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Abstract

This thesis explores the effect of local non-linear phenomena on a structure
that can otherwise be described linearly with a high degree of accuracy, with
the focus on fuel sloshing in external stores. While it is possible to make high
fidelity simulations of these phenomena, they are complex enough that it is not
possible in a production environment where thousands of analyses are made.

Experimentalmodal analysis ofmultiple sets of compositewings showman-
ufacturing induced asymmetries, with a significant frequency shift observed
in the first bending mode between the left and right wings of one set. These
variations caused nominal symmetric and anti-symmetric mode shapes to shift
into single wing dominatedmodes. Tests using a wing-fuel tank system demon-
strated that liquid-filled configurations exhibit distinct dynamic behaviors com-
pared to rigid-mass equivalents. At a 50% fill level, a store sway structuralmode
present in the dry configuration was found to dissipate in the wet configuration.
Additionally, the liquid-filled storeswere subject to frequency shifts in torsional
modes and an increase in overall structural damping. Excitation using robotic
motion was evaluated using the same sloshing tank attached to a six-degrees-
of-freedom industrial robot, with a focus on achieving chaotic fluid motion. It
is shown to be a valid alternative to traditional excitation schemes.

Numerical simulations using individually updated finite element models
showed a substantial variation in critical flutter speeds. Configurations utiliz-
ing liquid-filled tanks demonstrated higher critical flutter velocities than rigid-
filled counterparts due to increased frequency separation between fundamen-
tal wing bending and torsion modes. The results indicate that linear models
approximating fuel as a frozen mass can lead to an underestimation of critical
dynamic pressure. Experimental validation remain essential for ensuring the
robustness of analytical flutter predictions.

Keywords
structural dynamics, aeroelasticity, sloshing
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Sammanfattning

Denna avhandling utforskar effekten av lokala icke-linjära fenomenpå en struk-
tur som i övrigt kan beskrivas linjärtmedhög noggrannhet,med fokus på bräns-
leskvalp i externa laster. Trots att högupplösta simuleringar av dessa fenomen
ärmöjliga, är de så komplexa att det inte ärmöjligt att använda dessa i en skarp
produktutvecklingsmiljö där tusentals analyser genomförs.

Experimentell modalanalys av flera uppsättningar kompositvingar uppvi-
sar tillverkningsinducerade asymmetrier, med en signifikant frekvensförskjut-
ning för första böjmoden mellan vingarna i en uppsättning. Dessa variationer
orsakade att nominellt symmetriska och antisymmetriska modformer skiftade
till moder dominerade av en vinge i taget. Tester av ett vingsystemmed bränsle-
tank visade att vätskefyllda konfigurationer uppvisar distinkta beteenden jäm-
fört med motsvarigheter fyllda med stel massa. Vid en fyllnadsgrad på 50 %
i den våta konfigurationen försvann en strukturell mod för sidrörelse (store
sway), som fanns i den torra konfigurationen. Dessutom introduceras tydliga
frekvensskift och en ökning av strukturell dämpning i torsionsmoder. Excite-
ring med industrirobot utvärderades med samma tank monterad på en robot,
med fokus på förmågan att uppnå kaotisk vätskerörelse. Det visas vara ett gil-
tigt alternativ till shakerexcitering.

Numeriska simuleringar med individuellt uppdaterade finita elementmo-
deller visade på en variation i kritiska fladderhastigheter. Konfigurationer med
vätskefyllda tankar uppvisade generellt högre kritiskt dynamiskt tryck än mot-
svarigheter med stel massa, på grund av en ökad frekvensseparation mellan
vingens fundamentala böj- och torsionsmoder. Resultaten indikerar att linjära
modeller som approximerar bränsle som en frusen massa, kan leda till en un-
derskattning av kritiskt dynamiskt tryck. Experimentell validering av struktur-
dynamiska egenskaper är avgörande för att säkerställa robustheten i analytiska
fladderprediktioner.

Nyckelord
strukturdynamik, aeroelasticitet, bränsleskvalp
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1 Introduction

Modern aerospace structural design is a delicate balancing act between develop-
ment cost, delivery speed, and structural performance. For a multi-role fighter
like the JAS 39 Gripen, this balance is tested by an almost infinite matrix of
altitudes, temperatures, speeds, and maneuvers combined with a vast array of
mass loads and external store configurations (Figure 1.0.1).

Figure 1.0.1: JAS 39 Gripen C with an assortment of external stores. Photo by Patrik Skolling
Möller.

To simplify the latter, the fuel mass is analyzed in discrete steps from zero to
one hundred percent, yet this still results in thousands of unique aircraft con-
figurations. Each of these must then be evaluated across ranges of dynamic
pressure and Mach values to ensure stability at all the various flight conditions
previously mentioned.

The aeroelastician typically influences the design process in three distinct
phases. First, they act as stakeholders during the design stage by establishing
specific structural requirements, such as defining minimum frequency thresh-
olds for wing bending or setting stiffness targets for control surface linkages.
Second, as participants in the cyclical product development process, they an-
alytically and numerically evaluate each new product iteration and provides
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CHAPTER 1. INTRODUCTION

feedback to the design organization. Lastly, they perform a critical verification
role for the mature design, where various aircraft configurations are analyzed
and, critically, tested to ensure they remain free of aeroelastic instabilities in
the specified flight envelope.

A hierarchy of tools are needed to handle these phases, and the multitude
of questions that need answering. On one end are low-fidelity linear models,
essential for scanning thousands of scenarios to ensure flutter-free flight en-
velopes. On the other are high-fidelity non-linear simulations used to probe
specific, critical conditions and detail studies. An efficient profit-driven organi-
zation desires to find the ”optimum fidelity”, models that are ”good enough” to
ensure safety and performancewithout the prohibitive cost of over-engineering
or endless simulation and testing.

Toperform thenecessary numerical calculations, structural data is required
for every combination of external stores and mass configuration. This infor-
mation is typically sourced from the global finite element model of the aircraft.
While this model is largely shared with the structural strength department, spe-
cificmodifications needs to applied to adapt themodel for the specialized needs
of structural dynamics and flutter analysis.

Data regarding the mass and stiffness of an aircraft configuration, derived
from the finite element model, is combined with linear unsteady aerodynamics
for a specific flight condition to calculate the critical flutter condition. This rep-
resents the point atwhich the inherent elastic and inertial forces of the structure
are overcome by the forces from the airflow, causing the effective damping of
the aeroelastic system to drop to zero or negative, leading to unstable vibrations
that exponentially increase in amplitude.

Ground vibration tests are used to evaluate the aircraft’s dynamic proper-
ties experimentally by simulating flight conditions on soft springs, exciting the
structure with a known input force and measuring the response of the struc-
ture. They are conducted partly to verify, calibrate and update the finite ele-
ment model, ensuring that it accurately represents the physical aircraft. How-
ever, the mass and stiffness data obtained directly from these tests can also
be combined with aerodynamic data to bypass the need for a numerical struc-
tural model entirely. This approach is particularly useful during prototype de-
velopment, when modifying existing aircraft, or in cases where there is limited
confidence in the finite element model. Additionally, these tests provide vital
information regarding structural damping, a characteristic that is not naturally
included in the formulation of a linear finite element model.

While ground vibration testing is essential for both model updating and di-
rect flutter prediction, it is also a mandatory requirement under both civilian
and military regulations [4], [5]. Despite its importance, the process is excep-
tionally time-consuming and expensive. It also typically takes place at the very
end of the product development cycle, once mature hardware is available, cre-
ating immense pressure to finish quickly so the aircraft can proceed to its first
flight. Follow-up tests are usually performed later to adapt the structuralmodel
to design updates or to integrate new external stores, but these are similarly
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CHAPTER 1. INTRODUCTION

constrained by tight schedules and a high demand for available test aircraft.
Due to these constraints, only the most representative or technically chal-

lenging aircraft configurations are selected for ground vibration testing. Ex-
amples include a clean aircraft without any external stores, configurations at
maximum weight capacity, or one with external stores that have been shown
to be challenging in previous stages of the product development process. Large
and heavy loads often include external fuel tanks, which are used to provide the
extra fuel necessary to extend the operational range of the aircraft.

(a) Elastic store and drop tanks. (b) Elastic store and dummy drop tanks.

Figure 1.0.2: Ground Vibration Tests have been performed with both fuel-filled drop tanks,
and solid equivalent dummies. The tests were done at differing times, and on different aircraft
individuals.

External fuel tanks are, for all the reasons justmentioned, often included in sev-
eral configurations of interest for ground vibration testing of the JAS 39 Gripen
E, and most probably with other similar aircraft. Involving fuel tanks means
managing fuel during testing, and that is a complex and cumbersome process.
Tomaintain the airworthiness of the aircraft, the tanksmust be filled according
to correct procedure, through an aircraft, at a fueling station on the flight line.
The tanks then have to be dismounted, moved and mounted to the test aircraft.
Finally, the fuel must be disposed of once the testing is completed.

Beyond logistical issues, problems can arise with fuel shifting within the
tanks. This movement causes the center of gravity of the aircraft to change
slightly during an ongoing test campaign. It is also difficult to fill the tanks
with high precision, which can lead to mass differences between the port- and
starboard-mounted fuel tanks, and cause unintended asymmetrical responses.

In response to these challenges, solid dummy stores can be used, see Figure
1.0.2. These can be designed so that both the total mass, center of gravity and
moment of inertia can bemodified by adding or removing a series of adjustable
weights. Dummy stores mimic the mass and balance of real external fuel tanks
while being easy to handle and possible to model with high precision using de-
tailed finite element simulations. For a structural dynamicist, this represents
an ideal scenario!
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CHAPTER 1. INTRODUCTION

Figure 1.0.3: Comparison of the vertical response at a driving point, between a liquid filled
drop tank and a dummy drop tank with similar mass properties.

However, when testing with dummy stores representing fuel tanks, the ques-
tions arises of howwell the results correspondswith data from tests using actual
fuel tanks. A direct comparison shows significant differences in the dynamic
response, as can be observed in Figure 1.0.3. The response in the vertical direc-
tion at the forward measurement points for each test, shows that, aside from
minor discrepancies, a significant natural mode is entirely absent in the case
involving the liquid-filled tank.

This raises compelling questions about how the the liquid content influ-
ences the dynamic response of the aircraft, which serves as a primary inspira-
tion for this licentiate thesis.

1.1 Motivation

The research student in an industrial environment must navigate a tension be-
tween industrial applicability and academic depth. The employer is support-
ing research training with a desire of both gaining a knowledgeable employee
that can handle advanced technical work, but also to gain knowledge that can
be integrated into the organization and its processes. A research organization
with public or government funding might prioritize long-term basic research,
that can provide deep and wide impact over decades. For such an effort high-
fidelity tools can always be an option, as understanding and precision are of
the highest priority. The university and the supervisor desires interesting and
focused research that culminates in, at least, a some expansion of the total sum
of human knowledge.

This thesis exists at the boundary of ”enough”, investigating a specific phys-
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CHAPTER 1. INTRODUCTION

ical phenomenon, fluid sloshing, where traditional linearmodelsmay no longer
suffice. The problem is well illustrated by the observed discrepancies between
ground vibration tests using fuel-filled tanks, and those using solid dummy
stores, where structural behaviors present in one is absent in the other. A
deeper understanding of how such nonlinear phenomena interact with the sur-
rounding airframe allows engineers to set target requirements more precisely
rather than using additional safety margins to bypass the problem.

The primary motivation for this research is to gain knowledge and under-
standing of local nonlinearities caused by fuel sloshing. Experimentally investi-
gating local nonlinearities provides information on the impact on the airframe,
and, in the end, supports the development and implementation of more effi-
cient computational methods. Better understanding of these phenomena, and
better tools, can significantly reduce the cost of product development by mini-
mizing the amount of late-stage design changes that are needed to ensure safety.

1.2 Research aim and research questions

The primary goal of this research is to explore how specific local nonlinear phe-
nomena, including fuel sloshing and structural variations, influence the aeroe-
lastic performance and stability of an aircraft. To address this goal, the follow-
ing research questions have been formulated:

RQ 1: To what extent do manufacturing variations in composite wings
contribute to the discrepancies observed between predicted behav-
ior and experimental results?

RQ 2: What are the specific hydroelastic effects of fuel sloshing on the dy-
namic behavior, structural damping, and the overall flutter enve-
lope of a typical fighter jet?

RQ 3: Howeffectively can complex fluid-structure interactions be captured
using a six-degree-of-freedom robotic excitation system, and what
are the primary advantages of this approach compared to traditional
ground vibration testing setups?

To answer these questions, this thesis employs proven and novel experimen-
tal techniques to isolate these nonlinear effects and quantify their impact on
the aircraft’s dynamic stability. The data and information should act as a solid
foundation for the development of mid-fidelity simulation models.

1.3 Scope

The high computational cost of detailed simulations often prevents the use of
high-fidelity models in a standard production environment, limiting their use
to specific cases and detailed studies. At the same time, the use of fast, lin-
ear models can miss, or underestimate, the impact of non-linear phenomena.
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CHAPTER 1. INTRODUCTION

This project aims to aid in the development of efficient, lower-cost mid-fidelity
methods that are practical for scenarios where thousands of individual analyses
must be performed.

It is assumed that aerodynamic forces remain invariant across all analyzed
scenarios. Consequently, the aerodynamic component is considered out of scope.
The focus of this research is directed exclusively toward the structural aspects
of the aeroelastic challenge.

The following chapters provide the theoretical background for these phe-
nomena, a description of the experimental methodologies employed, and an
analysis of the results that address the research questions.
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2 Background

2.1 Aeroelasticity

Aeroelasticity is the science that deals with fluid-structure interaction; or the
interaction of aerodynamic, elastic and inertial forces; or simply the static and
dynamic responses of an elastic aircraft. The field is closely related to both
structural dynamics and flight mechanics, as described in the classic illustra-
tion in Figure 2.1.1 by Collar [6].

Figure 2.1.1: The aeroelastic triangle, adapted from Collar [6].

An aircraft wing subject to external loading will deform even if it is capable of
sustaining the load. A deformed structure experiences a different set of aero-
dynamic loads compared to the undeformed structure. As aerodynamic loads
increase with the speed there will be a critical speed where the static aerody-
namic load that the deformed structure is subject to, grow larger than the elas-
tic restoring forces and the deformation increases until the structure fails. This
static instability is known as divergence.
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CHAPTER 2. BACKGROUND

Flutter, which is a subset of dynamic aeroelasticity, is a phenomenon where
a transversely oscillating wing in uniform, undisturbed flow periodically gains
energy from the air stream. If the energy gained is greater than the elastic and
inertial resistance, the amplitude of the motion will increase and the wing is
said to be fluttering.

2.2 Sloshing

Sloshing is intuitively knownby everyonewhohas carried an openmugof coffee
from one room to another, as it is the tendency of the free surface to undergo
large motion due to relatively small movements of the container. It is defined
as the movement of a liquid with a free surface inside a container, and it can be
incited both by harmonic motion and transient motion [7]. The wave motion
of an inviscid incompressible fluid in a rigid tank can be modeled by the free-
boundary potential flow equations, presented for example byAbramson [8], [9].
A liquid inside a container has an infinite number of natural frequencies, but
generally only the lowest fewmodes can be excited by the motion of an aircraft,
and are therefore of interest in sloshing dynamics [10]. When considering full
containers without a free surface, they are not subject to sloshing dynamics and
are often equated to solid-mass objects.

The influence of liquid fuel movement in aircraft have been a subject of
interest for the aircraft design community for many years. Test pilots have ob-
served how sloshing in partially filled fuel tanks impact aircraft stability and
control since the introduction of aviation [11].

Historically, the absence of appropriate methodologies and instruments
has resulted in the industry’s neglect of addressing these effects through theo-
retical approaches. Instead, the issue has been predominantly tackled through
empirical means, by keeping the tanks as full or as empty as possible to mini-
mize the free surface [8]. Failing that, baffles, sections, foam inserts and other
measures have been used to minimize the free surface, and the amplitude of
the moving liquid. For most air planes, fuel has been modeled as concentrated
masses, or when the stiffness contribution of the fuel has to be considered,
a simple equivalent mass oscillator coupled with the structure of interest [8],
[12]–[14].

At Saab, there are threemain areas of interest regarding the effects of liquid
sloshing.

• Dynamic loads related to fluid within tank internal systems and struc-
tures are prominent concerns. For instance, fuel tanks may house com-
ponents such as pipes and electrical cables. These elements must be en-
gineered to endure the stresses and forces caused by the liquid. Such
forces arise from various scenarios, including the dynamic response of
manouvers in flight, unexpected gusts, impact during landing, as well as
impacts frombird strikes. Proper sizing andmaterial selection are essen-
tial to ensure the integrity and reliability of these internal components
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CHAPTER 2. BACKGROUND

under such conditions.

• The implications of fluid dynamics on the stability and control mechan-
ics of aircraft. This considerationbecomes crucialwhen evaluating fighter
jets, which undergo a broader spectrum ofmaneuvers compared to com-
mercial passenger planes.

• The effect on the flutter envelope of high-performance fighter jets. The
liquid-filled internal and external fuel tanks has an added-mass effect
on the aeroelastic system as a whole, but there is also a hydro-elastic
effect from the sloshing that is traditionally not included in computa-
tional flutter prediction. The impact, or lack thereof, on the aeroelastic,
and aeroservo-elastic, system is important to estimate for flutter prac-
titioners to save on both simulation as well as experimental evaluation
efforts.

The phenomenon of sloshing within aircraft has not received significant atten-
tion in the context of flight flutter analysis and experimental evaluation. This
can be attributed in part to the strategies aimed at mitigating the issue through
design modifications, and the financial burden and the increased complexity
associated with addressing sloshing effects analytically or numerically for all
relevant flight conditions. Demonstrating aeroelastic stability for an aircraft
that is intended to carry a number of different external stores requires making
use of both analysis and testing. Adding fuel fill levels as a parameter will dras-
tically increase the number of configurations that need to be analyzed, making
testing an unsuitable tool to determine the stability margins [15].

Recently, there has been a renewed focus on numerical predictions of the
effect of internal fuel sloshing on aircraft structures, but there is still a lack of
maturity in models and tools that make practitioners to often still exclude the
hydro-elastic effect of sloshing [16], [17].

2.2.1 Types of motion

A liquid in a container has an infinite amount of natural frequencies, but in gen-
eral it is the lower modes that will be excited by the motion of an aircraft. The
liquid can move in many and fascinating ways, including planar, non-planar,
rotational, beating, symmetric and chaotic motion [10]. There are a number
of non-linear effects that can affect liquids in moving containers resulting in a
strong dependence on amplitude.

An external fuel tank filled with liquid is subject to three different main
domains of dynamic motion:

• Lateral motion induces the formation of standing waves within the tank,
which can interact with the dynamic structural response of the tank. It
should be noted that even a relatively low amplitude of excitation is suf-
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CHAPTER 2. BACKGROUND

ficient to produce such standing waves. This phenomenon has been doc-
umented in studies by Firouz & Abadi, and Pizzoli et al [18], [19].

• Rolling motion - generates planar and rotational motion at low ampli-
tude excitation [19].

• Vertical motion - In contrast to lateral and rolling motions, low ampli-
tude verticalmotion typically results in the fluid surface remainingmostly
flat. Any perturbations are minor and usually take the form of ’fluid fin-
gers’, a beating motion in response to the frequency of the external exci-
tation [8].

A high amplitude of motion of any type may cause the liquid to behave chaoti-
cally [7].

2.2.2 Scaling a model for fluid-structure interaction experiments

Buildingmodels of one’s work to aid understanding has been an important task
for engineers for centuries. When performing an experimental evaluation, it is
often essential for the scale model to accurately represent a certain quantity of
the larger object. In such cases, there are a number of strategies that can be
employed depending on what quantity is important.

For hydrodynamics there are three different kinds of similarities that may
need to be maintained: geometric similarity, kinematic similarity and dynamic
similarity. If the kinematics and dynamic behavior of the liquid in a reduced-
sized closed container are supposed to mimic that of the liquid in a larger con-
tainer, then a strategy is to maintain Reynolds-Froude scaling, i.e. constancy
of the Reynolds and Froude numbers [20]. While several other dimensionless
quantities, such as the Cauchy number, the cavitation number and the Weber
number also can be considered, the Froude andReynolds numbers are themost
impactful signifier of scale adherence [7].

Reynolds number is defined as a dimensionless quantity that states the ra-
tio of inertial forces to viscous forces [21]. It is a characterization of the fluid as
it interacts with an object or a boundary

𝑅𝑒 = 𝑢𝐿
𝜈 = 𝜌𝑢𝐿

𝜇 , (2.2.1)

where 𝑢 is the flow velocity, 𝐿 is the characteristic length, 𝜈 is the kinematic
viscosity, 𝜇 is the dynamic viscosity of the fluid, and 𝜌 is the density of the fluid.
Notably, it varies linearly with both 𝑢 and 𝐿.

The Froude number, another dimensionless quantity, is derived from the
ratio of velocity to characteristic length

𝐹𝑟 = 𝑢√𝑔𝐿. (2.2.2)

This number illustrates the correlation between the inertia of flow or its viscos-
ity and the prevailing local force field, which is often gravitational, 𝑔, in nature.
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Since sloshing is associated with gravity waves, this is a critical factor to main-
tain [7]. Maintaining Froude scaling involves preserving this ratio that linear
in relation to the flow velocity 𝑢, but proportional to the square root of the char-
acteristic length 𝐿.

For fuel sloshing in an aerospace context we aremainly concerned with the
scaling between a jet fuel such as JP-8 (the main standard for military use) and
the experimental liquid, in this case water. Comparing the density and viscosity
of JP-8 and water, from the data in Table 2.2.1, one can see that the ratio 𝜌/𝜇
for water at room temperature is 2-2.5 times higher than for JP-8.

JP-8 Tap water

Density [kg/L] 0.775-0.840 [22] 0.997

Viscosity, at 20C [mm2/𝑠] 1.65 - 1.95 [23] 1.0

Viscosity, at -20C [mm2/𝑠] 4.52 [24] -

Table 2.2.1: Fluid properties for JP-8 and tap water.

Geometric, mechanical and kinematic scaling can be used to further alter the
Froude and Reynolds numbers of the scale model tomatch that of the full-scale
version. For other purposes, an emphasis on accurate geometrical scaling, me-
chanical scaling, strain scaling, or frequency scaling might be more suitable [7].
All of these strategies aim to preserve the constancy of some quantity [20].

2.2.3 Numerical sloshing analysis

The natural frequencies and associated fuel movement depend greatly on the
shape of the container. Early developments in the numerical treatment of the
natural frequencies and associated fuelmotions for rigid containerswith rectan-
gular and cylindrical (standing) cross sections were made by Rayleigh, Stekloff
and Lamb [25]–[27]. Budiansky and Chu [28], [29] made significant contribu-
tions for horizontal cylindrical containers and arbitrary fill levels. Budiansky
built on Lamb’s work to determine the free-surface liquid natural frequencies
and mode shapes for the horizontal cylindrical container, which was more dif-
ficult because of the non-straight walls of the container [28]. Chu created a
numerical method to determine the kernel function part of the Neumann func-
tion in the Budiansky solution, which allowed the analysis of arbitrary levels of
liquid fill [29].

Modern solutions to the sloshing problem employ different types of Com-
putational Fluid Dynamics (CFD) methods to model fluid flow, including vio-
lent sloshing flow. There are many methods, but they can generally be divided
into potential flow methods and Navier-Stokes methods [7]. The Smoothed
ParticleHydrodynamics (SPH)method, and theVolumeof Fluid (VOF)method,
both different types of Navier-Stokesmethods, have recently been evaluated by
the SLOWD project, a EU-financed project aiming to investigate the use of fuel
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slosh to reduce the design loads on commercial aircraft structures [17], [30],
[31].

Recently, other analytical methods have begun to be used in numerical
sloshing analysis, such as machine learning methods, black-box models, and
equivalent mechanical models - as well as a combination of these [32]. A thor-
ough exploration of numerical analysis will not be undertaken at this time, in-
stead it will be elaborated on in detail only when it proves essential for the
project.

2.2.4 Experimental sloshing investigations

Early experimental testing of the effect of pitching oscillations of awing-mounted
external fuel tank was carried out by Widmeyer and Reese at NACA Langley in
1953 [33]. They found two different damping regimes, where an empty and full
tank behaved similarly (when accounting for the added mass effect) and that
fill levels between 20-80% also had a similar damping regime.

Figure 2.2.2: The pitch oscillation apparatus used by Widmeyer and Reese [33].

Ikeda and Nakagawa [34] investigated the vertical sinusoidal excitation of an
elastic system of a cantilevered beam with rectangular acrylic tank filled with
liquid, specifically with a natural frequency about twice that of the liquid. They
found that as the excitation frequency approached the natural frequency of the
system, the liquid surface was excited, and energy was transferred from the
structure to the free surface. They also found that structural damping was re-
lated to the fill level of the tank, with a higher degree of damping for higher fill
levels.

Martinez-Carrascal andGonzález-Gutiérrez [35] performedaFroude scaled
experiment with a single degree-of-freedom spring-damper system, and could
confirm that the presence of fluid increased the damping notably and that the
damping consists of both an inertial term and a dissipative term.
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Saltari [36] employed an electrodynamic shaker to generate vertical vibrational
input for wing tanks through a sine sweep, which induced chaotic liquid mo-
tion within the tank, and intense impacts between the liquid and the tank’s
walls. This chaotic interaction facilitates energy dissipation, offering a poten-
tial damping effect for the structure connected to the tank.

Constantin et al. [37] built on the work by Saltari and performed a scaled
experiment of a wing tank with a 50% fill level to validate the findings of a sub-
stantial dissipative damping component. An effect could be demonstrated re-
gardless of the excitation amplitude. A model of the dry structure coupled with
a 1DOF surrogate model interpolated from the experimental data collected by
Martinez-Carrascal and González-Gutiérrez was shown to predict the induced
damping .

Debshütz et al. [38] at Airbus and DLR performed an experimental investi-
gation of a generic fighter jet wing tank, in order to gather reliable data to tune
analytical reduced-order models. They used a fuel container in a representa-
tive shape of a wing tank in a fighter jet and mounted it to an industrial robot
to simulate flightmaneuvers. By careful consideration the experiment was kept
as similar as possible to real conditions, with both Froude and Reynolds num-
bers in the same order of magnitude in both the planned scenario and final
model.

2.3 Sloshing and aeroelasticity

Farhat et al. [16] compares a frozen mass model and a hydro-elastic model
of a wing-store configuration with varying fill levels and find that ignoring the
hydro-elastic effect leads to an underestimation of the critical pressure and flut-
ter speed . A multi-physics simulation of a pitch-plunge aerofoil with an exter-
nally carried fuel mass shows that the hydro-elastic effect, ignoring the added-
mass effect, is to raise the flutter boundary at transonic speeds but that effect
is lower at lower Mach numbers [39].

Pizzoli [19] uses a reduced-order model based on an equivalent mechani-
cal mass method to investigate the effect of an under-body-mounted fuel tank
on the body-freedom flutter research model. A partially filled rigid fuel tank
was integrated into an existing aeroservo-elastic model of the aircraft and com-
pared to a frozen mass model integrated in the same way. He finds an effect on
the lateral dynamics of the aircraft, with the dutch roll mode coupling with the
sloshing behavior and becoming unstable .

15





3 Materials and methods

3.1 Structural dynamics

The equations of motion for multi degrees-of-freedom (MDOF) systems with
general viscous damping can be written as

𝑴𝒙̈(𝑡) + 𝑪𝒙̇(𝑡) + 𝑲𝒙(𝑡) = 𝑭 (𝑡), (3.1.1)

where𝑴 is themassmatrix,𝑪 is the dampingmatrix,𝑲 is the stiffnessmatrix,
𝒙 is deformation vector, and a dot denotes differentiation with respect to time.
Finally, 𝑭 is a force vector acting on the system.

Modal parameters are derived by assuming free vibrations and negligible
damping. If there is no damping and no applied loads in the system, the equa-
tions of motion reduces to

𝑴𝒙̈ + 𝑲𝒙 = 𝟎, (3.1.2)

where the explicit indication of time dependency has been dropped for conve-
nience. Following Inman [40], we can assume that the solution has the form

𝒙(𝑡) = 𝒗𝑒𝑗𝜔𝑡, (3.1.3)

where 𝒗 is a nonzero vector, 𝜔 is a constant, and 𝑗 =
√

−1. It is noted that
𝑒𝑗𝜔𝑡 = cos𝜔𝑡+𝑗 sin𝜔𝑡 by the Euler formula. Differentiating (3.1.3) twice yields
the acceleration vector

𝒙̈(𝑡) = −𝜔2𝒗𝑒𝑗𝜔𝑡. (3.1.4)

Substituting (3.1.4) into (3.1.2) gives

(−𝜔2𝑴 + 𝑲)𝒗𝑒𝑗𝜔𝑡 = 𝟎. (3.1.5)

Since (3.1.5) must hold for all 𝑡, the non-trivial solution for 𝜔 and 𝒗must satisfy

(−𝜔2𝑴 + 𝑲)𝒗 = 𝟎. (3.1.6)

(3.1.6) can be reformulated as an eigenvalue problem. The standard eigenvalue
problem can be written as
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𝑨𝒗 = 𝜆𝒗 ⇔ (𝑨 − 𝜆𝑰)𝒗 = 𝟎.
Assuming that𝑴 is a positive semidefinitematrix and has an inverse, our prob-
lem can be rewritten on the standard form by multiplying both sides of (3.1.6)
with 𝑴−1, taking 𝑨 = 𝑴−1𝑲. It becomes

(𝑴−1𝑲 − 𝜔2𝑰)𝒗 = 𝟎, (3.1.7)

where 𝜆 = 𝜔2 is identified as the eigenvalue. The solution is given by a list of
eigenvalues 𝜆𝑖 with related eigenvectors 𝒗𝑖. This is indicated by re-writing (3.1)
as

(𝑴−1𝑲 − 𝜆𝑖𝑰)𝒗𝑖 = 𝟎 , 𝑖 = 1, 2, ..., 𝑛. (3.1.8)

Each pair of eigenvalue and eigenvector gives a solution to (3.1.2) of the form
(3.1.3), called an eigenmode. The general solution is a linear combination of all
eigenmodes.

The eigenvectors can also be called the mode shape vectors. The mode
shapes can be thought of as displacement patterns which describe how the sys-
tem moves at each cyclic natural frequency 𝜔𝑖 [41].

The eigenvalues 𝜆𝑖 = 𝜔2 can be collected in a diagonal eigenvalue matrix
as follows

𝝀
(𝑛×𝑛)

=
⎡
⎢⎢⎢
⎣

𝜆1 0 0 0
0 𝜆2 0 0
0 0 ⋱ 0
0 0 0 𝜆𝑛

⎤
⎥⎥⎥
⎦

.

The eigenvectors can be collected in a mode shape matrix as follows

𝑽
(𝑛×𝑛)

=
⎡
⎢⎢⎢
⎣

⎧{{
⎨{{⎩

𝑣11
𝑣21
⋮

𝑣𝑛1

⎫}}
⎬}}⎭

⎧{{
⎨{{⎩

𝑣12
𝑣22
⋮

𝑣𝑛2

⎫}}
⎬}}⎭

…

⎧{{
⎨{{⎩

𝑣1𝑛
𝑣2𝑛

⋮
𝑣𝑛𝑛

⎫}}
⎬}}⎭

⎤
⎥⎥⎥
⎦

.

where each column vector in the modal matrix corresponds to a specific mode
shape. These vectors can be arbitrarily scaled as they only show relative mo-
tions between degrees of freedom at each eigenvalue, [3].

The mode shapes are orthogonal when weighted with either the mass ma-
trix 𝑴 or the stiffness matrix 𝑲. Multiplying these systemmatrices with 𝑽 on
both sides yields the diagonal matrices

𝑽 𝑇 𝑴𝑽 =
⎡
⎢⎢⎢
⎣

𝑚1 0 0 0
0 𝑚2 0 0
0 0 ⋱ 0
0 0 0 𝑚𝑛

⎤
⎥⎥⎥
⎦

, (3.1.9)
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and

𝑽 𝑇 𝑲𝑽 =
⎡
⎢⎢⎢
⎣

𝑘1 0 0 0
0 𝑘2 0 0
0 0 ⋱ 0
0 0 0 𝑘𝑛

⎤
⎥⎥⎥
⎦

, (3.1.10)

where 𝑚𝑖 is the generalized mass and 𝑘𝑖 is the generalized stiffness for mode
𝑖. Since these values depend on an arbitrary modal scaling the values may not
have any real physical meaning. However, the ratio between the generalized
mass and the generalized stiffness is fixed since it is related to the undamped
natural frequencies as

𝜔𝑖 = √𝑘𝑖/𝑚𝑖. (3.1.11)

Typically, each mode shape is associated with a natural frequency 𝜔𝑖 and the
generalized mass 𝑚𝑖.

Importantly, if a structure is not constrained in space it is possible for the
structure tomove as a rigid body. For each degree-of-freedomwhere rigid body
motion is possible there exists one natural frequency that is zero. These are
called rigid bodymodes, and exist when free-free boundary conditions are used.

3.1.1 Experimental modal analysis

Experimental modal analysis aims to identify the dynamic properties of a struc-
ture through testing, see Figure 3.1.1 for an example of a Ground Vibration Test
(GVT) of a Gripen E aircraft.

Figure 3.1.1: Ongoing ground vibration test of a JAS 39 Gripen E aircraft.

This is done by measuring a dynamic input force and the resulting displace-
ment, velocity or acceleration, principally illustrated in Figure 3.1.2. Most com-
monly acceleration is measured [40], [41].
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Figure 3.1.2: Example of force and response on a simple plate.

A typical setup for experimentalmodal analysis using shaker excitation is shown
in Figure 3.1.3. An analyzer / test data manager sends an excitation signal
through an amplifier to a electrodynamic shaker. The shaker is connected to
the test object through a weak stinger rod, ensuring that only the force compo-
nent perpendicular to the surface is transferred. Between the stinger rod and
the test object is a force transducer, measuring the resulting input force. The
test object is equipped with a number of accelerometers, the output of which is
connected back to the analyzer / test data manager, that collates and analyzes
the test data. An overview of the analysis process is shown in Figure 3.1.4.

Figure 3.1.3: Overview of a generic test setup employing shaker excitation.

The time domain accelerations are converted to the frequency domain for fur-
ther analysis, via a Fourier transform. Frequency response functions (FRFs)
are then calculated, as a representation of of the output response in a specific
point to an applied force in a specific point. The FRFs are complex-valued func-
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tions whose phase and magnitude components represent the ratio of output
response to a given input force.

When measuring accelerations in the time domain, the equivalent output
in the frequency domain will be an accelerance FRF. For the system in (3.1.1)
the general frequency response function can be written as

𝐻𝑚𝑛(𝜔) = −𝜔2
𝑁

∑
𝑟=1

𝑣𝑚𝑟𝑣𝑛𝑟
𝑚𝑟

1
𝑗2𝜔𝜉𝑟𝜔𝑟 − 𝜔2 + 𝜔2𝑟

, (3.1.12)

whichdescribes the response as the sumover𝑁 nodes, with acceleration atDOF
𝑚, for a force at DOF 𝑛. It can be seen that this expression contains the mode
shapes, their related natural frequencies and viscous modal damping ratios.

Figure 3.1.4: Analysis process in experimental modal analysis.

The FRF that measures the output response in the input point (𝐻𝑛𝑛) is called
a driving point measurement, and it has some specific characteristics: all res-
onances are separated by anti-resonances with a minimal magnitude, and the
FRF loses 180° of phase over a resonance and gains 180° over an anti-resonance.
These characteristics are useful quality checks during experimental testing, as
irregular driving point FRFs canbe causedby faulty or improperly aligned equip-
ment [42].

The denominator of (3.1.12) are the poles, and they contain information
about damping and natural frequencies of the eigenmodes [40]. Displaying
the poles for an increasing number of modes in the model (model order) on
the frequency axis helps sort the true modes from ones stemming from noise
(e.g. measurement noise, and numerical noise) as the estimation of frequency
and damping for a true mode should be stable nomatter the model order of the
curve fitting [42], [43]. Choosing the model order high enough is necessary in
order to find all the physical modes, due to the presence of noise in the data.
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3.2 Aeroelasticity

FollowingBorglund&Eller [44], the aeroelastic equation ofmotion for aMDOF
system can bewritten on the same form as (3.1.2), with an applied external load,

𝑴𝒙̈ + 𝑲𝒙 = 𝒇𝑡𝑜𝑡(𝑡). (3.2.13)

This gives that at the steady state where 𝒙̈ = 0 there is an equilibrium between
the elastic forces and the total external forces

𝑲𝒙 = 𝒇𝑡𝑜𝑡. (3.2.14)

There are several components that make up the total external forces: Aerody-
namic forces 𝒇𝑎 due to elastic deformation 𝒙 and control surface deflection 𝛿,
aerodynamic forces due to small changes of the reference geometry 𝒇𝑎0, and
the constant load from for example changes in mass distribution 𝒇𝑤.

The aerodynamic forces can be formulated as

𝒇𝑎 = 𝑞𝑸0𝒙 + 𝑞𝒇0𝛿, (3.2.15)

where 𝑸0 is the steady state aerodynamic matrix, 𝒇0 is the steady state force
vector and 𝑞 is the dynamic pressure. Assuming that small changes in the ref-
erence geometry can be expressed by a an elastic deflection vector 𝒙0 then

𝒇𝑎0 = 𝑞𝑸0𝒙0, (3.2.16)

so the total external force 𝒇𝑡𝑜𝑡 becomes

𝒇𝑡𝑜𝑡 = 𝒇𝑎 + 𝒇𝑎0 + 𝒇𝑤 = 𝑞𝑸0𝒙 + 𝑞𝒇0𝛿 + 𝑞𝑸0𝒙0 + 𝒇𝑤,
and (3.2.14) can be written as

𝑲𝒙 = 𝑞𝑸0𝒙 + 𝑞𝑸0𝒙0 + 𝑞𝒇0𝛿 + 𝒇𝑤. (3.2.17)

If 𝒙 represents the change in elastic deflection with respect to the undeformed
state 𝒙0 then the total change in geometry is 𝒙0 + 𝒙 which means that (3.2.17)
can be re-written as a linear systems of equations, given by

[𝑲 − 𝑞𝑸0]𝒙 = 𝒇𝑎0 + 𝒇𝑎𝛿 + 𝒇𝑤 = 𝒇𝑡𝑜𝑡. (3.2.18)

3.2.1 Flutter

It is convenient to tackle flutter in the frequency domain as that provides a com-
plete description of possible motion for a linear stability problem [45]. Starting
with the general aeroelastic equation of motion from (3.2.13) we can disregard
the external forces that does not depend on the elastic deformation as they will
not influence stability in the eventual linear approximation [44]. This gives
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𝑴𝒙̈ + 𝑲𝒙 = 𝒇𝑎(𝑡) = 𝑞𝑸0𝒙, (3.2.19)

with the the steady-state aerodynamicmatrix𝑸0 or𝑸(0). This can be re-formu-
lated, analogous with (3.1.3) - (3.1.6) in the previous section, as the frequency-
domain equations of motion

𝑴𝑝2𝒗 + 𝑲𝒗 = 𝑞𝑸( ̂𝑝)𝒗, (3.2.20)

where the aerodynamic transfer matrix 𝑸( ̂𝑝) depends on the reduced Laplace
variable ̂𝑝 = 𝑝𝑏/𝑢. 𝑏 is the aerodynamic reference length, often the wing semi-
chord, and 𝑢 the airstream velocity.

By re-arranging (3.2.20) we get the nonlinear eigenvalue-problem

𝑭 (𝑝)𝒗 = [𝑴𝑝2 + 𝑲 − 𝑞𝑸( ̂𝑝)]𝒗 = 0, (3.2.21)

where 𝑝 is the eigenvalue resulting in a singular flutter matrix 𝑭 (𝑝) and 𝒗 is the
eigenvector. Assuming that the problemcanbe solved for a set of eigenvalues 𝑝𝑗,
with eigenvectors 𝒖𝒋 at any dynamic pressure 𝑞, the eigenvectors represent the
mode shapes and the eigenvalues contain damping 𝜎𝑗 = Re 𝑝𝑗, and frequency
𝜔𝑗 = Im 𝑝𝑗. At 𝑞 = 0 we find the vibration problem from (3.1.6) again

[𝑝2𝑴 + 𝑲]𝒗 = 𝟎, (3.2.22)

with known solutions 𝑝𝑗 = 𝑖𝜔𝑗 (𝑝2
𝑗 = −𝜔2

𝑗 at positive frequencies).
Most aerodynamicmethods used for stability analysis provides the frequen-

cy-domain forces 𝑸(𝑖𝑘) or 𝑸(𝑘) rather than the transfer matrix 𝑸( ̂𝑝) for arbi-
trary motion. However, since the structure will experience undamped vibra-
tions at the flutter boundary, 𝑸(𝑘)will be correct at that point. 𝑸(𝑘) is possibly
a an approximation of 𝑸( ̂𝑝) for weakly damped motion when ̂𝑝 is close to the
imaginary axis.

This means that a solution 𝑝 = 𝑖𝑘 to the approximate linear eigenvalue
problem

[(𝑢
𝑏 )2𝑴𝑝2 + 𝑲 − 𝑞𝑸(𝑘)]𝒗 = 0, (3.2.23)

is also a solution the full nonlinear eigenvalue problem (3.2.21). Given that
𝑸(𝑘) is available, the problem now reduces to solving (3.2.23) for a given air-
speed.
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3.2.2 The p-k method

The basic principle of the p-kmethod is to iteratively solve the problem by con-
sidering the reduced frequency 𝑘 in 𝑸(𝑘) as a parameter. For a given value of 𝑘
we solve a linear eigenvalue problem for a set of eigenvalues ̂𝑝2

𝑗 (𝑘) and consider
the square roots Im ̂𝑝𝑗(𝑘) > 0.

If any of the solutions satisfies

Im ̂𝑝𝑗(𝑘) = 𝑘, (3.2.24)

or, rather, approximates it to within a suitable tolerance, it must be an eigen-
value ̂𝑝 to (3.2.21).

Using direct iteration gives the algorithm

𝑘𝑙+1 = Im ̂𝑝(𝑘𝑙), (3.2.25)

with the condition

∣Imd ̂𝑝
d𝑘 (𝑘∗)∣ < 1, (3.2.26)

where 𝑘∗ is a solution to (3.2.24). The basic algorithm converges slowly, and
several methods are known to speed it up considerably, such as applying New-
ton’s method to the problem [46].
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4 Results

The results of this research are divided into the identification of manufacturing
induced structural variability in composite wings and the characterization of
hydroelastic effects caused by fuel sloshing in external stores.

Experimental modal testing of multiple composite wing sets revealed sig-
nificant deviations from the nominal design. For one specific wing set, a fre-
quency difference was observed in the first bending mode between the left and
right wings, resulting in manufacturing induced asymmetry. These asymme-
tries caused the physical structure to exhibit independent left and right wing
torsion modes, whereas the nominal finite element model predicted combined
symmetrical and anti-symmetrical modes. To address these discrepancies, an
optimization based model update was performed by adjusting material proper-
ties and geometric layup angles, which significantly improved the correlation
between the numerical models and experimental data. The updated models
successfully captured the shift of symmetrical mode shapes into unbalanced,
single wing dominated modes [1].

The investigation into internal fluid dynamics utilized amodularwing store
system to compare liquid filled and rigid mass configurations. The results de-
monstrated that sloshing introduces non-linear hydroelastic effects and frequen-
cy shifts that are absent in traditional frozen mass models. At a 50% fill level,
a specific store sway structural mode identified in the dry configuration dissi-
pated completely in the wet configuration due to the energy absorption of the
moving fluid. While the first wing bending mode showed a consistent mass
matchbetween configurations,modes involving torsionalmotion exhibited pro-
nounced frequency shifts. The use of stepped sine excitation was required to
manage the lag between structuralmotion and fluid response, ensuring a steady
state periodic measurement [2].

A more experimental setup, utilizing a six degrees-of-freedom robot was
investigated. This setup allowed for the precise capture of the accelerations,
motions, and forces generated by the resulting sloshing behavior. The data
collection was performed using a synchronized system that integrated a high-
resolution motion capture array, accelerometers, and a six-component load
cell to measure forces and moments. However, the experimental setup faced
challenges during tests involving vertical motion. The accuracy of the motion
capture system diminished at the outer boundaries of the cameras’ combined
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field of view, where the tracking of the reflective markers became less consis-
tent. Furthermore, because the forces generated by the sloshing liquid were
relatively small, the measurements occurred at the lower end of the load cell’s
calibrated range. While the system maintained high precision and a high rate
of measurement, recording data at these lower magnitudes can introduce sen-
sitivity issues regarding the absolute accuracy of the force data [3].

Numerical flutter analysis performed on the updated wing combinations
showed a significant spread in stability boundaries. Using the PK-method, the
nominalmodel predicted a flutter critical dynamic pressure of 6.7 kPa at aMach
number of 0.5. However, the variation in dynamic properties across different
wing sets led to a substantial range of critical flutter speeds [1]. Configurations
with liquid filled tanks generally demonstrated a higher critical flutter velocity
than their rigid counterparts. This improvement is primarily attributed to the
hydroelastic effects of sloshing, which increased the frequency separation be-
tween the fundamental wing bending and torsion modes, thereby delaying the
onset of aeroelastic instability. These findings indicate that ignoring hydroelas-
tic effects typically leads to an underestimation of the flutter speed [2].
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5 Conclusions and future work

The study demonstrates that accurate structuralmodeling is essential for ensur-
ing the robustness of analytical predictions, as experimental work has shown
thatmanufactured components candiffer significantly from theoretical designs.
Relying on a perfectly symmetrical nominal model is insufficient for high-pre-
cision work, as variations can significantly alter stability boundaries. While the
model updating process successfully improved the correlation between numer-
ical representations and experimental data, it is concluded that using multiple
test configurations as inputs would result in a more well-rounded and accurate
finite element model.

Regarding fuel dynamics, the work concludes that traditional frozen-mass
numerical models are inadequate because they omit the characterization of in-
ternal fluid dynamics. The presence of fluid introduces a dissipative damping
effect for certain modes of the connected structure, a potential benefit that is
not included in linear models. Incorporating these hydroelastic effects into
early design phases can contribute to increased structural robustness and re-
duced conservatism.

The research establishes that robotic excitation provides a viable alterna-
tive to traditional ground vibration testing since it can achieve the high-ampli-
tude movements necessary to reach chaotic sloshing regimes. By integrating a
high-resolution motion capture system with a six-component load cell and lin-
ear accelerometers, the research successfully produced a synchronized dataset
of the forces and moments generated by the fluid

Ultimately, the study suggests that the development and implementation
of efficient mid-fidelity computational methods are practical and necessary for
production environments. Such tools can significantly reduce the cost of prod-
uct development byminimizing theneed for late-stage design changes to ensure
safety and performance. This research establishes an experimental foundation
for transitioning away from empiricalmitigation strategies toward analytical or
numerical treatments of these local non-linear phenomena.

5.1 Future Research Directions

Future research should prioritize the evaluation and maturation of diverse nu-
merical methods to bridge the gap between experimental observations andma-
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ture processes, used for high-volume analyses. This includes investigating ap-
proaches such as Smoothed Particle Hydrodynamics (SPH) [47] and emerging
reduced-order models based equivalent mechanical mass oscillators [19], [32].
Expanding the experimental data series is also essential to capture a fuller spec-
trum of hydroelastic effect across the entire operational range. This should in-
volve testing a broader spectrumof fill levels beyond the 50%and 100% cases to
better map the sloshing effects identified in literature. Furthermore, introduc-
ing fluids with differing viscosities would result in amore thorough assessment
of the hydroelastic mechanisms and allow for Reynolds-Froude valid scaling of
the effects of the fluid-structure interactions. Using robotic excitation should
enhance the ability to characterize complex internal fluid dynamics, but care is
needed to ensure the accuracy of the measured data.
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