposition operator, resulting in an “almost” Poisson equation.
This effect is discussed in greater detail in Section 4.2.8. For all examples, we provide a de�nition of the
superposition operator, its basic properties and a right-hand side. The right-hand side is plotted along
with the solution(s). A particular property of interest is Lipschitz continuity on bounded sets, which plays
a crucial role for some numerical methods.

3.3.1 Polynomial superposition operator

The �rst function, we consider is a polynomial g.
It is evident that a polynomial of degree zero or
one is of the af�ne-linear type, since the result-
ing PDE is linear and therefore not of interest.
A polynomial of degree two is not monotone in-
creasing, and thus a polynomial of degree three
is considered.

Superposition operator 3.3.1 (Polynomial).
Consider the function

g : R ! R; x 7! x3

It is monotone increasing and continuous. Its an-
tiderivative is given by G(x) = 1

4x4+ C for a con-
stant C 2 R. The function g along with its (anti-)
derivative can be found in Figure 3.3.

Figure 3.3: g, G, and g0 from Superposition opera-
tor 3.3.1

For the polynomial superposition operator, we consider Example 3.3.1 for d = 2 .

Example 3.3.1 (Example with polynomial superposition operator in 2D). In the two-dimensional rect-
angular domain 
 = (0 ; 1)2, we consider 800 as the factor in front of the polynomial Superposition
operator 3.3.1. We consider the function ~q : 
 ! R with

~q(x; y) = 128(2x3 � 3x2 + x)(y2 � y)

The trace of the Hessian of ~q is denoted by tr (r 2~q). Consequently, with the right-hand side (3.20), we
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Figure 3.4: Right hand-side q 2 L 2(
) (left) and solution u 2 H 1
0 (
) (right) from Example 3.3.1

obtain the solution in Equation (3.21). Both are illustrated in Figure 3.4.

q(x; y) = sin(~q(x; y))
h
@x ~q(x; y)2 + @y ~q(x; y)2 + 800 sin2(~q(x; y))

i
� cos(~q(x; y))

h
tr (r 2~q(x; y))

i

(3.20)

u(x; y) = sin(~q(x; y)) = sin
�
128x(2x2 � 3x + 1) y(y � 1)

�
(3.21)

The Superposition operator 3.3.1 is monotone, continuously differentiable, and Lipschitz continuous on
bounded sets. However, it is not globally Lipschitz continuous. Therefore, a solution exists and is unique
for q 2 L 2(
) . It is evident that the solution satis�es the boundary condition and also Equation (3.1) as
shown in Appendix A.2.

3.3.2 The max-function

The second superposition operator of interest is
the function, which returns the positive part of a
real number, i.e. x+ . It is Lipschitz continuous, yet
it is not smooth. Given that it is Lipschitz continu-
ous, Rademacher's theorem guarantees the exis-
tence of a derivative almost everywhere.

Superposition operator 3.3.2 (max-function).
Consider the function

g : R ! R; x 7! maxf 0; xg (3.22)

It is monotone increasing and continuous. Its an-
tiderivative is given by G(x) = 1[0;1 ) (x)x2 + C.
The function g is only differentiable for x 2 Rnf 0g. Figure 3.5: g, G, and @gfrom Superposition oper-

ator 3.3.2

For the max-superposition operator, we consider the Example 3.3.2.

Example 3.3.2 (Example with max superposition operator in 2D). On the rectangular domain 
 =
(0; 1)2, the right-hand side of (3.23) yields the solution given in (3.24). We used a factor of four in front
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Figure 3.6: Right-hand side q 2 L 2(
) (left) and solution u 2 H 1
0 (
) (right) from Example 3.3.2

of the superposition operator.

q(x; y) = � sin(5x � 2:5)
�
4x � 2 +

�
25� 50x � 4(2x � 1) � 1[ 2

10 ; 8
10 ](x)

�
(y2 � y)

�
� � �

� 20 cos(5x � 2:5)(y2 � y) � sin(2:5)
�
4(y2 � y)1[ 2

10 ; 8
10 ](x) � 2

�
(3.23)

u(x; y) = [sin(5 x � 2:5)(2x � 1) � sin(2:5)] (y2 � y) (3.24)

The superposition operator is Lipschitz continuous, almost everywhere differentiability and Newton
differentiable with derivative Dg = @g. Furthermore, due to its monotonicity, there exist a unique
solution for all q 2 L 2(
) , in particular for Equation (3.23). It is evident that the solution satis�es the
boundary conditions and also Equation (3.1) which is shown in Appendix A.2.

3.3.3 The signed square root function

Figure 3.7: g, G, and @gfrom Superposition opera-
tor 3.3.3

We now consider a function that is smooth every-
where except from the origin. At this point, the
derivative tends to in�nity, which implies that the
function is not locally Lipschitz continuous, nor
Lipschitz continuous on bounded sets, since the
derivative at x ! 0 diverges towards in�nity.

Superposition operator 3.3.3 (Square root su-
perposition operator). Consider the function

g : R ! R; x 7! sign (x)
q

jxj =

8
>><

>>:

p
x x > 0

0 x = 0

�
p

� x x < 0

The antiderivatives of Superposition operator 3.3.3 are given by G(x) = 2
3

p
jxj3 + C, with one of such

antiderivative displayed alongside g and its weak derivative in Figure 3.7.

Example 3.3.3 (Example with signed root superposition operator in 2D). On 
 = (0 ; 1)2, the right-
hand side (3.25) yields the solution (3.26) while using a factor of 100 in front of the Superposition
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Figure 3.8: Right-hand side q 2 L 2(
) (left) and solution u 2 H 1
0 (
) (right) from Example 3.3.3

operator 3.3.3.

q(x; y) = � (x2 � x)(y2 � y) sinh(~q(x; y))
h
@x ~q(x; y)2 + @y ~q(x; y) + 4

i
+ : : : (3.25)

� cosh(~q(x; y))
h
(y2 � y)(4x � 2)@x ~q(x; y) + ( x2 � x)(4y � 2)@y ~q(x; y)

i
+ : : :

+ 100g
�
sinh(~q(x; y))( x2 � x)(y2 � y)

�

with ~q(x; y) = 16xy � 8:4x � 8y + 4 :2

u(x; y) = sinh(~q(x; y))( x2 � x)(y2 � y) (3.26)

The function g is monotone increasing and continuous. However, the function is not differentiable at
x = 0 , and thus neither is it Lipschitz continuous on compact sets. This implies that g is not globally
Lipschitz continuous. As q 2 L 2(
) and g is monotone, Theorem 3.2.4 ensures the existence and
uniqueness of a solution. It is evident, that u satis�es the boundary conditions and also (3.1) as shown
in Appendix A.2.

3.3.4 Non monotone superposition operator g without unique solution

Figure 3.9: g, G, and @gfrom Superposition opera-
tor 3.3.4

All previous functions exhibit monotone increas-
ing behaviour. The simplest non-monotone func-
tion is the absolute value function. This ex-
ample is employed to illustrate the behaviour of
the methods in the event that the solution lacks
uniqueness. The function g(x) = x2 is also not
monotone, but continuously differentiable. It does
also not necessarily have a unique solution for ev-
ery given right-hand side. However, �nding two
analytical solutions is more challenging since the
quadratic function is not piecewise linear, which
is used to derive two analytical solutions. As the
decreasing part of g is not bounded, we cannot
apply results from Section 3.2.2.

Superposition operator 3.3.4 (g non mono-
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tone). Consider the function g and its weak derivative @g

g : R ! R; x 7! j xj =

8
>><

>>:

� x x < 0

0 x = 0

x x > 0

; @g(x) =

8
>><

>>:

� 1 x < 0

[� 1; 1] x = 0

1 x > 0

(3.27)

which is continuous, but not differentiable. One antiderivative is G(x) = 1
2sign (x) x2. The function

is Lipschitz continuous and Newton-differentiable. One (anti-)derivatives alongside the function g is
plotted in Figure 3.9.

For this superposition operator, we discuss the one dimensional Example, since it gives insights
into the construction of the two dimensional Example 3.3.4.

Example (Example with absolute-value superposition operator in 1D). The non smooth right-hand side
in Equation (3.28) is considered. The function u in Equation (3.29) is a solution to � � u + 9 � 2g(u) = q
with u(@
) = f 0g.

q(x) = 9 � 2 sin(3�x ) + 9 � 2j sin(3�x )j =

8
<

:

18� 2 sin(3�x ) x 2
h
0; 1

3

i
[

h
2
3 ; 1

i

0 x 2
h

1
3 ; 2

3

i (3.28)

u(x) = sin(3 �x ) (3.29)

However, this is not the only solution, since

~u(x) =

8
>>><

>>>:

2(b+ � )
3(1+ e2� )� e� sinh(3�x ) + sin(3 �x ) x 2

h
0; 1

3

i

2b
3(1� e� )� e

�
2 cosh

�
3�
2 � 3�x

�
x 2

h
1
3 ; 2

3

i

2(b+3 � )
3(1+ e2� )� e� sinh(3� (1 � x)) + sin(3 �x ) x 2

h
2
3 ; 1

i

with b = 3 �
�

cosh( �
2 )

sinh( � ) e� �
2 1+ e2�

1� e� � 1
� � 1

is also a solution. The factor b is selected in such a ways

that ~u 2 C1( �
) . It is evident that both solutions satisfy the prescribed boundary conditions. Upon
differentiating u, resp. ~u twice and inserting u, resp. ~u into g, it becomes clear that both u and ~u are
solutions to the given PDE. A closer examination of ~u reveals that it is positive, indicating that it also
solves the linear PDE � � u + 9 � 2u = q.

Figure 3.10: Right-hand side q 2 L 2(
) (left)
and solutions u 2 H 1

0 (
) , resp. ~u 2 H 1
0 (
) of

Equation (3.28) (right)

Figure 3.11: Right-hand side q 2 L 2(
) from
Example 3.3.4
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Example 3.3.4 (Example with absolute-value superposition operator in 2D). In the two-dimensional
setting, the domain of interest is given by 
 = (0 ; 1)2. The right-hand side is provided in Equation (3.30)
and illustrated in Figure 3.11. It is not possible to guarantee the uniqueness of a solution for the
Superposition operator 3.3.4, given that there exist at least two analytical solutions. Both of which are
displayed in Figure 3.12.

q(x; y) = sin( �y )

8
<

:
0 x 2

h
1
3 ; 2

3

i

20� 2 sin(3�x ) else
(3.30)

u(x; y) = sin(3 �x ) sin(�y ) (3.31)

We solve with a factor of 10� 2, i.e. � � u + 10� 2g(u) = q and u(@
) = f 0g. It is evident, that u is a
solution. However, it is not unique, since

~u(x; y) = sin( �y )

8
>>>>>>>>><

>>>>>>>>>:

2b+6 �
p

11�
�

1+ e2
p

11 �
3

� e
p

11�
3 sinh

� p
11�x

�
+ sin(3 �x ) x 2

h
0; 1

3

i

2b
p

11�

�
1� e

p
11�
3

� e
p

11�
6 cosh

� p
11� (x � 1

2)
�

x 2
h

1
3 ; 2

3

i

2b+6 �
p

11�
�

1+ e2
p

11 �
3

� e
p

11�
3 sinh

� p
11� (1 � x)

�
+ sin(3 �x ) x 2

h
2
3 ; 1

i

(3.32)

is also a solution with b = � 3�

0

@1+ e
2

p
11�
3

1� e

p
11�
3

e�
p

11�
6

cosh
� p

11�
6

�

sinh
� p

11�
3

� � 1

1

A

� 1

, which makes the entire function

continuously differentiable. The right-hand side is composed of two parts, both of which are dependent
on a single variable. Accordingly, we propose the ansatz u(x; y) = sin( �y )u1(x) where u1 an unknown
function. The Laplace of this function is therefore given by � u(x; y) =

�
u00

1(x) � � 2u1(x)
�
sin(�x ).

Consequently, we conclude

� � u(x; y) + 10 � 2g(u(x; y)) = sin( �y )
h
� u00

1(x) + � 2u(x) + 10 � 2ju1(x)j
i

= q(x; y):

Figure 3.12: Solutions u(x; y) (left), ~u(x; y) (right) for Example 3.3.4

The one-dimensional PDE � u00
1(x) + � 2u1(x) + 10 � 2ju1(x)j = 20� 21[0; 1

3 ][ [ 2
3 ;1](x) sin(3�x ) is ob-

tained from the preceding equation by dividing through by sin(�y ). This is possible for all points in the
interior of 
 and on the boundary we get with the homogeneous Dirichlet boundary conditions u(x; y) =
0. Given the similarity between this and the one-dimensional example, for which we found a positive
solution, we compute a solution for the linear PDE � u00

1(x) + 11 � 2u(x) = 1[0; 1
3 ][ [ 1

3 ;1](x) sin(3�x ). That
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solution multiplied by sin(�y ) is displayed in Equation (3.32). It is positive, therefore it solves the lin-
ear PDE � u00

1(x) + 11 � 2u1(x) = 20 � 21[0; 1
3 ][ [ 2

3 ;1](x) sin(3�x ) and thus u(x; y) = sin( �y )u1(x) solves

� � u + 10� 2g(u) = q with zero value on the boundary.

3.3.5 Non monotone superposition operator g with unique solution

We examine a non-monotone superposition operator and a right-hand side for which a unique solution
can be guaranteed. The operator is named Birkhoff-Tartar, as the proof for uniqueness of a solution is
based on a result from Luc Tartar and George David Birkhoff, i.e. Section 3.2.2 with [Aub79, Proposition
15.2.2].

Superposition operator 3.3.5 (Birkhoff-Tartar superposition operator). Consider the function

g : R ! R; x 7! 1[0;1 ) (x)x2 � tanh(x + 1) � 3: (3.33)

This function is not monotone, but differentiable.
Its derivative is g0(x) = � sech(x + 1) 2 +
1[0;1 ) (x)2x and the function is Lipschitz continu-
ous on bounded set, but not globally Lipschitz con-
tinuous. We can see that the derivative is continu-
ous, so g is continuously differentiable. In order to
circumvent the issue of monotonicity, we decom-
pose the function into two monotone and contin-
uous functions, namely g1(x) = x21[0;1 ) (x) and
g2(x) = tanh( x + 1) + 3 . Thus, we have that
g(x) = g1(x) � g2(x), g1(0) = 0 , and g1 is mono-
tone increasing and convex. Furthermore, g2 is
monotone increasing, satis�es 0 � g2(x) � 4 for
all x 2 R. Therefore, all assumptions of Theo-
rem 3.2.5 are satis�ed, and a solution exists and
is unique for all q 2 L 1

+ (
) .

Figure 3.13: g, g0, G alongside with g1 and g2 from
Superposition operator 3.3.5

An antiderivative of G is

G(x) =
1
3

x3 � 1[0;1 ) (x) � log(cosh(x + 1)) � 3x;

which is again a continuous function. The function g along with one antiderivative and its weak deriva-
tive can be found in Figure 3.13. Due to the quadratic term, the function is not Lipschitz continuous.

For this superposition operator, we need to change the domain, since it is very hard to �nd a suitable
solution on the domain 
 = (0 ; 1)2. So far, we considered u(x; y) = f (g(x)h(y)) for arbitrary functions.
Thus,

� u(x; y) =
h
f 00(g(x)h(y))g(x)2 + f 0(g(x)h(y))g0(x)

i
h(y) + : : :

+
h
f 00(g(x)h(y))h(y)2 + f 0(g(x)h(y))h0(y)

i
g(x):

So, if we take a point (x; y) in the corner of the domain, we get g(x) = 0 and h(x) = 0 . But then
� � u(x; y) + g(u(x; y)) = 0 + g(0) < 0. If the functions are twice continuously differentiable, close
the the corners, there exists points with non-zero Lebesgue measure and q(x; y) < 0, so the right
hand side is no longer positive. This problem can also be circumvented, if one is not interested in an
analytical solution, but de�ning q 2 L 1

+ (
) .
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Figure 3.14: Right-hand side q 2 L 2(
) (left) and solution u 2 H 1
0 (
) (right) of Example 3.3.5

Example 3.3.5 (Example with non-monotone superposition operator in 2D). For d = 2 , we consider
the domain 
 = B1(0) := f x 2 R2 j kxk � 1g, i.e. the unit disc. Furthermore, we have a look at the
right-hand side from Equation (3.34). This yields the solution in Equation (3.35). The factor in front of
the superposition operator is two.

q(x; y) = 16 + 32
�
x2 + y2 � 1

� 2
� tanh

�
4 � 4x2 � 4y2

�
� 3 (3.34)

u(x; y) = � 4x2 � 4y2 + 4 (3.35)

As q 2 L 1
+ (
) , Theorem 3.2.5 ensures the existence and uniqueness of a solution.

3.3.6 A hard monotone superposition operator

Finally, we examine the function g(x) = sign (x) jxj
1
3 , which is the inverse of the superposition function

in Superposition operator 3.3.1. This function is not differentiable at x = 0 , and we will de�ne a
right-hand side that yields a solution that is close to zero in most parts of the domain. This makes it
challenging to �nd a solution using the numerical method described in Section 4.2.

We consider

g : R ! R; x 7!

(
3
p

x x > 0

� 3
p

jxj x � 0

This function is monotone increasing, almost ev-
erywhere differentiable, with antiderivative G(x) =
3
4x

4
3 + C, and weak derivative @g(x) =8

<

:

1
3 3p x2

x 6= 0

1 x = 0
. It is not Lipschitz continuous at

x = 0 . The functions are displayed in Figure 3.15.
We look at a function that is close to zero in large
parts of the domain. This implies that the solu-
tion is close to the non-differentiable values of the
superposition operator. The objective here is to
identify the limits of the discussed methods.

Figure 3.15: g, G, and @g, G from Superposition
operator 3.3.6

Superposition operator 3.3.6 (Hard superposition operator).



32 | Semi-linear elliptic PDE

Example 3.3.6 (Example for the dif�cult superposition operator in 2D) . For d = 2 , we have the right
hand side from (3.36). This yields the solution in (3.37). We can see that the solution is almost zero in
the entire domain, except from a peak in the middle.

q(x; y) = � 2e� 100(x� 1
2 )2

� 100(y� 1
2 )2 �

(y2 � y)(20000x4 � 40000x3 + 24500x2 � 4500x � 99) (3.36)

+( x2 � x)(20000y4 � 40000y3 + 24500y2 � 4500x � 99)
�

+ 90e� 100
3 (x� 1

2 )2
� 100

3 (y� 1
2 )2

3
q

(x2 � x)(y2 � y)

u(x; y) = e� 100(x� 1
2 )2

� 100(y� 1
2 )2

(x2 � x)(y2 � y) (3.37)

Figure 3.16: Right-hand side q 2 L 2(
) (left) and solution u 2 H 1
0 (
) (right) of Example 3.3.6

3.3.7 Summary of the examples

In this section, we summarise and state all important properties of previously de�ned examples.

Operator De�nition Derivative* Antiderivative Incr.† Lip.‡

3.3.1 g(x) = x3 g0(x) = 3 x2 1
4x4 Yes 1

3.3.2 g(x) = max f 0; xg @g(x) =

8
>><

>>:

f 0g x < 0

[0; 1] x = 0

f 1g x > 0

1[0;1 ) (x)x2 Yes 1

3.3.3 g(x) = sign (x)
p

jxj @g(x) =

8
><

>:

�
1

2
p

jx j

�
x 6= 0

f1g x = 0

2
3

p
jxj3 Yes 1

3.3.4 g(x) = jxj @g(x) =

8
>><

>>:

f� 1g x > 0

[� 1; 1] x = 0

f 1g x > 0

sign(x)
2 x2 No 1

3.3.5
g(x) = 1[0;1 ) (x)x2 g0(x) = � sech(x + 1) 2 1

3x31[0;1 ) (x)
No 1

� tanh(x + 1) � 3 + 1[0;1 ) (x)2x � log(cosh(x + 1))

3.3.6 g(x) = sign (x) 3
p

jxj @g(x) =

8
<

:

n
1

3 3p x2

o
x 6= 0

f1g x = 0
3
4x

4
3 Yes 1

Table 3.1: Properties of the superposition operators introduced in Section 3.3

*Or subgradients, which are denoted by @g
†Yes, denotes, that the function is monotone increasing, and No, that it is not everywhere monotone increasing
‡Lipschitz constant. 1 denotes, that such a constant does not exists
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Superposition operator Example Factor* kg(u)kL 1 (
) k� ukL 1 (
)

Superposition operator 3.3.1 3.3.1 800 � 800 � 655
Superposition operator 3.3.2 3.3.2 4 � 0:6 � 8
Superposition operator 3.3.3 3.3.3 100 � 25 � 21
Superposition operator 3.3.4† 3.3.4 10� 2, 10� 2 � 98; 107 � 98; 68
Superposition operator 3.3.5 3.3.5 2 � 24 16
Superposition operator 3.3.6 3.3.6 90 � 35 � 26

Table 3.2: Factors and Magnitude of the examples with d = 2 . Factor de�nes the scalar, which was
used in front of the superposition operator, in order to avoid a non signi�cant superposition operator.
The values of kg(u)kL 1 (
) and k� ukL 1 (
) are derived numerically

3.4 Stability analysis with respect to perturbations of the right-hand
side q

In this section we examine the impact of minor perturbations on the right-hand side q 2 L 2(
) on the
solution u to the PDE in Equation (3.1). To this end, we analyse the continuity of the solution operator
S : L 2(
) ! H 1

0 (
) \ C0(
) . Similar to the existence and uniqueness of a solution, we commence
with monotone increasing functions, acting as superposition operators. We then turn our attention
to superposition operators, which do not necessarily need to be monotone. The result for monotone
operators is given in [VM24, Lemma 7.1.3] and the result for non-monotone operators is based on
[CW22].

Theorem 3.4.1. Let q1; q2 2 L 2(
) be arbitrary and g monotone increasing and continuously differen-
tiable. Then

kS(q1) � S(q2)kH 1
0 (
) + kS(q1) � S(q2)kL 1 (
) � ckq1 � q2kL 2 (
) (3.38)

for a constant c > 0 independent of qi 2 L 2(
) .

Proof. As g is monotone increasing, we get g2 � 0. For simplicity, let ui = S(qi ); i 2 f 1; 2g. We know
that

� �( u1 � u2) + g(u1) � g(u2) = q1 � q2: (3.39)

Next, we are going to cast Equation (3.39) into the form of Equation (3.1). As g is differentiable, the
fundamental theorem of calculus yields

g(u1(x)) � g(u2(x)) =

u1 (x)� u2 (x)Z

0

g0(s+ u2(x)) ds = ( u1(x) � u2(x))

1Z

0

g0(u2(x)+ s(u1(x) � u2(x))) ds:

De�ning D : 
 ! R almost everywhere by D(x) =
1R

0
g0(u2(x)+ s(u1(x) � u2(x))) ds, we get g(u1(x)) �

g(u2(x)) = D(x)(u1(x) � u2(x)) . The ui are continuous and measurable, g0 is almost everywhere
continuous, thus D is measurable, so D 2 L 1 (
) due to Lemma 2.2.1. With s(x; u) = D(x)u, we are
now in the setting of Assumptions 3.2.1 since D(x) � 0 since g � 0 and D(x) 2 L 1 (
) . Thus, the
estimate from Theorem 3.2.4 yields

ku1 � u2kH 1
0 (
) + ku1 � u2kL 1 (
) � c

�
kq1 � q2kL 2 (
)

�

as s(x; 0) = 0 .

*Denotes the factor in front of the superposition operator
†Here the �rst value denotes value corresponding to the solution u and the second corresponding to ~u
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This shows, that the solution operator is Lipschitz continuous for monotone g. Lastly, we show, that
the solution operator is weak-to-strong continuous.

Theorem 3.4.2. Let f qkgk2 N � L 2(
) be a weakly convergent subsequence with qk
k!1* q 2 L 2(
) .

Furthermore, g is monotone and Lipschitz continuous on compact sets. Then

kS(qk ) � S(q)kL 2 (
)
k!1���! 0

The proof of the lemma is based on [Trö09, Satz 4.15] and [VM24, Corollary 7.1.5].

Proof. The set f S(qk )gk2 N is bounded in H 1
0 (
) \ C0(
) due to Theorem 3.2.4 and f qkgk2 N are

bounded since they converge weakly. So there exists due to Theorem 2.3.6 a convergent subsequence

f S(qkn )gn2 N with S(qkn )
H 1

0 (
)
* s 2 H 1

0 (
) and S(qkn )
L 2 (
)
����! s since H 1

0 (
) is compactly embedded
into L 2(
) [AN16, Theorem 10.10]. It remains to show that S(q) = s. Due to the weak convergence,
we conclude by de�nition (S(qnk ); ' )H 1

0 (
) ! (s; ' )H 1
0 (
) for all ' 2 H 1

0 (
) . As the set f S(qk )gk2 N is

bounded and the bound is denoted by M , we get kskL 1 (
) � M . With the Lipschitz continuity of the
superposition operator, we get the existence of L(M ) > 0 with

kg(s) � g(S(qkn ))kL 2 (
) � L (M )ks � S(qkn )kL 2 (
)

This yields (g(S(qnk )) ; ' )L 2 (
) ! (g(s); ' )L 2 (
) for all ' 2 H 1
0 (
) . So the limit s also satis�es the

weak formulation, i.e. 8' 2 H 1
0 (
)

(q; ' )L 2 (
) = lim
n!1

(qkn ; ' )L 2 (
) = lim
n!1

(S(qkn ); ' )H 1
0 (
) + ( g(S(qkn )) ; ' )L 2 (
)

= ( s; ' )H 1
0 (
) + ( g(s); ' )L 2 (
)

With the uniqueness of the solution (Lemma 3.2.2), we obtain S(q) = s. It remains to show, that the
entire sequence converges to S(q). Assume otherwise. Then there exists " > 0 and a subsequence
f S(qk` )g`2 N with kS(qk` ) � S(q)kL 2 (
) > " . But this sequence now has a convergent subsequence
converging to S(q) with the same argument as before, which yields a contradiction.

After discussing the Lipschitz continuity and the associated stability of the solution operator for
monotone superposition operators, we proceed to consider non-monotone operators. In Theorem 3.2.5,
we showed the existence and uniqueness of a solution for a restricted class of non-monotone super-
position operators with a bounded and non-negative right-hand side. Building upon this, we prove
in Theorem 3.4.3 that the solution operator to the �xed-point equation is locally Lipschitz continuous,
assuming the same conditions.

Theorem 3.4.3. The Assumptions 3.2.3 are satis�ed, then the solution operator to u = S(�( u); q) for
a given q 2 L 1

+ (
) is locally Lipschitz continuous, i.e. for q1 2 L 1
+ (
) with q1 � c for a constant c > 0

and q2 2 L 1
+ (
) with kq1 � q2kL 1 (
) � c � � for a second constant � 2 (0; c) with ui = S(�( ui ); qi ) it

holds

ku1 � u2kL 2 (
) �
1
�

ku1kL 2 (
) kq1 � q2kL 1 (
)

Proof. In regard to the proof of Theorem 3.2.5, in which we showed the existence and uniqueness of
a solution to the �xed-point equation, we employ a result from [CW22]. Here, we construct a special
case, of the one addressed in [CW22, Theorem 3.2] and conclude the estimate from there. We have
�p 2 P for p 2 P and � 2 (0; 1] as P = L 1 (
) is a real vector space, and U = L 1

+ (
) also satis�es
this property. Next, we show �S (p; q) � S(�p; �q ) holds for all p 2 P , q 2 U, � 2 (0; 1], and S is
monotone in the second argument. The �rst can be shown by taking p1 = p, p2 = 0 , q1 = q and
q2 = 0 in the proof of Theorem 3.2.5. The second by taking p1 = p2 = p. With the concavity of g2, we
satisfy all assumptions to [CW22, Theorem 3.2], which yields with the uniqueness of a solution due to
Theorem 3.2.5 the desired estimate.



4 Solution algorithms for PDE

In order to determine a solution to the problem, it is necessary to transform it into a format that can
be processed by a computer. We commence with a discretisation of 
 � R2. The case of 
 � R3 is
omitted, but the reader is referred to the following sources for further information [Bra07; BS08; LB10;
VM24]. A mesh Th of 
 is de�ned as a set of open triangles K , such that K 2 Th and �
 =

S

K 2T h

�K . The

intersection between two triangles can be described as either an edge, a vertex or empty. The vertices
of the triangles are called nodes [LB10, §3.1. Meshes]. Furthermore, hanging nodes are not permitted;
that is to say, a node must not lie on the edge of another triangle. The size of the triangle K 2 Th

is denoted by hK and given by the diameter diam(K ) of the triangle. The mesh size is denoted by
h = max

K 2T h
hK . Throughout, we consider families of meshes fT hg for h ! 0, which are shaped regular.

This is characterised by the existence of a constant c such that for each triangle K from every mesh Th

we have chd
K � � (K ), where � denotes the Lebesgue measure [VM24, §3.1. Space of Linear Finite

Elements]. The set of all nodes is denoted by 
 h , while the set of boundary nodes is denoted as @
 h .

4.1 Linear �nite elements

In this section, we have a look at the �nite element discretisation of Equation (3.6). We derive a
discretised system of equation for Section 3.1, along with a nodal interpolation of continuous functions
onto the space of linear �nite elements, and an error estimate for linear �nite elements. For a given
triangulation Th , the space of piecewise linear functions is de�ned as V̂h with

V̂h = f vh 2 C0( �
) j vh jK 2 P 1(K ); K 2 Thg

where P1(K ) denotes the space of linear polynomials on the cell K . In order to satisfy the requirement
of homogeneous Dirichlet boundary conditions, we introduce the space Vh via Vh = V̂h \ H 1

0 (
) .
The number of nodes is denoted by N , i.e. N = j
 h j. The Lagrange basis functions ' i 2 V̂h for
i 2 [N ] = f 1; : : : ; N g are characterised by the property ' i (x j ) = � i;j for every node x j 2 
 h . The set

f ' i gN
i =1 � V̂h forms a basis for V̂h allowing us to identify coef�cients f � i gN

i =1 � R with uh =
NP

i =1
� i ' i

for all uh 2 Vh . Frequently, the focus lies on continuous functions on �
 , which must be map onto the
space V̂h . To this end, the piecewise linear nodal interpolation is introduced.

De�nition 4.1.1 (Piecewise linear nodal interpolation). The mapping I h : C0( �
) ! V̂ ; v 7!
NP

i =1
v(x i )' i

is called interpolation operator.

As this approximation of the function v is not exact, an error is introduced. The magnitude of the
error is provided in Theorem 4.1.1.

Theorem 4.1.1 (Interpolation error). Let fT hg be a regular shaped family of meshes as de�ned before.
Then there exists a constant c > 0 such that

kv � I h(v)kL 2 (K ) + hkv � I h(v)kH 1 (K ) � ch2
K kr 2vkL 2 (K ) 8v 2 H 2(K ) (4.1)

where hK = diam(K ) for d 2 f 2; 3g.

We refer the reader to [BS08, Theorem 4.4.20] for the proof. If one is solely interested in the L 2(
)
error of the function, as well as its derivative, one may utilise the results of Theorem 4.1.2, which
originates from [VM24, Theorem 3.1.4].

35
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Theorem 4.1.2 (Interpolation error in L 2(
) ). Let Th be a regularly shaped family of meshes as before.
Then there exists C > 0 for d 2 f 2; 3g such that

kv � I h(v)kL 2 (
) + hkv � I h(v)kH 1
0 (
) � ch2kr 2vkL 2 (
) 8v 2 H 2(
) (4.2)

with h = max
K 2T h

hK .

Remark 3. The result also holds for L 1 (
) , i.e.

kv � I h(v)kL 1 (
) + hkr v � r I h(v)kL 1 (
) � ch2� d
2 kr 2vkL 2 (
)

The set f ' i gN
i =1 forms a basis of V̂h , thus allowing us to identify coef�cients f � i gN

i =1 � R such

that uh =
NP

i =0
� i ' i for all uh 2 Vh . Prior to examining the weak formulation of (3.1), it is necessary to

discuss the discretised Laplace operator.

De�nition 4.1.2. The operator � h : Vh ! Vh with (� � huh ; ' h)L 2 (
) = ( uh ; ' h)H 1
0 (
) for all uh ; ' h 2

Vh is called the discretised Laplace operator.

Next, we consider the projection Ph : H 1
0 (
) ! Vh , which projects the Sobolev space H 1

0 (
) onto
the �nite dimensional subspace Vh . This kind of projection is often refered to as Ritz projection and
satis�es due Corollary 2.3.4

(Ph(u); ' h)H 1
0 (
) = ( u; ' h)H 1

0 (
) 8' h 2 Vh : (4.3)

The Ritz projection can continuously be extended to L 2(
) [VM24, Remark 3.1.28]. With the help of
the discretised Laplace operator, the Ritz projection, and the solution u 2 H 1

0 (
) \ C0( �
) to (3.1), we
get uh := Ph(u) 2 Vh and

� � huh + Ph(g(uh)) = Ph(q): (4.4)

Given that both sides of the equation are now elements of Vh , we can take the inner product of them
with an arbitrary basis vector ' j 2 Vh , thereby obtaining the discretised weak formulation

(uh ; ' j )H 1
0 (
) + ( Ph(g(uh)) ; ' j )L 2 (
) = ( Ph(q); ' j )L 2 (
) :

In light of to the de�nition of the Ritz projection, this simpli�es to

(uh ; ' j )H 1
0 (
) + ( g(uh); ' j )L 2 (
) = ( q; ' j )L 2 (
) : (4.5)

Upon discretisation of the weak formulation in Equation (3.6), the result is identical. Now we insert

uh =
NP

i =1
� i ' i into Equation (4.5), multiply by ' j for j 2 [N ], integrate over 
 , and apply Green's

formula.
Z




q(x)' j (x) dx =
Z




r uh(x) � r ' j (x) dx �
Z

@


(n(x) � r uh(x)) ' j (x) dx

| {z }
=0 as ' i (@
)= f 0g

+
Z




g(uh(x)) ' j (x) dx

=
Z




r uh(x) � r ' j (x) dx +
Z




g(uh(x)) ' j (x) dx

=
NX

i =0

� i

Z




r ' i (x) � r ' j (x) dx +
Z




g

 NX

i =0

� i ' i (x)

!

' j (x) dx
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For the second integral, we use the piecewise linear nodal interpolation from De�nition 4.1.1. The same

holds true for the left-side. With
�
(' i ; ' j )H 1

0 (
)

�

i;j 2 [N ]
= A 2 RN � N denoting the stiffness matrix and

�
(' i ; ' j )L 2 (
)

�

i;j 2 [N ]
=: M 2 RN � N the mass matrix, we �nally conclude

NX

i =0

q(x i )M i;j =
NX

i =0

� i A i;j +
NX

i =1

g(� i )M i;j =
NX

i =1

(� i A i;j + g(� i )M i;j ) 8j 2 [N ]; (4.6)

which yields the system of (non-)linear equations in Equation (4.7), in which the objective is to solve for
� 2 RN .

M

0

B
@

q(x1)
...

q(xN )

1

C
A

| {z }
=: Q2 RN

� A

0

B
@

� 1
...

� n

1

C
A + M

0

B
@

g(� 1)
...

g(� n )

1

C
A (4.7)

How one can solve this system of equations, is discussed in Section 4.2.

4.1.1 Treating non-linearities: Mass Lumping

In this work, we frequently consider integrals of the form
R



g

 
NP

i =1
� i ' i

!

' j dx for a continuous function

g. One approach to tackle these terms is it to use piecewise linear nodal interpolation, as discussed in
De�nition 4.1.1. Alternatively, one can employ mass lumping. To illustrate this, consider a mesh Th of

 . Then,

Z




g

 NX

i =1

� i ' i

!

' j dx =
X

� 2T h

Z

�

g

 NX

i =1

� i ' i

!

' j dx

In order to calculate the integral over an element of the triangulation, � 2 Th , we consider the three
points for 
 � R2 that de�ne the triangle, the four points for 
 � R3 de�ning the tetrahedron, or the
two points for 
 � R. Consequently, the integral can be approximated by the “volume” of the element
multiplied by the average value of the functions values at the nodes, i.e.

Z

� =[ � a ;� b]

g

 NX

i =1

� i ' i

!

' j dx �
1
2

� (� )(g(� j ) + g(� j +1 )) � j;a (in 1D)

Z

� = conv(� a ;� b;� c )

g

 NX

i =1

� i ' i

!

' j dx �

(
1
3 � (� ) [g(� a) + g(� b) + g(� c)] j 2 f a; b; cg

0 else
(in 2D)

Z

� = conv(� a ;� b;� c ;� d )

g

 NX

i =1

� i ' i

!

' j �

8
><

>:

� (� )
4

P

i 2f a;b;c;dg
g(� i ) j 2 f a; b; c; dg

0 else
(in 3D)

We denoted the nodes of the element � with � i , while the basis function, which is non-zero at that
node, represented by ' i . The integral over the entire domain can now be written in the form

Z


 h

g

 NX

i =1

� i ' i

!

' j dx � g(� )T Lej : (4.8)

The matrix L 2 RN � N has only values on its diagonal, with L i;i = 1
d � (supp(' i )) . A rigorous derivation

of mass lumping is presented in [VSB23]. The utilisation of mass lumping in substitution for nodal
interpolation offers the advantage of a resulting matrix that is diagonal, which is more straightforward
to manipulate, e.g. the inverse is computational inexpensive, the matrix commutes with other matrices,
etc.
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4.1.2 Existence and uniqueness

Once the discrete problem has been derived, it is necessary to ascertain whether the problem remains
well-posed, To this end, we assume that g : R ! R is monotone increasing and continuous as in
Section 3.2.1. We begin by establishing the uniqueness of a solution. The proof of this follows the lines
of Lemma 3.2.2 and is therefore omitted. We then show the existence of a solution by transforming the
problem into a �xed-point equation, which we apply Brouwer's theorem to. The ideas presented in this
section originate from [VM24, Section 3.6].

Lemma 4.1.1. Assume that g : R ! R is continuously and monotonically increasing and q 2 L 2(
) .
Then Equation (4.5) has at most one solution.

If the function g is non-monotone, the veracity of Lemma 4.1.1 is not longer guaranteed. For this
reason, there are examples with (linear) superposition operators for which two solutions can be found.
These examples have been extensively studied in literature, e.g. [BS08], and are crucial for under-
standing the �rst order necessary optimality conditions of the optimal control problem in Section 5.2.
The following theorem demonstrates the existence of a solution.

Theorem 4.1.3. Let g : R ! R be continuous and monotonically increasing and q 2 L 2(
) . Then,
there exists a unique solution to Equation (4.5). Moreover, there exists a constant c > 0, which is
independent of q, g and h such that

kuhkH 1
0 (
) � c

�
kq � g(0)kL 2 (
)

�
(4.9)

Proof. We commence with the introduction of the operator Gh : Vh ! Vh ; vh 7! � � hvh+ Ph [g(vh) � q]
where Ph denotes the well-de�ned projection Ph : L 2(
) ! Vh de�ned in Equation (4.3) and � h

the discretised Laplace operator from De�nition 4.1.2. This operator Gh is well-de�ned. Then, we
want to �nd vh 2 Vh s.t. Gh(vh) = 0 . The set Vh is non-empty. As Ph : L 2(
) ! Vh � L 2(
)
and Vh has �nite dimension, thus closed, we get with Corollary 2.3.4 that (Ph [g(vh) � q] ; vh)L 2 (
) =
(g(vh) � q; vh)L 2 (
) since vh 2 Vh . So the operator ful�ls the following

(Gh(vh); vh)L 2 (
 h ) = ( vh ; vh)H 1
0 (
 h ) + ( g(vh) � q; vh)L 2 (
 h )

= kvhk2
H 1

0 (
 h ) + ( g(vh) � g(0); vh � 0)L 2 (
 h ) � (q � g(0); vh � 0)L 2 (
 h )

� k vhk2
H 1

0 (
 h ) + 0 � k q � g(0)kL 2 (
 h )kvhkL 2 (
 h )

� k vhkH 1
0 (
 h )

�
kvhkH 1

0 (
 h ) � cpkq � g(0)kL 2 (
 h )

�

where we used the monotonicity of g, the Cauchy-Schwarz inequality, and the Poincaré inequality.
From these computation, we immediately conclude the estimate in (4.9) for the solution uh 2 Vh since
Gh(uh) = 0 . Now choose R = cpkq � g(0)kL 2 (
 h ) + 1 , then

(G(vh); vh)L 2 (
 h ) > 0 8vh 2 Vh with kvhkH 1
0 (
 h ) � R

Assume that there is no solution to Equation (4.5). Then G(vh) 6= 0 for all vh 2 Vh . Next let vh 2 Vh be
arbitrary. We now interpret G(vh) as a function from 
 to R, i.e. G(vh) : 
 ! R. If r Gh(vh)(x) = 0 for
all x 2 
 , then Gh(vh) is constant and with Vh � H 1

0 (
) , we get Gh(vh)(x) = 0 for all x 2 
 , which is
a contradiction to the assumption G(vh) 6= 0 . So, r Gh(vh) 6= 0 . Next, we are able to de�ne the well-
de�ned operator Fh(vh) = � R

kr Gh (vh )kL 2 (
 h )
Gh(vh). Interpreting Fh(vh) again as Fh(vh) : 
 ! R, we

get r Fh(vh)(x) = � R
kr Gh (vh )kL 2 (
 h )

r Gh(vh)(x) with kr Fh(vh)kL 2 (
 h ) = R, which is again valid for

all vh 2 Vh . On the closed ball K h = f vh 2 Vh j kr vhkL 2 (
 h ) � Rg the function Fh is continuous and
maps K h to K h . Thus, we can apply Theorem 2.1.3, which gives us the existence of a wh 2 K h with
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Fh(wh) = wh . Interpreting Fh(wh) : 
 ! R again yields kr whkL 2 (
 h ) = kr Fh(wh)kL 2 (
 h ) = R 6= 0 .
So

0 < kwhk2
L 2 (
 h ) = ( wh ; wh)L 2 (
 h ) = ( F (wh); wh)L 2 (
 h ) = �

R
kr Gh(wh)kL 2 (
 h )

(Gh(wh); wh)L 2 (
 h ) < 0

which is a contradiction.

4.1.3 Error Estimate

In this section, we start with the provision of a general error estimate for the case g � 0, that is to
say, the Poisson equation. We then proceed to derive results for the general case based on these
estimates. For the analysis of the error, we follow [VM24, Section 3.6]. Throughout the error estimate,
the Ritz projection from Equation (4.3) is denoted by Rh .

Theorem 4.1.4. Let u 2 H 1
0 (
) be arbitrary. Then

ku � Rh(u)kH 1
0 (
) � k u � vhkH 1

0 (
) 8vh 2 Vh

i.e., r uh is the best approximation of r u in the H 1
0 (
) norm.

This estimate can be found in [VM24, Theorem 3.2.6] and sharpened with regard to the mesh size
h, when considering the L 2(
) -norm.

Theorem 4.1.5. Let u 2 H 1
0 (
) as in Theorem 4.1.4. Then

ku � Rh(u)kL 2 (
) � chku � vhkH 1
0 (
) 8vh 2 Vh

Theorem 4.1.5 has a proof in e.g. [VM24, Theorem 3.2.7]. Next, we want to get a bound on the
L 2(
) error between the solution uh 2 Vh to the discretised Poisson equation and the analytical solution
u 2 H 1

0 (
) , which can be found in [VM24, Theorem 3.2.8].

Theorem 4.1.6. Let q 2 L 2(
) and u 2 H 1
0 (
) be the weak solution to the Poisson equation with

uh 2 Vh being the solution to the (4.5) with g � 0. Then there exists a constant c, which is independent
of h and q such that

ku � uhkL 2 (
) + hku � uhkH 1
0 (
) � ch2kqkL 2 (
)

As indicated by Theorem 4.1.6, the expected order of accuracy for the Poisson equation is second-
order, i.e. if the mesh size is divided by three, the error, ku � uhkL 2 (
) + hku � uhkH 1

0 (
) , is reduced by
a factor of nine. Having considered the outcomes for the Poisson equation, we now examine how these
results can be generalised to the broader case of g 6� 0 and Lipschitz continuous on bounded sets. But
before, we have a look at quasi-uniform meshes, as in [BS08, De�nition 4.4.13].

De�nition 4.1.3 (Quasi-uniform). A family of meshes Th is said to be quasi-uniform, if 9� > 0 with

minf diam(BK ) : K 2 Thg � � h diam (
)

for all h 2 [0; 1), where BT is the largest ball contained in K .

Theorem 4.1.7. Let g : R ! R satisfy Assumptions 3.2.1, for all M > 0 there exists L M > 0 such that

jg(x) � g(y)j � L (M )jx � yj 8x; y 2 [� M; M ]; (4.10)

q 2 L 2(
) , and u 2 H 1
0 (
) \ L 1 (
) be a solution to (3.6). Furthermore, let uh 2 Vh be the solution of

(4.5). Then
ku � uhkL 2 (
) � ch2

�
kqkL 2 (
) + kg(u)kL 2 (
)

�
:
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Before we can prove the theorem, we consider a bound on the difference between a function and
its Ritz projection in the L 1 (
) norm.

Lemma 4.1.2. Let u 2 H 1
0 (
) \ H 2(
) and Rhu be the Ritz projection of u onto Vh . Furthermore,

fT hg is a shape-regular and quasi-uniform family of meshes. Then, there exists a constant C > 0
independent of u and h such that

ku � Rh(u)kL 1 (
) � ch2� d
2 kr 2ukL 2 (
)

Proof. With the triangle inequality and Remark 3, we get

ku � uhkL 1 (
) � k u � I h(u)kL 1 (
) + kI h(u) � uhkL 1 (
) � cph2� d
2 kr 2ukL 2 (
) + kI h(u) � uhkL 1 (
)

For the second part, we use a result from [BS08, Theorem 4.5.11], i.e. under the given assumption, we
get

kvhkL 1 (
) � ch� d
2 kvhkL 2 (
) 8vh 2 Vh : (4.11)

With this result, we can give an estimate on the second part of the sum, i.e.

kI h(u) � uhkL 1 (
)

(4:11)
� ch� d

2 kI h(u) � uhkL 2 (
) � ch� d
2

�
kI h(u) � ukL 2 (
) + ku � uhkL 2 (
)

�

T heorem 4:1:5
� ch� d

2

�
kI h(u) � ukL 2 (
) + ĉhku � I h(u)kH 1

0 (
)

�

T heorem 4:1:2
� ch� d

2

�
~ch2kr 2ukL 2 (
)

�

� �ch2� d
2 kr 2ukL 2 (
) :

In summary we get

ku � uhkL 1 (
) � k u � I h(u)kL 1 (
) + kI h(u) � uhkL 1 (
) � ch2� d
2 kr 2ukL 2 (
) :

The proof of Theorem 4.1.7 is based in [VM24, Theorem 3.6.19].

Proof of Theorem 4.1.7. First we apply the triangle inequality, to obtain

ku � uhkL 2 (
) = ku � Rhu + Rhu � uhkL 2 (
) � k u � RhukL 2 (
) + kRhu � uhkL 2 (
) :

Now, we estimate both term separately. For the �rst, we use the best approximation result from Theo-
rem 4.1.6 and get

ku � RhukL 2 (
)
T heorem 4:1:5

� c1hku � I h(u)kH 1
0 (
)

T heorem 4:1:2
� c2h2kr 2ukL 2 (
)

�r 2u= � � u= q� g(u)
� c3h2

�
kqkL 2 (
) + kg(u)kL 2 (
)

�
(4.12)

where ci > 0 denote some constants and u 2 L 1 (
) \ H 1
0 (
) implies g(u) 2 L 1 (
) , which we have

due to Theorem 3.2.4. Furthermore, due to the weak formulation

kuh � Rhuk2
H 1

0 (
) = ( uh � Rhu; uh � Rhu)H 1
0 (
) = ( uh � u; uh � Rhu)H 1

0 (
) + ( u � Rhu; uh � Rhu)H 1
0 (
)

| {z }
=0 due to Corollary 2.3.4

= ( g(u) � g(uh); uh � Rhu)L 2 (
)

= ( g(u) � g(Rhu); uh � Rhu)L 2 (
) + ( g(Rhu) � g(uh); uh � Rhu)L 2 (
)
| {z }

� 0 since g monotone

� (g(u) � g(Rhu); uh � Rhu)L 2 (
) � k g(u) � g(Rhu)kL 2 (
) kuh � RhukL 2 (
)

)k uh � RhukH 1
0 (
) � cpkg(u) � g(Rhu)kL 2 (
)
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The difference between u and Rhu in the L 1 (
) norm is bounded by ch2� d
2 kr 2ukL 2 (
) due to Lemma 4.1.2,

so by ch2� d
2

�
kqkL 2 (
) + kg(u)kL 2 (
)

�
. So 9h0 > 0 such that u(x); Rhu(x) 2 [� M; M ] for almost all

x 2 
 with M = 2kukL 1 (
) for all h � h0. Concluding that

ku� RhukH 1
0 (
) � cpkg(u) � g(Rhu)kL 2 (
) � cL(M )ku� RhukL 2 (
) � ~ch2

�
kqkL 2 (
) + kg(u)kL 2 (
)

�
:

In the proof of Theorem 4.1.7, we used that g is monotone increasing. We can generalise the
statement for g being nondecreasing, but Lipschitz continuous with Lipschitz constant L .

Theorem 4.1.8. Let g be Lipschitz continuous (not necessarily monotone) and satisfy 1 > Lc 2
p for the

Poincaré constant cp. Then

ku � uhkL 2 (
) � ch2
�
kqkL 2 (
) + kg(u)kL 2 (
)

�
:

Proof. The proof of Theorem 4.1.8 follows mostly the proof of Theorem 4.1.7. The estimate in Equa-
tion (4.12) on ku � RhukL 2 (
) still holds. For the estimate on kuh � RhukH 1

0 (
) , we proceed similarly,
and derive

kuh � Rhuk2
H 1

0 (
) =
�
�
�(g(u) � g(uh); uh � Rhu)L 2 (
)

�
�
�

�
�
�
�(g(u) � g(Rhu); uh � Rhu)L 2 (
)

�
�
� +

�
�
�(g(Rhu) � g(uh); uh � Rhu)L 2 (
)

�
�
�

kuh � Rhuk2
H 1

0 (
) � k g(u) � g(Rhu)kL 2 (
) kuh � RhukL 2 (
) + : : :

+ kg(Rhu) � g(uh)kL 2 (
) kuh � RhukL 2 (
)

� Lcp

�
ku � RhukL 2 (
) + kRhu � uhkL 2 (
)

�
kuh � RhukH 1

0 (
)

) k uh � RhukH 1
0 (
) � Lc2

pku � RhukH 1
0 (
) + LcpkRhu � uhkL 2 (
)

) k uh � RhukH 1
0 (
) �

Lcp

1 � Lc2
p
ku � RhukL 2 (
)

In the last line, we subtract Lc2
pku � RhukH 1

0 (
) on both sides and divide by 1 � Lc2
p > 0 which is

possible since 1 > Lc 2
p. Similar to Theorem 4.1.7, we obtain the estimate from Equation (4.12).

ku � RhukH 1
0 (
) �

Lcp

1 � Lc2
p
ku � RhukL 2 (
) � ch2

�
kqkL 2 (
) + kg(u)kL 2 (
)

�

4.2 Numerical Solution Algorithms

Section 4.2 presents different procedures to solve the problem (3.1). The majority of subsections
contains a theoretical approach within the Sobolev space H 1

0 (
) and a discretisation of that approach
with linear �nite elements. Finally, the procedure is tested on the examples described in Section 3.3. If
the assumptions on the method are not satis�ed, we nevertheless test the behaviour of the procedure.
For each method, we use a variety of meshes with different mesh sizes. For each combination of
mesh and grid, four distinct initial guesses are utilised (see Section 4.2.1). We only consider two-
dimensional examples and meshes. The coarsity of the mesh depends on the number of nodes along
the two directions for Examples 3.3.1 to 3.3.4 and 3.3.6 or the radius and angle for polar coordinates for
Example 3.3.5. We split the two dimensions of the resulting square into ~N equally spaced segments



42 | Solution algorithms for PDE

Figure 4.1: Grids for the examples with ~N = 5 (black) and ~N = 10 (blue)

with an equidistant distribution along one dimension. Consequently, the number of nodal basis vectors

is N = ~N 2 in both cases, and the mesh size is h = O
�

1
~N

�
. Further details can be found in Figure 4.1.

The triangles of the rectangular domain all have the same shape and size. For ~N given, we have
� (K ) = 1

2 ~N 2 and with Heron's formula the radius � K of the largest ball contained in K is given by

� K = 2+
p

2
2 ~N

. Furthermore, diam(
) =
p

2 and h = diam(K ) =
p

2
~N

. Thus, we have a family of

shaped-regular meshes, since diam(K )2 = 1
4

2
~N 2 = 1

2 ~N 2 = � (K ). Furthermore with � = 2 � 1,

minf diam(BK ) : K 2 T g = � K =
2 +

p
2

~N
�

1
2

p
2

~N

p
2 = � h diam (
) ;

which shows that the mesh is quasi-uniform. When we re�ne the mesh for the unit circle, we introduce
new and possible different points, which are not located on a vertex of the previous mesh.

4.2.1 Preliminaries to the numerical solution algorithms

All numerical algorithms described in Section 4.2 require an initial point to start. Given that the method
might be in�uenced by the initial guess, four distinct initial guesses are proposed in all computations.
The �rst one is the simplest of the four. We start with u = 0 2 H 1

0 (
) which implies that all coef�cients of
uh are zero too. Second, we start with a function that is equal to one hundred everywhere throughout,
with the exception of the boundary, i.e. � i = 100 for all i 2 [N ] with x i 62@
 and � i = 0 for all
i 2 [N ] with x i 2 @
 . Thirdly, a linear approximation of the problem is considered, whereby g(x) is
taken to be equal to x. Consequently, we arrive at the linear system MQ = ( A + M )� , wherein we
seek to determine the value for � . The matrices are de�ned in Section 4.1 and include the boundary
conditions. This constitutes our initial guess. Last, we initialise the all variables randomly with a uniform
distribution, i.e. � i � U ([� 100; 100]) for i 2 [N ] with x i 62@
 and � i = 0 for x i 2 @
 . However, to
ensure reproducibility, we specify a seed for each point based on its coordinates, i.e.

Listing 1 Matlab code for the fourth random initial guess
1 for i=1:size(obj.Example_class.Point_Matrix,2)
2 % Point contains the x,y location of the ith mesh-point
3 Point=obj.Example_class.Point_Matrix(:,i);
4 % Create a seed from this point
5 rng(round(abs(Point(1)+123*Point(2))*1000));
6 u0(i)=rand(1,1);
7 end
8 % Boundary conditions are added afterwards
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We cannot specify one seed, since for �ner meshes, the enumeration may vary. We want to anal-
yse the numerical methods regarding different properties. One of such property is the speed of con-
vergence, which indicates the rate at which the numerical solution algorithm converges in terms of
iterations. As we provide a theoretical speed of convergence for some numerical method, we include a
discussion of this aspect here. In considering the speed of convergence, we adhere to Gautschi's ideas
in [Gau11, §4.2. Iteration, Convergence, and Ef�ciency]. We consider a Banach space V with a se-
quence f xkgk2 N � V , which converges to x 2 V . We will now examine various types of convergence.

De�nition 4.2.1 (Linear convergence). The sequence f xkgk2 N converges (at least) linearly to x 2 V if

kxk � xkV � " k 8k 2 N with lim
k!1

" k+1

" k
= c

where " k � 0 and 0 < c < 1.

“The phrase “at least” in this de�nition relates to the fact that we have only inequality in the de�nition.
So, strictly speaking, it is the bounds " k that converge linearly”[Gau11, De�nition 4.2.1].

De�nition 4.2.2 (Convergence of order p). As in De�nition 4.2.1, we have kxk � xkV � " k and for
p � 1

lim
k!1

" k+1

"p
k

= c with c > 0:

If p = 1 one must assume in addition c < 1.

If 2 > p > 1, we call the sequence also q superlinear convergent. Alternative, q-superlinearity is
de�ned as

kxk+1 � xkV = o(kxk � xkV ) for k ! 1

which means for all " > 0 there exists a k0 > 0 with kxk+1 � xkV � "kxk � xkV for all k � k0.
For p = 2 , we call the method quadratically convergent. The experimental order of convergence is

being estimated using [CW23, Formula 6.7].

De�nition 4.2.3 (Estimated/Experimental rate/order of convergence). We can approximate p with the
sequence f pkgk2 N, which is de�ned as

pk =
log

�
kxk +1 � xk kV
kxk � xk � 1kV

�

log
�

kxk � xk � 1kV
kxk � 1 � xk � 2kV

� :

4.2.2 Semi-smooth Newton method

For the semi-smooth Newton method, we use a Newton's method in the Sobolev space H 1
0 (
) on

the weak formulation (3.6) with s(x; u) = g(u). We show that the proposed method converges q-
superlinearly, if the inverse of the Newton derivative is bounded and the initial guess is suf�ciently close
to the solution. Afterwards, we discretise the method using linear �nite elements and apply the methods
to all six examples.

The semi-smooth Newton method is employed on the operator F , which is de�ned as a map be-
tween H 1

0 (
) and its dual, i.e.

F : H 1
0 (
) ! H 1

0 (
) �

u 7! (u; �)H 1
0 (
) + ( g(u) � q;�)L 2 (
) : (4.13)

We have (u; �)H 1
0 (
) 2 H 1

0 (
) � due to Cauchy-Schwarz and (g(u) � q;�)L 2 (
) 2 H 1
0 (
) � with Lemma 2.2.4.

The dual of H 1
0 (
) is a vector space, so F is well de�ned. The problem (3.1) is now equivalent to
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Find u 2 H 1
0 (
) such that F (u) = 0 .

We know that Rademacher's theorem does not hold in general function spaces [CNQ00; LPJ12]. In
order to circumvent this dif�culty, we introduce the concept of Newton differentiability.

De�nition 4.2.4 (Newton-differentiable). An operator F : V ! W between the two Banach spaces V
and W is called Newton differentiable with derivative DF : V � L (V; W) if for every x 2 V it holds
DF (x) 6= ? and

sup
G2 DF (x+ h)

kF (x + h) � F (x) � GhkW

khkV

0< khkV ! 0
�������! 0 (4.14)

We show, that the operator F in (4.13) is Newton differentiable under the Assumptions 4.2.1, which
are assumed throughout the section. In these assumption, the notion of an upper-semicontinuous
multifunction is used.

De�nition 4.2.5. A multifunction, i.e. a set valued function, � : V � Rl with V � R is upper semicon-
tinuous at x 2 V if for all " > 0 there exists � > 0 such that

�( x0) � f z + h : z 2 �( x); khk < " g; 8x0 2 B � (x) \ V (4.15)

Assumptions 4.2.1. 1. The function g is Newton-differentiable with derivative Dg : R � L (R; R)
which is upper-semicontinuous and compact-valued.

2. Dg is measurable

3. g : R ! R is globally Lipschitz continuous

4. g : R ! R is non decreasing, i.e. 8x; y 2 R : x � y ) g(x) � g(y)

Remark 4. Due to [Ulb11, Proposition 2.2.] the Fréchet derivative, Clarke's generalised Jacobian, and
Qi's subdifferential are all nonempty, compact, and upper-semicontinuous if g is locally Lipschitz con-
tinuous. If g has a strong Fréchet derivative, its Fréchet derivative is also a Newton-derivative [QS93,
Corollary 2.5]. If g is differentiable, the set Dg(x) = f g0(x)g is a Newton-derivative and it is upper-
semicontinuous by Lemma 2.4.2

The semi-smooth Newton method is given in Algorithm 1.

Algorithm 1 Semi-smooth Newton method (SN)

Require: V , W Banach spaces, F : V ! W Newton differentiable with derivative DF : V � L (V; W)
1: Initial guess x0 2 V
2: for k = 0 ; 1; 2; 3; : : : do
3: if kF (xk )kW = 0 then
4: return xk . Algorithm terminated
5: end if
6: Select Gk 2 DF (xk )
7: xk  xk � G� 1

k F (xk )
8: end for

With these assumptions and the operator of interest, the Theorem 4.2.1 states main result in this
section.

Theorem 4.2.1. Under the Assumptions 4.2.1, the semi-smooth Newton method applied on (4.13)
converges q-superlinear to the weak solution of (3.1).
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First, we show, that the semi-smooth Newton method converges q-superlinear for a general op-
erator F under speci�c assumptions on F , its Newton derivative DF , and the solution to F (x) = 0
in Theorem 4.2.2, which is based on [CW24]. Afterwards, we show in Theorem 4.2.3, that under the
Assumptions 4.2.1, the operator in (4.13) satis�es these assumptions.

Theorem 4.2.2. Let F : V ! W be a general operator between the Banach spaces V , W with

1. F is Newton differentiable with derivative DF : V � L (V; W),

2. 9�x 2 V satis�es F (�x) = 0 and there exists ~�; C > 0 with

kG� 1kL (W;V ) � C 8G 2 DF (x) 8x 2 V : kx � �xkV < ~�

Then there exists a neighbourhood N � V of �x 2 V such that the sequence f xkgk2 N which was
created by Algorithm 1 converges to �x 2 V q-superlinear for all initial values x0 2 N .

Proof. Due to the second condition there exists �x 2 V with F (�x) = 0 . Due to the �rst condition, we
know that

sup
G2 DF (x+ h)

kF (x + h) � F (x) � GhkW

khkV

0< khkV ! 0
�������! 0 8x 2 V

As this is true for all x 2 V this is true for �x 2 V , i.e.

sup
G2 DF (�x+ h)

kF (�x + h) � F (�x) � GhkW

khkV

0< khkV ! 0
�������! 0

As the limit approaches zero for khkV ! 0, there exists �� > 0 such that

sup
G2 DF (�x+ h)

kF (�x + h) � F (�x) � GhkW

khkV
�

1
2C

8h 2 B �� (0) n f 0g

This is true for all G 2 DF (�x + h) with h 2 B �� (0) and thus

kF (�x + h) � F (�x) � GhkW �
1

2C
khkV 8h 2 B �� (0); G 2 DF (�x + h) (4.16)

Now let � = min f ��; ~� g and de�ne N = B � (�x) � V . Then for x0 2 N we claim that xk 2 N for all
k 2 N. In order to prove this claim, we do an induction over k. The induction basis is clear, since
x0 2 N by assumption. Now for k + 1

kxk+1 � �xkV = kxk � G� 1
k F (xk ) � �xkV = kG� 1

k Gkxk � G� 1
k F (xk ) � G� 1

k Gk �xkV

� k G� 1
k kL (W;V )kGk (xk � �x) � F (xk )kW

With the induction hypothesis xk 2 N and due to kxk � �xkV < � � ~� the operator norm of G� 1
k 2

DF (xk ) is upper bounded by C. Thus with h = xk � �x 2 B � (0) � B �� (0) and Equation (4.16), we
conclude

kxk+1 � �xkV � CkGk (xk � �x) � F (xk )kW = CkF (xk � �x
| {z }

= h

+�x) � G(xk � �x
| {z }

= h

)kW

= CkF (�x + h) � F (�x)
| {z }

=0

� GhkW � C
1

2C
khkV =

1
2

kxk � �xkV < kxk � �xkV

This proves the claim and we get linear convergence for all x0 2 N . For the superlinear convergence,
we get

kxk+1 � �xkV � C
�

kF (xk � �x + �x) � F (�x) � Gk (xk � �x)kW

kxk � �xkV

�

| {z }
=: " k

kxk � �xkV

Due to the linear convergence, we get xk � �x =: hk
k!1���! 0 and thus with the Newton differentiability,

we conclude " k ! 0, too. This yields the superlinear convergence.
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Now let g : R ! R be Newton differentiable with derivative Dg � L(R; R) �= R. Thus, for the sake
of readability, we write G � h = G(h) for h 2 R and G 2 L(R; R), i.e. regular scalar multiplication.

Theorem 4.2.3. Under the Assumptions 4.2.1, the map DF : H 1
0 (
) � L (H 1

0 (
) ; H 1
0 (
) � ) de�ned in

(4.17) is a Newton derivative of F at a point u 2 H 1
0 (
) .

DF (u) =
n

G1 + G2 2 L(H 1
0 (
) ; H 1

0 (
) � ) j G1y = ( y; �)H 1
0 (
) ; G2 2 Dg(u)

o
with (4.17)

Dg(u) =

8
<

:
v 7!

�
~Gu(x)v; �

�

L 2 (
)
=

Z




~Gu(x)v(x)( �)(x) dx for ~Gu(x) 2 Dg(u(x))

9
=

;
(4.18)

Before, we show Theorem 4.2.3, we state several lemmas, which are being used in the proof, which
follows the approach from [Ulb11] and uses ideas from [HIK02]. We are now stating several lemmas.
The Lemmas 4.2.1 to 4.2.3 are proven in the Appendix A.1. The �rst lemma gives an insight how
Fréchet differentiability and Newton differentiability are related, the second and third lemmata give an
insight into the relation of addition, resp. building the cross product and Newton differentiability. The
fourth and �fth follow from [Ulb11].

Lemma 4.2.1. Let f : R ! R be a continuously Fréchet differentiable function. Then f is also Newton
differentiable.

Remark 5. The statement in Lemma 4.2.1 is also true for open subsets of R. The created set consists
only of one element [BU22, p. 2.3].

Lemma 4.2.2. Let f; g : V ! W both Newton-differentiable with derivatives Df , resp. Dg. Then
f + g : V ! W is Newton differentiable with derivative D(f + g)(x) = Df (x) + Dg(x) =: f F + G j
F 2 Df (x); G 2 Dg(x)g

Lemma 4.2.3. Let f 1 : V ! W1 and f 2 : V ! W2 be two function, which are both Newton-
differentiable. Then f = ( f 1; f 2) : V ! W1 � W2; y 7! (f 1(y); f 2(y)) is Newton differentiable with
derivative Df (x) = f (G1; G2) 2 L(V; W1 � W2) j Gi 2 Df i (x); i 2 [2]g.

Lemma 4.2.4 (Ulbrich 2011). Let f : (x; z) 2 R` � Rm 7! R be upper-semicontinuous. Moreover, let
the multifunction � : R` � Rm be upper-semicontinuous and compact-valued. Then, the function

~f : R` ! R; x 7! max
z2 �( x)

f (x; z) (4.19)

is well de�ned and upper-semicontinuous.

Proof. See [Ulb11, Lemma 3.60]

Lemma 4.2.5. The function ~D : R � R ! R; (x; h) 7! max
z2 Dg(x+ h)

jg(x + h) � g(x) � zhj is well-de�ned

and upper-semicontinuous.

Proof. The function f : R2 � R ! R;

  
x
h

!

; z

!

= jg(x + h) � g(x) � zhj is continuous, because

g is Lipschitz continuous, so also upper-semicontinuous. By assumption, the set Dg(x + h) is upper-
semicontinuous and compact-valued. Thus, with Lemma 4.2.4 the function ~D is well-de�ned and upper-
semicontinuous.

In the proof of Theorem 4.2.3, we need to construct a norm-gap, since

lim
khkH 1

0 (
) ! 0

kF (x + h) � F (x) � GhkL 2 (
)

khkL 2 (
)
= 0

does not necessarily hold as Hintermüller, Ito, and Kunisch showed in [HIK02, Proposition 4.1.(i)].
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Proof of Theorem 4.2.3. The map in (4.18) is well de�ned. The function is measurable due to the As-
sumptions 4.2.1. For all G 2 Dg(u), the linearity is given by G(�v 1+ �v 2) =

�
~Gu(x) (�v 1 + �v 2); �

�

L 2 (
)
=

�
�

~Gu(x)v1; �
�

L 2 (
)
+ �

�
~Gu(x)v2; �

�

L 2 (
)
= �Gv 1 + �Gv 2. The continuity is given by Cauchy-Schwarz

and Poincaré.
The map F : H 1

0 (
) ! H 1
0 (
) � is the sum of the two maps F1; F2 : H 1

0 (
) ! H 1
0 (
) � with

F1(u) = ( u; �)H 1
0 (
) and F2(u) = ( g(u) � q;�)L 2 (
) . We prove now that F1 and F2 are Newton-

differentiable with derivatives DF 1, resp. DF 2 and use Lemma 4.2.2 afterwards.
We know that F1(u) = ( u; �)H 1

0 (
) and thus F1 : H 1
0 (
) ! H 1

0 (
) � is linear. So, the derivative is given

by DF 1(y) = f Ag � L (H 1
0 (
) ; H 1

0 (
) � ) with A(v) = ( v; �)H 1
0 (
) , because for G 2 DF 1(u + h)

kF1(u + h) � F1(u) � GhkL (H 1
0 (
) ;H 1

0 (
) � )

khkH 1
0 (
)

=
k (u + h; �)H 1

0 (
) � (u; �)H 1
0 (
) � (h; �)H 1

0 (
) kL (H 1
0 (
) ;H 1

0 (
) � )

khkH 1
0 (
)

=
0

khkH 1
0 (
)

= 0 ;

which remains valid for the supremum over G1 2 DF 1(u + h) and the limit 0 < khkH 1
0 (
) ! 0.

Furthermore, DF 1(y) does not depend on y 2 H 1
0 (
) , i.e. is constant and contains only one element.

This yields the Newton differentiability of F1. For F2, we want to apply Lemma 4.2.5. With Lemma 2.2.3,
we obtain the existence of the two constants C1 > 0 and 1 � p < 2 such that

kvkL p (
) � C1kvkH 1
0 (
) 8v 2 H 1

0 (
) (4.20)

Theorems 2.1.1 and 2.2.3 ensure the existence of a constant C2 > 0 such that 8v 2 L 2(
)

k (v; �)L 2 (
) kH 1
0 (
) � = sup

u2 H 1
0 (
) nf 0g

j (v; u)L 2 (
) j

kukH 1
0 (
)

� sup
u2 H 1

0 (
) nf 0g

kukL 2 (
) kvkL 2 (
)

kukH 1
0 (
)

� C2kvkL 2 (
)

(4.21)
Thus, we get with DF 2(u+ h) = Dg(u+ h) from (4.18) for G2 2 Dg(u+ h) the existence of the function
~Gu(x) : 
 ! R such that G2v =

�
~Gu(x)v; �

�

L 2 (
)
and

kF2(u + h) � F2(u) � G2hkL (H 1
0 (
) ;H 1

0 (
) � )

khkH 1
0 (
)

(4:18)
=

k (g(u + h) � g(u); �)L 2 (
) �
�

~Gu(x)h; �
�

L 2 (
)
kL (H 1

0 (
) ;H 1
0 (
) � )

khkH 1
0 (
)

(4:21)
� C2

kg(u + h) � g(h) � ~Gu(x)hkL 2 (
)

khkH 1
0 (
)

(4:20)
� C1C2

kg(u + h) � g(u) � ~Gu(x)hkL 2 (
)

khkL p (
)

Now, we have the norm-gap, so the previously discussed counterexample does not hold anymore. The
map D(x; � ) = max

z2 Dg(x+ � )
jg(x + � ) � g(x) � z� j is well de�ned and upper semicontinuous due to

Lemma 4.2.5. The function g is Newton differentiable, thus for � 6= 0

D(x; � )
j� j

� max
z2 Dg(x+ � )

jg(x + � ) � g(x) + z� j
j� j

0< j� j! 0
�����! 0 (4.22)

Due to g being Lipschitz continuous, there exists a constant, which is independent on � and x, such
that

D(x; � ) � max
z2 Dg(x+ � )

jg(x + � ) � g(x)j + jz� j � L j� j + max
z2 Dg(x+ � )

jz� j � 2L j� j (4.23)

Now let u; h 2 L p(
) be arbitrary. Then, the function D(u; h) is measurable. Next, we de�ne the

measurable function a : 
 ! R; x 7! D (u(x);h(x))
jh(x)j+ 1h ( x )=0

. For x 2 
 with h(x) = 0 , we get D(u(x); h(x)) = 0
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and thus D(u(x); h(x)) = a(x)jh(x)j for all x 2 
 . This implies ja(x)j � 2L for all x 2 
 and thus
a 2 f f : 
 ! R j kf k1 � 2Lg.

Let f hkgk2 N � L p(
) be an arbitrary sequence with hk
k�kL p (
)
�����!

k!1
0 and ak : 
 ! R; x 7!

D (u(x);hk (x))
jhk (x)j+ 1h k ( x )=0

. Then every subsequence f hkn gn2 N of f hkg has itself a subsequence f hkn `
g`2 N such

that hkn `
(x) ` !1���! 0 for almost all x 2 
 . This is due to a standard result from measure theory. With

(4.22), we get akn `
(x) ` !1���! 0 almost everywhere in 
 . Since the sequence is bounded in L 1 (
) we

can use Lebesgue's dominated convergence theorem (Theorem 2.1.2) to conclude that

lim
` !1

kakn `
kL t (
) = lim

` !1

0

@
Z




jakn `
(x)jt dx

1

A

1
t

=

0

@
Z




lim
` !1

jakn `
(x)jt dx

1

A

1
t

= 0 8t 2 [1; 1 )

So every subsequence f akn `
g`2 N converges to zero, i.e. zero is an accumulation point of all subse-

quences f akn g, thus ak
k�kL t (
))
�����!

k!1
0 for all t 2 [1; 1 ). The sequence hk was chosen arbitrary, thus

kakkL t (
)
k!1���! 0 for khkkL p (
)

k!1���! 0. Finally, we derive at

kD(u; h)kL 2 (
) =

0

@
Z




jD (u(x); h(x)) j2 dx

1

A

1
2

=

0

@
Z




ja(x)h(x)j2 dx

1

A

1
2

= kahkL 2 (
)

(� )
� k ak

L
2p

2� p (
)
khkL p (
)

In (� ), Lemma 2.2.2 is used. This implies by using the Lemma of Fatou with Equation (4.20), that

sup
G22 Dg(u+ h)

kg(u + h) � g(u) � ~Gu(x)hkL 2 (
)

khkL p (
)
�

kD (u; h)kL 2 (
)

khkL p (
)
� k ak

L
2p

2� p (
)

0< khkH 1
0 (
) ! 0

����������! 0

Concluding that F2 is Newton differentiable with derivative from (4.18).

With these results, we are able to show the main result for the semi-smooth Newton method.

Proof of Theorem 4.2.1. Due to Theorem 4.2.3, the function F is Newton differentiable. As g is as-
sumed to be non-decreasing, Theorem 3.2.4 ensures the existence of a solution to F (u) = 0 . So, it
remains to show, that Gk 2 DF (uk ) is invertible and satis�es a uniform bound on its operator norm.

De�ne ak : H 1
0 (
) � H 1

0 (
) ! R; (s; v) 7! (v; s)H 1
0 (
) +

�
~Guk (x)v; s

�

L 2 (
)
where ~Guk (x) is given and

only depends on uk 2 H 1
0 (
) . Furthermore, let ` 2 H 1

0 (
) � be arbitrary. We now show, that there exists
sk 2 H 1

0 (
) with Gksk = ` . There exists a unique solution to Gksk = ` if and only if (Gksk )(v) = `(v)
holds for all v 2 H 1

0 (
) . This is again equivalent to 9sk 2 H 1
0 (
) such that ak (sk ; v) = `(v) for all

v 2 H 1
0 (
) .

The term ~Guk (x) and v are independent, thus the linearity of ak is clear. The continuity of ak follows
with

ak (s; u) � k vkH 1
0 (
) kskH 1

0 (
) + k ~Guk (x)kL 1 (
) kvkL 2 (
) kskL 2 (
) �
�
1 + c2

p

�
k ~Guk (x)kL 1 (
) kskH 1

0 (
) kvkH 1
0 (
) :

Due to Assumptions 4.2.1, the function g is non-decreasing, thus Gx � 0. Now let v 2 H 1
0 (
) be

arbitrary. Then,

ak (v; v) � k vk2
H 1

0 (
) + inf
x2 


~Guk (x) (v; v)L 2 (
)
| {z }

� 0

� k vk2
H 1

0 (
)



Solution algorithms for PDE | 49

which ensures coercivity. Thus, with the theorem of Lax-Milgram, there exists sk 2 H 1
0 (
) such that

ak (sk ; v) = `(v) for all v 2 H 1
0 (
) , which is equivalent to Gksk = ` . So, there exists a unique

sk with Gksk = ` , which shows that Gk is invertible. For any u 2 H 1
0 (
) the resulting operator

G : H 1
0 (
) ! H 1

0 (
) � is invertible and linear. Thus, Theorem 2.3.4, yields that G� 1 is continuous.
Lemma 2.1.1 ensures the existence of a constant M > 0 such that kG� 1 ~F kH 1

0 (
) � M k ~F kH 1
0 (
) �

for all ~F 2 H 1
0 (
) � and thus kG� 1kL (H 1

0 (
) � ;H 1
0 (
)) � M . However, this constant may still depend

on uk . But this is not the case, as the a priori estimate from Lax-Milgram [AN16, 6.2 Lax-Milgram
theorem] gives a uniform bound on the operator norm of the inverse of Gk . Now, the result follows from
Theorem 4.2.2.

4.2.2.1 Limitations of the Newton method

The Assumptions 4.2.1 limit the functions, for which the semi-smooth Newton method converges. Nat-
urally, the question arises, what happens, if one of the given assumptions is not satis�ed. The Newton
method requires that g is Newton differentiable. We now show, that the Superposition operator 3.3.3 is
not Newton differentiable.

Example 4.2.1. Let f : R ! R; x 7! sign (x)
p

jxj. Then the Fréchet derivative is f 0(x) = 1
2
p

jx j

for all x 2 R n f 0g. So Lemma 4.2.1 implies that f is Newton differentiable for x 2 R n f 0g with

Df (x) =
�

1
2
p

jx j

�
. Assume now for x = 0 , that Df (0) 6= ? , i.e. 9y 2 Df (0) � L (R; R) �= R. So, for

h 6= 0 and G 2 DF (0 + h)

jsign (0 + h)
p

0 + h � Ghj
jhj

=
jsign (h)

p
jhj � Ghj

jhj
=

�
�
�
�
�
sign (h)

p
jhj

� Gsign (h)

�
�
�
�
�
:

Taking hn = 1
n2 , then 0 < jhn j n!1���! 0, but

�
�
�
�
�
sign (hn )

p
jhn j

� Gsign (hn )

�
�
�
�
�

= jn � Gj n!1���! 1

for all G 2 L(R; R) �= R.

The function g : R ! R; x 7! sign (x)
p

jxj can be interpreted as an operator between the Banach
space R and itself. The function is only Newton differentiable for x 2 R n f 0g and x = 0 is the only point
with g(x) = 0 . Using the de�nition of the Newton differential of g where it is de�ned, the update in the
semi-smooth Newton method in line 7 becomes

xk+1 = xk �
sign (xk )

p
jxk j

1
2
p

jxk j

= xk � 2sign (xk ) jxk j = � xk :

Thus we obtain an oscillating sequence between xk and � xk . This looks similar for the Superposition
operator 3.3.6

4.2.2.2 Finite Element Approximation

Algorithm 1 is used on a discretized version of the problem in (3.1). For this, let f ' i gN
i =1 be a nodal

basis of the space Vh � H 1
0 (
) . Now let uh 2 Vh be the solution in the space Vh . Then, it satis�es

0 = F (uh)( ' i ) 8i 2 f 0; : : : ; N g , (uh ; ' i )H 1
0 (
) + ( g(uh) � q; ' i )L 2 (
) = 0 8i 2 [N ]

The stopping condition of Algorithm 1 in line 3 reads kF (uk )kH 1
0 (
) � � " , which is very abstract. Thus,

we simplify it. F (u) 2 H 1
0 (
) � , so 9i R (F (u)) 2 H 1

0 (
) and thus

sup
v2 H 1

0 (
) nf 0g

jF (u)(v)j
kvkH 1

0 (
)
= sup

v2 H 1
0 (
) nf 0g

�
�
�(i R (F (u)) ; v)H 1

0 (
)

�
�
�

kvkH 1
0 (
)

= ki R (F (u))kH 1
0 (
)



50 | Solution algorithms for PDE

The Riesz representative, satis�es

(i R (F (u)) ; ' )H 1
0 (
) = ( u; ' )H 1

0 (
) + ( g(u) � q; ' )L 2 (
) 8' 2 H 1
0 (
) ;

i.e. a Poisson equation. Discretizing it with u =
NP

i =1
� i ' i and i R (F (u)) =

NP

i =1
� i ' i yields with mass

lumping on the non-linear term

A� = A� + L

0

B
@

g(� 1)
...

g(� N )

1

C
A � M

0

B
@

q(x1)
...

q(xN )

1

C
A , � = � + A � 1L

0

B
@

g(� 1)
...

g(� N )

1

C
A � A � 1M

0

B
@

q(x1)
...

q(xN )

1

C
A

Now, let uk 2 Vh be an arbitrary element. For that element, we can de�ne ~Guk (x) for all x 2 
 via
~Guk (x) 2 Dg(uk (x)) . The derivative in line 7 needs to satisfy

(sk ; �)H 1
0 (
) +

�
~Guk (x)sk ; �

�

L 2 (
)
= ( uk ; �)H 1

0 (
) + ( g(uk ) � q;�)L 2 (
)

This is true if and only if

(sk ; ' i )H 1
0 (
) +

�
~Guk (x)sk ; ' i

�

L 2 (
)
= ( uk ; ' i )H 1

0 (
) + ( g(uk ) � q; ' i )L 2 (
) 8i 2 [N ] (4.24)

We have uk ; sk 2 Vh and so uk =
NP

j =1
� j ' j and sk =

NP

j =1
� j ' j . Inserting into (4.24) yields for all i 2 [N ]

NX

j =1

� j (' j ; ' i )H 1
0 (
) +

NX

j =1

~G� j � j (' j ; ' i )L 2 (
) =
NX

j =1

� j (' j ; ' i )H 1
0 (
) +

0

@g

0

@
NX

j =1

� j ' j

1

A � I h(q); ' i

1

A

L 2 (
)

)
NX

j =1

�
� j A i;j + ~G� j � j L i;j

�
=

NX

j =1

(� j A i;j + g(� j )L i;j � q(x j )M i;j ) 8i 2 [N ]

) A� + L

0

B
B
@

~G� 1

. . .
~G� N

1

C
C
A � = A� + L

0

B
@

g(� 1)
...

g(� N )

1

C
A � M

0

B
@

q(x1)
...

q(xN )

1

C
A

with ~G� j 2 Dg(uk (x j )) = Dg(� j ). If one wants to use interpolation on the nonlinear instead of mass
lumping, one only needs to replace L with M .

4.2.2.3 Numerical Experiments

The method is contingent upon the superposition operator being globally Lipschitz continuous and
non-decreasing. This is only given for the max-Superposition operator 3.3.2. However, the function
maxf 0; xg is not Fréchet differentiable and thus not Newton-differentiable. We can circumvent the
lack of Lipschitz continuity for superposition operators, which are Lipschitz continuous on [� M; M ]
for all M � 0: On the set ~L =

h
�k ukL 1 (
) � M 1; kukL 1 (
) + M 1

i
� R for a constant M 1 > 0,

the superposition operator is Lipschitz continuous. We know for monotone superposition operators by
Theorem 3.2.4 that the solution is continuous. Thus, the solution attains its maximum and minimum on
the compact and bounded set �
 . By Theorem 4.2.2 the iterations get closer to the solution with respect
to the H 1

0 (
) -norm in every iteration. So, for very iterate and almost all x 2 
 , we get uk (x) 2 ~L . For
points not satisfying this, we can choose an arbitrary value in ~L as these points form a set of Lebesgue
measure zero. So, the Lipschitz constant remains valid for all iterates. This argumentation is valid for
Examples 3.3.1 and 3.3.5. However, the later is not monotone increasing. Nevertheless, all examples
will be solved using the semi-smooth Newton method with a tolerance of 10� 10 and maximum of 1000
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Figure 4.2: Iterations required for the semi-smooth
Newton method when solving for tol=10� 10

Figure 4.3: Residual, ki R (F (uk ))kH 1
0 (
) , over iter-

ations for different mesh sizes for Example 3.3.1
solved with semi-smooth Newton method with an
oblivious independence of the residual on the
mesh size

iterations. In the implementation, we have a mesh consisting of ~N equidistant points in the x-direction
and y-direction, respectively, resulting in a mesh size of h � 1

~N
. The computed results are presented

in the appendix in Table A.2 and a summary is provided in Table 4.1.

Example 3.3.1 Example 3.3.2 Example 3.3.3
~N H 1

0 (
) # iter Time[s] H 1
0 (
) # iter Time[s] H 1

0 (
) # iter Time[s]
20 0.10872 15 0.034996 0.016149 3 0.0059654 0.10352 125 0.14751
30 0.056584 15 0.042064 0.0072217 3 0.0076556 0.0556 113 0.28554
40 0.03429 15 0.07537 0.0040711 3 0.013732 0.034624 120 0.60027
80 0.0091576 15 0.3489 0.00102 3 0.073491 0.010601 182 4.1759
100 0.0059053 15 0.54089 0.00065294 3 0.10828 0.007222 87 3.1438
120 0.0041181 15 0.71252 0.0004535 3 0.1583 0.0051632 111 5.3327
140 0.0030332 15 1.1125 0.00033321 3 0.25229 0.003951 121 9.0244
160 0.0023262 15 1.3792 0.00025513 3 0.30724 0.0030733 143 13.1825

Example 3.3.4 Example 3.3.5 Example 3.3.6
~N H 1

0 (
) # iter Time[s] H 1
0 (
) # iter Time[s] H 1

0 (
) # iter Time[s]
20 0.028116 2 0.0037306 0.0098225 7 0.014854 62.8966 1000 1.2162
30 0.011152 2 0.0047755 0.0043542 7 0.025526 60.2207 1000 2.6724
40 0.0075243 2 0.0077269 0.0024474 7 0.049081 59.8406 1000 5.0886
80 0.0019085 2 0.036914 0.00061161 7 0.23489 59.4714 1000 24.0579
100 0.0012316 2 0.056475 0.00039147 7 0.35182 59.4268 1000 37.022
120 0.00070407 2 0.075201 0.00027188 7 0.51666 59.4024 1000 47.8443
140 0.00062908 2 0.11239 0.00019977 7 0.78144 59.3877 1000 75.0587
160 0.0004835 2 0.14072 0.00015296 7 1.0312 59.3781 1000 93.1395

Table 4.1: Summary for semi-smooth Newton method with h = O
�

1
~N

�
, tol = 10 � 10, max-iter=1000,

and relative H 1
0 (
) -error

As illustrated by Examples 3.3.1, 3.3.2, 3.3.4 and 3.3.5 the H 1
0 (
) error decreases for increasing N ,

while the number of iterations remains constant. The independence of the residual, ki R (F (uk ))kH 1
0 (
) ,

on the mesh size is displayed in Figure 4.3 for Example 3.3.1. The number of iterations in Example 3.3.3
varies due to the in�uence of the factor in front of the superposition operator, which is in the transitions
from a state of minimal importance to a more signi�cant role. A detailed analysis of this effect can
be found in Section 4.2.8. As the factor increases, the oscillating effect becomes more severe. The
problem, which was designed to be challenging, could not be solved using this method, since the semi-
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Figure 4.4: Oscillating solution for Example 3.3.6

smooth Newton method creates an oscillating sequence of the two iterates displayed in Figure 4.4.
The time, required to solve an example, increases for �ner meshes, which is due to the size of the
underlying matrices. In case of Example 3.3.2, we expected that the convergence results would be
favourable. However, all other examples, with the exception of Example 3.3.6, also yielded rapidly and
highly precise results. Figure 4.6 shows, the residual over the number of iterations on average. We
observe a gradual approach to convergence, which then accelerates towards the point of convergence.
This is attributable to the anticipated q-superlinear convergence of the semi-smooth Newton method
when starting in a neighbourhood close to the solution. Even for ~N = 5 , the result is almost identical.
The behaviour for different initial guesses is displayed in the appendix in Figures A.1 and A.2.

Figure 4.5: Order of accuracy for semi-smooth
Newton method

Figure 4.6: Residual, ki R (F (uk ))kH 1
0 (
) , over iter-

ates

The relatively low number of iterations, for Example 3.3.4, is attributable to the fact that we con-
verged to the second solution, which solves a linear PDE. Consequently, the inverse of the resulting
system provides the solution within a small amount of iterations. The example has two known analytical
solutions. The �rst solution is obtained, when starting in close proximity to that solution. The number
of iterations increases, when the initial guess is situated between the two solutions, that is to say, when
the H 1

0 (
) distance between the initial guess and the �rst, resp. the second solution is almost equiv-
alent. When the initial guess is set to all zeros for Example 3.3.3, the semi-smooth Newton method
converges within 10 iterations. Otherwise the number of iterations is signi�cantly greater. The order of
accuracy is displayed in Figure 4.2. One can see that we obtained a clear second order of accuracy
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for all converging examples, which is better than the expected �rst order of accuracy from the theory
for locally Lipschitz continuous superposition operators. The relative H 1

0 (
) error is identical for all
initial guesses. Solving with different mesh sizes without a prede�ned tolerance, we recognise from
Figure 4.3, that the number of iterations is the same for different mesh sizes. However, the smallest
reached residual differs for different mesh sizes, which is due to numerical instabilities.

4.2.3 Pure �xed-point method

The objective of the pure �xed-point method (FP) is to �nd the �xed-point of a contraction, which rep-
resents the solution to the PDE (3.1). In order to achieve this, we must consider the the �xed-point
theorem of Banach, which provides the inspiration for the pure �xed-point method. Subsequently, we
show that the operator

T : H 1
0 (
) ! H 1

0 (
) ; u 7! u � 
i R

�
(u; �)H 1

0 (
) + ( g(u) � q;�)L 2 (
)

�
(4.25)

is a contraction for speci�c 
 2 R as in De�nition 4.2.6 under the Assumptions 4.2.2. We denote the
Riesz representative by i R , which has been discussed in Section 2.2.3. We have (u; �)H 1

0 (
) 2 H 1
0 (
) �

due to Cauchy-Schwarz inequality, (g(u) � q;�)L 2 (
) 2 H 1
0 (
) � due to Assumptions 4.2.2, and thus

(u; �)H 1
0 (
) + ( g(u) � q;�)L 2 (
) 2 H 1

0 (
) � . With Riesz representation the H 1
0 (
) -representative is well

de�ned, which means that the operator is well de�ned for all 
 2 R.

De�nition 4.2.6 (Contraction). Let X be closed, nonempty subset of a normed vector space V . A map
F : X ! V is called a contraction if

1. F (X ) � X

2. kF (x) � F (y)kV � � kx � ykV for all x; y 2 X with � 2 [0; 1)

Assumptions 4.2.2. 1. g is Lipschitz continuous with Lipschitz constant L > 0

2. g is monotone increasing

3. u 2 L 1(
) implies g(u) 2 L 2(
)

Thus the sequence uk created by Algorithm 2 converges linearly towards the solution of the PDE.

Algorithm 2 Pure �xed-point method

Require: F : V ! V contraction with V Banach space
1: Initial guess x0 2 V
2: for k = 0 ; 1; 2; 3; : : : do
3: xk+1  F (xk )
4: if kxk+1 � xkkV = 0 then
5: return xk+1 . Algorithm terminated
6: end if
7: end for

With the Assumptions 4.2.2 and the de�ned operator, we can state the main result in this section.

Theorem 4.2.4. Algorithm 2 applied on the operator T : H 1
0 (
) ! H 1

0 (
) from (4.25) creates a
sequence which converges linearly towards the solution u 2 H 1

0 (
) of the PDE (3.1).

In order to prove the Theorem 4.2.4, we �rst show that for a given contraction, the sequence created
by Algorithm 2 converges linearly towards a �xed point. Subsequently, we show that every u 2 H 1

0 (
)
is a �xed-point of T if and only if u 2 H 1

0 (
) is a solution to (3.1). Finally, we show that for 
 2
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�
0; 2

(1+ cp L 2 )2

�
with L Lipschitz constant of L and the Poincaré constant cp := cp(
) the operator T is

a contraction. The proof is based on ideas of the Lions-Stampacchia theorem, which is given in the
Appendix A.1 along with its proof for reference.

The proof of Theorem 4.2.4 is based on the Banach �xed-point theorem, which is stated in Theo-
rem 4.2.5. Although the result is well-known, we cover its proof, as it gives insights into the construction
of the algorithm, but also an idea how to show the linear speed of convergence.

Theorem 4.2.5 (Banach �xed-point theorem) . Let V be a Banach space, X � V be a closed, nonempty
set and T : X ! V be a contraction. Then there exists a unique solution x � 2 X to the equation
0 = T(x � ) � x � .

Proof. As X is nonempty, there exists x0 2 X . Now de�ne xk = T(xk� 1) for k 2 N recursively. This is
well-de�ned as T(X ) � X and f xkgk2 N is also Cauchy, since (w.l.o.g. m � n)

kxk � xk� 1kV = kT(xk� 1) � T(xk� 2)kV � � kxk� 1 � xk� 2kV � � 2kxk� 2 � xk� 3kV � � k� 1kx1 � x0kV

) k xm � xnkV � k xm � xm� 1kV + kxm� 1 � xm� 2kV + : : : + kxn+1 � xnkV

=
�
� m� 1 + � m� 2 + : : : + � n+1 + � n

�
kx1 � x0kV = � nkx1 � x0kV

m� n� 1X

k=0

� k

� � nkx1 � x0kV

1X

k=0

� k =
� nkx1 � x0kV

1 � �
n!1���! 0

The series converges since � 2 [0; 1). Thus, there exists x � 2 V such that xn ! x � . As X is closed,
x � 2 X . As T is Lipschitz-continuous by assumption, we get T(x � ) = T( lim

n!1
xn ) = lim

n!1
T(xn ) =

lim
n!1

xn+1 = x � . For uniqueness assume that 9x � ; y� 2 X such that T(x � ) = x � , T(y� ) = y� . Then

kx � � y� kV = kT(x � ) � T(y� )kV � � kx � � y� kV < kx � � y� kV

which is not possible, thus a contradiction.

The Banach �xed-point theorem guarantees the convergence to a �xed-point. By the de�nition of
the contraction, we immediately obtain the linear convergence rate. However, we can even show a
stronger result, namely Lemma 4.2.6, which provides an estimate of the distance between the current
iteration and the exact solution based solely on the current and the previous iterations.

Lemma 4.2.6. Let x � be the unique �xed-point from Theorem 4.2.5 and f xkg be the sequence created
by Theorem 4.2.5, i.e. xk+1 = T(xk ) with x0 2 X . Then

kxk � x � kV �
�

1 � �
kxk � xk+1 kV 8k 2 N� 1

Proof. We know that x � = lim
n!1

xn . In the following computation we assume without loss of generality

that n � k since we have a look at the limit n ! 1 . Due to the continuity of the norm, it follows

kxk � x � k = lim
n!1

kxk � xnk = lim
n!1

kxn � xn� 1 + xn� 1 � xn� 2 � : : : + xk+2 � xk+1 + xk+1 � xkk

� lim
n!1

kxn � xn� 1k + kxn� 1 � xn� 2k + : : : + kxk+2 � xk+1 k + kxk+1 � xkk

T Contraction
� lim

n!1
[(� + 1) kxn� 1 � xn� 2k + : : : + kxk+2 � xk+1 k + kxk+1 � xkk]

� lim
n!1

kxk+1 � xkk
n� 1� kX

`=0

� ` =
�

1 � �
kxk � xk+1 k
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Next, we state several lemmas, which decompose the proof that T is a contraction into more read-
able components.

Lemma 4.2.7. Under the Assumptions 4.2.2, the following estimate for u1; u2 2 H 1
0 (
) holds.






 i R

�
(u1 � u2; �)H 1

0 (
) + ( g(u1) � g(u2); �)L 2 (
)

� 






H 1
0 (
)

�
�
1 + Lc2

p

�
ku1 � u2kH 1

0 (
)

Proof. We know that i R is an isomorphism between H 1
0 (
) and its dual H 1

0 (
) � . Thus with the triangle
inequality

ki R

�
(u1 � u2; �)H 1

0 (
) + ( g(u1) � g(u2); �)L 2 (
)

�
kH 1

0 (
)

(� )
� k (u1 � u2; �)H 1

0 (
) kH 1
0 (
) � + k (g(u1) � g(u2); �)L 2 (
) kH 1

0 (
) �

(�� )
� k u1 � u2kH 1

0 (
) + Lc2
pku1 � u2kH 1

0 (
) = (1 + Lc2
p)ku1 � u2kH 1

0 (
)

Corollary 2.3.1 is used in (� ) along with the triangle inequality. In (�� ), the Cauchy-Schwarz inequality
is employed in the context of the �rst term, whereas the on the second term is treated by the Assump-
tions 4.2.2, the Poincaré inequality, and the following estimates.






 (g(u1) � g(u2); �)L 2 (
)








H 1
0 (
) �

� sup
v2 H 1

0 (
) nf 0g

kg(u1) � g(u2)kL 2 (
) kvkL 2 (
)

kvkH 1
0 (
)

� sup
v2 H 1

0 (
) nf 0g

Lku1 � u2kL 2 (
) cpkvkH 1
0 (
)

kvkH 1
0 (
)

= Lcpku1 � u2kL 2 (
)

� Lc2
pku1 � u2kH 1

0 (
)

Lemma 4.2.8. Under the Assumptions 4.2.2, the following estimate for u1; u2 2 H 1
0 (
) holds.

�
u1 � u2; i R

h
(u1 � u2; �)H 1

0 (
) + ( g(u1) � g(u2); �)L 2 (
)

i�

H 1
0 (
)

� k u1 � u2k2
H 1

0 (
)

Proof. We obtain due to the linearity of i R and its uniqueness due to Theorem 2.3.1 and Corollary 2.3.1
�
u1 � u2; i R

h
(u1 � u2; �)H 1

0 (
) + ( g(u1) � g(u2); �)L 2 (
)

i�

H 1
0 (
)

= ( u1 � u2; u1 � u2)H 1
0 (
) + ( u1 � u2; g(u1) � g(u2))L 2 (
)

| {z }
� 0 due to Assumptions 4.2.2

� k u1 � u2k2
H 1

0 (
) � 0

Lemma 4.2.9. Let c 2 R, M 2 R+ . Then f : R ! R; 
 7! 1 � 2c
 + 
 2M 2 attains its minimum for


 � = c
M 2 with f (
 � ) = 1 � c2

M 2 . Furthermore f satis�es f (
 ) � 1 for 
 2
�
0; 2c

M 2

�
.

Lemma 4.2.9 can be shown, by differentiating f and �nding the root of f 0, which is at 
 � = c
M 2 ,

which is with the second derivative a minimum. The second claim follows from the monotonicity of the
function and by inserting 
 = 2c

M 2 into the function. Finally, we are now able to prove the main theorem.

Proof. The �rst condition for a contraction is clearly satis�ed. Let u1; u2 2 H 1
0 (
) be arbitrary. Then

with u = u1 � u2 and the linearity of the Riesz representative, we obtain

kT(u1) � T(u2)k2
H 1

0 (
) � k uk2
H 1

0 (
) � 2
 (u; R)H 1
0 (
) + 
 2 kRk2

H 1
0 (
)

in which R = i R

h
(u; �)H 1

0 (
) + ( g(u1) � g(u2); �)L 2 (
)

i
. Using Lemmas 4.2.7 and 4.2.8, we conclude

kT(u1) � T(u2)k2
L 2 (
) �

�
1 � 2
 + 
 2(1 + Lc2

p)2
�

| {z }
=: f (
 )

ku1 � u2k2
H 1

0 (
)

which is a contraction due to Lemma 4.2.9 with M = 1 + Lc2
p and c = 1 if 
 2

�
0; 2

(1+ Lc 2
p )2

�
.



56 | Solution algorithms for PDE

4.2.3.1 Application to the nonlinear system of equations

In this subsection, we discretise Algorithm 2 with linear �nite elements. Let f ' i gN
i =1 be a nodal basis and

uh 2 Vh � H 1
0 (
) . As we want to �nd a �xed point u 2 H 1

0 (
) , we need T(u) = u, which is equivalent
to (T(u); v)H 1

0 (
) = ( u; v)H 1
0 (
) for all v 2 H 1

0 (
) . This translates into (T(uh); ' i )H 1
0 (
) = ( uh ; ' i )H 1

0 (
)

for all i 2 [N ] in the �nite dimensional subspace Vh for the �xed-point uh 2 Vh . Using the de�nition of

T , i R , and uh =
NP

j =1
� j ' j , we get

(uh ; ' i )H 1
0 (
) = ( T(uh); ' i )H 1

0 (
) = (1 � 
 ) (uh ; ' i )H 1
0 (
) � 
 (g(uh) � q; ' i )L 2 (
) :

The non-linear term (g(uh) � q; ' i )L 2 (
) is approximated using nodal interpolation, which is discussed
in Section 4.1, thus for all i 2 [N ]

NX

j =1

A i;j � j = ( uh ; ' i )H 1
0 (
) = (1 � 
 ) (uh ; ' i )H 1

0 (
) � 
 (I h(g(uh) � q); ' i )L 2 (
)

= (1 � 
 )
NX

j =1

A i;j � j � 

NX

j =1

M i;j (g(� j ) � q(x j ))

) A� = (1 � 
 )A� � 
M
�
g(� 1) � q(x1) � � � g(� N ) � q(xN )

� T

)
�
� 1 � � � � N

� T
= (1 � 
 )

�
� 1 � � � � N

� T
� 
A � 1M

�
g(� 1) � q(x1) � � � g(� n ) � q(xN )

� T

(4.26)

The system in Equation (4.26) can now be solved using Algorithm 2. An alternative to nodal interpola-
tion for the term g(uh) is the use of mass lumping discussed in Section 4.1.1. This yields a system of
the form � = (1 � 
 )� � 
A � 1Lg(� ) � 
A � 1MQ where L represents the lumped mass matrix.

4.2.3.2 Analysis of the parameter

The contraction necessitates the parameter 
 , which is constrained by the conclusion of Theorem 4.2.4.
The contraction parameter � is related to the parameter 
 2 R via the function � = f (
 ). It is neces-
sary to consider the in�uence of the contraction parameter on the convergence speed, as set forth in
Lemma 4.2.6. In order to achieve an optimal balance, a trade-off must be made between large steps,
i.e. large values for 
 and small steps. We turn our attention to multiples of 1

(1+ Lc 2
p )2 . With k denoting the

multiple, we obtain � = f (
 ) = 1 + k2 � 2k
(1+ c2

p L )2 and

Figure 4.7: Factor in Lemma 4.2.6

�
1 � �

= � 1 +
1

1 � �
= � 1 �

(1 + c2
pL)2

k(k � 2)
: (4.27)

Figure 4.7 illustrates the outcome of the Lemma 4.2.6,
while Figure 4.8 depicts the correlation between

 and the number of iterations when solving Ex-
amples 3.3.2 and 3.3.4 for ~N = 50 as these are
the only examples with a Lipschitz constant super-
position operator. The number of iterations was
bounded by 1000 and we started with the all ones
initial guess. The multiple k is displayed on the
x-axis. From Equation (4.27) it is evident that the
convergence rate is optimised for k = 1 , which is

in accordance with Lemma 4.2.9 since �
1� � is monotone increasing.
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Figure 4.8: Number of iterations for different � , Example 3.3.2 (left), Example 3.3.4 (right)

Theorem 4.2.4 ensures convergence for k 2 (0; 2). The behaviour illustrated in Figure 4.8 for
Example 3.3.2 is comparable to the expected behaviour in (4.27) as the function f (
 ) from Lemma 4.2.9
has a similar shape. For small values of f (
 ), we get � small and thus kxk � x � k � �

1� � kxk � xk+1

from Lemma 4.2.6 has a small factor �
1� � . In order to get xk close to the �xed point x � , kxk � xk+1 k

does not need to be very small. The only difference is the nature of the values represented on the
x-axis. There are several reasons for the scaled behaviour. First of all, the derived estimate is not
necessarily optimal, second the Lipschitz constant represents an upper bound, indicating the possibility
of locally better approximations, given that not all values yield the exact Lipschitz. Thirdly, the estimate
on the Poincaré constant is not optimal, as we considered an upper bound. Example 3.3.4 diverges for
multiples of 1

(1+ Lc 2
p )2 slightly larger than 40.

4.2.3.3 Numerical Experiments

The superposition operators in Examples 3.3.2 and 3.3.4 are Lipschitz continuous. Given that Exam-
ple 3.3.4 it is reasonable that convergence is only expected for Example 3.3.2. For the remaining,
non-Lipschitzian examples, it is not evident how to chose the Lipschitz constant L , which is fundamen-
tal to the calculation. For this reason, we limit our analysis to these two examples. The calculations are
performed with 
 = k(1 + Lc2

p) � 2 and k = 4 for Example 3.3.2, resp. k = 40 for Example 3.3.4 since
these yielded the most favourable best convergence results. The tolerance was set to 10� 10 and the
number of iterations was limited by 10000. Independent of the choice of the initial guess, the solution to
Example 3.3.4 converges (in case of convergence) to the second solution, even if the starting point is
situated in close proximity of the �rst solution. If we initialise all values with minus one, the pure �xed-
point method diverges. This effect could not be observed for Example 3.3.2. The results are presented
in Table A.1 and summarised in Table 4.2. We observe that the number of iterations is almost constant
for different mesh sizes for one example. Depending on the initial guess the number of iterations varies,
yet remains almost constant for a given initial guess and different mesh sizes. Example 3.3.4 is not
monotone and therefore convergence cannot be guaranteed. This is also represented in the data, as
the pure �xed-point method converges for some initial guesses but diverges for others. Figure 4.12 il-
lustrates the magnitude of the residual, kT(uk ) � ukkH 1

0 (
) with ~N = 100 for the different iterations and
a converging initial guess. The behaviour of the residual for initial guesses, which create a diverging
sequence are given in Figures A.3 and A.4. The time required to solve the problem increases, which
is expected given that the size of the matrices is dependent upon the number of nodal basis vectors.
From Table 4.2 and Figure 4.11 we obtain a second order of accuracy for the pure �xed-point method.
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Figure 4.9: Iterations required for the pure
�xed-point method when solving for tol =
10� 10

Figure 4.10: Residual, kT(uk ) � ukkH 1
0 (
) ,

over iterations for different mesh sizes for Ex-
ample 3.3.2 solved with semi-smooth Newton
method

Figure 4.11: Order of accuracy for the pure
�xed-point method

Figure 4.12: Residual, kT(uk ) � ukkH 1
0 (
) ,

over Iterations for pure �xed-point method with
~N = 100

Example 3.3.2 Example 3.3.4
~N H 1

0 (
) # iter Time[s] H 1
0 (
) # iter Time[s]

20 0.016149 18 0.015474 0.028116 434 0.27592
30 0.0072217 18 0.024641 0.011152 428 0.54511
40 0.0040711 18 0.043882 0.0075243 417 1.0209
80 0.00102 19 0.21505 0.0019085 400 4.6189
100 0.00065294 18 0.32674 0.0012316 399 7.2115
120 0.0004535 18 0.43533 0.00070407 400 9.7148
140 0.00033321 18 0.69628 0.00062908 399 15.187
160 0.00025513 18 0.83948 0.0004835 399 18.7682

Table 4.2: Summary for the pure �xed-point method with h = O
�

1
~N

�
, tol = 10 � 10, max-iter=10000,

and relative H 1
0 (
) -error
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4.2.4 Gradient descent

In this section, we show how to rewrite Equation (3.1) as an optimisation problem, such that the optimal
solution to the optimisation problem is equivalent to the solution to the PDE. The optimisation problem
under consideration is given in (4.28).

min
u2 H 1

0 (
)
J (u) with J (u) =

Z




1
2

r u(x)T r u(x) + G(u(x)) � q(x)u(x) dx (4.28)

The fundamental theorem of calculus ensures the existence of an antiderivative G : R ! R such
that d

dx G(x) = g(x) for all x 2 R given that g is continuous. It should be noted that this antideriva-
tive is not unique; an arbitrary constant C 2 R can be added to derive ~G(x) = G(x) + C and with
d

dx
~G(x) = g(x) 8x 2 R, too. For the gradient descent, which is stated in Algorithm 3, we require the

Assumptions 4.2.3.

Assumptions 4.2.3. 1. g : R ! R monotone increasing, Lipschitz continuous on bounded sets

2. u 2 L 1(
) implies g(u) 2 L 2(
)

The general gradient method in Hilbert spaces is already discussed in literature [Sch75a; Sch75b].
We will employ the method described by Schumacher and adapt it to align with the speci�ed objective
function J : H 1

0 (
) ! R.

Algorithm 3 Gradient descent (GD)

Require: J : H 1
0 (
) ! R, @J: H 1

0 (
) ! H 1
0 (
)

1: Initial guess u0 2 H 1
0 (
)

2: for k = 0 ; 1; 2; 3; : : : do
3: Find zk 2 H 1

0 (
) with (zk ; ' )H 1
0 (
) = ( g(uk ) � q; ' )L 2 (
) 8' 2 H 1

0 (
) . z k solves the Poisson
equation

4: Compute @J(uk ) = uk + zk

5: if @J(uk ) = 0 then
6: return uk . Algorithm terminated
7: else
8: Compute step size ! k > 0 small . E.g. with the Armijo rule
9: uk+1  uk � ! k@J(uk )

10: end if
11: end for

With the Assumptions 4.2.3 and the optimisation problem (4.28), we are able to state the main result
of this section.

Theorem 4.2.6. Under the Assumptions 4.2.3 every accumulation point u� of the sequence created by
Algorithm 3 when applied to the optimisation problem (4.28) is a stationary point, i.e. @J(u� ) = 0 .

Remark 6. Instead of considering accumulation points, one can relax the stopping condition for a given
tolerance tol 2 R> 0 to k@J(uk )kH 1

0 (
) � tol .

The proof of Theorem 4.2.6 is divided into �ve parts. In the �rst part, we state fundamental results
about convex functions. These are subsequently employed in the second part, wherein we show that
the optimisation problem (4.28) possesses a unique optimal solution, which equals the solution to the
partial differential equation. Then, we discuss the Armijo rule and its well-de�ned for a descent direction.
Afterwards, we verify that

@J: H 1
0 (
) ! H 1

0 (
) ; u 7! u + i R

�
(g(u) � q;�)L 2 (
)

�
(4.29)
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is the Riesz representant of the gradient of J with respect to the H 1
0 (
) -inner product. In the third

part, we employ a series of lemmas to show that the gradient descent creates a sequence with
k@J(uk )kH 1

0 (
) ! 0 as k ! 0, which ultimately leads to the conclusion of Theorem 4.2.6.

The role of convex functions in (non)-linear optimisation is of great signi�cance, as they permit the
guarantee of a unique optimum under relatively weak assumptions regarding the objective function and
the feasible set.

De�nition 4.2.7 (Convex). Let V be an arbitrary vector space and 
 � V be convex. A function
f : 
 � V ! R is called convex, if

f (�x + (1 � � )y) � �f (x) + (1 � � )f (y) 8x; y 2 
 ; � 2 [0; 1] (4.30)

We call the function strictly convex, if the inequality is strict for all � 2 (0; 1). For 
 � R, the
De�nition 4.2.7 is equivalent to

8x < y 2 
 :
f (w) � f (x)

w � x
�

f (y) � f (x)
y � x

�
f (y) � f (w)

y � w
8w 2 (x; y) (4.31)

Theorem 4.2.7. Let G : 
 � R ! R be continuously differentiable. The derivative G0 is monotone
increasing if and only if G is convex.

Theorem 4.2.8. Let G 2 C1(
 ; R) with 
 � Rd be (strict) convex, then

G(y) � G(x) � r G(x)T (y � x) 8x; y 2 
 ; resp. G(y) � G(x) > r G(x)T (y � x) 8x; y 2 
 ; x 6= y

The proofs of Theorems 4.2.7 and 4.2.8 are presented in the appendix. The reverse implication of
Theorem 4.2.8 is also true, but is not the focus of this discussion. However, the concept of a subdiffer-
ential is of signi�cant importance.

De�nition 4.2.8 (Subdifferential). Let f : X � V ! R be arbitrary with V Banach space. The
subdifferential of f at x 2 X is de�ned as the set of linear functionals � 2 V � such that

f (y) � f (x) � � (y � x) 8y 2 X (4.32)

For V = Rd, the subdifferential at the point x 2 X is called subgradient at the point x 2 X and denoted
by @f(x).

Lemma 4.2.10. Let f be convex on X and Lipschitz continuous near x 2 X . Then @f(x) coincides
with the subdifferential of f at x 2 X .

A proof can be found in [Cla90, Proposition 2.2.7]. In accordance with the conclusions of Theo-
rem 4.2.8, the set of the gradient fr Gg is also a subdifferential of G.

Following a brief overview of the requisite concepts related to convex functions, we now direct our
attention to the proof of the existence of an optimal solution to (4.28). As g is continuous, monotone
increasing, and G0 = g, it follows that the function G is continuously differentiable and satis�es the
assumptions of Theorem 4.2.7. Therefore, we can conclude that G is convex. By employing the notation
of the H 1

0 (
) and the L 2(
) inner product, we can reformulate problem (4.28) as

min
u2 H 1

0 (
)
J (u) with J (u) :=

1
2

(u; u)H 1
0 (
) +

Z




G(u(x)) dx � (q; u)L 2 (
) (4.33)

With Theorem 4.2.8, we know that G satis�es G(y) � G(x) � g(x)(y � x) for all x; y 2 R, thus for
x = 0 , resp. y = 0

G(y) � g(0)y + G(0) and G(x) � g(x)x + G(0)
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This means for u 2 H 1
0 (
) with C = G(0)� (
)

Z




G(u(x)) dx �
Z




g(u(x))u(x) + G(0) dx = G(0)� (
) + ( g(u); u)L 2 (
) � k g(u)kL 2 (
) kukL 2 (
) + C

Z




G(u(x)) dx �
Z




g(0)u(x) + G(0) dx = G(0)� (
) + ( g(0); u)L 2 (
) � �k g(0)kL 2 (
) kukL 2 (
) + C

Since u 2 H 1
0 (
) , it follows that u 2 L 2(
) . Furthermore, under the Assumptions 4.2.3, we also know

that g(u) 2 L 2(
) , which implies that the integral is �nite and that G(u) is an integrable function for all
u 2 H 1

0 (
) . Now we show that: The functional J : H 1
0 (
) ! R is strict convex. Let u; v 2 H 1

0 (
) with
u 6= v and � 2 (0; 1) be arbitrary. Thus, we obtain

J (�u + (1 � � )v) =
1
2

k�u + (1 � � )vk2
H 1

0 (
) +
Z




G(�u (x) + (1 � � )v(x)) dx � (q; �u + (1 � � )v)L 2 (
)

(� )
<

1
2

�
� kuk2

H 1
0 (
) + (1 � � )kvk2

H 1
0 (
)

�
+

Z




�G (u(x)) + (1 � � )G(v(x)) dx � (q; �u + (1 � � )v)L 2 (
)

= �J (u) + (1 � � )J (v)

In (� ), we used that G is convex and that the norm k � k2
H 1

0 (
) is uniformly convex on H 1
0 (
) [AF03,

Theorem 3.6]. Next, we are computing a subgradient of J . The subgradient is an element of the dual
space H 1

0 (
) � , but due to Riesz representation, we have H 1
0 (
) �= H 1

0 (
) � , and thus @Jdenotes
the Riesz-representative of the gradient in the H 1

0 (
) -inner product. The subgradient of the �rst part
J1 : H 1

0 (
) ! R; v 7! 1
2 (v; v)H 1

0 (
) is given by @J1 : H 1
0 (
) ! H 1

0 (
) ; v 7! v. This satis�es the
conditions in De�nition 4.2.8, because

0 �
1
2

(v1 � v2; v1 � v2)H 1
0 (
) =

1
2

(v1; v1)H 1
0 (
) � (v1; v2)H 1

0 (
) +
1
2

(v2; v2)H 1
0 (
)

) (v1; v2)H 1
0 (
) � (v1; v1)H 1

0 (
) � J1(v1) + J1(v2) = ( @J1(v1); v1)H 1
0 (
) � J1(v1) + J1(v2)

) (@J1(v1); v2 � v1)H 1
0 (
) � J1(v2) � J1(v1) (4.34)

For the second part, J2 : H 1
0 (
) ! R; u 7!

R



G(u) dx � (q; u)L 2 (
) , an subgradient is given by

@J2 : H 1
0 (
) ! H 1

0 (
) ; u 7! i R

�
(g(u) � q;�)L 2 (
)

�
, where i R denotes the Riesz representative w.r.t.

the H 1
0 (
) inner product. This map is well de�ned, since g(u) � q 2 L 2(
) and thus with Lemma 2.2.4

(g(u) � q;�)L 2 (
) 2 H 1
0 (
) � . With Riesz representation the representative is well de�ned and so is the

subgradient. Due the subgradient properties of G, we get
Z




G(u) � G(v) dx � (q; u � v)L 2 (
) �
Z




g(u)(u � v) dx � (q; u � v)L 2 (
)

= ( g(u) � q; u � v)L 2 (
) =: T(u � v)

with T : H 1
0 (
) ! R; ' 7! (g(u) � q; ' )L 2 (
) . This functional is linear and continuous due to

Lemma 2.2.4 with g(u) � q 2 L 2(
) and the Assumptions 4.2.3. The Riesz representation ensures
the existence of � 2 H 1

0 (
) , s.t. T(' ) = ( �; ' )H 1
0 (
) and thus

R



G(u) � G(v) dx � (q; u � v)L 2 (
) �

T(u � y) = ( �; u � y)H 1
0 (
) . The Riesz representative is unique and � = i R

�
(g(u) � q;�)L 2 (
)

�
satis-

�es

(�; ' )H 1
0 (
) = T(' ) = ( g(u) � q; ' )L 2 (
)
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This yields that @J2 is indeed a subgradient of J2. We know that the weak formulation in Equation (3.6)
has a solution, due to Theorem 3.2.4. This solution u 2 H 1

0 (
) is also a global minimum of Equa-
tion (4.33). Assume otherwise, i.e. 9v 2 H 1

0 (
) s.t. J (v) < J (u). Then

1
2

�
(v; v)H 1

0 (
) � (u; u)H 1
0 (
)

�
+

Z




G(v(x)) � G(u(x)) dx � (q; v � u)L 2 (
) < 0

Due to the subgradient properties of G(u), we get G(v(x)) � G(u(x)) � g(u(x))( v(x) � u(x)) , and
therefore

(u; v � u)H 1
0 (
) +

Z




g(u)(v � u) dx � (q; v � u)L 2 (
)

� J1(v) � J1(u) +
Z




G(v) � G(u) dx � (q; v � u)L 2 (
) < 0

) 0 > �
h
(u; u)H 1

0 (
) + ( g(u) � q; u)L 2 (
)

i

| {z }
=0 due to u weak solution

+ ( u; v)H 1
0 (
) + ( g(u) � q; v)L 2 (
)

| {z }
=0 due to u weak solution

= 0

As the weak formulation holds for all v 2 H 1
0 (
) it also holds for v = u. Therefore, we conclude a

contradiction, yielding that u 2 H 1
0 (
) is a global minimum to (4.33). As J is strict convex, the global

minimum is unique. So far, we have not used that g is Lipschitz continuous on bounded sets. This is
required to show that the subgradient is also a gradient with respect to the H 1

0 (
) -inner product.

Lemma 4.2.11. The subgradient from (4.29) is a gradient with respect to the H 1
0 (
) -inner product of

the function J : H 1
0 (
) ! R from Equation (4.33).

Proof. Let u 2 
 be arbitrary. We need to show, that
J (u+ h)� J (u)� (@J(u);h)H 1

0 (
)

khkH 1
0 (
)

h! 0���! 0. Using the

de�nition of J , we obtain

J (u + h) � J (u) � (@J(u); h)H 1
0 (
)

=
1
2

(2u + h; h)H 1
0 (
) + ( G(u + h) � G(u); 1)L 2 (
) � (q; h)L 2 (
) � (@J(u); h)H 1

0 (
)

= ( G(u + h) � G(u); 1)L 2 (
) � (g(u); h)L 2 (
) +
1
2

khk2
H 1

0 (
)

=
Z




G(u(x) + h(x)) � G(u(x)) � g(u(x))h(x) dx +
1
2

khk2
H 1

0 (
) (4.35)

As khkH 1
0 (
) approaches zero, the second part of the Equation (4.35) converges to zero. Therefore, we

limit our consideration to the �rst part. Let x 2 
 be arbitrary. Since G is continuously differentiable on
the interval* [u(x); u(x)+ h(x)], the mean value theorem ensures the existence of � (x) 2 [u(x); u(x)+
h(x)] with

G(u(x) + h(x)) � G(u(x)) = g(� (x))h(x)

The composition of g(� ) is well-de�ned. It is measurable, since g is continuous due to the given as-
sumptions. Furthermore, g(� ) is L 2 integrable, since u 2 H 1

0 (
) � L 2(
) � L 1(
) , thus g(u) 2 L 2(
)
and due to the monotonicity and Hölder's inequality

Z




jg(� )j dx �
Z




j maxf g(u); g(u + h)gj dx �
Z




jg(u)j dx +
Z




jg(u + h)j dx

� � (
)
�
kg(u)kL 2 (
) + kg(u + h)kL 2 (
)

�
< 1

*If h(x) < 0, we consider the interval [u(x) + h(x); u(x)] and the following argument works on the interval, too.
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and thus the integrability follows also from the assumptions. Thus,

Z




G(u(x) + h(x)) � G(u(x)) � g(u(x))h(x)
h(x)

dx =
Z




g(� (x)) � g(u(x)) dx (4.36)

We now use the Cauchy-Schwarz inequality and the set 
 6= = f x 2 
 j h(x) 6= 0g. We can restrict the
consideration to 
 6= , since

R


 n
 6=
G(u(x) + h(x)

| {z }
=0

) � G(u(x)) � g(u(x))h(x) dx = 0 .

j (G(u + h) � G(u); 1)L 2 (
) � (g(u); h)L 2 (
) j

�
Z


 6=

�
�
�
�h(x)

G(u(x) + h(x)) � G(u(x)) � g(u(x))h(x)
h(x)

�
�
�
� dx � k hkL 2 (
)

vu
u
t

Z


 6=

jg(� (x)) � g(u(x)) j2 dx

(4.37)

As g is Lipschitz continuous on bounded sets, it immediately follows that it is Lipschitz continuous on
[� 1; 1] with Lipschitz constant L . This leads to two possible cases: Either � (x) � u(x) 2 [� 1; 1] or it
does not. In the �rst case, we obtain

Z




jg(� (x)) � g(u(x)) j2 dx �
Z




L 2 j� (x) � u(x)j2
| {z }

2 [0;jh(x)j2 ]

dx � L 2
Z




jh(x)j2 dx = L 2khk2
L 2 (
)

In the latter case, we have j� (x) � u(x)j � 1 and thus with 
 � = f x 2 
 j ju(x) � � (x)j � 1g.

� (
 � ) =
Z


 �

1dx �
Z


 �

ju(x) � � (x)j2
| {z }

2 [0;jh(x)j2 ]

dx �
Z


 �

jh(x)j2 dx = khk2
L 2 (
)

khkH 1
0 (
) ! 0

��������! 0

This means, that ju(x) � � (x)j � 1 for almost all x 2 
 for h ! 0. Using Theorem 2.2.3, we conclude
with Equation (4.37)

j (G(u + h) � G(u); 1)L 2 (
) � (g(u); h)L 2 (
) j

khkH 1
0 (
)

�
khkL 2 (
)

khkH 1
0 (
)

| {z }
� cp

vu
u
t

Z


 6=

jg(� (x)) � g(u(x)) j dx
khkH 1

0 (
) ! 0

��������! 0

which shows that @J(u) from Equation (4.29) is the gradient of J .

So, we know that the function J : H 1
0 (
) ! R possesses a minimum. Furthermore, we know its

gradient with respect to the H 1
0 (
) -inner product. Next, we show why the stopping condition is a natural

choice. Afterwards, we discuss the Armijo rule. The algorithm creates a sequence within the Sobolev
space H 1

0 (
) . If @J(uk ) = 0 , then uk = � zk and therefore (uk ; ' )H 1
0 (
) + ( g(uk ) � q; ' )L 2 (
) = 0 for

all ' 2 H 1
0 (
) , i.e. uk solves the weak formulation of the problem (3.1). The Poisson equation in line 3

is well-posed, since g(uk ) � q 2 L 2(
) and thus Theorem 3.2.3 gives the existence and uniqueness of
the solution. The step size is determined using the Armijo rule.

De�nition 4.2.9 (Armijo rule). Let � 2 (0; 1) and 
 2 (0; 1) be �xed. For s 2 H 1
0 (
) with (@J(u); s)H 1

0 (
) <

0, we compute the largest w 2 f 1; �; � 2; : : :g such that

J (u + ws) � J (u) � w
 (@J(u); s)H 1
0 (
) (4.38)
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Lemma 4.2.12. The Armijo rule from De�nition 4.2.9 is well-de�ned, i.e. 9w 2 f � i g1
i =0 such that (4.38)

is satis�ed for J convex and its gradient @J.

The proof of this lemma is based on ideas from Ulbrich and Ulbrich [UU11, Lemma 7.5].

Proof. The gradient* @Jsatis�es for u; h 2 H 1
0 (
)

lim
h! 0

J (u + h) � J (u) � (@J(u); h)H 1
0 (
)

khkH 1
0 (
)

= 0

As a consequence of the subgradient property, we have that J (u + h) � J (u) � (@J(u); h)H 1
0 (
) for

all u; h 2 H 1
0 (
) , i.e the nominator is non-negative. As H 1

0 (
) is a vector space, u + ws 2 H 1
0 (
)

for all w 2 R and so the subgradient property also holds for h = u + ws. The claim is equivalent to
9w 2 f 1; �; � 2; : : :g s.t.

J (u + ws) � J (u)
w

� 
 (@J(u); s)H 1
0 (
) � 0 (4.39)

But this is true, since

J (u + ws) � J (u)
w

� 
 (@J(u); s)H 1
0 (
)

= kskH 1
0 (
)

J (u + ws) � J (u) � (@J(u); ws)H 1
0 (
)

wkskH 1
0 (
)

| {z }
w #0��! 0

+(1 � 
 ) (@J(u); s)H 1
0 (
)

w#0
��! (1 � 
 )

| {z }
> 0

(@J(u); s)H 1
0 (
)

| {z }
< 0

< 0

So, there exists �w > 0 such that Equation (4.39) is satis�ed 8w 2 [0; �w).

Remark 7. If one takes s = � @J(u), one obtains the classical gradient descent, i.e. Algorithm 3. The
condition in De�nition 4.2.9 is given since (@J(u); s)H 1

0 (
) = �k @J(u)k2
H 1

0 (
) < 0

With Lemma 4.2.12, we know that the Armijo rule is also well-de�ned for the Hilbert space H 1
0 (
)

and the speci�c J . The next theorem, provides us with the convergence of Algorithm 3.

Theorem 4.2.9. The Algorithm 3 is well-de�ned and the generated iterates f ukgk2 N � H 1
0 (
) satisfy

lim
k!1

k@J(uk )kH 1
0 (
) = 0

The result presented in Theorem 4.2.9 is well-established when H 1
0 (
) is replaced by Rn . The

proof presented blow is based on the same fundamental ideas as the proof for Rn . The proof in �nite
dimensions can be found in [UU11, Satz 7.7]. In order to prove Theorem 4.2.9, it is necessary to present
several lemmas. These form the basis of the proof, showing that f J (uk )g is monotone decreasing in
Lemma 4.2.13 and that the gradient is continuous in Lemma 4.2.14. The sequence f @J(uk )g is shown
to be bounded in Lemma 4.2.15, and the step size converges to zero in Lemma 4.2.16. These are
subsequently employed to validate that the sequence f ukg is Cauchy in Lemma 4.2.17 and that the
k@J(uk )kH 1

0 (
) ! 0.

Lemma 4.2.13. Let f J (uk )gk2 N be the sequence created by Algorithm 3. If k@J(uk )kH 1
0 (
) > " for

" > 0, then the sequence f J (uk )gk2 N is monotone decreasing.

Proof. As the norm of the gradient is nonzero, @J(uk ) 6= 0 , the algorithm chooses ! k > 0 such that
J (uk+1 ) � J (uk ) � � ! k 
 k@J(uk )k2

H 1
0 (
) < � ! k 
" 2 < 0.

*Again we only consider the Riesz representative here
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Lemma 4.2.14. The gradient @Jis continuous, i.e. kuk � ukH 1
0 (
) ! 0 ) k @J(uk ) � @J(u)kH 1

0 (
) ! 0.

Proof. Let kuk � ukH 1
0 (
) ! 0 and uk 2 H 1

0 (
) 8k 2 N. Then,

ki R

�
(g(un ) � q;�)L 2 (
)

�
� i R

�
(g(u) � q;�)L 2 (
)

�
kH 1

0 (
) = ki R

�
(g(un ) � g(u); �)L 2 (
)

�
kH 1

0 (
)

(� )
= k (g(un ) � g(u); �)L 2 (
) kH 1

0 (
) � � cpkg(un ) � g(u)kL 2 (
)

We use Corollary 2.3.1 and Theorems 2.1.1 and 2.2.3 in (� ). Since kuk � ukH 1
0 (
) ! 0, also kuk �

ukL 2 (
) ! 0, and hence uk ! u a.e. on 
 , therefore jg(uk (x)) � g(u(x)) j2 � 1 a.e. for k large enough.
With Lebesgue's dominated convergence theorem we can exchange the limit and the integration. With
the continuity of g and un ! u a.e. the result follows.

Lemma 4.2.15. The sequence f @J(uk )gk2 N � H 1
0 (
) which is created by Algorithm 3 for @J(uk ) 6= 0

is bounded in the Sobolev space H 1
0 (
) , i.e. 9M > 0 with k@J(uk )kH 1

0 (
) � M for all k 2 N.

Proof. The function J is coercive, since J (u) � 0 and thus with the subgradient property, the Cauchy-
Schwarz inequality in (� ) and Poincaré inequality in (�� ), we get

J (u) =
1
2

kuk2
H 1

0 (
) +
Z




G(u(x)) dx � (q; u)L 2 (
)

(� )
�

1
2

kuk2
H 1

0 (
) � � (
) g(0)kukL 2 (
) + G(0)� (
) � k qkL 2 (
) kukL 2 (
)

(�� )
� k ukH 1

0 (
)

�
1
2

kukH 1
0 (
) � cpjg(0)j� (
) � cpkqkL 2 (
)

�
+ G(0)� (
) :

If now kukH 1
0 (
) ! 1 , then kukH 1

0 (
) will be larger that cpjg(0)j� (
) � cpkqkL 2 (
) , i.e. J (un ) ! 1 .

Thus, the level set Sk :=
�
u 2 H 1

0 (
) j J (u) � J (uk )
	

is bounded for all k 2 N. As f J (uk )gk2 N is
strict monotone decreasing by the Armijo rule, we get u` 2 Sk for all ` � k. This yields, that f ukgk2 N is

bounded. As @J(un ) = un + i R

�
(g(un ) � q;�)L 2 (
)

�
the gradient can only be unbounded if the second

part is unbounded, i.e. for all n 2 N there exists kn 2 N with

n � k i R

�
(g(ukn ) � q;�)L 2 (
)

�
kH 1

0 (
)
(� )
= k (g(ukn ) � q;�)L 2 (
) kH 1

0 (
) �

(�� )
� cpkg(ukn ) � qkL 2 (
)

In (� ), we utilise the fact that the Riesz representative is an isomorphism between H 1
0 (
) and H 1

0 (
) � ,
as detailed in Corollary 2.3.1. In (�� ), we employed the Poincaré inequality. The second part is
unbound if and only if n � k g(u~kn

)kL 2 (
) for ~kn 2 N, where q 2 L 2(
) is given. Due to the As-
sumptions 4.2.3, it follows that if kunkL 1 (
) < 1 , then kg(un )kL 2 (
) < 1 , too. Furthermore, L 2(
)

satis�es vn
L 2 (
)
����! v with vn 2 L 2(
) ) v 2 L 2(
) [AN16, Theorem 8.13]. The set f ungn2 N

is bounded, so un 2 H 1
0 (
) � L 2(
) � L 1(
) and thus g(un ) 2 L 2(
) for all n 2 N. With

lim
n!1

kg(uk )kL 2 (
) � lim
n!1

n = 1 , we conclude a contradiction.

Lemma 4.2.16. If k@J(uk )kH 1
0 (
) � " > 0. Then

1P

k=1
! k < 1 for the stepsizes created by Algorithm 3.

Proof. We have

1X

k=1

! k =
1
"2

1X

k=1

! k"2 �
1

"2


1X

k=0


! kk@J(uk )k2
H 1

0 (
) �
1

"2


1X

k=1

[J (uk ) � J (uk+1 )]

�
1

"2


�
J (u1) � lim

k!1
J (uk )

�
�

J (u1)
"2


< 1

In the last equation, we used that J is nonnegative.
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Lemma 4.2.17. If k@J(uk )kH 1
0 (
) � " , then f ukgk2 N is a Cauchy sequence.

Proof. Let k; ` 2 N be arbitrary. Without loss of generality k > ` .

kuk � u`kH 1
0 (
) = kuk � uk� 1 + uk� 1 � uk� 2 � : : : � u`+1 � u`+1 � u`kH 1

0 (
)

�
k� 1X

j = `

kuj +1 � uj kH 1
0 (
) =

k� 1X

j = `

k! j @J(uj )kH 1
0 (
) � M

k� 1X

j = `

! j < 1

In the last line the set f @J(uk )g is bounded, due to Lemma 4.2.15 and
1P

k=1
! k < 1 due to Lemma 4.2.16.

Lemma 4.2.18. The sequence f @J(uk )gk2 N � H 1
0 (
) converges to zero, i.e. lim

k!1
k@J(uk )kH 1

0 (
) = 0 .

Proof. Assume that lim
k!1

@J(uk ) 6= 0 . Then 9" > 0; K 1 2 N with k@J(uk )kH 1
0 (
) � " for all k � K 1.

With the continuity from Lemma 4.2.17, we know that f ukgk2 N is a Cauchy sequence and H 1
0 (
) a

Banach space, there exists u 2 H 1
0 (
) with kuk � ukH 1

0 (
)
k!1���! 0. Moreover, 9K 2 > 0 such that

k@J(uk )kH 1
0 (
) � 1

2k@J(u)kH 1
0 (
) > 0 for all k > K 2. The sequence f ! kgk2 N is summable and thus

! k
k!1���! 0. So, there exists K 3 2 N with ! k < � 8k > K 3. As the Armijo rule selects the largest value

in f � i gi 2 N, the inequality is not longer satis�ed for a larger one, i.e.

J
�

uk �
! k

�
@J(uk )

�
� J (uk ) > � 


! k

�
k@J(uk )k2

H 1
0 (
) (4.40)

Next, we use a mean value theorem for operators between Banach spaces [DM13, Theorem 3.2.6],
which yields with tk = ! k

�

J (uk � tk@J(uk )) � J (uk ) = � tk

1Z

0

(@J(uk � stk@J(uk )) ; @J(uk ))H 1
0 (
) ds:

Lemma 4.2.15 shows, that f @J(uk )gk2 N is bounded, Lemma 4.2.14 shows that @J is continuous.
The function J is continuous by construction and the H 1

0 (
) -inner product by [AN16, E 2.5. (4)].
Thus, uk ! u, @J(uk ) ! @J(u), tk ! 0 for k ! 1 , which implies uk + stk@J(uk ) ! u and

�nally (@J(uk � stk@J(uk )) ; @J(uk ))H 1
0 (
)

k!1���! k @J(u)k2
H 1

0 (
) . Consequently, for k large enough,

the integrand is bounded by the constant and thus integrable function � 3
2k@J(uk )kH 1

0 (
) . So, we can
interchange the limit with the integration due to Lebesgue's dominated convergence theorem, i.e.

lim
k!1

J (uk � tk@J(uk )) � J (uk )
tk

= �

1Z

0

lim
k!1

(@J(uk � stk@J(uk )) ; @J(uk ))H 1
0 (
) ds = �k @J(u)k2

H 1
0 (
)

(4.41)
Combining Equations (4.40) and (4.41) yields

0 < (1 � 
 )k@J(u)k2
H 1

0 (
) = (1 � 
 ) lim
k!1

k@J(uk )k2
H 1

0 (
) �

k@J(u)k2
H 1

0 (
) + lim
k!1

J
�
uk � ! k

� @J(uk )
�

� J (uk )
! k
�

= k@J(u)k2
H 1

0 (
) � k @J(u)k2
H 1

0 (
) = 0

which yields a contradiction and thus lim
k!1

@J(uk ) = 0 .
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Proof of Theorem 4.2.9. The algorithms is well de�ned, since the Armijo rule is well de�ned, which was
shown in Lemma 4.2.12. Lemma 4.2.18 yields, that lim

k!1
@J(uk ) = 0 .

Finally, we are able to prove the main result for the gradient descent from Theorem 4.2.6.

Proof of Theorem 4.2.6. Let u� 2 H 1
0 (
) be an accumulation point. Then there exists a subsequence

f ukn gn2 N with ukn

n!1���! u� in H 1
0 (
) . As lim

k!1
@J(uk ) = 0 , we get with the continuity of @J

(Lemma 4.2.14),
@J(u� ) = @J

�
lim

n!1
ukn

�
= lim

n!1
@J(ukn ) = 0 :

4.2.4.1 Linear �nite element approximation

In this subsection, we will employ Algorithm 3 on a discretised version of the problem presented in
(3.1). In this analysis, we consider the space of piecewise linear functions, Vh � H 1

0 (
) ; with the nodal
basis f ' i gN

1=0 . Let u 2 H 1
0 (
) be the solution to (3.1) and uh 2 Vh its best approximation in the space

Vh . Then, uh is also an optimal solution to the minimisation problem min
v2 Vh

J (v). This can be seen by

employing the same argument used to prove the optimality of u with respect to J . As uh 2 Vh , there

exist coef�cients � i such that uh =
NP

i =1
� i ' i . The nonlinear term involving G is treated with mass

lumping (for further details, see Section 4.1.1). Upon inserting this into J , we obtain

J (uh) =
1
2

� T A� +
�
G(� 1) � � � G(� N )

�
L

0

B
@

1
...
1

1

C
A � � T M

0

B
@

q(x1)
...

q(xN )

1

C
A :

We compute now the Riesz representation of the discretised gradient with respect to the H 1
0 (
) inner

product, i.e. @J: Vh ! Vh with

lim
h! 0

J (uh + h) � J (u) � (@J(uh); h)H 1
0 (
)

khkH 1
0 (
)

= 0 : (4.42)

Lemma 4.2.19. The gradient of J w.r.t. the H 1
0 (
) inner product is @J: Vh ! Vh ; uh =

NP

i =1
� i ' 7!

NP

i =1
(� i + � i )' i with � = A � 1

0

B
@

0

B
@

g(� 1)
. . .

g(� N )

1

C
A L

0

B
@

1
...
1

1

C
A � M

0

B
@

q(x1)
...

q(xN )

1

C
A

1

C
A .

Proof. We now prove that @J(uh) satis�es 4.42 for h =
NP

i =1
� i ' i and u =

NP

i =1
� i ' i . Using the de�nition

of J , resp. @Jalongside the linearity of the inner product, we arrive at

J (u + h) � J (u) =
1
2

(� + � )T A (� + � ) �
1
2

� T A� +

0

B
@

G(� 1 + � 1) � G(� 1)
...

G(� N + � N ) � G(� N )

1

C
A

T

L1 � � T MQ

(@J(u); h)H 1
0 (
) = � T A(� + � ) = � T A� + � T diag(g(� i ))L1 � � T MQ
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Combining both computations, we arrive at

1
khkH 1

0 (
)

�
J (u + h) � J (u) � (@J(u); h)H 1

0 (
)

�

=
1

khkH 1
0 (
)

�
1
2

� T A� +
�
G(� 1 + � 1) � G(� 1) � � 1g(� 1) � � � G(� N + � N ) � G(� N ) � � N g(� N )

�
L1

�

=
1
2

p
� T A� +

�
G(� 1+ � 1 )� G(� 1 )� � 1g(� 1 )

khkH 1
0 (
)

� � � G(� N + � N )� G(� N )� � N g(� N )
khkH 1

0 (
)

�
L1:

If h ! 0, then � i ! 0 for all i 2 [N ] and thus by de�nition of G,

G(� i + � i ) � G(� i ) � � i g(� i )
� i

� i ! 0
���! 0

By the equivalence of all norm on RN , the term G(� i + � i )� G(� i )� � i g(� i )
khkH 1

0 (
)
with khkH 1

0 (
) =
p

� T A� con-

verges to zero. This implies the result.

4.2.4.2 Numerical Experiments

The gradient descent relies on the assumption that g is continuous, monotone increasing and Lipschitz
continuous on bounded sets. This is satis�ed for Examples 3.3.1 and 3.3.2, but not for Examples 3.3.3
to 3.3.6. In contrast to the pure �xed-point method, the gradient descent can be launched even in the
absence of complete compliance with the underlying assumptions. The gradient descent is employed
to solve all examples with the parameters � = 0 :9 and 
 = 0 :7. In order to circumvent the numerical
instabilities that arise for small gradients in the difference in the Armijo rule, the discretised objective
function is rewritten.

Example 3.3.1 Example 3.3.2 Example 3.3.3
~N H 1

0 (
) # iter Time[s] H 1
0 (
) # iter Time[s] H 1

0 (
) # iter Time[s]
20 0.10872 204 1.5607 0.016149 32 0.10665 0.10352 572 5.2737
30 0.056584 232 2.1276 0.0072217 33 0.17261 0.0556 627 6.9134
40 0.03429 264 3.9149 0.0040711 31 0.15407 0.034624 748 13.255
80 0.0091576 355 25.5653 0.00102 33 0.94126 0.010601 925 69.8089
100 0.0059053 349 32.1961 0.00065294 35 1.5463 0.007222 518 46.7374
120 0.0041181 375 55.09 0.0004535 32 1.778 0.0051632 673 90.7309
140 0.0030332 393 93.5076 0.00033321 37 4.1982 0.003951 515 104.8935
160 0.0023262 441 131.3495 0.00025513 31 2.9519 0.0030733 641 168.6217

Example 3.3.4 Example 3.3.5 Example 3.3.6
~N H 1

0 (
) # iter Time[s] H 1
0 (
) # iter Time[s] H 1

0 (
) # iter Time[s]
20 0.028116 55 0.28207 0.0098225 48 0.55738 0.17611 10000 138.4125
30 0.011152 50 0.36597 0.0043542 40 0.53609 0.15103 10000 183.0453
40 0.0075243 51 0.55793 0.0024474 48 0.8415 0.13059 10000 249.6876
80 0.0019085 50 1.7656 0.00061161 42 2.5838 0.13102 10000 1122.1013
100 0.0012316 53 2.213 0.00039147 41 3.2782 0.1336 10000 1393.8681
120 0.00070407 58 4.0928 0.00027188 43 5.8197 0.15047 10000 2119.0211
140 0.00062908 57 5.5289 0.00019977 46 9.6846 0.12356 10000 3622.1382
160 0.0004835 52 6.3796 0.00015296 42 11.4861 0.14783 10000 4500.5177

Table 4.3: Summary for the gradient descent with h = O
�

1
~N

�
with tol = 10 � 10, max-iter=10000, and

absolute H 1
0 (
) -error
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A detailed discussion of this effect can be found in
Section 4.2.5. The revised difference improves on
numerical stability. Nevertheless, we solve all ex-
amples up to a tolerance of 10� 10. In the event
of numerical instabilities, the computation is ter-
minated and the corresponding calculation is in-
dicated in red in Table A.3. These results are sum-
marised in Table 4.3. The iterations are limited
by 10.000. It is notable that, with the exception
of Examples 3.3.2 and 3.3.4, numerical instabili-
ties are encountered in all computations. Exam-
ple 3.3.4 has a non-monotone superposition oper-
ator. In this example for the constant initialisation
of 100 at each node, the third and the second initial
guess the value of J (uk ) diverges to minus in�nity
for both computations J (uk ).

Figure 4.13: Order of accuracy for the gradient de-
scent
.

Figure 4.14: Iterations required for the gradient de-
scent when solving for tol = 10 � 10

Figure 4.15: Residual, k@J(uk )kH 1
0 (
) , over itera-

tions for the gradient descent

This can be explained with the fact, that for a non monotone g, the antiderivative is no longer convex

and G(x) x!�1����! �1 indicates that the problem is no longer bounded from below. If an initial guess
is bad, the solution diverges towards minus in�nity. Example 3.3.5 also has a non-monotone super-

position operator, with non-convex antiderivative, but G(x) x!�1����! 1 , which means that the solution
cannot “drift” towards minus in�nity. The number of iterations shows variations across different mesh
sizes, exhibiting no clear trend. As the number of iterations is almost constant in case of convergence,
we conclude that this variation originates in the numerical instabilities. This becomes evident from
Figure 4.15, since the procedure does not exhibit a speci�c level of tolerance, at which it requires multi-
ple iterations before encountering numerical instabilities, which then trigger the algorithm to terminate.
Furthermore, when solving for a tolerance of tol = 10 � 7, the H 1

0 (
) -error remains the same and the
number of iterations is almost constant, which is consistent with the �nding of Figure 4.16, in which the
residual, i.e. the H 1

0 (
) -norm of the gradient, is displayed for different mesh sizes over the iterations.
Example 3.3.6 did not converge within the speci�ed limit. The residual is given in Figures A.5 and A.6.
We observe that the residual decreases with the increase in iterations for Examples 3.3.2 and 3.3.5.
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Figure 4.16: Residual, k@J(uk )kH 1
0 (
) , over iterations for different mesh sizes for Example 3.3.1 (left),

Example 3.3.5 (right) with gradient descent

The residual of Example 3.3.1 also declines with slight oscillations for all initial guesses, with the
exception of the the random initial guess. The phenomenon is also observed in Example 3.3.3, al-
though the decline is less pronounced. In case of convergence, Example 3.3.4 displays a smooth
convergence behaviour. While solving Example 3.3.6, the value of the objective function was observed
to decrease consistently; however, the step length was found to be very small. This indicates that the
iterates do not undergo a signi�cant update and, consequently, do not advance rapidly towards the
solution. The Armijo rule requires approximately 110 iterations to �nd a valid step length, which means
that ! k � 0:7110 � 10� 19. This is due to the fact, that the superposition operator is not Lipschitz con-

tinuous on bounded sets, since the set [� 1; 1] is bounded, but g0(x) x! 0���! 1 for both examples. This
experimentally shows, that local Lipschitz continuity is a necessary condition for the convergence of the
gradient descent.

4.2.4.3 Limits of the gradient descent

Similar to the semi-smooth Newton method, we consider instances where it is not possible, or indeed
highly challenging, to compute a solution through gradient descent. For this, we discuss Superposition
operator 3.3.6, i.e. g(x) = 3

p
x. Instead of solving 0 = g(x), we can also consider the minimisation

problem

min
x2 R

G(x) with G(x) =
3
4

3
p

x4

This problem has a unique solution, since G is strict convex. The gradient descent now is presented in
Algorithm 4 and the iterates are displayed in Figure 4.17. It is evident that the gradient descent neces-
sitates a considerable number of iterations before attaining convergence to the solution. Additionally,
the step length diminishes, resulting in oscillatory behaviour around the solution. This is indicated by
the red cross, which represents a positive iterate and the blue minus, representing negative ones. This
effect is further ampli�ed when considering the polynomial Superposition operator 3.3.1. It can be
attributed to the multiplicity of the root and is well-documented, see e.g. [Sch75a].
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Figure 4.17: Performance of the GD: G(x) = 3
4

3
p

x4 (left), G(x) = 1
4x4 (right)

Algorithm 4 Gradient descent in 1D

1: Initial guesses x0 2 R
2: for k = 0 ; 1; 2; 3; : : : do
3: If 3

p
xk < " then return xk

4: Compute step length ! k with 3
4

�
3
q �

xk � ! k 3
p

xk
� 4 � 3

q
x4

k

�
� � !
x

2
3 with the Armijo rule

5: xk+1  xk � ! 3
p

xk

6: end for

4.2.5 First discretize, then optimize

This section aims to demonstrate that the choice of the inner product has a signi�cant impact on the
gradient descent. Speci�cally, it will be shown that computing the gradient with respect to the H 1

0 (
) -
inner product, or treating the discretised function J : Vh ! R as a map between RN and R alongside
the euclidean, rather than H 1

0 (
) -inner product, can result in notable differences in the algorithm's
performance.

Jh : RN ! R; � 7!
1
2

� T A� +
�
G(� 1) � � � G(� N )

�
L

0

B
@

1
...
1

1

C
A �

�
q(x1) � � � q(xN )

�
M�: (4.43)

The gradient with respect to the euclidean inner product states as

r Jh(� ) = A� +

0

B
@

g(� 1)
. . .

g(� N )

1

C
A L

0

B
@

1
...
1

1

C
A � M

0

B
@

q(x1)
...

q(xN )

1

C
A :
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It is evident that the gradient in question differs from
that presented in Lemma 4.2.19. This also shows
that differentiation and discretisation are not com-
mutative operations. We compute the solution for
all examples, since we have not made any assump-
tion on the function g. In the direct implementation
of the term Jh(u � wr Jh(u)) � Jh(u) in the Armijo
rule, we encounter numerical instabilities with re-
markable rapidity. The objective function is com-
posed out of the three parts: J1(� ) = 1

2 � T A� ,
J2(� ) = G(� )T L1, and J3(� ) = QT M� . Upon
solving Example 3.3.1, the numerical instabilities
started to occur for kr Jh(� )k � 9 � 10� 6. This is
due to the fact, that J1(� ) � 2 � 103, J2(� ) � 10,
J3(� ) � 4 � 103, and thus Jh(� ) � � 2 � 103. But
the term Jh(� � r Jh(� )) � Jh(� ) is of magnitude
10� 11, thus the required accuracy is lost, since we
use double precision. The effect can be seen in
Figure 4.18.

Figure 4.18: Numerical Instabilities occurring for
“small” gradients due to difference in magnitude of
the parts of the difference

In order to circumvent this issue, we propose the following reformulation of the difference of the
objective function.

J (uk+1 ) � J (uk ) =
�
� (2) � � (1)

� T
�

1
2

A
�
� (1) + � (2)

�
� MQ

�
+

�
G(� (2) ) � G(� (1) )

�
L1

where we have uk+1 =
NP

i =1
� (2)

i ' i and uk =
NP

i =1
� (1)

i ' i . We solved for a tolerance of 10� 10 and use

10.000 as the maximum number of iterations. This is a necessary step, as the number of iterations
required for the �rst discretize, then optimize (FDTO) procedure increases in proportion to the number
of nodal basis vectors. In the event of numerical instabilities, the method is terminated, and the cor-
responding calculation is indicated in red in Table A.4. A summary of the computations is provided in
Table 4.4.

Example 3.3.1 Example 3.3.2 Example 3.3.3
~N H 1

0 (
) # iter Time[s] H 1
0 (
) # iter Time[s] H 1

0 (
) # iter Time[s]
20 0.11352 78 1.1341 0.043068 345 0.70208 0.1654 1156 9.7225
30 0.058204 115 0.80072 0.022729 576 1.3211 0.096002 1825 18.3573
40 0.034284 172 1.3648 0.014477 1043 2.965 0.063488 3149 41.5815
80 0.0093342 425 11.2041 0.0049414 4196 48.3749 0.022373 10000 512.6573
100 0.006243 436 18.338 0.0035077 6298 110.9485 0.01587 6652 471.687
120 0.004521 610 36.5119 0.0026538 8633 244.0898 0.011916 9944 1038.5312
140 0.0034542 800 62.2304 0.0020991 9967 344.3324 0.0093737 10000 1277.0017
160 0.0027427 1020 107.8794 0.0031423 10000 611.9908 0.0075851 10000 1747.5668

Example 3.3.4 Example 3.3.5 Example 3.3.6
~N H 1

0 (
) # iter Time[s] H 1
0 (
) # iter Time[s] H 1

0 (
) # iter Time[s]
20 0.028116 117 0.39307 0.011615 500 2.1292 0.12031 10000 115.7071
30 0.011152 196 0.64997 0.0053246 1025 7.4559 0.05611 10000 140.0193
40 0.0075243 294 1.0438 0.0030804 2525 26.044 0.043931 10000 173.3716
80 0.0019085 803 9.8673 0.00084841 9651 418.9959 0.050125 10000 609.8133
100 0.0012316 1331 24.7528 0.00066834 10000 757.2198 0.051984 10000 911.5305
120 0.00070406 1974 58.5899 0.048814 10000 1094.8266 0.055902 10000 1227.5785
140 0.00062908 2742 93.3598 0.2668 10000 1729.3842 0.05863 10000 1498.3188
160 0.0004835 3249 196.1468 0.37969 10000 2394.6038 0.061142 10000 2040.5803

Table 4.4: Summary for the �rst discretize, then optimize procedure with h = O
�

1
~N

�
, tol = 10 � 10,

max-iter=10000 and absolute H 1
0 (
) -error
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Figure 4.20: Order of accuracy for �rst discretize,
then optimize

Figure 4.21: Residual, kr J (uk )kRN over itera-
tions for different mesh sizes for Example 3.3.1
solved with the �rst discretize, then optimize pro-
cedure

Figure 4.19: Iterations required for �rst discretize,
then optimize. The black line is a reference for a
grows of magnitude 1=h2

Similar to the gradient descent, we observed
numerical instabilities for all computations, which
did not diverge or reached the iteration limit. The
number of iterations is illustrated in Figure 4.19.
It can be observed that the number of iterations
increases with an increasing ~N for almost all ex-
amples. The grow is approximately ~N 2 = N �
h� 2, which is plotted alongside the data in a
black dotted line. It should be noted that Exam-
ple 3.3.3 does not exhibit a quadratic increase in
the number of iterations. Upon examination of the
residual, kr J (uk )kRN , it becomes evident that
the number of iterations necessary to achieve a
speci�ed tolerance varies with grid size. This
phenomenon can be seen in Figure 4.21, which
shows that the iterations for a desired tolerance depend on the mesh size. For converging computa-
tions, we obtain a second order of accuracy, as already obtained by the gradient descent. However, this
is not true for non converged computations. The H 1

0 (
) error for Example 3.3.5 decreases with order
h2 for converging computations. Once convergence is no longer achieved, the error starts growing in
magnitude again. This effect can be attributed to the quadratic number of iterations. As the value of ~N
increases, the number of required steps rises, resulting in a greater distance from the last iterate to the
optimum. Plotting the residual we can see a very slow convergence in Figures A.6 and A.7. Addition-
ally, the frequency and the magnitude of the occurring oscillations of the residual increase for the �rst
discretize, then optimize procedure. Notable, the updates are insuf�cient for Example 3.3.4 to converge
towards in�nity with the second initial guess, in contrast to the divergence observed with the gradient
descent. As the number of iterations depends quadratically on the number of discretization points, this
method is not ef�cient in terms of computation time. Therefore, we omit further investigations.

4.2.6 Generalised Newton method for non-Lipschitzian g

In Section 4.2.4, we addressed the gradient descent in the Sobolev space H 1
0 (
) . In Section 4.2.2,

the semi-smooth Newton method was presented. The two preceding methods are now combined
for monotone superposition operators, since these yield a unique solution. As we will not prove any
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convergence results for this method, we omit any further assumptions on the function g. Similar to
Section 4.2.2, the objective is to solve F (u) = 0 iteratively. A comparison between F (u) and @J(u)
from Equation (4.29) illustrates that one is the Riesz representation of the other. So, �nding a root of
F (u) and the optimum of J , which then satis�es @J(u) = 0 , are equivalent. In each iteration, the current
solution is employed as the starting point of the Newton method limited to one iteration. Additionally,
we compute the next iterative using the gradient descent. Thereafter, both values are inserted into the
function J , and the objective values are compared to identify the superior descent.

Algorithm 5 Generalised Newton method (GN)

1: Initial guess u0 2 H 1
0 (
)

2: for k = 0 ; 1; 2; : : : do
3: if @J(uk ) = 0 then
4: return uk . Algorithm terminated
5: end if
6: uNewton

k+1  uk + G� 1
k F (uk ) . See Algorithm 1

7: Compute step size ! k > 0 . e.g. with Armijo rule
8: uGradient

k+1  uk � ! k@J(uk ) . See Algorithm 3
9: uk+1  argmin

u2f uNewton
k +1 ;uGradient

k +1 g
J (u)

10: end for

The objective is de�ned in Equation (4.33) and its derivative in Lemma 4.2.19. In Section 4.2.4,
we proved that the gradient descent always converges for superposition operators, which are Lipschitz
continuous on bounded sets and monotone increasing. The optimal solution of J : H 1

0 (
) ! R is
equivalent to the solution of the PDE in Equation (3.1). Therefore, the convergence results for the
gradient descent also apply to the generalised Newton method. Algorithm 1 was de�ned for non-
decreasing and Lipschitz continuous functions. As we are only interested in an heuristic, we also omit
these assumptions. If the Newton step provides a solution, which reduces the value of the objective
function further than the gradient step does, we employ it. Otherwise, we take the fallback step from
the gradient method.

4.2.6.1 Numerical Experiments

All examples are solved with a tolerance of 10� 10. As the generalised Newton method method is
contingent upon the gradient descent, we encounter numerical instabilities, which are indicated in red
in Table A.5. A summary is given in Table 4.5. The number of iterations is limited to 1000. In order to
gain a deeper understanding of this method, we examine the number of iterations in greater detail, with
a particular focus on the relationship between the number of gradient steps and the number of Newton
steps. The number in the brackets indicates the number of Newton steps taken. Examples 3.3.1,
3.3.2 and 3.3.5 exhibit rapid convergence, achieving second order of accuracy for all initial guesses, as
shown in Figure 4.22. The Newton update is used for the majority of the iterations. In case of numerical
instabilities occurring for the gradient descent, the solution is already very close to the optimum, so there
is no observable effect on the absolute H 1

0 (
) -error. These instabilities originate from the Armijo rule
and have been discussed in Sections 4.2.4 and 4.2.5. Furthermore, the numerical instabilities do not
exhibit a clear pattern, but mostly occur for small grid sizes. However if they occur for one grid size, they
do not necessarily occur for a smaller grid size. It should be noted that Example 3.3.4 only converges
for one initial guess. In case of convergence, the generalised Newton method predominantly uses
Newton updates, whereas in the case of divergence only gradient steps are taken. The semi-smooth
Newton method tries to �nd roots of F (u) in the space H 1

0 (
) , resp. Vh , which are �nite due to the
continuity of the solution. Thus, the semi-smooth Newton method is unable to diverge towards minus
in�nity. On the other hand, the gradient descent only minimizes the objective, which is unbounded and
thus the iterates diverge.



Solution algorithms for PDE | 75

Figure 4.22: Order of accuracy generalised New-
ton method

Figure 4.23: Residual, k@J(uk )kH 1
0 (
) over iter-

ates for generalised Newton method

Example 3.3.1 Example 3.3.2 Example 3.3.3
~N H 1

0 (
) # iter Time[s] H 1
0 (
) # iter Time[s] H 1

0 (
) # iter Time[s]
20 0.10872 15(14) 0.16437 0.016149 3(3) 0.015321 0.10352 34(19) 0.48539
30 0.056584 14(13) 0.17595 0.0072217 3(3) 0.015366 0.0556 34(20) 0.44412
40 0.03429 14(13) 0.28546 0.0040711 3(3) 0.025218 0.034624 44(24) 0.83811
80 0.0091576 14(13) 1.2474 0.00102 3(3) 0.12171 0.010601 56(28) 5.5199
100 0.0059053 15(13) 2.1869 0.00065294 3(3) 0.18269 0.007222 45(25) 5.8547
120 0.0041181 19(13) 4.6469 0.0004535 3(3) 0.29256 0.0051632 56(31) 13.0212
140 0.0030332 13(13) 3.933 0.00033321 3(3) 0.41413 0.003951 52(31) 14.3715
160 0.0023262 13(13) 4.2168 0.00025513 7(3) 1.1219 0.0030733 61(32) 21.0394

Example 3.3.4 Example 3.3.5 Example 3.3.6
~N H 1

0 (
) # iter Time[s] H 1
0 (
) # iter Time[s] H 1

0 (
) # iter Time[s]
20 0.028116 2(1) 0.011366 0.0098225 8(6) 0.052577 0.14074 1000(4) 15.9802
30 0.011152 2(1) 0.014918 0.0043542 7(6) 0.37144 0.071442 1000(3) 21.6901
40 0.0075243 2(1) 0.023341 0.0024474 8(6) 0.20468 0.040279 1000(4) 31.6273
80 0.0019085 2(1) 0.10776 0.00061161 8(6) 0.63583 0.012443 1000(4) 134.9667
100 0.0012316 2(1) 0.14927 0.00039147 7(6) 0.73367 0.010482 1000(4) 197.7491
120 0.00070407 2(1) 0.20008 0.00027188 10(6) 2.3343 0.0066975 1000(4) 327.5187
140 0.00062908 2(1) 0.28349 0.00019977 14(6) 4.1653 0.0073161 1000(4) 377.1746
160 0.0004835 2(1) 0.76941 0.00015296 14(6) 4.9368 0.0063686 1000(4) 448.3993

Table 4.5: Summary for the generalised Newton method with h = O
�

1
~N

�
, tol = 10 � 10, max-iter=1000,

and absolute H 1
0 (
) -error. The number in the brackets indicates the number of taken Newton steps.

Example 3.3.3 converged faster than with the gradient descent and also faster than with the semi-
smooth Newton method. The proportion of gradient updates and Newton updates is approximately
equal. Therefore, this method is more ef�cient in solving the problem than the previously discussed
methods. The variations in iterations for different mesh sizes are less signi�cant than for the previously
described methods. This is discussed in detail in Section 4.2.8. Despite the fact that Example 3.3.6
exceeded the maximum number of iterations, we still obtained a second order of accuracy. The number
of iterations remains largely constant for different mesh sizes for all examples. As illustrated in Fig-
ure 4.23, Examples 3.3.1 to 3.3.3 and 3.3.5 exhibit rapid convergence. Example 3.3.4 diverges and
Example 3.3.6 has a decrease with respect to its residual, but the decrease is very slow. For Exam-
ple 3.3.1, Figure 4.25 illustrates that the number of iterations remains constant for a given tolerance,
irrespective of the mesh size.
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Figure 4.24: Iterations required to solve with the
generalised Newton method

Figure 4.25: Residual, k@J(uk )kH 1
0 (
) , over iter-

ations for different mesh sizes for Example 3.3.1
with generalised Newton method

4.2.7 Path-following methods

The semi-smooth Newton method was found to yield rapid convergence in numerical experiments con-
ducted on examples featuring Lipschitz continuous superposition operators on bounded sets. In this
section we introduce the concept of a Smoothening function and leverage the fast convergence of the
semi-smooth Newton method.

De�nition 4.2.10 (Smoothening function). We call g" 2 C1(R) a smoothening function of the superpo-
sition operator g if

g" (x)
"& 0
���! g(x) 8x 2 R:

We now start with an " 2 R� 0 and iteratively solve the approximation of the PDE in (4.44) with
the semi-smooth Newton method. Afterwards, we decrease the so called smoothening property " and
repeat the process.

� � u + g" (u) = q in 
 ; u = 0 on @
 (4.44)

The smoothening function is continuously differentiable, thus for every function g which is already con-
tinuously differentiable, like the Superposition operator 3.3.1, we can use g" = g and thus decreasing
" has no effect. We proceed to analyse the max-function, the signed square root function, the absolute
value function, and Superposition operator 3.3.6, as these are only continuous, but not (continuously)
differentiable. For the sake of comparability, a polynomial of degree three is employed for all super-
position operators, which are non-smooth. In order to determine the coef�cients of the polynomial of
degree three, we consider

g" : R ! R; x 7!

(
a" x3 + b" x2 + c" x + d" x 2 [� "; " ]

g(x) x 2 R n [� "; " ]
:

The smoothening function should equal g outside the interval [� "; " ] and be smooth inside [� "; " ] since
the discontinuity is located at x = 0 for all functions acting as superposition operators. As g" 2 C1(R),
the four conditions g0

" (� " ) = g0(� " ) and g" (� " ) = g" (� " ) arise naturally. These translates into the
following system of equations

0

B
B
B
@

g(" )
g(� " )
g0(" )

g0(� " )

1

C
C
C
A

=

0

B
B
B
@

g" (" )
g" (� " )
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" (" )
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" (� " )

1

C
C
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A

=
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B
B
B
@
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C
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0
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@
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1

1

C
C
C
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;
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Figure 4.26: Smoothening function for the max-function (left), the signed square root function (right) for
different smoothening parameters " .

Figure 4.27: Smoothening function for the absolute-value function (left), the designed to be challenging
function (right) for different smoothening parameters " .

which can be uniquely solved with matrix inversion. The matrix is invertible, since its columns are
linearly independent. The smoothening functions are displayed in Figures 4.26 and 4.27.

In order to solve the PDE (3.1), we utilise the algorithmic approach outlined in Algorithm 6. The
reduction of " in each iteration represents a signi�cant challenge. If the decrease is implemented too
gradually, a considerable number of outer iterations is required. Conversely, if the decrease is executed
too rapidly, we decrease the number of outer iterations with the cost of potentially more inner iterations
and the risk of loosing convergence at all.

In order to �nd an optimal decrease strategy, we begin by examining the performance of various
decreasing techniques on the Examples 3.3.3 and 3.3.6. We compute the results using a pure �xed-
point method with ~N = 20 and the semi-smooth Newton method with ~N = 50 . Instead of solving for
" = 0 , we solve for " < tol , with a prede�ned tolerance. The following presents and analyses three
pairs of different decreasing strategies. In each pair, we solve the partial differential equation once
with a �xed tolerance and once with a decreasing tolerance, i.e. the PDE is solved for a decreasing
tolerance in each iteration. The rationale behind this method is that for “high” values of " , a small
tolerance may not be necessary, as the approximation g" may not yet be suf�ciently accurate. The
discussion addresses three forms of decreases: An exponential "  �" , a power decrease of the
form "  " � , and a linear decrease. With a polynomial of degree three, the smoothening functions of
g(x) = max f 0; xg, g(x) = jxj, g(x) = sign (x)

p
jxj, and g(x) = sign (x) 3

p
jxj are Lipschitz continuous
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Algorithm 6 Path-following methods (PF)

Require: Smoothening function g" 2 C1(R) with g" (x)
"#0
��! g(x) 8x 2 R

1: u0 2 H 1
0 (
)

2: k  0
3: while " � 0 do
4: Solve (4.44) while starting with uk . Use e.g. SN, FP
5: uk+1  Solution to (4.44)
6: if " = 0 then
7: return uk+1

8: end if
9: Decrease " . See Figures 4.28 to 4.33

10: end while

with a Lipschitz constant depending on " . Additionally, the number of iterations for the inner loop(also
denoted the subproblem) is limited by 10,000. The limit of the semi-smooth Newton method is set to
200, which is relatively low since the semi-smooth Newton method either converges rapidly or exhibits
an oscillating behaviour, which do not vanish for a higher number of iterations.

4.2.7.1 Exponential decrease with �xed tolerance

We consider a factor � 2 (0; 1) and for the update in Algorithm 6, we have "  �" . We start with " = 1 .
A �xed tolerance is employed each time the PDE is solved. The results are given in Figure 4.28.

Figure 4.28: Exponential decrease with semi-smooth Newton method (right), resp. pure �xed-point
method (left). If at least one subproblem reaches the maximum number of inner iterations (200 for
semi-smooth Newton method, 10,000 for pure �xed-point method), the computation is marked with
� , otherwise with +. The tolerance on " is denoted by Tol. The maximum total number of possible
iterations (Decrease of " until it falls below the tolerance and in every subproblem the maximum number
of iterations is taken) is marked with a dotted line.

The number of iterations for the semi-smooth Newton method applied to Example 3.3.6 increases
with increasing � until approximately 0.2, after which it declines sharply. Prior to the decline, the
semi-smooth Newton method consistently reached the maximum number of iterations indicated by the
asterisk. For small � , there are only a few outer iterations and a sharp decrease on " , which results
in one subproblem getting into the oscillating behaviour, described in Example 4.2.1. For � > 0:2, we
decrease the factor with a suf�ciently slow rate to avoid this behaviour. The increase towards � = 1
can be attributed to an increase in the number of outer iterations, a phenomenon that can also be
seen for Example 3.3.3. In the case of the pure �xed-point method we observe almost no convergence
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with the exception of some initial guesses and some choices on � , since for “large” " , the pure �xed-
point method converged, but exceeds the maximum number of iterations for smaller " . However, no
� achieved convergence for all initial guesses. Closely examining the number of iterations reveals a
magnitude of 104, which is not feasible for small mesh sizes. The factor 
 in the pure �xed-point method
depends on the Lipschitz constant with 
 � 1

L 2 . The Lipschitz constant increases with increasing " ,
which also means that the factor 
 decreases, which is the reason for the slow convergence. This
effect is due to the linear convergence speed of the pure �xed-point method and has been discussed
in Section 4.2.8.

4.2.7.2 Exponential decrease with varying tolerance

We now repeat the procedure. Instead of solving all subproblems with a tolerance of 10� 10 as we did
before, the resulting subproblems are only solved up to a tolerance depending on " , i.e. if the residual
of a subproblem falls below " , the subproblem is considered to be solved. Solving Example 3.3.6 with
the semi-smooth Newton method results in a steady increase in the number of iterations for increasing
� . However, with an exception for singular initial guesses, there is no general convergence for all
� 2 (0; 1), This is due to the fact, that solving for “large” " is fast, but the solution obtained for a
tolerance of " � 0:1 is not accurate, thus it is not a suitable initial guess of a smaller " resulting in
an oscillating behaviour and a lack of convergence, similar to the behaviour described in Figure 4.4.
The pure �xed-point method yields convergent results, yet these do not converge to the solution. The
Lipschitz constant dependents on " and decreases for decreasing " . Thus, 
 decreases quadratic for
decreasing " . This results in the update uk+1  uk + 
i R (� � � ) being so small, that it always falls below
the given tolerance for the pure �xed-point method, thus indicating that the method “converges”. This
shows, that an exponential decrease with varying tolerance and the pure �xed-point method is not a
viable approach.

Figure 4.29: Exponential decrease with varying tolerance and semi-smooth Newton method (left), resp.
pure �xed-point method (right). If at least one subproblem reaches the maximum number of inner
iterations (200 for semi-smooth Newton method, 10,000 for pure �xed-point method), the computation
is marked with � , otherwise with +. The tolerance on " is denoted by Tol. The maximum total number of
possible iterations (Decrease of " until it falls below the tolerance and in every subproblem the maximum
number of iterations is taken) is marked with a dotted line.

4.2.7.3 Power decrease with �xed tolerance

For the power decrease, we consider � 2 R> 1 and decrease " using the scheme "  " � . Given that
1x = 1 , it is not possible to commence with " = 1 . Instead we started with " = 0 :5. This yields the
results in Figure 4.30 with a �xed tolerance on the subproblems.
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Figure 4.30: Power decrease with semi-smooth Newton method (left), resp. pure �xed-point method
(right).If at least one subproblem reaches the maximum number of inner iterations (200 for semi-smooth
Newton method, 10,000 for pure �xed-point method), the computation is marked with � , otherwise with
+. The tolerance on " is denoted by Tol. The maximum total number of possible iterations (Decrease of
" until it falls below the tolerance and in every subproblem the maximum number of iterations is taken)
is marked with a dotted line.

Example 3.3.6 always ends up in oscillations, indicating that the reduction of " is too abrupt. This
behaviour is also observed when the semi-smooth Newton method is employed with "0 = 0 :9 and
� = 1 :1, i.e. a slow decrease. Using the pure �xed-point method method fails to converge within the
maximum number of iterations for both examples.

4.2.7.4 Power decrease with varying tolerance

Figure 4.31: Power decrease with varying tolerance and semi-smooth Newton method (left), resp. pure
�xed-point method (right). If at least one subproblem reaches the maximum number of inner iterations
(200 for semi-smooth Newton method, 10,000 for pure �xed-point method), the computation is marked
with � , otherwise with +. The tolerance on " is denoted by Tol. The maximum total number of possible
iterations (Decrease of " until it falls below the tolerance and in every subproblem the maximum number
of iterations is taken) is marked with a dotted line.

Similar to using a �xed tolerance, it is not possible to achieve convergence using the semi-smooth
Newton method for all � 2 [1; 6]. In the case of the pure �xed-point method, the same issues arises as
with the exponential decrease with varying tolerance, discussed in Figure 4.29.
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4.2.7.5 Linear decrease with �xed tolerance

For the linear decrease let � 2 N be �xed. Then consider the set � = f i� � 1 j i 2 [� ]g � (0; 1). Then
we solve (4.44) for all " 2 � with decreasing order while starting with " = 1 . For example for � = 3 , we
solve for " = 1 , then for " = 2

3 , and �nally for " = 1
3 . The outcomes for a �xed tolerance are illustrated

in Figure 4.32. The linear decrease for the semi-smooth Newton method appears to converge rapidly.
However, the solution is only obtained for " = 1

� , which, in case of � = 1 , is rather distant from the
solution. When solving for " = 0 , oscillations start occurring again. The best result with respect to
the H 1

0 (
) error is obtained with � = 20 , although this was accompanied by a signi�cant number of
iterations as can be seen on the left of left part of Figure 4.32. When employing the pure �xed-point
method, no convergence is achieved.

Figure 4.32: Linear decrease with semi-smooth Newton method (left), resp. pure �xed-point method
(right). If at least one subproblem reaches the maximum number of inner iterations (200 for semi-
smooth Newton method, 10,000 for pure �xed-point method), the computation is marked with � , other-
wise with +. The tolerance on " is denoted by Tol. The maximum total number of possible iterations
(Decrease of " until it falls below the tolerance and in every subproblem the maximum number of itera-
tions is taken) is marked with a dotted line.

4.2.7.6 Linear decrease with varying tolerance

Figure 4.33: Linear decrease with varying tolerance and semi-smooth Newton method (left), resp. pure
�xed-point method (right). The maximum possible number of iterations is marked with a dotted line. If
a subproblem reaches the maximum number of inner iterations (200 for semi-smooth Newton method,
10,000 for pure �xed-point method), the computation is marked with � , otherwise with +
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We observe the same behaviour as for the for a �xed tolerance for the semi-smooth Newton method.
Therefore, this procedure of decreasing " is unsuitable for our purpose. When solving with the pure
�xed-point method, the same behaviour originating in a very small 
 , discussed in the context of the
exponential decrease with varying tolerance, occurs.

4.2.7.7 Numerical Experiments

As the superposition operator is approximated using a smoothening function, the path-following meth-
ods is only tested on Examples 3.3.2 to 3.3.4 and 3.3.6. We test the exponential decrease with the
semi-smooth Newton method on the speci�ed examples with � = 0 :2, tol = 10 � 10, "0 = 1 , and max-
iter=200 as this gave the fastest convergence in the numerical experiments. The results are presented
in Table A.6. A summary of these results is provided in table Table 4.6. As with the preceding meth-
ods, the number of total inner iterations, which is displayed, remains almost constant for different mesh
sizes. All three Examples 3.3.2, 3.3.3 and 3.3.6 demonstrated convergence and exhibit second-order
accuracy. It is noteworthy that Example 3.3.4 shows a high number of iterations. This is due to the fact,
that it exhibits 200 iterations for " = 1 and subsequently attains a rapid convergence towards a third
solution, since the Newton method converged for all smaller epsilons as the tolerance was reached.
In Figure 4.37, we computed the number of inner iterations required for one outer iteration for different
examples. Except from the �rst iteration, this number was the same for all initial guesses and almost
constant for different " > 0. If we have a look at the residual of the semi-smooth Newton method for
different N , we get the behaviour in Figure 4.35. One can clearly see the decrease in epsilon every
three iterations for Example 3.3.2 and every six to eight iterations for Examples 3.3.3 and 3.3.6 as the
residual “jumps back” to a higher magnitude, which originates in the new subproblem being solved.

Example 3.3.2 Example 3.3.3
~N H 1

0 (
) # iter Time[s] H 1
0 (
) # iter Time[s]

20 0.016149 24 0.055578 0.10352 55 0.089344
30 0.0072217 24 0.078093 0.0556 57 0.17117
40 0.0040711 24 0.13716 0.034624 58 0.31748
80 0.00102 23 0.58221 0.010601 58 1.4197
100 0.00065294 23 0.90086 0.007222 55 2.1381
120 0.0004535 23 1.1843 0.0051632 56 2.8881
140 0.00033321 23 1.8429 0.003951 54 4.3189
160 0.00025513 23 2.2598 0.0030733 54 5.3162

Example 3.3.4 Example 3.3.6
~N H 1

0 (
) # iter Time[s] H 1
0 (
) # iter Time[s]

20 0.031846 219 0.27478 0.13865 86 0.14816
30 0.36899 223 0.57358 0.06732 85 0.26901
40 0.0082716 220 1.09 0.0391 87 0.48523
80 0.0022471 222 5.1673 0.010087 85 2.0996
100 0.24479 224 8.302 0.0064803 84 3.2445
120 0.00096677 225 10.9724 0.0045096 84 4.3063
140 0.1225 223 17.2683 0.0033173 83 6.7126
160 0.12231 222 21.4593 0.0025419 84 8.3673

Table 4.6: Summary path-following methods with exponential decrease on " and the semi-smooth New-

ton method with h = O
�

1
~N

�
, tol = 10 � 10, absolute H 1

0 (
) -error, and total number of inner iterations

A method is called mesh independent, if the number of iterations does not signi�cantly change with
the mesh. The semi-smooth Newton method is mesh independent as observed in Section 4.2.2, thus
when solving � � u + g" (u) = q, for a given " > 0, this is independent
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Figure 4.34: Order of accuracy for path-following
methods with exponential decrease on " and semi-
smooth Newton method as internal solver.
.
.

Figure 4.35: Residual, ki R (F" (uk ))kH 1
0 (
) , over to-

tal inner iterations for the path-following methods
with exponential decrease on " and semi-smooth
Newton method. Dashed line represents residual
ki R (F (uk ))kH 1

0 (
)

on the mesh size, so we decrease " in the same manner for different mesh sizes, concluding that
the path-following methods is also mesh independent. This behaviour can also be seen in Figure 4.36.

Figure 4.36: Total number of inner iterations re-
quired for the path-following methods with expo-
nential decrease on " and semi-smooth Newton
method as internal solver when solving for tol =
10� 10 on " .
.

Figure 4.37: Required inner Newton iterations for
different " for ~N = 50 with exponential decrease
and �xed tolerance. The number of outer iterations
required for " < 10� 10 is indicated. The lower " the
less inner iterations required.

4.2.8 Variation of the factor in front of the superposition operator

The Poisson equation is a special case of the semi-linear elliptical PDE (3.1) by setting the factor in
front of the superposition operator to equal zero. Consequently, the linear �nite element discretisation
can be expressed as a linear system of equations. Reversely, if we consider a large factor for the
superposition operator instead, the primary objective is to solve g(u) = q, which becomes a PDE
of degree zero. In order to ascertain the impact of these two effects on the numerical algorithms,
we examine the semi-smooth Newton method, the pure �xed-point method for examples, which have
a Lipschitz continuous superposition operator, the gradient descent, the generalised Newton method
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and the path-following methods with a semi-smooth Newton method as an internal solver. For all of
these examples, we consider a range of factors, from zero to 10,000. We focus our attention on two-
dimensional examples with ~N = 100. The right-hand side is �xed for one examples for different factors.
All examples are solved with up to a tolerance of tol = 10 � 10. If we encountered numerical instabilities,
the computations are stopped and the result is marked with an asterisk. To avoid effects coming from
the initial guess, we solve with four different initial guesses. Instead of solving for zero, we use 10� 9

since this is almost zero and allows us to display the data in a logarithmic chart.

4.2.8.1 Semi-smooth Newton method

For the semi-smooth Newton method, the number of iterations is limited by 10,000. The results can be
found in Figure 4.38. The Examples 3.3.1, 3.3.2 and 5.3.4 exhibit a modest increase in the number of
iterations. The other examples demonstrate convergence for a small factor, where the superposition
operator plays a secondary role. For larger factors, the number of iterations increases signi�cantly,
resulting in a partial lack of convergence, which is expressed by the method reaching the maximum
number of iterations and originates in the oscillating behaviour shown in Figure 4.4. For Example 3.3.3
the number of iterations varied, when the example is solved with the semi-smooth Newton method
as the chosen factor of 100 lies in the region, in which the number of iterations increases. So, small
perturbations have a great in�uence on the number of iterations. Example 3.3.6 was observed to
oscillate and not converge, which we also see in Figure 4.38. Interestingly, when the initial guess
is set to all zeros (for Example 3.3.3), convergence is achieved within a few iterations for all tested
factors. This explains the discrepancy in the sharpness of the increase between the two examples, as
the displayed values represent an average of iterations over the four initial guesses. With a factor of
one hundred in front of the superposition operator, Example 3.3.3 is located in the transition phase and
thus minor changes in the superposition operator have a great in�uence on the number of iterations, as
could be observed with the semi-smooth Newton method.

Figure 4.38: On average number of iterations for the semi-smooth Newton method for different factors
in front of the superposition operator ranging from 10� 9 to 105 with a �xed right-hand side

For Example 3.3.4, we still obtain convergence within a few iterations for all initial guesses, with
the exception of the random initial guess even for high factors. This shows, that the convergence is
dependent on the initial guess.

4.2.8.2 Pure �xed-point method

Once more, the number of iterations is limited by 10,000. As the pure �xed-point method requires a
Lipschitz constant, which is only given for Examples 3.3.2 and 3.3.4, we limit our analysis to these two
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examples. The multiple of (1 + Lc2
p) � 2, which plays a signi�cant role in convergence, is set to 1.9 for

all computations. Upon reconsideration of the result presented in Figure 4.8, it becomes evident that

the parameter 
 exerts a signi�cant in�uence on
the number of iterations. For a Lipschitz continu-
ous function g with Lipschitz constant L , the func-
tion ag(x) has the Lipschitz constant jajL . Conse-
quently, for higher factors a 2 R� 0, the value of

 decreases, resulting in smaller updates in each
iteration. In particular, 
 is proportional to the Lip-
schitz constant with 
 � L � 2. Consequently, the
update decreases quadratically with increasing Lip-
schitz constant. This effect can be observed in Fig-
ure 4.39, which also shows that convergence is no
longer achievable for factors greater than approxi-
mately 100. The number of iterations for both exam-
ples remains approximately constant for small fac-
tors. This is due to the fact that we primarily inter-
ested in the linear Poisson equation, and therefore
the superposition does not play a role. As the factor
increases the effect is reversed. Initially, the

Figure 4.39: On average number of iterations for
the pure �xed-point method for different factors in
front of the superposition operator ranging from
10� 9 to 105 with a �xed right-hand side

number of iterations is reduced, but then the previously described effect begins to in�uence the number
of iterations, reaching the maximum Example 3.3.2. Example 3.3.4 diverged for factors greater than
100, and therefore only factors up to approximately 300 are solved.

4.2.8.3 Gradient descent

For the gradient descent, we limit the number of iterations by 10,000. The analysis of this method in
Section 4.2.4 revealed the presence of numerical instabilities. Furthermore, such occurrences are also
present in the factor analysis. In Figure 4.40, the computations that terminated due to numerical
instabilities are indicated with an asterisk. Although
these did not converge for a tolerance of 10� 10,
convergence was achieved for a tolerance of up
to 10� 7, which is by magnitudes lower than the
H 1

0 (
) -error between the numerical and analytical
solution as discussed in Section 4.2.4. The re-
sults for Examples 3.3.3 and 3.3.6 are nearly iden-
tical to those presented in Figure 4.38 (right), thus
these are omitted here. For a relatively small factor,
the number of iterations remains constant across
all examples and we obtain convergence for these
calculations. This behaviour is altered when the
factor in front of the superposition operator is in-
creased: Convergence is lost and then the num-
ber of iterations increases signi�cantly for Exam-
ples 3.3.1 and 3.3.2. However, this increase is
not as pronounced as that observed for the semi-
smooth Newton method. A sharp increase can be
observed for Example 3.3.5.

Figure 4.40: On average number of iterations for
the gradient descent for different factors in front
of the superposition operator ranging from 10� 9 to
105 with �xed right-hand side. Numerical instabili-
ties marked with �

Increasing the factor means shifting towards solving g(u) = 0 , since factor � g(u) = q for q �xed
translates to g(u) = 1

factor q � 0, which becomes expensive for roots of multiplicity two or greater, as
stated in [Sch75a]. This can also be observed for our examples. In the case of the absolute-value
superposition operator in Example 3.3.4, the number of iterations remains approximately constant for
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a wide range of factors. However, the value of the objective function diverges towards minus in�nity for
the remaining factors. The anti-derivative is G(x) = sign (x) x2. For x 2 R< 0, the gradient descent
diverges towards minus in�nity. For large factors we solve g(u(x)) = q(x) for all x 2 
 . Thus, if
one iteration has one value with u(x) � 0, this value decreases in the next iteration until it diverges.
Conversely, if the factor is not large enough, the Laplace operator compensates for negative values.

4.2.8.4 Generalised Newton method

Figure 4.41 presents the total number of iterations. The total number of iterations equals the sum of
gradient steps and Newton steps. In order to gain further insight into the ratio of the Newton, resp.
gradient steps, these are illustrated separately. In the case of relatively small factors in front of the
superposition operator, the gradient descent plays a signi�cant role. If the generalised Newton method
remains within the maximum number of iterations of 1000, the method primarily takes gradient steps
for small factors. In the case of larger factors, the method either takes primarily Newton steps or
approximately equally many Newton/gradient steps. However, if the method does not longer converge
as for Example 3.3.6, the generalised Newton method primarily relies on gradient steps and only takes
a few Newton steps. This is due to the behaviour described in Example 4.2.1, as for great factors, we
are only interested in solving g(� ) = 0 , which is not possible for Example 3.3.6

Figure 4.41: On average number of iterations for the generalised Newton method for different factors
in front of the superposition operator ranging from 10� 9 to 105 with �xed right-hand side. Numerical
instabilities marked with � (left), On average gradient steps (dashed) and Newton steps (continuous)
taken by the generalised Newton method (centre, middle)

4.2.8.5 Path-following methods

For the path-following methods we take an exponential decrease on " with � = 0 :2 and "0 = 1 along
with the semi-smooth Newton method as internal solver with a limitation of the number of iterations of
200. The result is given in Figure 4.42. For large factors the Examples 3.3.4 and 3.3.6 at least one
subproblem exceed the maximum number of inner iterations, resulting in an oscillating behaviour and
thus no convergence anymore. This number is different for both examples as Example 3.3.6 gets into
an oscillating behaviour for small " and converges fast otherwise. So there are not many " for which
the semi-smooth Newton method exceeds the maximum number of iterations. For Example 3.3.2 we
have a lack of convergence for large " , thus for more outer iterations, the solver exceeds the maximum
number of iterations. When changing the factor in front of the superposition operator, we can see a
steady increase in the total number of iterations in all examples. For small factors, the outer iterations
are most signi�cant.
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The decrease and the tolerance does not change
for different factors. Thus, the number of outer iter-
ations, i.e. the decreases on " remains constant
for all factors. So, for larger factors, the semi-
smooth Newton method needs more iterations to
solve the subproblem. This increase is the most
signi�cant for Example 3.3.4, which is probably
due to the not uniqueness of the solution. Exam-
ple 3.3.6 has again a sharp increase in the num-
ber of iterations, but only occurring for higher fac-
tor than for the semi-smooth Newton method. This
increase is due to the fact, that we encountered
again the oscillating behaviour. Using a less strict
decrease on the " shifts this problem to higher fac-
tors in front of the superposition operator with the
cost of more outer iterations.

Figure 4.42: On average total number of iterations
for the path-following methods with " k+1  �" k ,
� = 0 :2, and "0 = 1 for different factors in front
of the superposition operator ranging from 10� 9 to
105 with �xed right-hand side

4.2.9 Mesh independence, effectiveness, and convergence speed

The computationally expensive process of setting up the mass and stiffness matrix is particularly preva-
lent when working with small mesh sizes. Given that these depend solely on the domain, it is logical
to select the same domain for the majority of examples. It is necessary to utilise a distinct domain for
Example 3.3.5. The next step is to group all examples with the same domain and solve the groups in
sequence. This has the advantage of requiring the matrices to be set up only once. We now examine
the various properties of the earlier-discussed methods.
A method is classi�ed as mesh-independent if the number of iterations until convergence remains rela-
tively constant with changes in mesh size. Furthermore, the effectiveness and the convergence speed
of these methods is analysed. In order to assess the effectiveness of the methods under consideration,
we conduct numerical experiments with a given tolerance, ~N = 100, and measure the time required
to solve the problem. The following results are a summary of the properties discussed above and are
derived from the data presented in Tables A.1 to A.6. Figures 4.43 to 4.48 illustrate the experimental
speed of convergence from De�nition 4.2.3 for the methods across all examples with ~N = 100. If the
desired tolerance is reached, the algorithm terminates. Consequently, some methods only have a few
iterations. The absence of an example in a given �gure is attributed to either divergence or convergence
at an exceedingly rapid rate. Using the semi-smooth Newton method (Figure 4.43) on Examples 3.3.1
and 3.3.5, we see a q-superlinear behaviour for the few iterations until they converge. Examples 3.3.2
and 3.3.4 converged too fast for an analysis. Example 3.3.3 converged with an order, which is almost
one. Example 3.3.6 has not converged, which explains the highly oscillating behaviour. As the super-
position operator of Example 3.3.3 is not Newton differentiable, we obtain the oscillating behaviour. The
pure �xed-point method has only been tested on Examples 3.3.2 and 3.3.4. It has a clear linear order of
convergence. This is consistent with theory, see Lemma 4.2.6. The gradient descent also has a linear
order of convergence for Examples 3.3.2 and 3.3.4. The linear order is also present for Example 3.3.5,
which is interrupted by oscillations, which increase. This behaviour originates in the small stepsizes
taken at the last iterations and the resulting rounding errors in the differences uk+1 � uk . If the solution
diverges towards minus in�nity as it does for Example 3.3.4 and the second initial guess, there is no
longer convergence. Examples 3.3.3 and 3.3.6 have not converged within the �rst 500 iterations, thus,
no clear order of convergence can be found. Plots for a detailed analysis are listed in the appendix in
Appendix A.4 along with a discussion of the smoothening procedure. Example 3.3.1 has an oscillating
behaviour for the difference of two consecutive iterates. Smoothening the difference as in Figure A.17
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yields an experimental speed of convergence, which is almost linear.

Figure 4.43: Speed of convergence: Semi-smooth
Newton method

Figure 4.44: Speed of convergence: Pure �xed-
point method

Figure 4.45: Speed of convergence: Gradient descent for random initial guess (left) and on average
(right)

Figure 4.46: Speed of convergence: First dis-
cretize, then optimize

With the same approach on Example 3.3.3 the
smoothed difference also shows a linear speed of
convergence as in Figure A.18. Trying the ap-
proach on Example 3.3.6 gives a partial �rst or-
der, but still attains large oscillations. Figure 4.46
shows a highly oscillating behaviour for all exam-
ples for the �rst discretize, then optimize procedure
within the �rst 500 iterations. The result does not
show any pattern and therefore no experimental
order of convergence could be derived. Although
there is no clear trend, there is a tendency that
the oscillations in the experimental order for the
smoothed data decrease in magnitude and num-
ber the less iterations are needed.
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Figure 4.47: Speed of convergence: Generalised
Newton method

Figure 4.48: Speed of convergence: Path-
following methods

The experimental convergence speed for the generalised Newton method is given in Figure 4.47.
Examples 3.3.1 and 3.3.5 only have a few iterations, which converge to a second order due to the
method mostly taking Newton updates. Example 3.3.4 attains a clear �rst order, which is due the
second/third initial guess, which diverged and only took gradient steps. Examples 3.3.3 and 3.3.6 do
not show any convergence, which is expected as the function, which acts as a superposition operator is
not Newton differentiable for these examples. The generalised Newton method took gradient steps for
Example 3.3.5 for the �rst few iterations and then mainly Newton steps, which is re�ected in the order
of convergence, which improved from �rst to almost second. A similar behaviour could be observed for
Example 3.3.1. When taking an appropriate method for decreasing epsilon, the path-following methods
converges with linear rate of convergence for Example 3.3.2. The Examples 3.3.3 and 3.3.6 even tend
to converge q-superlinear, although oscillations also occur. The oscillations in the experimental speed
of convergence originate in the decrease of " every few iterations.

Method
Superposition operators

g(x) = x3 maxf 0; xg sign (x)
p

jxj g(x) = jxj Birkhoff-Tartar sign (x) 3
p

jxj

SN
0.45-0.56s � 0.1s � 0.4-4.4s 0.03-0.07s 0.3-0.45s -
� 0.037s � 0.036s � 0.036s � 0.028s � 0.052s � 0:036s

FP*
- 0:2 � 0:4s - 6:7 � 7:5s - -
- � 0:017s - � 0:017s - -

GD
13� 95s 0:9 � 3:3s 48� 59s � 2:5s† 3:2 � 4:4s -

0:08� 0:12s 0:03� 0:07s � 0:1s 0:02� 0:05s 0:09� 0:1s � 0:152

FDTO
16� 23s 107� 179s 481� 608s 26� 36s - -
� 0:04s � 0:022s � 0:07s � 0:022s � 0:07s � 0:09s

GN
0:74� 2:9s � 0:18s 4:0 � 7s � 0:15s‡ 0:6 � 1:0s -
0:1 � 0:16s � 0:06s � 0:13s � 0:07s � 0:11s � 0:195s

PF§ - � 0:9s � 2.2s � 8s - � 3s
- � 0:039s � 0.038s � 0:037s - � 0.038s

Table 4.7: Effectiveness of the methods for ~N = 100 and d = 2 . The �rst number represents the
computational time and the second the computational time for one iteration. If the total time is missing,
the procedure did not converge within the maximum number of iterations.
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Method Section Mesh independent Convergence speed

Semi-smooth Newton method (SN) 4.2.2 Yes q-superlinear/linear
Pure �xed-point method (FP) 4.2.3 Yes Linear
Gradient descent (GD) 4.2.4 Yes Linear
First discretize, then optimize (FDTO) 4.2.5 No Linear
Generalised Newton method (GN) 4.2.6 Yes q-superlinear/linear
Path-following methods (PF) 4.2.7 Yes q-superlinear/linear

Table 4.8: Summary of the properties of the numerical solution algorithms discussed for the PDE

The convergence rate of the semi-smooth Newton method is highly dependent on the differentia-
bility of the superposition operator at values of the solution. If the function g is not differentiable, the
semi-smooth Newton method may converge very rapidly, or it may fail to converge at all and result in
an oscillating behaviour. For solutions, which attain values, at which the derivative of the function g
does not exists as for Example 3.3.6, the semi-smooth Newton method does not converge. The pure
�xed-point method is designed for Lipschitz continuous superposition operators. A fast convergence is
attained when a suitable value of the factor k is chosen and the Lipschitz constant of the operator is
relatively small. This high speed is compensated for by a high Lipschitz constant or a bad choice of
the factor k. The PDE with various superposition operators is solved using a gradient descent, which
converged either relatively fast or took more than 30 seconds as for Example 3.3.3. Only Example 3.3.6
cannot be solved with that method. The time required at each iteration depends on the number of steps
necessitated by the Armijo rule. As this number of steps to �nd a suitable step size increases, the
time required per iteration rises, while on the other hand the size of the update decreases. This results
in an overall increase in the number of iterations. If we encounter numerical instabilities, the average
time per iteration is higher than without instabilities. The ef�ciency of the gradient descent is compro-
mised when the euclidean inner product is employed, which is demonstrated by the �rst discretize, then
optimize procedure. The number of iterations exhibits a quadratic growth, and convergence is erad-
icated for certain examples, such as Example 3.3.5. If the superposition operator is differentiable at
most solution values, we obtain a very fast convergence for the generalised Newton method. The time
for each iteration is approximately the sum of the time required for each iteration of the semi-smooth
Newton method and the gradient descent, which is expected as in every iteration both methods are
employed. For solutions close to the analytical solution, the semi-smooth Newton method is superiour
to the generalised Newton method. However, if the initial guess is not close, the generalised Newton
method takes several gradient steps before taking Newton steps. Thus, in these situations the gener-
alised Newton method has an advantage over the semi-smooth Newton method. If differentiability is
not satis�ed, as illustrated by Example 3.3.6, the procedure still does not necessarily converge. With
an exponential decrease of " , the path-following methods converges within two seconds, which partially
decreases the computation time compared to the semi-smooth Newton method. If the path-following
methods is faster than the semi-smooth Newton method depends on the superposition operator, the
right-hand side, and the initial guess. Not all examples can be solved with the semi-smooth Newton
method. Solving these examples, required the path-following methods, which converged fast when the
subproblems are solved with the semi-smooth Newton method. If the solution operator is not monotone
increasing, uniqueness of a solution cannot be guaranteed, which partially yields convergence to any
solution or no convergence at all as demonstrated by Example 3.3.4.

*If both times are missing, no computation was performed, since the operator is not Lipschitz continuous, which was
necessary to start the iteration

†For initial guesses, which did not diverge
‡For initial guesses, which did not diverge
§For exponential decrease with semi-smooth Newton method, � = 0 :2, and " 0 = 1 . If both times are missing, no

computation has been performed as the function g is already smooth



5 Optimal control problem

Chapter 5 discusses the tracking-type optimal control problem (OCP) de�ned in Equations (5.1) to (5.4).

min
1
2

ku � udk2
L 2 (
) +

�
2

kqk2
L 2 (
) (5.1)

s.t. u 2 H 1
0 (
) ; q 2 L 2(
) (5.2)

and � � u + g(u) = q in 
 ; u = 0 on @
 (5.3)

and qa � q � qb in 
 (5.4)

for ud 2 L 2(
) the desired tracking term, � > 0, and control bounds qa; qb 2 R with �1 � qa <
qb � 1 . The function q 2 L 2(
) will be referred to as the control, and the function u 2 H 1

0 (
) will be
referred to as the state. The set of admissible controls q 2 L 2(
) , which satisfy qa � q(x) � qb almost
everywhere on 
 , is de�ned as the admissible set and denoted by

Qad =
n

q 2 L 2(
) j qa � q(x) � qb for almost all x 2 

o

: (5.5)

The following sections address the existence of a solution, the �rst order necessary optimality condi-
tions, and different manufactured solutions.

5.1 Solution existence

Before we can solve the OCP, we analyse whether the problem in question has a solution and, if so,
whether that solution is unique. The following analysis is based in [VM24, Chapter 7.1] and requires
the Assumptions 5.1.1.

Assumptions 5.1.1. 1. u 2 L 1(
) ) g(u) 2 L 2(
) .

2. g is differentiable and monotone non-decreasing

3. g0 is locally Hölder continuous with Hölder constant cH � 0 and � 2 (0; 1]

The assumptions above automatically satisfy the Assumptions 3.2.1, thus yielding a unique solution
for all q 2 L 2(
) to (5.3) due to Theorem 3.2.4. Consequently, the solution operator S : Qad !
H 1

0 (
) \ C0( �
) with

S : q 7! S(q) with (S(q); ' )H 1
0 (
) + ( g(S(q)) ; ' )L 2 (
) = ( q; ' )L 2 (
) 8' 2 H 1

0 (
) (5.6)

is well-de�ned. Theorem 3.2.4 provides a bound on S(q) for q 2 L 2(
) . The solution operator
is Lipschitz continuous (see Theorem 3.4.1), with a constant that is independent of both g and q.
Furthermore, for a weakly convergent subsequence f qkgk2 N � L 2(
) Theorem 3.4.2 shows that
f S(qk )gk2 N converges in the L 2(
) norm. We denote the objective function with J , which is de�ned
as J : L 2(
) � H 1

0 (
) ! R; (q; u) 7! 1
2ku � udk2

L 2 (
) + �
2kqk2

L 2 (
) . It is evident that the objective is
non-negative.

Theorem 5.1.1. Under the Assumptions 5.1.1, there exists a solution q� 2 Q ad to Equations (5.1)
to (5.4).

Prior to examining the proof of the theorem, it is necessary to consider a lemma and a corollary.
These show that every minimising sequence of controls satisfying Equation (5.1) is bounded, even if
the set Qad is not bounded.

91
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Lemma 5.1.1. The objective function in Equation (5.1) is coercive.

Proof. Let f qngn2 N � L 2(
) be arbitrary with kqnkL 2 (
) ! 1 . Then there exist states S(qn ) 2 H 1
0 (
)

due to Theorem 3.2.4 satisfying Equation (5.3) which means

1
2

kud � S(qn )k2
L 2 (
) +

�
2

kqnk2
L 2 (
) �

�
2

kqnk2
L 2 (
)

kqn kL 2 (
) !1
���������! 1

Corollary 5.1.1. Let f qngn2 N � Q ad be an in�mising sequence of (5.1). If � > 0, then f qngn2 N is
bounded in the L 2(
) -norm.

The condition � > 0 cannot be neglected if Qad = L 2(
) . A counterexample in which there exists no
optimal solution exploits the violation � = 0 and L 2(
) = Qad. It is explored in detail in Example 5.1.1.

Proof. If f qa; qbg is bounded, the claim is trivial. Let us assume that the sequence f qngn2 N is un-
bounded. Therefore, there exists a subsequence f qnk gk2 N with qnk 2 Q ad and kqnk kL 2 (
) � k for all
k 2 N. As qn 2 L 2(
) , there exists due to Theorem 3.2.4 a state un := S(qn ) 2 H 1

0 (
) \ C0(
) . As Qad

is non-empty, there exists a control �q 2 Q ad with corresponding state S(�q) 2 H 1
0 (
) . Consequently,

with the coercivity of the objective from Lemma 5.1.1

inf
q2Q ad

1
2

kS(q) � udk2
L 2 (
) +

�
2

kqk2
L 2 (
) = lim

k!1
kS(qnk ) � udk2

L 2 (
) +
�
2

kqnk k2
L 2 (
)

� lim
k!1

�
2

kqnk k2
L 2 (
) � lim

k!1

�
2

k2 �
1
2

kS(�q) � udk2
L 2 (
) +

�
2

k�qk2
L 2 (
)

which is a contradiction.

Proof of Theorem 5.1.1. As the objective is lower bounded by zero, the in�mum

j = inf
q2Q ad

J (q; S(q))

exists and alongside an in�mising sequence f qngn2 N � Q ad with J (qn ; S(qn )) n!1���! j . The set
f qngn2 N � Q ad is bounded, due to Corollary 5.1.1. In the re�exive space L 2(
) Theorem 2.3.6 ensures

the existence of the weakly convergent subsequence f qnk gk2 N � Q ad with qnk

k!1* q � 2 L 2(
) . The
set Qad is closed and convex. Thus, with [AN16, Theorem 8.13], q� 2 Q ad. Considering the de�nition
of the objective, we obtain

J (qnk ; S(qnk )) =
1
2

kS(qnk ) � udk2
L 2 (
) +

�
2

kqnk k2
L 2 (
) :

Due to Theorem 3.4.2, the �rst part converges to 1
2kS(q) � udk2

L 2 (
) . A known result from functional
analysis [AN16, 8.3 Remarks (3)] yields for the weakly convergent sequence kqkL 2 (
) � lim inf

k!1
kqnk kL 2 (
) .

Thus,

j = lim
k!1

J (qnk ; S(qnk )) = lim
k!1

1
2

kS(qnk )� udk2
L 2 (
) +

�
2

kqnk k2
L 2 (
) �

1
2

kS(q)� udk2
L 2 (
) +

�
2

kqk2
L 2 (
) = j:

This shows the existence of an optimal solution q 2 Q ad.

The function g, which acts as a superposition operator, is non-linear. Therefore the set of fea-
sible solutions is not necessarily convex. Consequently, the problem is not necessarily convex and
therefore the uniqueness of an optimal solution cannot be guaranteed. The following example shows
that either Qad bounded or � > 0 are necessary conditions for the existence of an optimal solution.
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Figure 5.1: Possible state u" for � = 0 with no opti-
mal control/state

Example 5.1.1. The condition � > 0 or Qad (
L 2(
) is a necessary condition for the existence
of a solution for any superposition operator g. If
we take � = 0 and 
 = (0 ; 1) � R with ud � 1,
then there exists no optimal solution. De�ne

u" (x) =

8
>><

>>:

� 2
" 3 x3 + 3

" 2 x2 0 � x � "

1 " � x � 1 � "
2
" 3 (x � 1)3 + 3

" 2 (x � 1)2 1 � " � x � 1

:

Then u" 2 H 1
0 (
) , u00

" exists, and is bounded.
Consequently, q" := � u00

" (x)+ g(u(x)) , exists and
is square integrable, which means that there ex-
ists a control q" 2 L 2(
) . Moreover,

J (q" ; u" ) =
1
2

ku" � 1k2
L 2 (
) =

1
2

1Z

0

ju" (x) � 1j2 dx

=
1
2

"Z

0

�
1 +

2
"3 x3 �

3
"2 x2

� 2

dx +
1
2

1Z

1� "

�
1 �

2
"3 (x � 1)3 �

3
"2 (x � 1)2

� 2

dx =
26"
35

" ! 0���! 0

As J � 0, J (q" ; u" ) " ! 0���! 0 and u" (x) " ! 0���! u(x) = 1(0;1)(x) for all x 2 
 , we get that u would be
an optimal solution, but u(x) is not an element of H 1

0 (
) . We now demonstrate, that there cannot
exist an optimal control q� 2 L 2(
) . For this to be the case, we assume that there exist an optimal
control q� 2 L 2(
) . This would then entail the existence of an optimal state u� 2 H 1

0 (
) \ C0( �
) with
0 � J (q� ; u� ). As u is continuous, it cannot “jump” to a value of one, thus there exists a set with positive
Lebesgue measure and u 6= 1 . Consequently, the difference between u� and constant one function is
not zero, when measured in the L 2(
) -norm. Therefore, J (q� ; u� ) > 0, which is a contradiction since it
is possible to �nd u" with 0 < J (q" ; u" ) < J (q� ; u� ).

5.2 First order necessary optimality conditions

Following the analysis of the existence of a solution, we proceed to examine the �rst order necessary
optimality conditions. Our �rst observation is that the solution operator is Fréchet differentiable. This
fact is used to show that the reduced cost functional is also Fréchet differentiable, which is utilised
alongside with an adjoint equation, to derive optimality conditions.

Theorem 5.2.1. The solution operator S : L 2(
) ! H 1
0 (
) \ C0(
) from (5.6) is Fréchet differentiable.

For a given direction �q 2 L 2(
) the directional derivative satis�es with @S(q)( �q ) =: �u and u = S(q)

(�u; ' )H 1
0 (
) +

�
g0(u)�u; '

�
L 2 (
) = ( �q; ' )L 2 (
) 8' 2 H 1

0 (
) : (5.7)

Furthermore, the following estimate holds

k�u kH 1
0 (
) + k�u kL 1 (
) � ck�qkL 2 (
) :

Proof. Let q 2 L 2(
) be arbitrary. Then u := S(q) 2 H 1
0 (
) \ C0( �
) and with Lemma 2.2.1

u 2 C0( �
) � L 1 (
) . Furthermore, by Assumptions 5.1.1 g0(u) � 0 almost everywhere in 
 . Equa-
tion (5.7) is of the form a(v; ' ) = F (' ) with a(v; ' ) = ( v; ' )H 1

0 (
) + ( g0(u)v; ' )L 2 (
) and F (' ) =
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(�q; ' )L 2 (
) . These two are of the form needed for Lax-Milgram, since a is continuous and coer-

cive as g0 � 0 by assumption. Thus, there exists a unique solution �u 2 H 1
0 (
) satisfying Equa-

tion (5.7). By Assumptions 5.1.1, g0 is continuous and thus g0(u) 2 L 1 . With Lemma 2.2.2, we get
�q � g0(u)�u 2 L 2(
) and �nally �u satis�es the weak formulation of the linear Poisson equation

(�u; ' )H 1
0 (
) =

�
�q � g0(u)�u; '

�
L 2 (
) 8' 2 H 1

0 (
) :

We can interpret the equation also as the weak formulation in (3.5) with s(x; �u ) = g0(u(x)) �u , which
satis�es Assumptions 3.2.1. Theorem 3.2.4 yields that �u is also continuous and the estimate

k�u kH 1
0 (
) + k�u kL 1 (
) � ck�qkL 2 (
) ; (5.8)

where we omitted s(�; 0) since s(x; 0) = g0(u(x))0 = 0 . This shows, that @S(q)( �q ) is well-de�ned. We
now prove, that it is the Fréchet derivative of S. Let ~u =: S(q + �q) and w = S(q + �q) � S(q) � �u =
~u � u � �u . We need to show that kwkH 1

0 (
) \ C0 ( �
) 2 o(k�qkL 2 (
) ). We know that w ful�ls

(�q; ' )L 2 (
) = ( q + �q; ' )L 2 (
) � (q; ' )L 2 (
)

= (~u; ' )H 1
0 (
) + ( g(~u); ' )L 2 (
) � (u; ' )H 1

0 (
) � (g(u); ' )L 2 (
)

= (~u � u; ' )H 1
0 (
) + ( g(~u) � g(u); ' )L 2 (
)

= (~u � u � �u; ' )H 1
0 (
) + ( �u; ' )H 1

0 (
) + ( g(~u) � g(u); ' )L 2 (
)

= ( w; ' )H 1
0 (
) +

�
�q � g0(u)�u + g(~u) � g(u); '

�
L 2 (
)

) (w; ' )H 1
0 (
) +

�
g0(u)w; '

�
L 2 (
) = ( g(u) � g(~u); ' )L 2 (
) +

�
g0(u)(~u � u); '

�
L 2 (
)

As in Equation (3.38), we have for almost all x 2 


g(u(x)) � g(~u(x)) = ( u(x) � ~u(x))

1Z

0

g0(~u(x) + s(u(x) � ~u(x))) ds

| {z }
=: ~D (x)

= ~D(x)(u(x) � ~u(x)) : (5.9)

It holds ~D 2 L 1 (
) due to Lemma 2.2.1. Inserting this into our previous consideration, we obtain

(w; ' )H 1
0 (
) +

�
g0(u)w; '

�
L 2 (
) =

�
( ~D � g0(u))( u � ~u); '

�

L 2 (
)
8' 2 H 1

0 (
) :

Next, de�ne a(' 1; ' 2) = ( ' 1; ' 2)H 1
0 (
) +( g0(u)' 1; ' 2)L 2 (
) and `(' 2) =

�
( ~D � g0(u))( u � ~u); ' 2

�

L 2 (
)
.

Since g0(u) � 0 a.e. in 
 , we get that a : H 1
0 (
) � H 1

0 (
) ! R is coercive and with Cauchy-Schwarz
inequality also continuous. Lax-Milgram yields the existence and uniqueness of a solution w 2 H 1

0 (
)
to (5.9). With the same argument as before, the solution also satis�es the weak formulation of the linear
Poisson equation, which yields with Theorem 3.2.4 the estimate

kwkH 1
0 (
) \ C0 (
) = kwkH 1

0 (
) + kwkL 1 (
) � ck( ~D � g0(u))( u� ~u)kL 2 (
) � ck ~D � g0(u)kL 2 (
) ku� ~ukL 1 (
) :

The second summand in Theorem 3.2.4 is omitted again, since s(�; 0) = 0 . With Theorem 3.4.1, we
know that k�qkL 2 (
) ! 0 implies ku � ~ukL 1 (
) ! 0. From Lemma 2.2.2, we further know ku �

~ukL 2 (
) � k u � ~ukL 1 (
) � (
)
1
2 . Consequently, with the Hölder continuity of g0, we get

k ~D � g0(u)k2
L 2 (
) =

Z




�
~D(y) � g0(u(y))

� 2
dy =

Z




0

@

0

@
1Z

0

g0(~u(y) + s(u(y) � ~u(y))) ds

1

A � g0(u(y))

1

A

2

dy

=
Z




0

@
1Z

0

g0(~u(y) + s(u(y) � ~u(y))) � g0(u(y)) ds

1

A

2

dy
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k ~D � g0(u)k2
L 2 �

Z




0

@
1Z

0

�
�g0(~u(y) + s(u(y) � ~u(y))) � g0(u(y))

�
� ds

1

A

2

dy

k ~D � g0(u)k2
L 2

(� )
� cH

Z




0

@
1Z

0

j~u(y) + s(u(y) � ~u(y)) � u(y)j � ds

1

A

2

dy

= cH

Z




0

@
1Z

0

j(1 � s)(~u(y) � u(y)) j � ds

1

A

2

dy � cH

Z




j~u(y) � u(y)j2� dy

0

@
1Z

0

j1 � sj � ds

1

A

2

k ~D � g0(u)k2
L 2 =

cH

(1 + � )2

Z




j~u(y) � u(y)j2� dy
(�� )
�

cH

(1 + � )2 k~u� uk2�
L 2 (
) �

cH

(1 + � )2 � (
) � k~u� uk2�
L 1 (
)

In (� ), the Hölder continuity of g0 is used, in (�� ) Jensen's inequality The preceding inequality was
derived using Jensen's inequality with the constraint � � 1. Upon combining the constants to C > 0
and applying the Lipschitz continuity of the solution operator, it shows that

kS(q + �q) � S(q) � �u kH 1
0 (
) \ C0 ( �
)

k�qkL 2 (
)
=

kwkH 1
0 (
) \ C0 ( �
)

k�qkL 2 (
)
� C

k~u � uk� +1
L 1 (
)

k�qkL 2 (
)
� Ck�qk�

L 2 (
) :

So for k�qkL 2 (
) ! 0, we get with � > 0 that the solution operator is Fréchet differentiable.

After considering the solution operator, we now have a look at the reduced cost function, which is
also Fréchet differentiable as the next theorem states.

Theorem 5.2.2. The map j : L 2(
) ! R; q 7! J (q; S(q)) is Fréchet differentiable. For q 2 L 2(
) and
�q 2 L 2(
) , its directional derivative is

@j(q)( �q ) = ( S(q) � ud; @S(q)( �q ))L 2 (
) + � (q; �q)L 2 (
) :

The reduced cost function is composed of two parts. As both parts are similar, a more general
results regarding Fréchet differentiable functionals is presented in Lemma 5.2.1.

Lemma 5.2.1. Consider v 2 L 2(
) and the function K : L 2(
) ! R; f 7! 1
2kf � vk2

L 2 (
) . Then, for an

arbitrary direction �f 2 L 2(
) the directional derivative is given by @K(f )( �f ) = ( f � v; �f )L 2 (
) .

Proof. By using the properties of the L 2(
) -norm and the L 2(
) -inner product, we get

2K (f + �f ) � 2K (f ) � 2@K(f )( �f ) = ( �f; �f )L 2 (
) = k�f k2
L 2 (
)

Dividing both sides by 2k�f kL 2 (
) and taking the limit to zero, we obtain the desired result.

Proof of Theorem 5.2.2. Let q 2 L 2(
) , �q 2 L 2(
) be arbitrary. For simplicity, we split j into two parts,
i.e. j 1(q) = kS(q) � udk2

L 2 (
) = K (S(q)) with v = ud and j 2(q) = kqk2
L 2 (
) = K (q) with v � 0. Now,

we use the results from Lemma 5.2.1 to derive the directional derivatives for j 1, resp. j 2 and obtain
@j1(q)( �q ) = @K(S(q))( @S(q)( �q )) = ( S(q) � ud; @S(q)( �q ))L 2 (
) and @j2(q)( �q ) = @K(q)( �q ) =
(q; �q)L 2 (
) . With the estimate (5.8) and the fact kvkL 2 (
) � ckvkL 1 (
) for all v 2 L 1 (
) , we get

k@S(q)( �q )kL 2 (
) � k �qkL 2 (
) ;

which implies that k@S(q)( �q )kL 2 (
)

k�q kL 2 (
) ! 0
��������! 0. This means for the �rst part, that

jj 1(q + �q ) � j 1(q) � @j1(q)( �q )j
k�qkL 2 (
)

=
jK (S(q + �q)) � K (S(q)) � @K(S(q))( @S(q)( �q )) j

k@S(q)( �q )kL 2 (
)
�
k@S(q)( �q )kL 2 (
)

k�qkL 2 (
)
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The left part of the product is well de�ned, since �q 6= 0 implies with Equation (5.7) that k@S(q)( �q )kL 2 (
) 6=
0. For �q ! 0 in L 2(
) , the left part converges to zero. The right part is upper bounded by a constant
and thus the entire product converges to zero. The second part is treated with Lemma 5.2.1. Thus the
derivative of the sum of the j i equals the sum of the derivatives of the j i , which was claimed.

Next, we have a look at the adjoint equation, which is commonly used to get a representation of @j
without �u . For a given control q 2 L 2(
) and its corresponding state u = S(q) 2 H 1

0 (
) \ C0(
) , we
de�ne the adjoint state z = SA (q) 2 H 1

0 (
) \ C0(
) as the solution to the linear PDE

� � z + g0(u)z = u � ud in 
 ; z = 0 on @
 : (5.10)

The weak formulation is

(z; ' )H 1
0 (
) +

�
g0(u)z; '

�
L 2 (
) = ( u � ud; ' )L 2 (
) 8' 2 H 1

0 (
) : (5.11)

Before we have a closer look at the relation between the state and its adjoint, it is necessary to prove
that the latter is well-de�ned.

Lemma 5.2.2. For q 2 L 2(
) and u = S(q) 2 H 1
0 (
) \ C0(
) , there exists a unique adjoint state

z = SA (q) 2 H 1
0 (
) \ C0(
) . The adjoint satis�es for any direction �q 2 L 2(
)

@j(q)( �q ) = ( �q + z; �q)L 2 (
)

Proof. With a(' 1; ' 2) = ( ' 1; ' 2)H 1
0 (
) + ( g0(u)' 1; ' 2)L 2 (
) , `(' 2) = ( u � ud; ' 2)L 2 (
) , g0(u) � 0 a.e.

and u � ud 2 L 2(
) , we are in the situation of Lax-Milgram, thus the existence of a unique solution is
guaranteed. The solution also solves the weak formulation of the linear Poisson problem, i.e.

� � z = u � ud � g0(u)z in 
 ; z = 0 on @


which yields with Corollary 3.1.1, that z is continuous, i.e. SA (q) = z 2 H 1
0 (
) \ C0(
) . Lastly, with

Theorem 5.2.2 we get with �u; z 2 H 1
0 (
)

@j(q)( �q ) = ( S(q) � ud; �u )L 2 (
) + � (q; �q)L 2 (
) = ( z; �u )H 1
0 (
) +

�
g0(u)z; �u

�
L 2 (
) + � (q; �q)L 2 (
)

= ( �u; z )H 1
0 (
) +

�
g0(u)�u; z

�
L 2 (
) + � (q; �q)L 2 (
)

(5:7)
= ( �q; z)L 2 (
) + � (q; �q)L 2 (
)

= ( �q + z; �q)L 2 (
)

In the proof of Lemma 5.2.2, we utilised the fact that g is monotone increasing, which implies that
g0 � 0. This condition is essential for the adjoint to be well-de�ned, which is shown in the next example.

Example 5.2.1. Consider g(x) = � 10� 2x, thus g0(x) = � 10� 2 < 0. The PDE

� � z � 10� 2z = 0 in 
 = (0 ; 1)2; z = 0 on @
 :

attains in�nitely many solutions, namely the linear combinations of

u1(x; y) = sin(3 �x ) sin(�y )

u2(x; y) = sin( �x ) sin(3�y )

since

� u1(x; y) = � 10� 2 sin(3�x ) sin(�y ) = � 10� 2u1(x; y)

� u2(x; y) = � 10� 2 sin(�x ) sin(3�y ) = � 10� 2u2(x; y)
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The �rst necessary condition for optimality is given in Lemma 5.2.3.

Lemma 5.2.3. Let q� 2 Q ad be a locally optimal solution, i.e. 9" > 0 such that J (q� ; S(q� )) �
J (~q; S(~q)) for all ~q 2 Q ad with kq� � ~qkL 2 (
) � " . Then

@j(q� )( �q � q� ) � 0 8�q 2 Q ad

Proof. Let �q 2 Q ad be arbitrary. As Qad is convex, we get (1 � � )q� + ��q 2 Q ad for all � 2 [0; 1].
As j (q� ) = J (S(q� ); q� ) is the locally optimal value, we get j (q� + � (�q � q� )) � j (q� ) � 0 for � small
enough. Dividing by � and passing to the limit � ! 0, we obtain the result.

Finally, we are able to conclude the FONOC for the OCP de�ned in Equations (5.1) to (5.4).

Theorem 5.2.3. Let q� 2 Q ad be a local solution of the optimal control problem Equations (5.1) to (5.4).
Then there exists the corresponding state u� = S(q� ) 2 H 1

0 (
) \ C0(
) and the adjoint state z� =
SA (q� ) 2 H 1

0 (
) \ C0(
) such that the triple (q� ; u� ; z� ) satis�es the following system

(u� ; ' )H 1
0 (
) + ( g(u� ); ' )L 2 (
) = ( q� ; ' )L 2 (
) 8' 2 H 1

0 (
) (State equation)

(z� ; ' )H 1
0 (
) +

�
g0(u� )z� ; '

�
L 2 (
) = ( u� � ud; ' )L 2 (
) 8' 2 H 1

0 (
) (Adjoint equation)

(�q � + z� ; �q � q� )L 2 (
) � 0 8�q 2 Q ad (Optimality condition)

Proof. The result is an immediate consequence of Lemmas 5.2.2 and 5.2.3, with the majority of the
proof based on [VM24, Theorem 7.2.11]. In order to establish the Optimality condition, we employ a
combination of the Lemmas 5.2.2 and 5.2.3, which yields

0 � @j(q)( �q � q) = ( �q + z; �q � q)L 2 8�q 2 Q ad:

As the Optimality condition is rather abstract, we employ projection results, in order to simplify the
result.

Remark 8. The Optimality condition is equivalent to q� = PQad

�
� 1

� z�
�

with

PQad(v)(x) =

8
>><

>>:

qa v(x) < qa

v(x) qa � v(x) � qb

qb v(x) > qb

for v 2 L 2(
) (5.12)

In case of no control constraints, this becomes q� = � 1
� z� . We know that the Optimality condition is

equivalent to q� = PQad

�
� 1

� z�
�

since we can interpret PQad as the projection from L 2(
) onto Qad. As
Qad is closed, the result follows with Lemma 2.3.1.

Lemma 5.2.4. For v1; v2 2 L 2(
) the projection PQad is 1-Lipschitz continuous i.e.

kPQad(v1) � PQad(v2)kL 2 (
) � k v1 � v2kL 2 (
)

and monotone increasing, i.e. v1(x) � v2(x) ) PQad(v1)(x) � PQad(v2)(x),

Proof. Let v1; v2 2 L 2(
) be arbitrary. From Superposition operator 3.3.2, we know that the max
function is 1-Lipschitz continuous. Moreover, we can express the projection using the max-function as
PQad(v)(x) = max f qa; minf qb; v(x)gg = max f 0; � maxf 0; qb � v(x)g+ qb � qag+ qa. Thus, for x 2 


jPQad(v1)(x) � PQad(v2)(x)j

� j maxf 0; � maxf 0; qb � v1(x)g + qb � qag � maxf 0; � maxf 0; qb � v2(x)g + qb � qagj

� j� maxf 0; qb � v1(x)g + max f 0; qb � v2(x)gj � j v1(x) � v2(x)j :

Thus Lipschitz continuity follows.
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Lemma 5.2.5. The projection is Newton-differentiable with derivative

DPQad(v) =
n

f 7! 1[qa ;qb](v)f
o

� L (L 2(
) ; L 2(
))

for functions v 2 L 2(
) with � (f x 2 
 j v(x) = qa or v(x) = qbg) = 0 .

Proof. Let v; h 2 L 2(
) be arbitrary. Then, by de�nition of the projection and for G 2 DPQad(v + h)
arbitrary,

PQad(v + h)(x) � P(v)(x) =

8
>><

>>:

qa v(x) + h(x) � qa

v(x) + h(x) qa < v (x) + h(x) < qb

qb qb � v(x) + h(x)

�

8
>><

>>:

qa v(x) � qa

v(x) qa < v (x) < qb

qb qb � v(x)

=

8
>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>:

0 v(x) + h(x); v(x) � qa

qa � v(x) v(x) + h(x) � qa < v (x)

qa � qb v(x) + h(x) � qa < qb � v(x)

v(x) � qa v(x) � qa < v (x) + h(x) < qb

h(x) qa < v (x); v(x) + h(x) < qb

v(x) � qb qa < v (x) + h(x) < qb � v(x)

qb � qa v(x) � qa < qb � v(x) + h(x)

qb � v(x) qa < v (x) < qb � v(x) + h(x)

0 qb � v(x); v(x) + h(x)

(5.13)

First, we have a look at points x 2 
 with v(x) = qa. Without loss of generality jh(x)j � qb� qa
2 . Thus,

PQad(v + h)(x) � P(v)(x) � (Gh)(x) =

(
qa + h(x) 0 < h (x)

qa h(x) � 0
� qa �

(
h(x) 0 < h (x)

0 h(x) � 0
= 0 :

With a similar argument, we treat all points with v(x) = qb. Second, we have a look at v(x) 6= qa < v (x).
For jh(x)j � v(x)� qa

2 6= 0 , the set f x 2 
 j v(x) + h(x) � qa < v (x)g is empty, so the second case
in (5.13) does not occur. With a similar argument, we treat the third, the fourth, the sixth, the seventh,
and the eighth case. As G vanishes at these points, subtracting G does not alter the argument. For the
case qa < v (x); v(x) + h(x) < qb, we conclude

PQad(v + h)(x) � PQad(v)(x) � Gh(x) = 0 :

For h ! 0 in L 2(
) , we know that the set of points with h(x) 6! 0 has Lebesgue measure zero and
can thus be ignored. Finally,

kPQad(v + h) � PQad(v) � GhkL 2 (
) = 0

for G 2 DPQad(v + h) and h small.

We now, have a system of PDEs with three unknown functions. But, with the relation q� =
PQad

�
� 1

� z�
�

, the system can be reduced to two variables, i.e.

(u� ; ' )H 1
0 (
) + ( g(u� ); ' )L 2 (
) = ( q� ; ' )L 2 (
) =

�
PQad

�
�

1
�

z�
�

; '
�

L 2 (
)
8' 2 H 1

0 (
) (5.14)

(z� ; ' )H 1
0 (
) +

�
g0(u� )z� ; '

�
L 2 (
) = ( u� � ud; ' )L 2 (
) 8' 2 H 1

0 (
)
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5.3 Manufactured solutions

As for the PDE, we have a look at different desired tracking terms, for which we are able to obtain an
analytical optimal solution using the FONOC. If not stated differently, we consider qa = �1 , qb = 1 , a
function g 2 C2(R) acting as a superposition operator and an arbitrary analytical solution u 2 C4(
 ; R).
Then, due to the state equation

q(x; y) = � � u(x; y) + g(u) = � @2
xx u � @2

yyu + g(u):

Using the relation q = PQad

�
� 1

� z
�

, we get z = � �q , which means for the adjoint in terms of the state
u

z = � �q = �
h
@2

xx u + @2
yy

i
� �g (u)

Lastly, for the tracking term ud, we use the adjoint equation, i.e. � � z + g0(u)z = u � ud.

� z = �
h
@4

xxxx u + @4
xxyy u + @4

yyxx u + @4
yyyy u

i
� �g 00(u)

h
(@xu)2 + ( @yu)2

i
� �g 0(u)

h
@2

xx u + @2
yyu

i

The tracking term, is now given by

ud = u � g0(u)z + � z

= u � 2�g 0(u)
�
@2

xx u + @2
yyu �

1
2

g(u)
�

� �g 00(u)
h
(@xu)2 + ( @yu)2

i
+ �

h
@4

xxxx u + 2@4
xxyy u + @4

yyyy u
i

As not all superposition operators from Section 3.3 are continuously differentiable. Consequently, we
now consider the following superposition operators.

Superposition operator 5.3.1 (Polynomial superposition operator). Consider g : R ! R; x 7! x3,
which has already been discussed in Superposition operator 3.3.1. This operator is monotone increas-
ing and continuously differentiable, but not Lipschitz continuous.

Superposition operator 5.3.2 (Lipschitz continuous superposition operator). For the PDE, we consid-
ered the maxf x; 0g function, which is not differentiable. Instead, we take g : R ! R; x 7! sin(x) + x,
which is Lipschitz continuous with constant two, in�nitely continuously differentiable, and monotone
increasing.

Superposition operator 5.3.3 (Higher root). We consider g : R ! R; x 7! sign (x)
p

jxj5, with
derivative g0(x) = 5

2

p
jxj3, and second continuous derivative g00(x) = 15

4 sign (x)
p

jxj, which means
g 2 C2(R) and G(x) = 2

7

p
jxj7. The function is continuously differentiable and monotone increasing,

but not Lipschitz continuous.

Superposition operator 5.3.4 (Birkhoff-Tartar suitable superposition operator). We use the Superposi-
tion operator 3.3.5 and qa = 0 , since we can only guarantee the well-posedness of the solution operator
for bounded and positive controls. As the state equation is not necessarily well de�ned, for g0 < 0, this
examples is used to test, how the algorithms behave for a non monotone increasing superposition
operator.

Superposition operator 5.3.5 (Limit root). Consider g : R ! R; x 7! sign (x)
p

jxj3. Its derivative is
up to a constant Superposition operator 3.3.3. The function is not twice continuously differentiable and
also not Lipschitz continuous.

In the following, we present a series of illustrative examples, which are designed to asses the
ef�cacy of the methods proposed in Chapter 6. The polynomial Superposition operator 5.3.1 along
with Superposition operator 5.3.3 are used on a simple convolution of sine functions. Inspired by
Example 3.3.5, the Superposition operator 5.3.4 is used on a parabola with unit disc as domain. Lastly,
we consider again an example, which exhibits the limitations of some methods, in order to asses their
boundaries. In all cases, the value of � is set to 0.01.
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Example 5.3.1. For testing the polynomial Superposition operator 5.3.1, we consider the domain 
 =
(0; 1)2 along with the analytical solution in (5.15). The factor in front of the superposition operator is
�ve thousand.

u(x; y) =

0

@
X

k2 K x

sin(k�x )

1

A

0

@
X

k2 K y

sin(k�y )

1

A : (5.15)

For this example, we use K x = f 1; 3; 5g and K y = f 1; � 4; 8g and scale the solution u with a factor of
10� 2 in order to avoid large values due to k4 in uxxxx .

Example 5.3.2 (Example with Lipschitz continuous superposition operator). On the rectangular domain

 = (0 ; 1)2, we consider the Superposition operator 5.3.2 and the solution u(x; y) = 6 sin(2 �x ) sin(3�y ).
The factor in front of the superposition operator is one.

Figure 5.2: Optimal control, solution, adjoint, and tracking term for Example 5.3.1 (left), Example 5.3.2
(right)

Example 5.3.3. The Superposition operator 5.3.3 is being used along with the solution from Exam-
ple 5.3.1 in which we have K x = f 3; � 7g and K y = f� 2; 3; 4g. The factor in front of the superposition
operator is 1000 and we scale the solution with 0.01.

Example 5.3.4. We consider the state u(x; y) = � 3x2 � 3y2 + 3 . We solve with a factor of 12
tanh(1)+3 .

This yields q(@
) = 0 and q(x; y) � 0 for all (x; y) 2 
 , thus, we can use the relation � �q = z directly.

Figure 5.3: Optimal control, solution, adjoint, and tracking term for Example 5.3.3 (left), Example 5.3.4
(right)
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Example 5.3.5. The Superposition operator 5.3.5 satis�es g 2 C1 n C2(R). On the boundary @
 , we
have u(x; y) = 0 , thus g00(u(x; y)) is not de�ned for (x; y) 2 @
 . In order to circumvent the problem, we

note if u is constant, then g0(u) is also constant. For this we introduce the function p 2 C4
�h

� 1
5 ; 1

5

i�

which is a polynomial of degree 10, which satis�es p(i )
�
� 1

5

�
= 0 for i = 0 ; : : : ; 4 and p(0) = 1 , which

can be seen in Figure 5.4.

Figure 5.4: Peak function

Figure 5.5: Optimal control, solution, adjoint, and
tracking term for Example 5.3.5

Using now

u(x; y) = p

 �
x �

1
2

� 2

+
�

x �
1
2

� 2
!

(5.16)

we get that u(x; y) = 0 implies uxx ; uyy = 0 . So, there are three distinct cases. First, we have

(x; y) 2 B 1
5

�
1
2 ; 1

2

�
, then u(x; y) > 0 and g00(u) is well de�ned. Second, if u(x; y) 2 [0; 1]2 n B 1

5

�
1
2 ; 1

2

�
,

then u(x; y) is constantly zero and thus differentiating g0(u) w.r.t. to x or y yields that g00(u) = 0 . Lastly,

@B1
5

�
1
2 ; 1

2

�
is a one dimensional manifold, which has Lebesgue measure zero and is thus neglected.

With these information, we are now able to de�ne the tracking term ud, the solution, an optimal control
and a corresponding adjoint. The factor in front of the superposition operator is sixty.
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6 Solution algorithms for OCP

In this section, we proceed to transfer the numerical solution algorithms from Section 4.2 to (the sta-
tionarity system of the) optimal control problem (OCP). We test the gradient descent and the �rst dis-
cretize, then optimize procedure on the reduced cost functional analysed in Theorem 5.2.2. As the
�rst discretize, then optimize procedure is highly inef�cient, we proceed to the �rst order necessary
optimality conditions and attempt to solve them with a semi-smooth Newton method in Section 6.5 and
a pure �xed-point method in Section 6.4. Moreover, the experimental Uzawa like iterative method is
also applied to the stationarity system and discussed in detail in Section 6.6. Finally, the methods are
analysed with respect to mesh independence, effectiveness, and convergence speed in Section 6.8.
The methods under consideration operate either in the space QH = H 1

0 (
) � H 1
0 (
) or in the space

Q2
H := Qad � Q H with the norms

k(u; z)kQH
=

r
kuk2

H 1
0 (
) + kzk2

H 1
0 (
) resp.






 (q; u; z)T








Q2
H

=
r

kqk2
L 2 (
) + kuk2

H 1
0 (
) + kzk2

H 1
0 (
) :

The inner products for

 
ui

zi

!

2 Q H , resp
�
qi ui zi

� T
2 Q 2

H

  
u1

z1

!

;

 
u2

z2

!!

QH

= ( u1; u2)H 1
0 (
) + ( z1; z2)H 1

0 (
)

resp.

0

B
@

0

B
@

q1

u1

z1

1

C
A ;

0

B
@

q2

u2

z2

1

C
A

1

C
A

Q2
H

= ( q1; q2)L 2 (
) +

  
u1

z2

!

;

 
u2

z2

!!

QH

simultaneous render both spaces to become Hilbert spaces.

6.1 Initial guess for the numerical solution algorithms

In order to eliminate the potential for bias in the results due to the dependency on the initial guess we
use four distinct initial guesses as for the PDEs. For all initial guesses, both the state and adjoint are
provided, and the control is calculated using the projection PQad . For the �rst initial guess, we use zero
for both the solution and the adjoint. The second initial guess employs a constant initialisation, with a
value of hundred assigned to all points within the domain and zero to points on the boundary for both
the state and the adjoint. The third initial guess involves a linear approximation of the superposition
operator and its derivative. This is achieved by starting with the solution to

(u0; ' )H 1
0 (
) +

�
u0 +

1
�

z0; '
�

L 2 (
)
= 0

(z0; ' )H 1
0 (
) + ( z0 � u0; ' )L 2 (
) = � (ud; ' )L 2 (
) :

Lastly, we use an uniformly distributed initial guess for the state and the adjoint u; z � U ([� 100; 100]).
This approach is analogous to that used for the PDE, with a seed depending on the location of the
grid nodes. We commence with a gradient descent, resp. �rst discretize, then optimize procedure as
these methods operate on the reduced cost functional. Subsequently, a pure �xed-point method, the
semi-smooth Newton method, and the experimental Uzawa like iterative method will be discussed.

103
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6.2 Gradient descent

In order to solve the OCP with a gradient descent, we transform the problem into an optimization
problem of one variable. For g monotone increasing, the solution operator to the state equation is well-
de�ned and denoted by S : L 2(
) ! H 1

0 (
) \ C0( �
) . Furthermore, it is Fréchet differentiable, as
demonstrated by Theorem 5.2.1. Replacing u by S(q) reduces the OCP to a minimisation problem of
one unknown, i.e.

min
q2Q ad

j (q) = min
q2Q ad

1
2

kS(q)� udk2
L 2 (
) +

�
2

kqk2
L 2 (
) = min

q2Q ad

1
2

(S(q) � ud; S(q) � ud)L 2 (
) +
�
2

(q; q)L 2 (
) ;

with j : L 2(
) ! R the reduced cost functional. It is Fréchet differentiable and the directional derivative
for the direction �q 2 L 2(
) satis�es

@j(q)( �q ) = ( S(q) � ud; @S(q)( �q ))L 2 (
) + � (q; �q)L 2 (
) : (6.1)

in which @S(q)( �q ) ful�ls

(@S(q)( �q ); ' )H 1
0 (
) +

�
g0(S(q))S0(q)( �q ); '

�
L 2 (
) = ( �q; ' )L 2 (
) :

The introduction of the adjoint z 2 H 1
0 (
) satisfying the Adjoint equation allows us to derive the di-

rectional derivative for an arbitrary direction �q 2 L 2(
) with @j(q)( �q ) = ( �q + z; �q)L 2 (
) . All direc-

tions �q 2 L 2(
) with @j(q)( �q ) < 0 are descent directions. On the unit ball, the normalised vector
�q = � 1

� (�q + z) minimises the term @j(q)( �q ) due to the Cauchy-Schwarz inequality [AN16, 2.3
Orthogonality (3)]. Similarly to the gradient descent on the PDE, the scaling of the descent direction
�q = � �q � z is omitted. Adapting the proposed gradient descent in Algorithm 3 to the OCP, the
following algorithm is obtained, which is only de�ned for Qad = L 2(
) . It is possible to restrict Qad

and use the projection onto the closed, convex, and non-empty set Qad, which transforms Algorithm 7
into a projected gradient descent. In this case, we must reconsider the stopping criteria in step 6 by
employing complementary conditions.

Algorithm 7 Gradient descent (GD)

Require: j : Qad ! R� 0, @jfrom Equation (6.1).
1: Initial guess q0 2 L 2(
)
2: for k = 0 ; 1; 2; 3; : : : do
3: uk = S(qk ) . State Phase
4: zk = SA (uk ) from Adjoint equation . Adjoint Phase
5: �qk = � (�q k + zk )
6: if 0 = @j(qk )( �qk ) = �k �q k + zkk2

L 2 (
) then
7: return qk ; uk ; zk . Algorithm terminated
8: end if
9: ! k = 1

10: q̂ = qk + ! k �qk

11: û = S(q̂)
12: while 1

2 (û + uk � 2ud; û � uk )L 2 (
) > ! k
�
� (
 � 1)qk + 
z k � �! k

2 �qk ; �qk
�

L 2 (
) do
13: ! k = ! k �
14: q̂ = qk + ! k �qk

15: û = S(q̂)
16: end while
17: qk+1  q̂ . Update the iterate
18: end for
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The Armijo rule is used as the criteria to exit the while loop in line 12. Lemma 4.2.12 ensures that
the rule is well-de�ned and that there exists ! k satisfying (� ) for a search direction �qk 2 L 2(
) .

! k 
 (�q k + zk ; �qk )L 2 (
) = ! k 
@j(qk )( �qk )
(� )
� j (qk+1 ) � j (qk )

=
1
2

(û + uk � 2ud; û � uk )L 2 (
) +
�
2

(2qk + ! k �qk ; ! k �qk )L 2 (
)

) ! k

�
� (
 � 1)qk + 
z k �

�! k

2
�qk ; �qk

�

L 2 (
)
�

1
2

(û + uk � 2ud; û � uk )L 2 (
)

The criterium is reformulated in order to demonstrate that in every step a PDE needs to be solved.

6.2.1 Application to linear �nite elements

We utilise the nodal basis f ' i gN
i =1 of Vh , which was previously discussed in Section 4.1. In order

to solve the discretised state equation, the semi-smooth Newton method, which is covered in Sec-
tion 4.2.2, is employed. An alternative approach to solving the PDE is possible, but the semi-smooth
Newton method is the most ef�cient method for differentiable superposition operators, as shown by
numerical tests. Therefore, the state uk 2 Vh is now known, which means that the adjoint equation is
linear with respect to zk 2 Vh . Consequently, the resulting system can ef�ciently be solved by matrix in-
version. The determination of an appropriate step size in accordance with the Armijo rule necessitates
solving the state equation several times. This approach becomes costly, when the Armijo condition is
only satis�ed for small values of ! k . The stability result from Theorem 3.4.1 ensures that the interme-
diate solution û and the state uk are not signi�cantly disparate, thereby guaranteeing, that the solution
remains proximate to uk as ! k is small and varies. Ultimately, the objective function becomes with

uk =
NP

i =1
� i ' i , qk =

NP

i =1
� i ' i , and the mass matrix M 2 RN � N , which was de�ned in Section 4.1,

1
2

kuh � udk2
L 2 (
) +

�
2

kqhk2
L 2 (
) =

1
2

(� � Ud)T M (� � Ud) +
�
2

� T M�

where we used nodal interpolation with I h(ud) =
NP

i =1
(Ud) i ' i and Ud 2 RN .

6.2.2 Numerical Experiments

We solve all examples discussed in Section 5.3 with the gradient descent. The tolerance on the gradient
norm k�q k + zkk2

L 2 (
) is set to tol = 10 � 10. In the event of the algorithm encountering numerical
instabilities while attempting to solve the problem, the corresponding calculation is highlighted in red in
Table A.8. Numerical instabilities occur, if ! k becomes very small and the difference j (qk ) � j (qk+1 )
cannot be exactly evaluated since j (qk ), resp. j (qk+1 ) are large in comparison to their difference. Thus,
errors occur in the difference, which make it impossible to �nd a valid steplength (See Figure 4.18). A
summary of the results is provided in Table 6.1. A detailed examination of the results in Table A.8
reveals, that the numerical instabilities occur for a coarse grid and become less signi�cant for a smaller
grid size. This is likely attributable to the fact that a smaller grid size allows for a more accurate �nite-
dimensional gradient approximation. Moreover, the occurrence of instabilities depends on the initial
guess. In the absence of numerical instabilities, the number of iterations remains constant for different
mesh sizes, which shows the mesh independence of the gradient descent. This behaviour is also
depicted in Figure 6.3 for Example 5.3.1. In the �gure we observe that the gradient descent converges
to a mesh dependent tolerance and requires a few iterations afterwards to get into numerical instabilities
without improving on the residual. This is also the reason, why the number of iterations varies for
different mesh sizes in case of numerical instabilities.
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Example 5.3.1 Example 5.3.2 Example 5.3.3
~N Q2

H # iter Time[s] Q2
H # iter Time[s] Q2

H # iter Time[s]
20 0.1864 94 1.5849 0.10589 114 0.79086 0.15921 91 2.2674
30 0.095936 95 4.116 0.039078 97 2.5329 0.075762 96 2.9338
40 0.056381 101 5.8192 0.010009 103 4.6105 0.042953 100 4.3034
80 0.014575 113 18.2466 0.0025077 112 14.4924 0.010708 105 11.08

100 0.0093566 113 21.9423 0.0016102 113 18.812 0.0068674 107 15.7501
120 0.0065057 114 25.6894 0.0011205 116 25.8563 0.0047846 109 21.8513
140 0.0047815 117 39.4752 0.00082427 118 39.074 0.0034866 110 28.7071
160 0.0036627 117 40.4093 0.00063156 119 43.2027 0.0026825 108 28.9744

Example 5.3.4 Example 5.3.5
~N Q2

H # iter Time[s] Q2
H # iter Time[s]

20 0.0062414 2574 339.3137 0.13472 97 1.909
30 0.0027604 216 1.706 0.06736 126 1.0624
40 0.0020997 215 3.3276 0.029422 149 3.4756
80 0.0019528 216 14.8942 0.0139 153 9.5953
100 0.0019643 216 23.495 0.0073321 172 17.4785
120 0.0019728 216 53.2984 0.0067172 171 20.2158
140 0.0019785 216 52.5903 0.0055378 174 30.3319
160 0.0019825 216 68.001 0.0027841 201 42.0257

Table 6.1: Summary for gradient descent on OCP with h = O
�

1
~N

�
, tol = 10 � 10, max-iter=10,000, and

relative Q2
H error on control, state, and adjoint

Figure 6.1: Order of accuracy for gradient descent
in Q2

H -norm
Figure 6.2: Gradient norm k�q k + zkk2

L 2 (
) , over

iterations for ~N = 100 and the gradient descent

In Figure 6.1 the order of accuracy is displayed. The error is measured in the Q2
H norm with

q 2 L 2(
) , u; z 2 H 1
0 (
) , representing the reference control, state, and adjoint, i.e.

error =









�
I h(q) � qh I h(u) � uh I h(z) � zh

� T









Q2
H

:

From literature [VM24, Corollary 7.6.7], we know that for unconstrained OCPs, the control error has
second order of accuracy. In the presence of control constraints, we further require ud 2 L p(
) with
p > d and

P

K 2T 3
h

� (K ) � ch for a constant c > 0. The set T 3
h is composed of T 3

h = Th n (T 1
h [ T 2

h ) with

T 1
h := f K 2 Th j q� jK = qa or q� jK = qbg and T 2

h := f K 2 Th j qa < q � jK < qbg. Furthermore, the

error estimate reduces to kI h(q) � qhkL 2 (
) � ch
3
2 for shaped regular meshes. Examples 5.3.1 to 5.3.3

and 5.3.5 do not have control constraints, thus the observed order of accuracy matches the theoretical
order of accuracy. However, for Example 5.3.4 the relative Q2

H -error does not decrease for �ner mesh
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sizes. This can either be explained with the non-
monotone superposition operator, or the lack of
control constraints, which are required for the well-
posedness of the state equation. The numerical
instabilities, which occurred for most of the calcu-
lations do not have an in�uence on the Q2

H , as we
are able to observe a second order of accuracy.
The average L 2(
) -norm of the gradient for differ-
ent iterates is given in Figure 6.2. Although sev-
eral PDEs of the type (3.1) needed to be solved,
the gradient descent converged fast. The results
for different initial guesses are similar and can be
found in Figures A.11 and A.12. Figure 6.3: Gradient norm k�q k + zkk2

L 2 (
) over it-
erations for different mesh sizes for Example 5.3.1
solved with gradient descent

6.3 First discretize, then optimize

For the PDE, we considered the gradient descent w.r.t. the H 1
0 (
) inner product and the euclidean

inner product, which can also be interpreted as discretise �rst, differentiate second. This approach is
now being discussed on the OCP, where we discretise the OCP using linear �nite elements and solve
the resulting nonlinear program using tools from nonlinear optimisation.

6.3.1 Application to linear �nite elements

In the space Vh , we have the nodal basis vectors ' i for i 2 [N ]. Consider uh =
NP

i =1
� i ' i ; qh =

NP

i =1
� i ' i 2 Vh . Then as for the gradient descent

J (qh ; uh) =
1
2

(� � Ud)T M (� � Ud) +
�
2

� T M�:

Of course, the partial differential equation needs to be satis�ed, which translates into

A

0

B
@

� 1
...

� N

1

C
A + L

0

B
@

g(� 1)
...

g(� N )

1

C
A = M

0

B
@

q(x1)
...

q(xN )

1

C
A

where we used mass lumping on the nonlinearity, which was discussed in Section 4.1.1. This results in
a nonlinear, nonconvex optimization problem.

6.3.2 Numerical experiments

The resulting nonlinear, nonconvex optimization problem is solved with Matlab's fmincon function*. We
used automatic differentiation, the prede�ned solver, and solved with the following settings

1 % Options for the solver
2 opts=optimoptions("fmincon",
3 "MaxIterations",1000, ... % Limit the number of iteration

*The fmincon function tries to �nd the minimum of constrained nonlinear multivariable function. It is a nonlinear program-
ming solver.[Mat24a]
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