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Abstract
Because of the variabilities of real-world image structures under the natural image transformations, that arise when observing
similar objects or spatio-temporal events under different viewing conditions, the receptive field responses computed in the
earliest layers of the visual hierarchy may be strongly influenced by such geometric image transformations. One way of
handling this variability is by basing the vision system on covariant receptive field families, which expand the receptive field
shapes over the degrees of freedom in the image transformations. This paper addresses the problem of deriving relationships
between spatial and spatio-temporal receptive field responses obtained for different values of the shape parameters in the
resulting multi-parameter families of receptive fields. For this purpose, we derive both (i) infinitesimal relationships, roughly
corresponding to a combination of notions from semi-groups and Lie groups, as well as (ii) macroscopic cascade smoothing
properties, which describe how receptive field responses at coarser spatial and temporal scales can be computed by applying
smaller support incremental filters to the output from corresponding receptive fields at finer spatial and temporal scales,
structurally related to the notion of Lie algebras, although with directional preferences. For the receptive field models based
on spatio-temporal smoothing using a sole combination of affineGaussian smoothing kernels over image spacewith non-causal
temporal Gaussian kernels over the temporal domain, we derive reasonably complete results in this respect, by exploiting
the specific structure of the joint 2+1-D Gaussian spatio-temporal model. This permits characterizations in terms of higher-
dimensional generalizations of the notion ofHermite polynomials, aswell as characterizations in terms of joint spatio-temporal
covariance matrices. For the time-causal spatio-temporal receptive field model, where the temporal smoothing is instead
performed using the time-causal limit kernel, we derive less complete results, however, still highly useful for the special case
when the velocity parameters assume equal values in both the incremental convolution kernel as well as in the corresponding
layers of the spatio-temporal scale-space representation. The presented results provide (i) a deeper understanding of the
relationships between spatial and spatio-temporal receptive field responses for different values of the filter parameters, which
can be used for both (ii) designing more efficient schemes for computing receptive field responses over populations of multi-
parameter families of receptive fields, as well as (iii) formulating idealized theoretical models of the computations of simple
cells in biological vision.
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1 Introduction

When a visual observer views objects or spatial–temporal
events in the environment, the image data reaching the visual
sensor may be subject to substantial variabilities caused by
variabilities in the viewing conditions, as resulting fromvary-
ing the distance, the viewing direction and the relativemotion
between the objects in the world and the observer. The influ-
ence of the resulting geometric image transformations will,

0123456789().: V,-vol 123

http://crossmark.crossref.org/dialog/?doi=10.1007/s10851-026-01296-8&domain=pdf
https://orcid.org/0000-0002-9081-2170


   19 Page 2 of 29 Journal of Mathematical Imaging and Vision            (2026) 68:19 

in turn, strongly affect the responses of the receptive fields
in the early layers of the visual hierarchy.

To handle such variabilities in image structures, caused
by variations in the viewing conditions, the notion of multi-
parameter scale spaces has been proposed regarding the
families of receptive fields (Lindeberg [47, 52]). Specifically,
from the desirable property of provable covariance proper-
ties of the families of spatial and/or spatio-temporal receptive
fields under the appropriate families of geometric image
transformations, the shapes of the spatial or spatio-temporal
receptive fields ought to be expanded over the degrees of
freedom of the corresponding image transformations (Lin-
deberg [59]). Notably, such a notion has been proposed as a
tentative model for variabilities of simple cells in the primary
cortex of higher mammals (Lindeberg [60]).

If one in an idealized vision system is to take the view that
a rich set of receptive field responses is to be computed for a
rich variety of shape parameters of the receptive fields, one
can raise the question if this could be done in a more efficient
manner than computing each receptive field response sepa-
rately. Similarly, one may ask how receptive field responses
computed for different values of the filter parameters could
be related. For example, for the pure spatial scale-space rep-
resentation, defined from convolution with either isotropic
or anisotropic affine Gaussian kernels, the underlying spatial
smoothing filters obey cascade smoothing properties over
spatial scales, implying that any representation at a coarser
spatial scale can be computed by applying a filter or a set of
filters to the representations at any finer scale.

For purposes of computer implementation, making use of
that cascade smoothing property can substantially reduce the
computationalwork, bymaking it possible to build the imple-
mentation based on a set of filtering operations of smaller
spatial support compared to a naive implementation of each
receptive field response,which thereby reduces the amount of
computations. Similarly, by the special property of the spatial
smoothing operation, the cascade smoothing property result-
ing from the semi-group property of the underlying either
isotropic or anisotropic affine Gaussian smoothing kernels
guarantees a simplifying property from finer to coarser level
of scales, crucial for the formal definition of a simplifying
property from finer to coarser scales in the corresponding
spatial scale-space representation (Iijima [32], Koenderink
[37], Koenderink and van Doorn [39], Lindeberg [43], [47],
Weickert et al. [89]).

The subject of this paper is to generalize the above-
mentioned ideas for the specific generalizedGaussian deriva-
tive model for visual receptive fields, initially derived in
Lindeberg [47, 48] and then refined in Lindeberg [50, 52,
55, 59, 60]. Using the algebraic properties of the idealized
models for visual receptive fields according to this frame-
work, we will derive closed-form expressions for derivatives
with respect to the filter parameters in this model as well

as explicit macroscopic cascade relations between recep-
tive field responses for different parameter settings, roughly
corresponding to a combination of Lie group structures
with multi-parameter semi-group structures, comprising 3
effective parameters in the purely spatial case and 4 or
6 effective parameters in the joint spatio-temporal case,
although for special reasons of separating the degree of free-
dom corresponding to purely spatial scaling transformations,
overparameterized over 4 or 7 parameters when using affine
Gaussian kernels for the spatial smoothing operations.

This will result in (i) sets of infinitesimal generators
and (ii) sets of macroscopic cascade smoothing properties
over subsets of the parameter spaces, for which the evolu-
tion properties can only performed in the positive parameter
directions. For other subsets in the parameter space, the corre-
sponding relationships between receptive field responses for
different parameter settings will, however, be bidirectional.

The intention behind these theoretical results to be pre-
sented is that they could be used (i) in network structures
that combine responses computed for different values of
the filter parameters in an actual either computer or bio-
physical implementation of receptive field responses, and
for (ii) understanding the theoretical relationships between
receptive field responses that are to be computed from differ-
ent sets of filter parameters for receptive field models based
on multi-parameter scale spaces.

Specifically, in relation to the recently proposed tentative
model for variabilities of simple cells in the primary cortex of
highermammals in Lindeberg [60], the presented results pro-
vide a detailed theoretical foundation for how to realize the
alternative conceptual model in that paper, where the recep-
tive field responses corresponding to simple cells are not
computed for all spatial and/or temporal scales, but instead
because of the semi-group properties with respect to the spa-
tial and the temporal scale parameters only computed at the
finest spatial and/or temporal scales at each image position
and temporal moment. Thereby, as considered as a possible
design option for an idealized vision system, the image rep-
resentations at higher layers in the visual hierarchy would
not make use of explicit receptive field responses computed
for simple cells for each spatial and/or temporal scale, but
could instead compute equivalent receptive field responses
at higher levels in the visual hierarchy, from the responses
of the explicitly computed responses of simple cells as only
implemented at the finest spatial and/or temporal scales.

Additionally, if an idealized vision systemwould be based
on computing receptive field responses as corresponding to
the output from simple cells, then the relationships between
receptive field responses for different values of the filter
parameters constitute a theoretical foundation for how such
responses could be computed in a hierarchical network struc-
ture, where receptive field responses are computed in a way
that constitutes an extension to the cascade smoothing prop-
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erties over the spatial and/or the temporal scale parameters,
to enable a computationally more efficient implementation.

Although we will in the following theoretical analysis not
make use of any explicit Lie group or Lie algebra formalisms
in the derivations of the relationships to be presented between
receptive field responses for different parameter settings,
the derived relations will reveal relationships very closely
related to both the notions of differential Lie group structure
and macroscopic Lie algebra structures of the corresponding
representations for receptive field responses computed for
different values of the filter parameters. An important dis-
tinction, however, is that the evolution properties over some
of the parameters will correspond to unidirectional semi-
groups instead of bidirectional groups, because the evolution
properties of those parameters can only be performed in one
direction.

1.1 Structure of this Article

The presentation is organized as follows: After describ-
ing relations to previous work in Sect. 2, Sect. 3 starts by
reviewing the generalized Gaussian derivative model for
visual receptive fields, including its covariance properties
under important classes of geometric image transformations
in terms of (i) spatial scaling transformations, (ii) spatial
affine transformations, (iii) Galilean transformations and
(iv) temporal scaling transformations. From the closedness
properties of the receptive field responses under these classes
of geometric image transformation, we specifically explain
why the aim of being able to match the receptive field
responses computed under different viewing conditions leads
to the notion of multi-parameter filter banks of receptive
fields, which motivates this study of theoretically showing
how receptive field responses computed for different val-
ues of the filter parameters can be related. This section also
defines the notation and the terminology in the way as it will
be used in the forthcoming more technical sections.

Section 4 then begins the new theoretical work by deriving
infinitesimal relationships between receptive field responses
for the subclass of receptive field models that are based on
spatial or spatio-temporal smoothing solely based on Gaus-
sian kernels over image space or joint space-time. Section5
then continues by deriving macroscopic relations between
filter responses computed for different sets of filter parame-
ters, based on either purely spatial or joint spatio-temporal
cascade smoothing properties of the corresponding receptive
field representations, defined from spatial or spatio-temporal
smoothing based on solely usingGaussian smoothing kernels
over image space or joint space-time.

Section 6 then complements with a set of less complete
results for the time-causal theory of visual receptive fields,
where the previous use of non-causal smoothing over the
temporal domain is replaced by smoothing with the time-

causal limit kernel aimed at real-world image data, for which
the future cannot be accessed. Finally, Sect. 7 concludes with
a summary and discussion.

2 Relations to PreviousWork

Concerning theoretical modeling of visual receptive fields,
the regular Gaussian derivative model was initially proposed
byKoenderink and vanDoorn [37–39] and used formodeling
biological receptive fields by Young [94] and his co-workers
in Young et al. [95, 96]. This regular Gaussian derivative
model has also been used as a component in more devel-
oped models of biological vision by Lowe [62], May and
Georgeson [64], Hesse and Georgeson [30], Georgeson et
al. [23], Wallis and Georgeson [87], Hansen and Neumann
[29], Wang and Spratling [88], Pei et al. [69], Ghodrati et al.
[25], Kristensen and Sandberg [40], Abballe and Asari [1],
Ruslim et al. [77] and Wendt and Faul [90].

The generalization into receptive field families based on
multi-parameter scale spaces goes back to the formulation of
affine Gaussian scale-space representation in Lindeberg and
Gårding [61] and early formulations of discrete scale-space
representations over either purely spatial or joint spatio-
temporal domains in Lindeberg [44, 46]. These notions were
then extended into the generalizedGaussian derivativemodel
for either purely spatial or joint spatio-temporal domains
in Lindeberg [47, 48, 52] and with additional extensions
concerning provable covariance properties of receptive field
families in Lindeberg [55, 59, 60].

The variabilities in receptive field shapes generated by the
affine Gaussian scale space have been used for computing
more accurate estimates of local surface orientation from
monocular and binocular cues by Lindeberg and Gårding
[61] and Rodríguez et al. [74], for computing affine invariant
image features for image matching under wide baselines by
Baumberg [10], Mikolajczyk and Schmid [65], Mikolajczyk
et al. [66], Tuytelaars and van Gool [86], Lazebnik et al.
[41], Rothganger et al. [75, 76], Lia et al. [42], Eichhardt and
Chetverikov [21] and Dai et al. [18], for performing affine
invariant segmentation by Ballester and González [3], for
constructing affine covariant SIFT descriptors by Morel and
Yu [67],YuandMorel [97] andSadek et al. [79], formodeling
receptive fields in biological vision by Lindeberg [48, 52],
for affine invariant tracking by Giannarou et al. [26], and for
formulating affine covariant metrics by Fedorov et al. [22].
This rich variety of application domains clearly demonstrates
how the use of variabilities in the shapes of the receptive
fields, as implied by covariant receptive field representations
(here with regard to spatial affine transformations), can be
used for improving the performance of visual operations.

For modeling spatial receptive fields in vision, also Gabor
models have been used by Marcelja [63], Jones and Palmer
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[35, 36], Ringach [72, 73], Serre et al. [83], Sabatini et al.
[78], Baspinar et al. [4, 8, 9], De andHorwitz [19] and others.
The use of Lie symmetries for deriving receptive field shapes
based onGabor filters under the SE(2) group has been studied
by Citti and Sarti et al. [16] and under the 2-D affine group
by Sarti et al. [81]. Modeling of spatio-temporal receptive
fields using Gabor functions has been proposed by Cocci et
al. [17] and Barbieri et al. [5].

Both the complex-valued Gabor functions used in the
Gabor model and the real-valued Gaussian functions under-
lying theGaussian derivativemodelminimize the uncertainty
relation (Barbieri et al. [4], Lindeberg [49]).

For handling the influence of geometric image transfor-
mations in terms of spatial scaling transformations in deep
networks, provably scale covariant (also referred to as scale
equivariant) network architectures have been developed by
Worrall and Welling [92], Bekkers [11], Sosnovik et al. [84,
85], Lindeberg [51, 53], Jansson and Lindeberg [33, 34], Zhu
et al. [99], Penaud et al. [70], Sangalli et al. [80], Zhan et
al. [98], Yang et al. [93], Wimmer et al. [91], Barisin et al.
[6, 7] and Perzanowski and Lindeberg [71]. These classes of
deep networks have specifically been demonstrated to han-
dle image data subject to scaling variations in a much more
robust way compared to non-covariant deep networks.

With the combined treatment of the 4 main classes of
geometric image transformations considered in this paper,
involving (i) spatial scaling transformations, (ii) spatial affine
transformations, (iii) Galilean transformations and (iv) tem-
poral scaling transformations, the underlying aims of this
work bear close similarities to approaches in the area of geo-
metric deep learning (Bronstein et al. [15], Gerken et al.
[24]), which also consider visual processing operations that
are covariant under wider classes of geometric image trans-
formations.

For an introductory overview of Lie groups and Lie alge-
bras, to which the presented relations between receptive field
responses for different values of the filter parameters will be
closely related to, see e.g., Hall [28]. For an extensive treat-
ment of one-parameter semi-groups and their infinitesimal
generators, see Hille and Phillips [31]. For further relations
between semi-groups and partial differential equations as
well as extensions of the theory to two-parameter semi-
groups, to which the presented methodology will also bear
very close relations, see Pazy [68], Goldstein [27] and Al-
Sharif and Khalil [2].

3 The Generalized Gaussian Derivative
Model for Visual Receptive Fields

3.1 Spatial and Spatio-Temporal Smoothing Kernels

The generalized Gaussian derivative model for visual recep-
tive fields (Lindeberg [52]) is based on:

• smoothing any purely spatial image f : R2 → R with
affine Gaussian kernels 1 T : R2 ×R+ × S

2+ → R of the
form

T (x; s, �) = g(x; s, �) = 1

2π s
√
det�

e−xT �−1x/2s,

(1)

where

– x = (x1, x2)T ∈ R
2 denotes the image coordinates,

– s ∈ R+ is the spatial scale parameter, and
– � ∈ S

2+ is a spatial covariance matrix that specifies
the shape of the affine Gaussian kernel, or

• smoothing any video sequence or video stream f : R2 ×
R → R with joint spatio-temporal smoothing kernels
T : R2 × R × R+ × S

2+ × R+ × R
2 → R of the form

T (x, t; s, �, τ, v) = g(x − v t; s, �) h(t; τ), (2)

where

– t ∈ R is the time variable,
– v = (v1, v2)

T ∈ R
2 is an image velocity,

– τ ∈ R+ is the temporal scale parameter, and
– h : R × R+ → R is a temporal smoothing kernel.

In the case of a non-causal temporal domain, i.e., for pre-
recorded video, for which the future can be accessed, the
temporal smoothing kernel h(t; τ) in the spatio-temporal
smoothing kernel T (x, t; s, �, τ, v) can be chosen as a
Gaussian kernel

h(t; τ) = g(t; τ) = 1√
2π

√
τ
e−t2/2τ . (3)

In the case of a time-causal domain, i.e., for real-time sit-
uations when the future cannot be accessed, the temporal
smoothing kernel h(t; τ) in the spatio-temporal smoothing
kernel T (x, t; s, �, τ, v) can be chosen as the time-causal
limit kernel (Lindeberg [50] Sect. 5; Lindeberg [54] Sect. 3)

h(t; τ) = ψ(t; τ, c), (4)

1 In this treatment, S2+ denotes the set of symmetric positive definite
2 × 2 matrices.
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characterized by having a Fourier transform of the form

�̂(ω; τ, c) =
∞∏

k=1

1

1 + i c−k
√
c2 − 1

√
τ ω

, (5)

where c > 1 is a distribution parameter describing the ratio
between adjacent discrete temporal scale levels

τk = τ0 c
2k (6)

for some initial temporal scale level τ0 ∈ R+. For common
purposes of implementation, the distribution parameter c is
often chosen as c = √

2 or c = 2.
In fact, it is shown in an axiomatic way in Lindeberg

[47] that the forms of the spatial smoothing kernel (1) and
the spatio-temporal smoothing kernel (2) are uniquely deter-
mined, given natural symmetry requirements on a visual
front-end, with conceptual extensions of those ideas to a
time-causal temporal domain in Lindeberg [50, 52]. The
underlying symmetry requirements used for the axiomatic
derivations are based on symmetry properties of the environ-
ment, in combinationwith internal consistency requirements,
to guarantee theoretically well-founded treatment of image
structures over multiple spatial and temporal scales, see Lin-
deberg [47, 52] for further details.

3.2 Receptive Field Families in Terms of Spatial and
Spatio-Temporal Derivatives

For defining either purely spatial or joint spatio-temporal
receptive fields, to be used for processing visual image data,
the either purely spatial or joint spatio-temporal smoothing
operations are, in turn, combined with either purely spatial
differential operators Dx or joint spatio-temporal differenti-
ation operators Dx,t , to give rise to spatial receptive fields
applied to spatial image data f : R2 → R of the form

R f (·) = Dx (T (·; s, �) ∗ f (·)), (7)

or joint spatio-temporal receptive fields applied to video
sequences or video streams f : R2 × R → R of the form

R f (·, ·) = Dx,t (T (·, ·; s, �, τ, v) ∗ f (·, ·)). (8)

Regarding the choice ofwhat spatial differentiation operators
Dx to use, common choices include directional derivative
operators in the orientation ϕ ∈ [−π, π ] of the form

Dx = ∂mϕ = (cosϕ ∂x1 + sin ϕ ∂x2)
m, (9)

the spatial gradient operator

Dx = ∇x = (∂x1, ∂x2)
T , (10)

or the Hessian matrix operator

Dx = Hx = ∇x∇T
x =

(
∂x1x1 ∂x1x2
∂x1x2 ∂x2x2

)
. (11)

Concerning joint spatio-temporal derivative operatorsDx,t , a
natural choice is to combine the above purely spatial deriva-
tive operators Dx with velocity-adapted temporal derivative
operators ∂nt̄ according to

∂nt̄ = (∂t + v1 ∂x1 + v2 ∂x2), (12)

leading to joint spatio-temporal derivative operators Dx,t of
the form

Dx,t = Dx ∂nt̄ , (13)

or alternatively using space-time separable (not velocity-
adapted) spatio-temporal derivative operators of the form

Dx,t = Dx ∂nt . (14)

3.3 Visualizations of Spatial and Spatio-Temporal
Receptive Fields

Figures 1, 2 and3 showsample illustrations of receptivefields
according to the generalized Gaussian derivative model for
visual receptive fields. Figure1 shows purely spatial recep-
tive fields of the form

Tϕm (x; s, �) = ∂ϕm g(x; s, �), (15)

obtained by applying directional derivative operators of the
form (9) of orders m = 1 and m = 2 to affine Gaussian ker-
nels according to (1), based on the specific parameterization
of the elements in the spatial covariance matrix � according
to

�11 = λ1 cos
2 ϕ + λ2 sin

2 ϕ, (16)

�12 = (λ1 − λ2) cosϕ sin ϕ, (17)

�22 = λ1 sin
2 ϕ + λ2 cos

2 ϕ, (18)

with the eigenvalues λ1 and λ2 of the spatial covariance
matrix� parameterized in terms of the corresponding spatial
standard deviations σ1 and σ2 according to

λ1 = σ 2
1 , (19)

λ2 = σ 2
2 . (20)

This then leads to the following explicit expression for the
affine Gaussian derivative kernel (Lindeberg [56] Eqs (163)
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Fig. 1 Purely spatial receptive fields in terms of directional deriva-
tives ∂mϕ of affine Gaussian kernels g(x; s, �) of the form (1) for
orders m = 1 and m = 2, shown for different combinations of the
spatial scale parameters σ1 and σ2, corresponding to two different
eccentricities ε = σ2/σ1 ∈ {1, 2} of the receptive fields, according

to the explicit parameterization of the affine Gaussian kernels accord-
ing to (16)–(18) and (21)–(22). (Horizontal axes: Horizontal image
coordinate x1 ∈ [−10, 10]. Vertical axes: Vertical image coordinate
x2 ∈ [−10, 10].)
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Fig. 2 Non-causal joint spatio-temporal receptive fields over a 1+1-D
spatio-temporal domain in terms of the mixed first-order spatial deriva-
tive and the first-order velocity-adapted temporal derivative of the form
Txt̄ (x, t; s, τ, v) according to (24) as the product of a velocity-adapted
1-D Gaussian kernel g1D(x − v t; s) over the spatial domain and
the non-causal Gaussian kernel h(t; τ) = g(t; τ) over the tempo-

ral domain according to (3). The spatio-temporal receptive fields are
shown for different values of the spatial scale parameter σx = √

s and
the temporal scale parameter σt = √

τ in dimensions of [length] and
[time]. (Horizontal axes: Spatial image coordinate x ∈ [−10, 10]. Ver-
tical axes: Temporal variable t ∈ [−4, 4].)

and (164))

gaff(x, y; σ1, σ2, ϕ) = 1

2πσ1σ2
e−A/2 σ 2

1 σ 2
2 , (21)

where

A = (σ 2
2 x21 + σ 2

1 x22 ) cos
2 ϕ + (σ 2

1 x21 + σ 2
2 x22 ) sin

2 ϕ

−2 (σ 2
1 − σ 2

2 ) x1 x2 cosϕ sin ϕ. (22)

The eccentricity of such a kernel, which represents its degree
of elongation, is defined as the ratio

ε = σ2

σ1
. (23)

Figures 2 and 3 show spatio-temporal receptive fields corre-
sponding to the mixed spatio-temporal derivative

Txt̄ (x, t; s, τ, v) = ∂x∂t̄ (g(x − v t; s) h(t; τ)) (24)

over a 1+1-D spatio-temporal domain, where the 2-D affine
Gaussian kernel (1) reduces to a 1-D Gaussian kernel

g(x; s) = 1√
2π s

e−x2/2s . (25)

Figure 2 shows such receptive fields in the case of a non-
causal temporal domain, where the temporal smoothing is
performed with the non-causal temporal Gaussian kernel
according to (3),whereas Fig. 3 shows such receptive fields in
the case of a time-causal temporal domain, where the tempo-
ral smoothing is performed with the time-causal limit kernel
according to (4),

3.4 Relations to Scale-Normalized Derivatives

In Lindeberg [52, 59, 60], so-called unnormalized spatio-
temporal derivative expressions of the above forms are
additionally combined with different forms of scale normal-
ization, as depending on the actual values of the spatial scale
parameter s, the spatial covariance matrix � and the tem-
poral scale parameter τ , to define scale-normalized spatial
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v = � 1 v = � 1/2 v = 0 v = 1/2 v = 1

�x = 2,�t = 2

�x = 1, �t = 2

�x = 2,�t = 1

�x = 1,�t = 1

Fig. 3 Time-causal joint spatio-temporal receptive fields over a 1+1-D
spatio-temporal domain in terms of the mixed first-order spatial deriva-
tive and the first-order velocity-adapted temporal derivative of the form
Txt̄ (x, t; s, τ, v) according to (24) as the product of a velocity-adapted
1-D Gaussian kernel g1D(x − v t; s) over the spatial domain and the
time-causal limit kernel h(t; τ) = ψ(t; τ, c) over the temporal domain

according to (4) with the distribution parameter set to c = 2. The spatio-
temporal receptive fields are shown for different values of the spatial
scale parameter σx = √

s and the temporal scale parameter σt = √
τ

in dimensions of [length] and [time]. (Horizontal axes: Spatial image
coordinate x ∈ [−10, 10]. Vertical axes: Temporal variable t ∈ [0, 8])

and spatio-temporal derivative operators 2 3 that are prov-

2 For in-depth treatments about how to extend the regular unnormal-
ized spatial and spatio-temporal derivative operators Dx and Dx,t to
corresponding scale-normalized spatial and spatio-temporal derivative
operators that make the full derivative-based receptive field responses
in (7) and (8) provably covariant under the composed geometric image
transformations in (26), (33), (34) and (35), see Lindeberg [59, 60].
Basically, to achieve covariance under with respect to uniform spatial
scaling transformations of the form x ′ = Sx x , where Sx ∈ R+ is a
spatial scaling factor, the partial derivative operators ∂xi in the spatial
gradient operator ∇x according to (10) and the spatial Hessian operator
Hx according to (11) should be replaced by regular scale-normalized
spatial derivatives according to ∂xi ,norm = s1/2 ∂xi according to Linde-
berg [45] Eq. (6) for the scale normalization power γ = 1, while the
regular directional derivative operator ∂mϕ according to (9) should be
replaced by the scale-normalized directional derivative operator ∂mϕ,norm
according to Lindeberg [59] Eq. (33).
To achieve covariance with respect to non-isotropic spatial affine trans-
formations of the form x ′ = A x , where A is a positive definite 2 × 2
affine transformation matrix, the regular gradient operator ∇x accord-
ing to (10) should be replaced by the scale-normalized affine gradient
operator ∇x,affnorm according to Lindeberg [59] Eq. (111), while the
regular Hessian operator Hx according to (11) should be replaced by
the scale-normalized affine Hessian operator Hx,affnorm according to
Lindeberg [59] Eq. (140).

ably scale covariant, in the sense that the magnitude of the

To achieve both covariance under Galilean transformations of the form
x ′ = x + u t , where u = (u1, u2)T ∈ R

2 is a 2-D motion vector, and
covariance under temporal scaling transformations of the form t ′ = St t ,
where St ∈ R+ is a temporal scaling factor, the temporal differentiation
of the receptive fields should be performed in terms of scale-normalized
velocity-adapted temporal derivative operators obtained by replacing
the regular velocity-adapted temporal derivative operator ∂nt̄ in (12)
by its scale-normalized correspondence ∂nt̄,norm according to Lindeberg
[59] Eq. (168).
3 If using scale-normalized derivative operators in the models for the
visual receptive fields, it should, however, be observed that the intro-
duction of scale-normalized derivatives will substantially influence the
evolutionproperties over scales of the receptivefield responses. This fol-
lows, since the scale-dependent scale normalization factors used in the
formulations of scale-normalized derivative operators, as extensively
described in Lindeberg [59], would then also need to be differentiated
with respect to the spatial and the temporal scale parameters. For this
reason, we do in this paper isolate the evolution properties over the filter
parameters to only receptive field models expressed in terms of regular,
not scale-normalized, spatial and/or spatio-temporal derivative expres-
sions. If the use of scale-normalized derivatives is warranted, as it can
be because of the requirement of making it possible to match the out-
put of derivative-based receptive field operators on the image data, this
can be easily accomplished by performing the scale normalization in
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filter responses can be perfectly matched under specific fam-
ilies of geometric image transformations. In this treatment,
we will, however, not consider the effects of such scale nor-
malization and will instead focus solely on the effects of
the either purely spatial or joint spatio-temporal smoothing
operations, obtained by convolutionwith kernels of the forms
(1) or (2) in combination with either purely spatial or joint
spatio-temporal derivative computations, in turn, leading to
receptivefield responses of the forms (7) or (8). For the task of
relating the responses of linear receptive fields of the forms
(7) or (8), such an analysis is sufficient, provided that the
spatial differentiation operators Dx and the spatio-temporal
differential operatorsDx,t in these receptive field models are
purely linear operators.

3.5 Covariance Properties of the Spatial and the
Spatio-Temporal Smoothing Kernels

With regard to variabilities of the shapes of the spatial or
the spatio-temporal receptive fields in relation to the vari-
abilities in spatial or spatio-temporal image transformations
involved in the image formation process that determines the
structures of the either purely spatial or joint spatio-temporal
image data f , an important consequence of the formulation
of the spatial smoothing kernel T (x; s, �) according to (1)
and the formulation of the joint spatio-temporal smoothing
kernel T (x, t; s, �, τ, v) according to (2) is that these forms
of convolution kernels are covariant under important basic
classes of geometric image transformations.

3.5.1 Purely Spatial Covariance Properties

For the case of a purely spatial domain, let us consider an
image transformation of the form

f ′(x ′) = f (x) for x ′ = Sx A, (26)

where

• Sx ∈ R+ is a spatial scaling factor,
• A is a non-singular 2× 2 matrix that we could assume to
be normalized in a way as corresponding to orthographic
projection of a smooth local surface patch.

The geometric motivation for using this model is that (see
Fig. 4 for an illustration):

• the spatial scaling factor Sx does to first order of approx-
imation reflect the size variations caused by varying the
distance between the object and the observer, whereas

a second stage, after the computation of regular, not scale-normalized,
derivative operators in a first processing stage.

• the spatial affine transformation matrix A does to first
order of approximation reflect the image deformations
caused by varying the viewing direction for a visual
observer that views a smooth local surface patch.

Then, if we define purely spatial scale-space representations
L : R2 ×R+ ×S

2+ → R and L ′ : R2 ×R+ ×S
2+ → R of the

purely spatial images f and f ′, respectively, according to

L(·; s, �) = T (·; s, �) ∗ f (·), (27)

L ′(·; s′, �′) = T (·; s′, �′) ∗ f ′(·), (28)

it follows that the scale-space representations canbeperfectly
matched under the geometric image transformation (26)

L ′(x ′; s′, �′) = L(x; s, �), (29)

provided that the parameters of the receptive fields are
matched according toLindeberg [59] Equations (252)–(253):

s′ = S2x s, (30)

�′ = A� AT . (31)

Due to the overparameterization of the degrees of freedom
spanned by the spatial scale parameter s and the spatial
covariance matrix �, however, a minimal necessity require-
ment can also be stated in terms of the following combined
matching criterion (Lindeberg [59] Eq. (118)):

s′ �′ = s (Sx A)� (Sx A)T = s S2x A� AT . (32)

3.5.2 Joint Spatio-Temporal Covariance Properties

For the case of a joint spatio-temporal domain, let us consider
a joint spatio-temporal image transformation of the form

f ′(x ′, t ′) = f (x, t) (33)

for

x ′ = Sx (A x + u t), (34)

t ′ = St t, (35)

where for the entities not already defined in connection with
Equation (26), we have that

• u = (u1, u2)T ∈ R
2 is a 2-Dvelocity vector thatmay cor-

respond to the orthographic projection of the 3-D motion
field U of the local surface patch observed by the vision
system, and

• St ∈ R+ is a temporal scaling factor.
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Fig. 4 Illustration of the geometry underlying the composed locally
linearized projection models in Equation (26) and Equations (33)–
(35), when extended to a multi-view imaging situation, with each view
indexed by k. We consider a local, in the spatio-temporal case possi-
bly moving, surface patch, which is projected to an arbitrary view in a
multi-view locally linearized projection model, with the fixation point
F on the surface mapped to the origin O(k) = 0 in the image plane for
the observer with the optic center P(k). Then, any point in the tangent
plane to the surface at the fixation point, as parameterized by the local
coordinates ξ in a coordinate frame attached to the tangent plane of the
surface with ξ = 0 at the fixation point F , is by the local linearization
mapped to the image point x (k). (Figure reproduced from Lindeberg
[59] with permission (OpenAccess))

The geometric motivation for using this model is beyond the
reasons for using a combination of uniform spatial scaling
transformations and spatial affine transformations according
to the previously stated motivation in Sect. 3.5.1 that (see
Fig. 4 for an illustration):

• theGalilean transformation of the form x ′ = x+u t mod-
els the effect of relative motions between the observed
objects or spatial–temporal events and the viewing direc-
tion, whereas

• the temporal scaling factor St models the effect of observ-
ing similar spatio-temporal events that may occur either
faster or slower relative to a previously observed refer-
ence view.

Then, if we define the joint spatio-temporal scale-space rep-
resentations L : R2 × R × R+ × S

2+ × R+ × R
2 → R and

L ′ : R2×R×R+×S
2+×R+×R

2 → Rof the video sequences
or video streams f and f ′, respectively, according to

L(·, ·; s, �, τ, v) = T (·, ·; s, �, τ, v) ∗ f (·, ·), (36)

L ′(·, ·; s′, �′, τ ′, v′) = T (·, ·; s′, �′, τ ′, v′) ∗ f ′(·, ·),
(37)

it follows that the scale-space representations canbeperfectly
matched under the composed geometric image transforma-
tion given by (33), (34) and (35)

L ′(x ′, t ′; s′, �′, τ ′, v′) = L(x, t; s, �, τ, v), (38)

provided that the purely spatial parameters s, s′, A and A′
are matched according to (30) and (31) and additionally the
temporal scale parameters τ and τ ′ as well as the velocity
parameters v and v′ are matched according to Lindeberg [59]
Equations (254)–(255):

τ ′ = S2t τ, (39)

v′ = Sx
St

(A v + u). (40)

3.6 Motivation for Filter Banks of Receptive Field
Responses

A main consequence of the above covariance properties is
therefore that from a requirement of the vision system to be
covariant under the basic classes of geometric image trans-
formations, if we want to have the ability to match the effects
of the either purely spatial or joint spatio-temporal smoothing
operations that occur in the models for the receptive fields,
then we have to have the ability to make use of receptive
field responses computed for matching sets of filter param-
eters, either (s, �) or (s′, �′) in the purely spatial case or
(s, �, τ, v) and (s′, �′, τ ′, v′) in the joint spatio-temporal
case.

Thus, the requirement of establishing an identity between
receptive field responses under the influence of a priori
unknown geometric image transformations, caused by dif-
ferent viewing conditions between different observations of
the same scene or a similar type of spatio-temporal event,
leads to the strategy of basing the filtering operations in
an idealized vision system on filter banks with receptive
field responses computed for a large variability of the filter
parameters. This theoretical background forms the concep-
tual foundation for the main topic in this paper of relating
receptive field responses computed for different values of
the filter parameters of the receptive fields.

4 Infinitesimal Hybrid Lie Semi-Group
Structures for the Generalized Gaussian
Derivative Model

Given the above formulations ofmodels for either purely spa-
tial or joint spatio-temporal receptive fields in terms of either
purely spatial or joint spatio-temporal derivative expres-
sions applied to either purely spatial or joint spatio-temporal
smoothing kernels, as obtained from multi-parameter scale-
space representations, one may ask how such receptive field
responses are related between different values of the filter
parameters. Specifically, onemay ask if and thenhowa recep-
tive field response at a coarser level of spatial and temporal
scales may be computed from receptive field responses at
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Fig. 5 Schematic illustration of how receptive fields for different
parameter values and at different image positions can be interrelated
to each other, as constituting the main subject of study in this paper.
Here, we derive such relationships between receptive field responses
obtained for different values of the shape parameters of the receptive
fields, either in terms of (i) infinitesimal relationships closely related to
the notions of Lie groups and infinitesimal generators for semi-groups,
and (ii) macroscopic relationships in terms of cascade smoothing prop-
erties, with close relations to the notion of Lie algebras, as can be related
to Lie groups via the exponential map. Compared to regular Lie groups
and Lie algebras, some of the evolution relations do, however, have
a directional preference, implying that the evolution can only be per-
formed in a single direction, and not in the reverse direction. (In this
figure, each line represents a connection between two receptive fields
for different values of their parameters and/or their spatial positions)

finer spatial and temporal scales, as schematically illustrated
in Fig. 5.

In this section, we will derive a set of differential relation-
ships that show how either spatial receptive field responses

R f (·) = Dx T (·; s, �) ∗ f (·) (41)

or spatio-temporal receptive field responses

R f (·, ·) = Dx,t T (·, ·; s, �, τ, v) ∗ f (·, ·) (42)

computed for different values of the filter parameters (s, �)

or (s, �, τ, v) are related under infinitesimal perturbations
of the filter parameters, in the respective cases of either
purely spatial receptive fields or joint spatio-temporal recep-
tive fields, initially restricted to the situation when both the
spatial and the temporal smoothing kernels are based on
Gaussian kernels, and therefore differentiable with respect
to all of their respective parameters. 4

4 Whenusing the time-causal limit kernelh(t; τ) = ψ(t; τ, c) accord-
ing to (4) as the temporal smoothing kernel in the spatio-temporal
smoothing kernel T (x, t; s, �, τ, v), an important restriction is that
the temporal scale levels are genuinely discrete. Therefore, the cor-
responding temporal or spatio-temporal smoothing kernels cannot be

To a major extent, this will be structurally similar to the
notion of a Lie group structure over the filter parameters,
as expressed in terms of relations between derivatives with
respect to the filter parameters (s, �) or (s, �, τ, v) in rela-
tion to derivatives with respect to the either spatial or joint
spatio-temporal image coordinates x or (x, t). Since the evo-
lution properties with respect to the spatial scale parameter
s and the temporal scale parameter τ can, however, only
performed in the direction of increasing values of the scale
parameters, the corresponding transformations will therefore
not form a full group, but only a semi-group with regard to
these two dimensions of variabilities in the filter parameters.
For the derived infinitesimal evolution equationswith respect
to these scale parameters, the resulting notions will there-
fore be closer to the notion of infinitesimal generators for
semi-groups over continuous evolution parameters. For two
of the dimensions of the variability, concerning the mixed
element �12 in the spatial covariance matrix � as well as
the variabilities with respect to the elements v1 and v2 in
the velocity vector v, the variabilities are, on the other hand,
not as constrained. For these reasons, we will refer to the
resulting structures, to be derived, as hybrid Lie semi-group
structures.

Before starting deriving the resulting infinitesimal rela-
tionships over the different filter parameters, let us first
describe the methodology that we will use in this section,
by exploiting the fact that for the purely spatial receptive
field model as well as for the joint spatio-temporal recep-
tive field model, for the case of a non-causal temporal
domain, the convolution kernels are all expressed in terms
of higher-dimensional Gaussian kernels. This implies that
we can make use of similar algebraic properties for perform-
ing the proofs as arise in the definition of Hermite functions
and Hermite polynomials, although here generalized to a
higher-dimensional setting for the specific forms of spatial
or spatio-temporal smoothing kernels, as occur in our theo-
retically principled models for visual receptive fields.

4.1 Methodology to be Used

For the one-dimensional Gaussian kernel, it is well-known
that the computation of derivatives of this kernel corresponds
to multiplying the Gaussian function with Hermite polyno-
mials. For our way of parameterizing the Gaussian kernel,
the probabilistic Hermite polynomials Hem(x), defined by

Hem(x) = (−1)mex
2/2 ∂xm

(
e−x2/2

)
, (43)

differentiated with respect to the discrete scale parameter τk = τ0 c2k

according to (6).
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imply that

∂xm
(
e−x2/2

)
= (−1)m Hem(x) e−x2/2 (44)

and

∂xm
(
e−x2/2s

)
= (−1)m Hem(

x√
s
) e−x2/2s 1√

sm
. (45)

This means that the n:th-order Gaussian derivative kernel in
1-D can be written as

∂xm (g(x; s)) = 1√
2π

√
s

∂xm
(
e−x2/2s

)

= 1√
2π

√
s

(−1)m√
sm

Hem(
x√
s
) e−x2/2s

= (−1)m√
sm

Hem(
x√
s
) g(x; s), (46)

in other words as a polynomial multiplied with the original
Gaussian function.

In this section, we will derive corresponding general-
izations of Hermite polynomials for the 2-D and 2+1-D
Gaussian kernels that correspond to the either purely spatial
or joint spatio-temporal smoothing operations in the spatial
and spatio-temporal receptive field models according to (7)
and (8).

Specifically, we will frequently make use of the property
that if two different differential operators give rise to the
same generalized Hermite polynomials, when applied to the
either purely spatial or joint spatio-temporal smoothing ker-
nels, then also the corresponding spatial or spatio-temporal
scale-space representations have to be equal, as well as any
spatial or temporal derivative operator, or any first-order dif-
ferentiation operatorwith respect to a parameter of the spatial
or temporal smoothing kernel.

Stated more formally in a compact manner, let

• p denote either 2-D spatial or 2+1-D spatio-temporal
image coordinates, p = (x1, x2)T or p = (x1, x2, t)T ,

• g(p; P) denote a corresponding either 2-D spatial or
joint 2+1-D spatio-temporal smoothing kernel depending
on a set of filter parameters P ,

• ∂Pi denote a partial derivative operator with respect to the
i :th filter parameter, and

• Di,p denote a possibly composed differentiation operator
with respect to the image coordinates p.

Then, if we for the partial derivative operator ∂Pi with respect
to the filter parameter Pi are able to show that this partial
derivative operator does for the either purely spatial or joint
spatio-temporal smoothing function g(p; P) for the corre-
sponding either spatial or joint spatio-temporal scale-space

representation

L(·; P) = g(·; P) ∗ f (·) (47)

of the either purely spatial or joint spatio-temporal input
image f : R2 → R or f : R2 × R → R satisfy

∂Pi g(p; P) = Di,pg(p; P), (48)

then it follows from the linearity of the scale-space represen-
tation L that

∂Pi L(·; P) = ∂Pi g(·; P) ∗ f (·) =
= Di,pg(·; P) ∗ f (·) = Di,pL(·; P). (49)

Similarly, for any linear either purely spatial receptive field
operatorR defined from applying a spatial differential oper-
ator Dx to a purely spatial scale-space representation

R f (·) = Dx L(·; P), (50)

or for any linear joint spatio-temporal receptive field oper-
ator R defined from applying a spatio-temporal differential
operator Dx,t to a the joint spatio-temporal scale-space rep-
resentation

R f (·) = Dx,t L(·; P), (51)

it holds that

∂Pi (R f ) = Di,p(R f ). (52)

Specifically, since for all these generalized Gaussian deriva-
tive models for visual receptive fields, the result of applying
the differential operators to the either 2-D purely spatial
or 2+1-D joint spatio-temporal Gaussian kernels will be
generalized Hermite functions multiplied by the underlying
Gaussian kernels

∂Pi g(p; P) = HPi (p; P) g(p; P), (53)

Di,pg(p; P) = Hi,p(p; P) g(p; P), (54)

implying that the respective generalized Hermite polynomi-
als are given by

HPi (p; P) = ∂Pi g(p; P)

g(p; P)
, (55)

Hi,p(p; P) = Di,pg(p; P)

g(p; P)
, (56)
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it will for the purposes of the following proofs to be
performed be sufficient to show that the corresponding gen-
eralized Hermite polynomials are equal

HPi (p; P) = Hi,p(p; P), (57)

in order to conclude that a differentiation operatorDi,p with
respect to the image coordinates p for the first-order partial
derivative ∂Pi with respect to the filter parameter Pi of the
receptive field is given by

∂Pi = Di,p. (58)

Specifically, if we let the operator Dp denote the either
purely spatial differentiation operator Dx used for comput-
ing a spatial-derivative-based purely spatial receptive field
response according to (7), or alternatively using the same
notationDp for denoting a spatio-temporal-derivative-based
joint spatio-temporal receptive field response Dx,t accord-
ing to (8), such that those receptive field responses can be
combined on the compact form

R f (·) = Dp(g(; P) ∗ f (·)), (59)

then it follows from the linearity of the involved differenti-
ation operators that the infinitesimal relationships between
differentiation with respect to a filter parameter ∂Pi and the
corresponding either purely spatial or joint spatio-temporal
differentiation operator Di,p according to (58) generalize to

corresponding receptive field responses according to

∂Pi R f (·) = Di,p R f (·). (60)

Based on this general property, we will in the following
Sects. 4.2–4.4 focus solely on the properties of the general-
ized Hermite polynomials that arise from differentiating the
either purely spatial or joint spatio-temporal smoothing ker-
nels in the idealized receptive fieldmodels with respect to the
image coordinates and the filter parameters for the respective
cases of: (i) purely spatial receptive fields, (ii) joint spatio-
temporal receptive fields based on smoothing with spatially
isotropic Gaussian kernels, for which the spatial covariance
matrix� reduces to a unitmatrix� = I , and (iii) joint spatio-
temporal receptive fields based on smoothing with possibly
anisotropic affine Gaussian kernels, for which we assume
that the spatial covariance matrix � can generally assume
values not equal to a unit matrix I .

By dividing the analysis into these three types of receptive
field models, we specifically begin with the simpler purely
spatial model, in order to then increase the complexity via
the isotropic spatio-temporal model toward the fully affine
spatio-temporal model, which obeys covariance properties
over the largest set of geometric image transformations con-
sidered in this study.

Fig. 6 Generalized Hermite polynomials as arising from derivatives of
the purely spatial affine Gaussian kernel T (x; s, �) = g(x; s, �)

according to (1) with respect the image coordinates x = (x1, x2)T up

to order 2, as well as with respect to the spatial scale parameter s and
the elements �11, �12 and �22 of the spatial covariance matrix �
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4.2 Purely Spatial Receptive Fields Based on Affine
Gaussian Smoothing

For the case of a purely spatial domain, let us consider the
following parameterization of the affine Gaussian kernel

g(x; s, �) = 1

2π s
√
det�

e−xT �−1x/2s, (70)

which leads to the corresponding affine Gaussian scale space
of any 2-D spatial image f : R2 → R:

L(·; s, �) = g(·; s, �) ∗ f (·). (71)

The motivation why we overparameterize the effective vari-
ability in the shapes of the receptive fields in this way is
for reasons of geometric interpretation with regard to view-
ing variations for a visual observer that may observe the
same local surface patch from different distances and view-
ing directions. If the affine matrix A in a locally linearized
perspective viewing model

f ′(x ′) = f (x) for x ′ = Sx A x (72)

is normalized such that it corresponds to an a local orthonor-
mal projection, then by the requirement of covariance under
the group of geometric image transformations, a variabil-
ity in depth Z directly maps to a variability in the spatial
scaling factor Sx , which in terms of the receptive fields will
correspond to a variability in the spatial scale parameter s.
Similarly, a variability in the affine transformation matrix A
will map to a variability in the spatial covariance matrix �.

By differentiating the affine Gaussian kernel (1) with
respect to the image coordinates x = (x1, x2)T and the
parameters s and the elements �i, j in the 2-D positive sym-
metric definite covariance matrix

� =
(

�11 �12

�12 �22

)
, (73)

weget the explicit expressions for these derivatives according
to Fig. 6. 5 By comparing these expressions, we can then
verify the following infinitesimal relationships with respect
to variations in the scale parameter s and the elements �11,
�12 and �22 of the spatial covariance matrix �:

∂s = 1

2
∇T
x � ∇x

= 1

2

(
�11 ∂x1x1 + 2�12 ∂x1x2 + �22 ∂x2x2

)
, (74)

5 The computations of these expressions, as well as all the other gen-
eralized Hermite polynomials in this paper, have been performed in
Wolfram Mathematica.

∂�11 = 1

2
s ∂x1x1 , (75)

∂�12 = 1

2
s ∂x1x2 , (76)

∂�22 = 1

2
s ∂x2x2 . (77)

With regard to the differential relationships over the param-
eters s, �11 and �22, the corresponding partial differential
equations are parabolic and can therebyonly be evolved in the
corresponding positive directions. Hence, the expressions for
∂s , ∂�11 and ∂�22 correspond to the notions of infinitesimal
generators for multi-parameter semi-groups. The differential
relationship over the parameter �12 does, on the other hand,
correspond to a hyperbolic partial differential equation and
could therefore be evolved in both directions.

4.3 Spatio-Temporal Receptive Fields Based on
Isotropic Spatial Smoothing

Over a joint spatio-temporal image domain, let us first com-
bine an isotropic Gaussian kernel over the spatial domain,
for which the spatial covariance matrix � is a unit matrix
� = I , with a non-causal temporal Gaussian kernel of the
form

h(t; τ) = 1√
2πτ

e−t2/2τ , (78)

which for anyvalueof thevelocity parameterv = (v1, v2)
T ∈

R
2 gives the following joint spatio-temporal Gaussian kernel

T (x, t; s, τ, v) = g(x − v t; s, I ) h(t; τ)

= 1

2
√
2π3/2 s

√
τ
e−(x−v t)T (x−v t)/2s e−t2/2τ . (79)

The corresponding spatio-temporal scale-space representa-
tion L : R2 ×R×R+ ×R+ ×R

2 → R of any 2+1-D video
sequence f : R2 × R → R is then given by

L(·, ·; s, τ, v) = T (·, ·; s, τ, v) ∗ f (·, ·), (80)

for which it is natural to introduce a velocity-adapted tem-
poral derivative operator according to

∂t̄ = ∂t + v1 ∂x1 + v2 ∂x2 . (81)

Differentiating the spatio-temporal kernel T (x, t; s, τ, v)

according to (79) with respect to the spatial image coordi-
nates x = (x1, x2)T and the time variable t up to order 2,
as well as with respect to the spatial scale parameter s, the
temporal scale parameter τ and the elements v1 and v2 of
the velocity vector v, leads to the partial derivatives shown
in Fig. 7 in Appendix A.
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From these derivative expressions, we can in turn verify
the following infinitesimal relationships over variations of
the set of filter parameters (s, τ, v) of the receptive fields:

∂s = 1

2

(
∂xx + ∂yy

)
, (82)

∂τ = 1

2
∂t̄ t̄

= 1

2

(
∂t t + 2v1 ∂xt + 2v2 ∂yt

+v21 ∂xx + 2v1 v2 ∂xy + v22 ∂yy

)
, (83)

∂v1 = τ ∂x1 t̄ , (84)

∂v2 = τ ∂x2 t̄ . (85)

Here, concerning the differential relationships over the
parameters s and τ , the corresponding partial differential
equations are parabolic and can therefore only be evolved
in the corresponding positive directions. Hence, the expres-
sions for ∂s and ∂τ correspond to the notions of infinitesimal
generators for multi-parameter semi-groups. The differential
relationship over the parameters v1 and v2 do, on the other
hand, correspond to a hyperbolic partial differential equa-
tions and could therefore be evolved in both directions.

4.4 Spatio-Temporal Receptive Fields Based on
Affine Gaussian Smoothing

To combine the variabilities under spatial affine transforma-
tions and Galilean transformations, let us finally consider
a joint spatio-temporal kernel obtained by combining the
general affine Gaussian kernel g(x; s, �) according to (1)
with the non-causal temporal Gaussian kernel h(t; τ) =
g1D(t; τ) according to (78), leading to the joint spatio-
temporal kernel

T (x, t; s, �, τ, v) = g(x − v t; s, �) g1D(t; τ) (86)

with the corresponding spatio-temporal scale-space repre-
sentation L : R2 × R × R+ × S

2+ × R+ × R
2 → R of any

2+1-D video sequence f : R2 × R → R: according to

L(·, ·; s, �, τ, v) = T (·, ·; s, �, τ, v) ∗ f (·, ·). (87)

Differentiating the above spatio-temporal kernel T (x, t; s,
�, τ, v) with respect the spatial image coordinates x =
(x1, x2)T and the time variable t up to order 2, as well as
with respect to the spatial scale parameter s, the elements
�11, �12 and �22 of the spatial covariance matrix �, the
temporal scale parameter τ and the elements v1 and v2 of the
velocity vector v, then give the partial derivatives shown in
Fig. 8 in Appendix B.

From these derivative expressions, we can in turn verify
the following infinitesimal relationships over the set of the
filter parameters (s, �, τ, v) of the receptive fields:

∂s = 1

2
∇T
x � ∇x =

= 1

2

(
�11 ∂x1x1 + 2�12 ∂x1x2 + �22 ∂x2x2

)
, (88)

∂�11 = 1

2
s ∂x1x1 , (89)

∂�12 = 1

2
s ∂x1x2 , (90)

∂�22 = 1

2
s ∂x2x2 , (91)

∂τ = 1

2
∂t̄ t̄

= 1

2

(
∂t t + 2v1 ∂xt + 2v2 ∂yt

+v21 ∂xx + 2v1 v2 ∂xy + v22 ∂yy

)
, (92)

∂v1 = τ ∂x1 t̄ , (93)

∂v2 = τ ∂x2 t̄ . (94)

For this joint combination of the computational structures
in the two partially simplified receptive field models in
Sects. 4.2 and 4.3, for the differential relationships over the
parameters s,�11,�22 and τ , it holds that the corresponding
partial differential equations are parabolic and can there-
fore only be evolved in the corresponding positive directions.
Hence, the expressions for ∂s , ∂�11 , ∂�22 and ∂τ correspond
to the notions of infinitesimal generators for multi-parameter
semi-groups. The differential relationships over the param-
eters �12, v1 and v2 do, on the other hand, correspond to
hyperbolic partial differential equations and could therefore
be evolved in both directions.

5 Macroscopic Cascade Structures for the
Generalized Gaussian Derivative Model

To avoid explicit integration of the previous infinitesimal
relationships between the receptive field responses for dif-
ferent values of the filter parameters, an alternative way to
model such relationships is in terms ofmacroscopic relations.
For simplicity, we again start by deriving such relations for
the receptive fieldmodels that are purely based on smoothing
withGaussian kernels, thus initially excluding the non-causal
spatio-temporal receptive field model based on convolu-
tion with the time-causal limit kernel (4) over the temporal
domain.
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5.1 Cascade Smoothing Properties Based on Spatial
or Spatio-Temporal Covariance Matrices

Due to the special properties of the N -dimensional Gaussian
kernel, it holds that the convolution of two Gaussian kernels
g : RN × R

N × S
N+ → R

g(·; μ1, �1) ∗ g(·; μ2, �2) = g(·; μ1 + μ2, �1 + �2)

(95)

with mean vectors m1,m2 ∈ R
N and spatial covariance

matrices�1, �2 ∈ S
N+ is a Gaussian kernel with added mean

vectors and added covariance matrices.

5.1.1 Purely Spatial Receptive Fields Based on Affine
Gaussian Smoothing

Applied to the purely spatial smoothing operation, cor-
responding to convolution with the affine Gaussian ker-
nel, it therefore follows that the scale-space representation
L(·; s2, �2) at a coarser spatial scale (s2, �2) can be com-
puted from the scale-space representation L(·; s1, �1) at any
finer spatial scale (s1, �1) according to

L(·; s2, �2) = g(·; �s,��) ∗ L(·; s1, �1). (96)

This result holds provided the filter parameters (�s,��) of
the incremental smoothing kernel g(·; �s,��) satisfy

s2 �2 = �s �� + s1 �1, (97)

that is, provided that the incremental effective spatial covari-
ance matrix

�s �� = s2 �2 − s1 �1 (98)

is a positive symmetric definite matrix. In other words, the
resulting cascade smoothing property according to (96) can
be computed in the forward direction of a cone in the param-
eter space of the purely spatial kernels.

Due to the linearity of the corresponding operators, this
cascade smoothing property extends to the receptive field
responses defined by applying spatial derivative operators
Dx to the spatial scale-space representation of the form

R f (·) = Dx L(·; s, �), (99)

thus implying an explicit cascade smoothing property for
spatial-derivative-based receptive fields of the form

Dx L(·; s2, �2) = T (·; �s,��) ∗ Dx L(·; s1, �1). (100)

5.1.2 Joint Spatio-Temporal Receptive Fields Based on
Affine Gaussian Smoothing

To express a corresponding cascade smoothing property over
the joint spatio-temporal domain, let us make use of the fact
that the composed effect of the smoothing operation, with a
2-D either isotropic Gaussian kernel or an anisotropic affine
Gaussian kernel over the spatial domain in combination with
smoothing with a 1-D non-causal temporal Gaussian kernel
over the temporal domain, can equivalently be obtained by
smoothing with a joint spatio-temporal Gaussian kernel over
the 2+1-D joint spatio-temporal domain. Thus, when using
an anisotropic affine spatial Gaussian kernel, leading to a
joint spatio-temporal kernel of the form (86)

T (x, t; s, �, τ, v) = g(x − v t; s, �) h(t; τ)

= 1

2
√
2π3/2 s

√
τ
e−(x−v t)T �−1(x−v t)/2s e−t2/2τ , (101)

this operation can equivalently be described as a 2+1-D con-
volution with a joint spatio-temporal kernel g2+1-D : R3 ×
R
3 × S

3+ → R of the form

g2+1-D(p; m2+1-D, �2+1-D)

= 1

(2π)3/2
√
det�2+1-D

e−(p−m2+1-D)T �−1
2+1-D(p−m2+1-D)/2

(102)

over the spatio-temporal image coordinates p = (x1, x2, t)T .
To determine the filter parameters m2+1-D and �2+1-D in

the joint spatio-temporal smoothing kernel (102), let us with
the reformulation of the spatio-temporal smoothing kernel
(79) as

T (p; s, �, τ, v) = T (x, t; s, �, τ, v) (103)

calculate the joint mean vector m2+1-D and the joint covari-
ance matrix �2+1-D according to

m2+1-D =
∫
p∈R2+1 p T (p; s, �, τ, v) dp
∫
p∈R2+1 T (p; s, �, τ, v) dp

, (104)

�2+1-D =
∫
p∈R2+1 p pT T (p; s, �, τ, v) dp
∫
p∈R2+1 T (p; s, �, τ, v) dp

− m2+1-DmT
2+1-D, (105)

which gives m2+1-D = (0, 0, 0)T and

�2+1-D =
⎛

⎝
�11 s + τ v21 �12 s + τ v1 v2 τ v1

�12 s + τ v1 v2 �22 s + τ v22 τ v2
τ v1 τ v2 τ

⎞

⎠ . (106)
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Notably, concerning the structure of the expression for the
joint spatio-temporal covariance matrix, a general 3 × 3
spatio-temporal covariance matrix has 6 degrees of freedom,
while this expression also has 6 effective degrees of free-
dom in terms of the filter parameters s, �11, �12, �22, τ ,
v1 and v2, if we disregard the overparameterization induced
by the combination of the spatial scale parameter s with the
elements �11, �12, �22 of the spatial covariance matrix �.

Thus, let us assume that we have two configurations
of parameter settings that would correspond to a cascade
smoothing property over the filter parameters for two joint
spatio-temporal smoothing kernels of the form (101), with

• the joint convolution kernel T (·, ·; si , �i , τi , vi ) in the
lower layerwith the velocity vector vi = (vi,1, vi,2)

T and
the elements of the spatial covariance matrix �i being
�i,11, �i,12 and �i,22, and with

• the joint convolution kernel T (·, ·; s j , � j , τ j , v j ) in the
higher layer with the velocity vector v j = (v j,1, v j,2)

T

and the elements of the spatial covariance matrix � j

being � j,11, � j,12 and � j,22.

Then, from the additive properties of the joint spatio-
temporal covariance matrices over 2+1-D space-time, a
cascade smoothing property would be possible, if there
would exist

• an incremental joint spatio-temporal convolution kernel
T (·, ·; �s,��,�τ,�v)with the velocity vector�v =
(�v1,�v2)

T and the elements of the spatial covariance
matrix �� being ��11, ��12 and ��22,

such that

T (·, ·; s j , � j , τ j , v j )

= T (·, ·; �s,��,�τ,�v) ∗ T (·, ·; si , �i , τi , vi ), (107)

thus implying an explicit cascade smoothing property of the
form

L(·, ·; s j , � j , τ j , v j )

= T (·, ·; �s,��,�τ,�v) ∗ L(·, ·; si , �i , τi , vi )

(108)

between the non-causal spatio-temporal scale-space repre-
sentations L(·, ·; si , �i , τi , vi ) and L(·, ·; s j , � j , τ j , v j ).

Thereby, the following relations between the filter param-
eters would have to be satisfied:

� j,11 s j + τ j v
2
j,1 =

= ��11 �s + �τ �v21 + �i,11 si + τi v
2
i,1, (109)

� j,12 s j + τ j v j,1 v j,2 =
= ��12 �s + �τ �v1 �v2 + �i,12 si + τi vi,1 vi,2,

(110)

� j,22 s j + τ j v
2
j,2

= ��22 �s + �τ �v22 + �i,22 si + τi v
2
i,2, (111)

τ j v j,1 = �τ �v1 + τi vi,1, (112)

τ j v j,2 = �τ �v2 + τi vi,2, (113)

τ j = �τ + τi . (114)

Solving for the parameters �s, ��11, ��12, ��22, �τ ,
�v1 and�v2 of the incremental spatio-temporal convolution
kernel T (·, ·; �s,��,�τ,�v) then gives

�τ = τ j − τi , (115)

�v1 = τ j v j,1 − τi vi,1

τ j − τi
, (116)

�v2 = τ j v j,2 − τi vi,2

τ j − τi
, (117)

�s ��11 = � j,11 s j − �i,11 si + τi τ j (vi,1 − v j,1)
2

τi − τ j
,

(118)

�s ��12 = � j,12 s j − �i,12 si+ (119)

+τi τ j (vi,1 − v j,1)(vi,2 − v j,2)

τi − τ j
, (120)

�s ��22 = � j,22 s j − �i,22 si + τi τ j (vi,2 − v j,2)
2

τi − τ j
.

(121)

Given that the resulting parameters�s,��11,��12,��22,
�τ , �v1 and �v2 for the incremental spatio-temporal con-
volution kernel should obey the consistency requirements

��11 �s ≥ 0, (122)

��22 �s ≥ 0, (123)

(��11 �s)(��22 �s) − (��12 �s)2 ≥ 0, (124)

�τ ≥ 0, (125)

it thereby follows that it is possible to implement a cascade
smoothing property

L(·, ·; s j , � j , τ j , v j )

= T (·, ·; �s,��,�τ,�v) ∗ L(·, ·; si , �i , τi , vi )

(126)

for the joint spatio-temporal scale-space representations of
video sequences f according to

L(·, ·; s, �, τ, v) = T (·, ·; s, �, τ, v) ∗ f (·, ·). (127)
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Due to the linearity of the corresponding operators, this cas-
cade smoothing property extends to receptive field responses
defined by applying spatio-temporal derivative operators
Dx,t to the spatio-temporal scale-space representation of the
form

R f (·, ·) = Dx,t L(·, ·; s, �, τ, v), (128)

thus implying an explicit cascade smoothing property of the
spatio-temporal derivative-based spatio-temporal receptive
fields of the form

Dx,t L(·, ·; s j , � j , τ j , v j )

= T (·, ·; �s,��,�τ,�v) ∗ Dx,t L(·, ·; si , �i , τi , vi ).

(129)

5.1.3 Joint Spatio-Temporal Receptive Fields Based on
Isotropic Gaussian Smoothing

In relation to the results from the previous section, it is
worth observing that if the spatial smoothing operationwould
instead only be performed based on an isotropic Gaussian
kernel, with the spatial covariance matrix � equal to the
unit matrix � = I , then the parameters (s, τ, v) in the
spatio-temporal receptive fields would only span 4 out of
the general 6 degrees of freedom in the joint spatio-temporal
covariance matrix �2+1-D according to (106). Thereby, the
configurations for which it would be possible to implement
a corresponding cascade smoothing property

L(·, ·; s j , τ j , v j ) =
= T (·, ·; �s,�τ,�v) ∗ L(·, ·; si , τi , vi ) (130)

for the joint spatio-temporal scale-space representations of
video sequences f according to

L(·, ·; s, τ, v) = T (·, ·; s, τ, v) ∗ f (·, ·) (131)

would on the other hand be highly degenerate. Thus,
beyond the previously mentioned closedness property under
anisotropic spatial affine transformations, the use of an affine
Gaussian kernel for spatial smoothing also offers clear advan-
tages in terms of the ability for an idealized vision system,
to implement spatio-temporal cascade smoothing properties
for the receptive fields, in order to decrease the amount of
computational work in filter bank implementations of joint
spatio-temporal receptive fields.

5.1.4 The Special Case with Equal Image Velocities

Concerning the relationships derived in Sect. 5.1.2, it is of
particular interest to consider the special case when all the

image velocities are equal, i.e.,

v j = �v = vi . (132)

Then, Eqs. (112) and (113) both reduce to the criterion (114)

τ j = �τ + τi . (133)

Furthermore, given the assumption that this condition is
satisfied, the relationships (109)–(111) then reduce to the
following relationships

� j,11 s j = ��11 �s + �i,11 si , (134)

� j,12 s j = ��12 �s + �i,12 si , (135)

� j,22 s j = ��22 �s + �i,22 si , (136)

corresponding to similar relationships as for the elements of
the purely spatial receptive field model in Equation (97).

An explanation for this simplicity of the resulting rela-
tionships is because of the Galilean covariance property of
the spatio-temporal receptive field model, which then up to
a Galilean transformation is isomorphic to a purely space-
time separable model for the spatio-temporal receptive fields
based on spatio-temporal smoothing operations of the form

T (x, t; s, �, τ) = g(x; s, �) h(t; τ) =
= 1

2
√
2π3/2 s

√
τ
e−xT �−1x/2s e−t2/2τ . (137)

With regard to the special case with joint spatio-temporal
receptive fields based on isotropic Gaussian smoothing with
� = I considered in Sect. 5.1.3, it is, however, interesting to
note that those degeneracies do not in any negative way affect
the possibility for the receptive fields to span that subgroup
of receptive fields covariant to spatial and temporal scaling
transformations and Galilean transformations.

6 Relationships Between Receptive Field
Responses for Different Parameter
Settings for Spatio-Temporal Receptive
Fields Based on Temporal Smoothing with
The Time-Causal Limit Kernel

In the treatment so far, we have made use of special algebraic
properties, as arising from using spatial and spatio-temporal
smoothing kernels solely based on Gaussian kernels, for
deriving both infinitesimal and macroscopic relationships
between the receptive field responses computed for differ-
ent values of the filter parameters.

When replacing the non-causal temporal Gaussian kernel
h(t; τ) = g(t; τ) according to (3) by the time-causal limit
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kernel h(t; τ) = ψ(t; τ, c) according to (4), where c > 1
is a distribution parameter that specifies the ratio between
the temporal scale levels in units of the temporal standard
deviation of the kernel, we obtain a joint spatio-temporal
smoothing kernel of the form

T (x, t; s, �, τ, v, c) = g(x − v t; s, �)ψ(t; τ, c)

= 1

2π s
e−(x−v t)T �−1(x−v t)/2s ψ(t; τ, c). (138)

This kernel cannot, however, be differentiated with respect to
the here fully discrete temporal scale parameter τi = τ0 c2i .
Additionally, expressing the derivative of the time-causal
limit kernel with respect to the temporal variable t is neither
straightforward, because of the relatively complex explicit
expression for the time-causal limit kernel over the temporal
domain:

�(·; τ, c) = ∗∞
k=1hexp(·; μk), (139)

where

hexp(t; μk) =
{ 1

μk
e−t/μk t ≥ 0,

0 t < 0,
(140)

and the time constants μk of the individual truncated expo-
nential kernels are given by

μk = c−k
√
c2 − 1

√
τ . (141)

Specifically, we do not have any straightforward correspon-
dence to generalizedHermite polynomials based on temporal
derivatives of the time-causal limit kernel.

Furthermore, in terms of cascade smoothing properties,
the time-causal limit kernel does not form a semi-group
as the 1-D temporal Gaussian kernel h(t; τ) = g(t; τ)

does. Instead, the time-causal limit obeys the following cas-
cade smoothing property between adjacent levels of temporal
scales (see Lindeberg [54] Eq. (28)):

�(·; τ, c) = hexp(·;
√
c2−1
c

√
τ) ∗ �(·; τ

c2
, c). (142)

From these structural differences, arising from using the
time-causal limit kernel as the temporal smoothing ker-
nel instead of the non-causal temporal Gaussian kernel, we
cannot expect to be able to directly apply similar method-
ologies for deriving infinitesimal or macroscopic evolution
properties over the filter parameters for the time-causal
spatio-temporal kernel (138), as we used for deriving such
relationships for the fully Gaussian smoothing-based recep-
tive field models in Sects. 4 and 5.

As will be described further in Sect. 6.1 below, the
infinitesimal relationships do, however, carry over regard-
ing the purely spatial image coordinates x , the spatial scale

parameter s, as well as for the elements �11, �12 and �22

of the spatial covariance matrix �. Furthermore, as will be
described in the following Sect. 6.2, in the special case when
the image velocities are all equal in the cascade model for
the receptive field responses, the macroscopic relationships
for the spatial components in the spatio-temporal receptive
field model do also carry over from the purely spatial case.

6.1 Infinitesimal Relationships Between Receptive
Field Responses Computed for Different Values
of the Filter Parameters

Regarding infinitesimal relationships, the differential rela-
tionships that we derived in Sect. 4.4 regarding derivative
operators solely expressed over the spatial domain will also
hold if we replace the non-causal Gaussian kernel h(t; τ) =
g1D(t; τ) in (86) by the time-causal limit kernel h(t; τ) =
ψ(t; τ, c). Thus, if we for any spatio-temporal video stream
f : R2 ×R → R define a time-causal spatio-temporal scale-
space representation according to

L(·, ·; s, �, τ, v, c) = T (·, ·; s, �, τ, v, c) ∗ f (·, ·) (143)

with the joint time-causal spatio-temporal smoothing kernel
T (·; s, �, τ, v, c) according to (138), then it follows that
the following infinitesimal relationships will hold over the
purely spatial filter parameters (s, �):

∂s = 1

2
∇T
x � ∇x

= 1

2

(
�11 ∂x1x1 + 2�12 ∂x1x2 + �22 ∂x2x2

)
, (144)

∂�11 = 1

2
s ∂x1x1 , (145)

∂�12 = 1

2
s ∂x1x2 , (146)

∂�22 = 1

2
s ∂x2x2 . (147)

This can be easily understood by observing that when cal-
culating the ratios between derivatives with respect to either
the spatial coordinates x or the spatially based filter parame-
ters (s, �), the occurrence of the time-causal limit kernel
will cancel in the resulting expressions. Thus, we obtain
similar results for these ratios computed from the time-
causal spatio-temporal smoothing kernel as shown in Fig. 9
inAppendixC, aswe previously obtained for the correspond-
ing non-causal spatio-temporal smoothing kernel shown in
Fig. 8 in Appendix B.

By comparing those generalizedHermite polynomials, we
can then establish that the infinitesimal relationships (144)–
(147) are valid.

Notably, without differentiating the time-causal limit
kernel, we can also compute the generalized Hermite poly-
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nomials corresponding to differentiation with respect to the
elements v1 and v2 of the velocity vector v. So far, we have,
however, not yet been able to match these partial derivatives
to corresponding expressions in terms of derivatives with
respect to the spatio-temporal image coordinates (x1, x2, t).

6.2 Macroscopic Cascade Structures Between
Receptive Field Responses Computed for
Different Values of the Filter Parameters

Based on the cascade smoothing property (142) of the time-
causal limit kernel (4), let us for spatio-temporal smoothing
kernels T (x, t; s, �, τ, v, c) of the form (138) consider for-
mulating a cascade smoothing property for the time-causal
spatio-temporal kernels of the form

L(·, ·; s j , � j , τ j , v j , c)

= �T (·, ·; �s,��,�τ,�v, c)

∗L(·, ·; si , �i , τi , vi , c), (148)

where the incremental kernel �T (·, ·; �s,��,�τ,�v, c)
is given by

�T (x, t; �s, �,�τ,�v, c) =
= g(x − �v t; �s,��) hexp(t;

√
�τ)

= 1

2π �s
e−(x−�v t)T ��−1(x−�v t)/2�s×

hexp(t;
√

�τ) (149)

here, for simplicity, restricted to adjacent temporal scales

τi = τ j

c2
(150)

with

�τ = τ j − τi = c2 − 1

c2
τ j . (151)

The motivation for the last relationships is that the temporal
scale levels in these types of temporal and spatio-temporal
scale-space representations are inherently discrete according
to a geometric distribution of the form (6).

6.2.1 The Special Case with Equal Image Velocities

Unfortunately, it appears as a rather complex problem to
derive closed-form expressions for the relationships between
the parameters (�s,��,�τ,�v) of the incremental kernel
from the parameters (si , �i , τi , vi ) and (s j , � j , τ j , v j ) of
two involved layers of receptive field responses in the gen-
eral case, when the image velocities �v, vi and v j may be
different. Amain reason to technical complications is that the

time-causal limit kernel does not have any compact explicit
expression, since it is given as the convolution of an infinite
number of truncated exponential kernels.

In the special case when the image velocities are all equal

v j = �v = vi , (152)

we can, however, in analogy with the previous treatment in
Sect. 5.1.4, make use of the Galilean covariance property to
infer that, beyond the relationship between adjacent scale
levels according to (150)

τi = τ j

c2
, (153)

the purely spatial parameters of the receptive fields should
obey similar relationships as in Equations (134)–(136):

� j,11 s j = ��11 �s + �i,11 si , (154)

� j,12 s j = ��12 �s + �i,12 si , (155)

� j,22 s j = ��22 �s + �i,22 si . (156)

In this way, we can hence determine the parameters of the
incremental spatio-temporal kernel according to (149) in the
special case of equal velocity parameters vi , �v and v j .

We leave it as an open problem for future work to analyze
the potential applicability of the incremental kernel of the
form (149) to formulate time-causal cascade model between
the scale-space representations L(·, ·; si , �i , τi , vi , c) and
L(·, ·; s j , � j , τ j , v j , c) at adjacent scales τi and τ j of the
form (148) in the case of non-equal velocity parameters vi ,
�v and v j .

7 Summary and Discussion

Wehave presented an in-depth theoretical analysis about how
receptive field responses computed using linear receptive
fields corresponding to simple cells in the primary visual
cortex, as expressed in terms of the generalized Gaussian
derivative model for visual receptive fields, can be related
between different values of the filter parameters.

After an overview of the generalized Gaussian derivative
model for visual receptive fields in Sect. 3, with emphasis
on its relation to handle variabilities in image structures, as
generated by natural geometric image transformations, and
as modeled by local linearizations in terms of (i) uniform
spatial scaling transformations, (ii) spatial affine transforma-
tions, (iii) Galilean transformations and (iv) temporal scaling
transformations, we have specifically, from the requirement
of covariance properties of the receptive fields under such
geometric image transformations, motivated the importance
of multi-parameter families of visual receptive fields. This
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motivation originates from the desirable requirement ofmak-
ing it possible to, up to first order of approximation, match
the receptive field responses that have been computed from
image data acquired under different viewing conditions. The
requirement of closedness of the representation of receptive
field responses under such geometric image transformations
then means that the shapes of the receptive fields ought to be
expanded over the degrees of freedom of the corresponding
geometric image transformations.

For our considered axiomatically determined normative
theory of visual receptive fields, this leads to spatial and
spatio-temporal receptive fields that are based on apply-
ing spatial and/or spatio-temporal derivative operators to a
multi-parameter spatial and/or spatio-temporal scale-space
representation of the either purely spatial or joint spatio-
temporal image data. Specifically, we have by the covariance
properties of the receptive fields in Eqs. (30), (31) and (39)–
(40) related the variabilities in the shapes of the receptive
fields to the parameters of the general class of composed
geometric image transformations of the form (34) and (35),
which, as illustrated in Fig. 4, represents the first-order vari-
ability in image structures, when observing the surfaces of
smooth objects in dynamic scenes.

Then, we have in Sects. 4 and 5 developed two main
ways of interrelating the receptive field responses between
different parameter settings for this generalized Gaussian
derivative model for visual receptive fields, either in terms
of (i) infinitesimal differential relations closely related to
the notions of Lie groups and the infinitesimal genera-
tors of continuous semi-groups, or (ii) macroscopic cascade
smoothing relations, closely related to the notion of Lie alge-
bras, although with a directional preference, in the respect
that the evolution can only performed in positive directions
for those dimensions of the parameter space that correspond
to uni-directional semi-group structures, as opposed to bi-
directional Lie group structures.

Specifically, in Sect. 4, we studied three variants of mod-
els for spatial or spatio-temporal smoothing operations in the
receptive fields based on pure Gaussian smoothing over the
spatial or spatial–temporal domains, in terms of either (i) a
purely spatial model with 3 effective degrees of freedom in
the parameter space, (ii) a joint spatio-temporal model with
a restriction to isotropic Gaussian smoothing over the spatial
domain, resulting in 4 effective degrees of freedom in the
parameter space, and (ii) a joint spatio-temporal model with
general affine Gaussian smoothing over the spatial domain,
leading to 6 effective degrees of freedom in the parameter
space. By the special algebraic structures of the resulting
receptive field representations, when using solely Gaussian
smoothing over both the spatial and the temporal domains,
we could introduce the notion of generalized Hermite poly-
nomials of the resulting spatial or spatio-temporal smoothing
operations, to substantially simplify the process of deriving

and proving the corresponding differential evolution equa-
tions over infinitesimal perturbations of the filter parameters,
largely corresponding to the notion of infinitesimal genera-
tors for more traditional semi-groups.

Then, in Sect. 5 we derived macroscopic evolution prop-
erties of the either purely spatial or joint spatio-temporal
receptive field representations based on the sole use of
Gaussian smoothing operators over both the spatial and
the temporal domains, by combining the separate Gaussian
smoothing operations over the either spatial or temporal
domains into a joint spatio-temporal Gaussian smoothing
kernel over the joint spatio-temporal domain. Specifically,
by calculating the joint spatio-temporal covariance matrix
of that 2+1-D joint spatio-temporal smoothing kernel, we
derived a joint spatio-temporal cascade smoothing property,
which specifies how a receptive field response at a coarser
spatial and temporal scale can be computed by applying an
incremental spatio-temporal smoothing kernel to the recep-
tive field responses at finer spatial and temporal scales.

The way that the macroscopic cascade smoothing prop-
erties in Sect. 5 are related to the infinitesimal evolution
properties in Sect. 4 is structurally similar to the way a Lie
algebra is related to a Lie group according to the exponen-
tial map, see e.g., Hall [28] Sect. 3.7. A structural difference
compared to Lie groups and Lie algebras, however, is that
here we have directional preferences in the evolution equa-
tions with regard to some of the parameters, thus with closer
relationships to the notions of infinitesimal generators and
semi-groups, as described by Hille and Phillips [31], Pazy
[68] andGoldstein [27]. The evolution equations thatwehave
derived are, however, neither strict infinitesimal generators
nor semi-groups with respect to all the parameters. In this
respect, the derived relationships can be seen as hybrid rela-
tionships between Lie groups and Lie algebras on one side
and infinitesimal generators and semi-groups on the other
side.

In Sect. 6, we then extended the relationships derived for
the non-causal fully Gaussian-based spatio-temporal model
to the time-causal spatio-temporal model, where the tem-
poral smoothing operation is performed by convolution
with the time-causal limit kernel (4) instead of the non-
causal temporal Gaussian kernel (3). Due to the discrete
nature of the temporal scale levels τk in the corresponding
spatio-temporal scale representation, differential evolution
properties over the temporal scale parameter cannot be
expressed for that time-causal spatio-temporal scale-space
representation. Additionally, due to the current lack of suffi-
ciently good tools to derive compact closed-form expressions
for the temporal derivatives of the time-causal limit kernel,
we restricted the differential evolution properties to deriva-
tives with respect the spatial scale parameter s and the spatial
covariance matrix � of the spatial affine Gaussian kernel,
which are similar as for the non-causal spatio-temporal scale-
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space representation studied in Sect. 4.3. Similarly, regarding
the notion of a cascade property for the case of time-causal
spatio-temporal receptive fields, we restricted the treatment
to the special case when the image velocity of the incremen-
tal kernel is equal to the image velocities used for computing
the receptive field responses before and after the cascade
smoothing step, which are also assumed to be equal.

From the viewpoint of the underlying normative theory for
visual receptive fields, the receptive field shapes are parame-
terized by over the 4-D (although effectively 3-D) parameters
(s, �) in the purely spatial case and by the 7-D (although
effectively 6-D) parameters (s, �, τ, v) in the joint spatio-
temporal case. If we regard this theory as an idealized model
of the visual processing in the primary visual cortex, then
flattening out these higher-dimensional spaces onto the 2-D
cortical surface, implies that points p and parameters P that
may be relatively nearby in the higher-dimensional spaces
(p; P) = (x; s, �) or (p; P) = (x; s, �, τ, v) may be
further away from each other when flattened out on the 2-D
cortical surface.

In this way, if we transfer the cascade smoothing proper-
ties derived in this paper onto such a flattened cortical mani-
fold, then the corresponding connections between receptive
fields at different positions on the cortical surface will lead to
a set of “horizontal connections” between different neurons.
Specifically, due to the flattening of the higher-dimensional
manifold of parameterized receptive responses onto the 2-D
cortical surface, some of these connections will by necessity
be “long range” on the cortical surface, although they would
have been of shorter range in the original higher-dimensional
manifold of receptive field responses. In this respect, the pre-
sented theory offers a possible explanation of a certain kind
of “horizontal connections” constructed from a different pur-
pose than themore commonly used explanation of integrating
receptive field responses at different positions in the visual
field into higher-order “gestalt” entities, such as contours (see
e.g., Bolz and Gilbert [13], Bosking et al. [14], Ben-Shahar
and Zucker [12] and Sarti et al. [82]). 6

For modeling visual receptive fields, there is, as previ-
ously described in Sect. 2, also an alternative school of using
idealized models based on Gabor functions, which consist
of the multiplication of Gaussian functions with complex
sine waves. For the purely Gaussian smoothing-based com-
ponent in the Gabor model, it seems likely that structurally
related evolution properties over the receptive field parame-
ters could be obtained for the corresponding Gabor models
of visual receptive fields. Regarding variations in the modu-

6 Let us, however, remark that with this statement we do not in any way
intend to argue against the use of “horizontal connections” between dif-
ferent visual neurons for computing higher-order “gestalt” entities, such
as contours. Instead, our purpose is to propose a complementary expla-
nation regarding a possible subset of such “horizontal connections”.

lation frequency or the orientation of the complex sine wave
component in the Gabor model, the corresponding relation-
ships could, however, be expected to be of a different nature.

In this treatment, we have therefore focused solely on the
topic of deriving evolution properties over the parameters
of the generalized Gaussian derivative model, which obeys
very special closedness properties that could not be expected
to hold for more generic classes of kernels. Thus, we leave
the topic of deriving corresponding infinitesimal, or, if possi-
ble, macroscopic relationships for the Gabor model to future
work. For a complementary in-depth analysis of similarities
vs. differences between the generalized Gaussian derivative
and the Gabor models regarding orientation selectivity prop-
erties, see Lindeberg [58].

By the derived evolution properties over variations of
the filter parameters of the receptive fields according to the
generalized Gaussian derivative model for visual receptive
fields, we do foremost obtain a better theoretical understand-
ing about how receptive field responses are related between
different values of thefilter parameters. These either infinites-
imal or macroscopic evolution properties can, in turn, be
used in computational schemes to compute banks of recep-
tive field responses suitable for matching the responses of
receptive fields applied to image data that have been acquired
under substantial variations in the viewing conditions, which
according to the theory described in Sect. 3.5 implies that
the shapes of the receptive fields would have to be expanded
over the degrees of freedom of the corresponding geomet-
ric image transformations. Thereby, it becomes possible to,
to first order of approximation, match the receptive field
responses between different views of the same object or a
similar spatio-temporal event and thus establish an identity
operation between the receptive field responses computed for
different observations of the same object or a similar spatio-
temporal event.

These theoretical results do also have possible implica-
tions for theories about biological vision, where indeed such
a model concerning an expansion over receptive field shapes
over the degrees of freedom, corresponding to the degrees of
freedom in the here studied generalized Gaussian derivative
model for visual receptive fields, has in Lindeberg [60] been
recently proposed for predicting and explaining variabilities
of simple cells in the primary visual cortex of higher mam-
mals. From statistics of the populations of neurons in the
early visual pathway, with about 1M output channels from
the retina mapped to 1M output channels from the lateral
geniculate nucleus (LGN) to the primary visual cortex (V1),
to about 190Mneurons in V1with 37Moutput channels (see
DiCarlo et al. [20] Fig. 3), such a substantial expansion of
the number of receptive fields from the LGN to V1 would
indeed be consistent with an expansion of the shapes of the
receptive fields over shape parameters of the receptive fields.
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Specifically, the evolution properties between receptive
field responses for different sets of filter parameters derived
in this paper provide a theoretical explanation for the alter-
native design strategy of a representation of the receptive
field responses of simple cells proposed in Lindeberg [60],
where an idealized vision system could by the use of cas-
cade smoothing properties over the spatial and temporal
scale parameters choose to only implement receptive field
responses corresponding to the finest spatial and temporal
scale levels in the sensorium, corresponding to the simple
cells in the primary visual cortex of higher mammals. Then,
at higher levels in the visual hierarchy, equivalent receptive
field responses, corresponding to coarser levels of spatial
and temporal scales, could be computed in an indirect man-
ner, either based on integration of the infinitesimal evolution
equations derived in Sect. 4 or based on themacroscopic evo-
lution properties derived in Sect. 5.

See also Lindeberg [57] for a closely related theoretical
study of this problem in relation to the degrees of freedom
of spatial affine transformations, the degrees of freedom of
the spatial component of the generalized Gaussian deriva-
tive model, and existing neurophysiological support for such
variabilities of the shapes of simple cells in the primary visual
cortex.

Appendix

A Generalized Hermite Polynomials for the
Isotropic Spatio-Temporal Gaussian Kernel
T(x, t; s, �, v)

Figure 7 lists generalized Hermite polynomials for the
isotropic spatio-temporal Gaussian kernel T (x, t; s, τ, v)

according to (79).
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Fig. 7 Generalized Hermite polynomials as arising from derivatives of
the isotropic spatio-temporal Gaussian kernel T (x, t; s, τ, v) accord-
ing to (79), based on smoothing with a spatially isotropic Gaussian
kernel, with respect to the image coordinates x = (x1, x2)T and the

time variable t up to order 2, as well as with respect to the spatial scale
parameter s, the temporal scale parameter τ and the elements v1 and v2
of the velocity vector v

B Generalized Hermite polynomials For The
Affine Spatio-Temporal Gaussian Kernel T(x,
t; s,6, �, v)

Figure 8 lists generalized Hermite polynomials for the affine
spatio-temporal Gaussian kernel T (x, t; s, �, τ, v) accord-
ing to (86).
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Fig. 8 Generalized Hermite polynomials as arising from derivatives of
the affine spatio-temporal Gaussian kernel T (x, t; s, �, τ, v) accord-
ing to (86), based on smoothing with a spatially anisotropic affine
Gaussian kernel, with respect to the image coordinates x = (x1, x2)T

and the time variable t up to order 2, as well as with respect to
the spatial scale parameter s, the elements �11, �12 and �22 of

the spatial covariance matrix �, the temporal scale parameter τ

and the elements v1 and v2 of the velocity vector v. (The explicit
expressions for ∂x1t T (x, t; s, �, τ, v), ∂x2t T (x, t; s, �, τ, v) and
∂t t T (x, t; s, �, τ, v) have been omitted here, because they do not fit
within two lines each)

C Generalized Hermite Polynomials for the
Time-causal Affine Spatio-Temporal Kernel
T(x, t; s,6, �, v, c)

Figure 9 lists generalized Hermite polynomials for the time-
causal affine spatio-temporal Gaussian kernel T (x, t; s, �,

τ, v, c) according to (138).

123



   19 Page 26 of 29 Journal of Mathematical Imaging and Vision            (2026) 68:19 

Fig. 9 Generalized Hermite polynomials as arising from derivatives
of the time-causal affine spatio-temporal kernel T (x, t; s, �, τ, v, c)
according to (138), based on smoothing with a spatially anisotropic
affine Gaussian kernel, with respect to only the image coordinates

x = (x1, x2)T up to order 2, as well as with respect to only the spa-
tial scale parameter s, the elements �11, �12 and �22 of the spatial
covariance matrix � and the elements v1 and v2 of the velocity vector
v
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