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Abstract

The results in this thesis focus on the dynamical behaviour of forced circle diffeomor-
phisms, which can be modelled as skew-product maps on the two-dimensional torus.
For notable forced systems such as chaotically forced Schrodinger cocycles and quasi-
periodically forced Arnol’d circle maps, various numerical studies have revealed the occur-
rence of diverse dynamical behaviours. This thesis contributes to building a theoretical
framework that reveals the conditions and mechanisms that govern the rich hyperbolic

behaviour in certain forced systems.

In Paper A, we quantify the non-uniform hyperbolic behaviour of Schrodinger cocycles
over expanding base maps, for an open class of potential functions. For cocycles with
strongly expanding circle maps on the base, we establish asymptotic results for their Lya-
punov exponents in the large coupling regime, which are uniform for all real values of
energy. In Paper B, the focus is broadened to a class of circle maps forced by uniformly
expanding circle endomorphisms. We establish open conditions, where the skew-product
maps on the fibre are typically non-monotonic in the base variable, for which the Lya-
punov exponents on the fibre are negative Lebesgue almost everywhere. This implies
non-uniform hyperbolicity and consequently, local convergence of orbits on a fibre. Thus,
the results in Paper A and Paper B contribute to the understanding of forced systems with

highly chaotic forcing.

In Paper C, we study circle diffeomorphisms with two attracting and two repelling fixed
points under quasi-periodic forcing. For a set of frequencies of positive measure, we prove
the synchronisation of orbits on the same fibre. This proves the existence of a unique
attracting and a unique repelling invariant graph. Thus, the results precisely describe
the non-chaotic behaviour in these systems. Further, the geometric structure of these
invariant graphs gives key insights on the non-uniform hyperbolicity of the system and sta-

tistical properties of Lebesgue almost every point on the two-dimensional torus.

Keywords
Lyapunov Exponents, skew-product maps, forced circle diffeomorphisms, invariant

graphs, Non-uniform hyperbolicity, Schodinger cocycles






Sammanfattning

Resultaten i denna avhandling fokuserar pa det dynamiska beteendet hos drivna cirkel-
diffeomorfier, vilka kan modelleras som skevprodukt-avbildningar pa den tvadimensio-
nella torusen. For ett flertal klasser av drivna system, sdsom kaotiskt drivna Schrédinger-
cocykler och kvasi-periodiskt drivna Arnol’d-cirkelavbildningar, har numeriska studier
visat forekomsten av en mangfald av dynamiska beteenden. Denna avhandling bidrar till
att utveckla ett teoretiskt ramverk med maélet att klargora de villkor och mekanismer som
styr det rika hyperboliska beteendet i olika klasser av drivna system.

I Artikel A kvantifierar vi, for en 6ppen klass av potentialfunktioner i regimen med
stark koppling, det icke-likformigt hyperboliska beteendet hos Schrédinger-cocykler 6ver
starkt expanderande cirkelavbildningar. Mer precist visar vi asymptotiska formler for
deras Lyapunov-exponenter. I Artikel B breddas fokus till en klass av cirkelavbildningar
som drivs av likformigt expanderande cirkelendomorfier. Vi etablerar 6ppna villkor, dar
skevproduktavbildningarna i fibern typiskt sett dr icke-monotona i basvariabeln, for vilka
Lyapunov-exponenterna i fibern dr negativa for nastan varje punkt. Detta implicerar icke-
likformig hyperbolicitet och dirmed lokal konvergens av banor liangs en fiber. Saledes
bidrar resultaten i Artikel A och Artikel B till forstaelsen av drivna system med starkt

kaotisk drivning.

I Artikel C studerar vi cirkeldiffeomorfier med tvé attraherande och tvé repellerande
fixpunkter under kvasi-periodisk drivning. For en méangd av frekvenser med positivt matt
visar vi synkronisering av banor lings samma fiber. Detta bevisar existensen av en unik
attrahe- rande och en unik repellerande invariant graf. Séledes ger resultaten en precis
beskrivning av det icke-kaotiska beteendet i dessa system. Vidare ger den geometriska
strukturen hos dessa invarianta grafer viktiga insikter om systemets icke-likformiga hy-
perbolicitet och de statistiska egenskaperna hos nistan varje punkt pé den tvadimensio-

nella torusen.

Nyckelord
Lyapunov-exponenter, skevprodukt-avbildningar, drivna cirkeldiffeomorfier, invarianta

grafer, icke-likformig hyperbolicitet, Schrédinger-cocykler
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Popular Science Summary

The field of dynamical systems seeks to understand the long-term behaviour of processes
that evolve over time. In many natural and engineered systems, complex dynamics can
emerge from interactions between simpler subsystems. To illustrate such phenomena
and motivate the setting of this thesis, we consider a simple model of a forced damped

pendulum.

A forced damped pendulum is a pendulum that swings under gravity, gradually damped
by friction, and is subjected to an external force. Given the initial state of such a pendulum,
its trajectory is then determined by the corresponding second-order differential equation.
However, even a small change to the initial position may lead to drastically different
trajectories over time, and this suggests a possible chaotic behaviour in the system. We
are interested in conditions for which the long-term behaviour of the pendulum is robust
under small changes in the initial state. One phenomenon of particular interest in this
thesis is synchronisation. This occurs when a pendulum eventually converges to the same
motion for many different initial positions. Understanding when and how synchronisa-
tion occurs remains a widely studied and largely open problem.

A notable class of forced pendulums are the quasiperiodically forced pendulums, which
are known to serve as mathematical models for a wide range of physical systems and
exhibit rich dynamics. To study various key long-term behaviours in such systems, it
is often sufficient to observe the system only at certain discrete times. For the continuous
evolution of the pendulum, we thus derive a much simpler discrete model. The evolution
of the pendulum for different initial states is now encoded in the action of a map, more
specifically a skew-product map, on a compact phase space. In this setting, synchronisa-
tion corresponds to the convergence of different points under repeated application of the

map.

Contrary to what one might expect, there exist systems that exhibit synchronisation un-
der a strong external force but not under a weak one. For certain such systems, the
dynamics have been numerically observed to be attracted to a geometrically intricate set
in phase space. This is part of the broader story of strange non-chaotic attractors. The
results in Paper C establish conditions and mechanisms that lead to synchronisation,

as well as geometrically complicated invariant structures, in a particular class of forced
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systems. Furthermore, we show that, for different forcing parameters, the invariant struc-
tures to which the dynamics converge can exhibit drastically different regularity proper-

ties.

Discrete Schrodinger operators are another class of widely studied systems, for which
there is significant interest in analysing the stability of their solutions for different po-
tential functions and energies. In Paper A, the result focuses on such systems under
highly chaotic forcing, for which we quantify the non-chaotic behaviour precisely. In
Paper B, we work with a more general class of forced systems that model systems such
as Schrodinger operators, and establish the conditions and mechanisms that lead to their

non-chaotic dynamics.

The results in this thesis establish various dynamical behaviours that emerge even within
the same class of systems. They identify the underlying mechanisms that lead to such
diverse properties and show that the long-term dynamics depend sensitively on specific
features of the system. This research can be pursued further by developing the analytic
techniques to study a broader class of forced dynamical systems. Furthermore, one can
build on the results in this thesis to determine the precise statistical and topological prop-

erties of the corresponding systems.



XVii

List of included papers

Paper A

Paper B

Paper C

Large coupling asymptotics for the Lyapunov exponents of some
Schrodinger cocyles over strongly expanding circle endomorphisms,
K. Bjerklov and K. Rajasekar.
Dynamical Systems , 40, (1), pp. 56—70, 2025,
DOI: 10.1080/14689367.2024.2420645.

Negative Lyapunov exponents of circle maps forced by expanding circle
endomorphisms,
K. Rajasekar.
Nonlinearity , 39, (3), p. 035020, 2026,

DOI: 10.1088/1361-6544/ae4a0a.

Synchronisation under quasi-periodic forcing of circle diffeomorphisms
with two attracting and two repelling fixed points,
K. Rajasekar.

(To be submitted)






XiX

Contents

Abstract . . . . .. vii
Sammanfattning . . . . . . ... ix
Acknowledgment . . . . .. ... Xi
Declaration about the use of generative Al . . . . . ... ... ........... xiii
Popular Science Summary . . . . ... ... XV
Listofincluded papers . . . . . . . . . .. . . ... XVii
Contents . . . . . . . . Xix
I Introduction 1
T Overview . . . . . . 3
11 Hyperbolicity . . . ... ... ... 4

12 Lyapunovexponents . . . . . .. . . .. ... 5
121 LinearCocycles . . . . ... .. ... ... ... . 6

1.2.2  Lyapunov Exponents of linearcocycles . . . . . . ... ... ... 8

1.3 Forced circle diffeomorphisms . . . . . . ... ... ... ... . ..., . 1
1.31 Lyapunov Exponents of Forced systems . . . .. ... ... ... 1

1.3.2 Invariant Graphs of Forcedsystems . . . . . ... ... ... ... 13

1.3.3  Linear cocycles and Forced circle diffeomorphisms . . . . . . .. 14

1.4 Circle maps forced by expanding circle endomorphisms . . . . . ... .. 15

1.5 Schrodinger cocycles over expanding circle endomorphisms . . . . . .. 18

1.6 Quasi-periodically forced circle diffeomorphisms . . . . . ... .. ... 20

2 SummaryofResults . . ... ... ... . ... ... 25
21 Paper A .. e 25

211 Futuredirection . . . . . . . ... ... ... ... 26



XX CONTENTS

22 PaperB . . ... 26
221 Futuredirection . . . ... ... ... 27

23 PaperC . . . e e 28
231 Futuredirection . . . ... ... L 32

2.4 Research Contributions . . . ... ... ... .. .............. 33
Bibliography . . . . . . . ... 35

Il Appended Papers 39



Introduction






Overview

A smooth dynamical system refers to the action of a differentiable map on a smooth
compact manifold. For such systems, there is a long-standing interest in determining the
long-term behaviour of orbits, which are generated under the iterative action of the differ-
entiable map, and the sensitive dependence of the orbit behaviour on the initial condition.
When orbits in a system exponentially separate under small perturbations, it indicates a
highly chaotic behaviour. On the other hand, when orbits in a system are stable under
perturbation it indicates non-chaotic behaviour. The primary goals of this area of research
include characterising the asymptotic behaviour of orbits, and analysing their relation
to specific characteristics of the corresponding systems. This in turn provides valuable

insights on the measure-theoretic and topological properties of the dynamics.

The dynamics of one-dimensional systems are relatively well-understood due to the de-
velopments in the 1980s. However, our understanding of dynamics in two-dimensional
systems remains notably incomplete. A prominent class of two-dimensional systems is
the so-called skew-product maps. The study of these maps is crucial in its own right, as
they model various fundamental physical phenomena. They are the main focus of this
thesis.

In section 1.1, we introduce different notions of hyperbolicity, where each notion provides
a different framework to formalise and study the chaotic behaviour in dynamical systems.
In section 1.2, we introduce and discuss Lyapunov exponents, which characterise the local
hyperbolic behaviour of orbits by quantifying the exponential convergence or divergence
of orbits. Numerical observations of various notable parametrised families of maps ex-
hibit diverse asymptotic behaviours for different parameters. In such cases, there is a
significant interest in creating theoretical frameworks to determine the relevant Lyapunov
exponents and in turn describe the hyperbolic behaviour for maps in different parts of a

parameter space.

Many physical models such as the forced damped pendulum and discrete Schrodinger op-
erators can be described by a specific class of dynamical systems known as forced systems,
which we introduce in section 1.3. In sections 1.4, 1.5 and 1.6, we describe three specific

classes of forced systems and the subtleties of studying their hyperbolic behaviour.



4 Hyperbolicity

1.1 Hyperbolicity

Let M denote a smooth compact manifold and let f : M — MbeaC! diffeomorphism.
Aset A C M is said to be f-invariant if it satisfies f(A) = A. In the smooth dynamical
system (M ,f), for each p € M , the forward orbit of p under f corresponds to the
sequence (f"(p)),>o- Note that the orbit is completely determined by the initial point
p.

Hyperbolic behaviour in smooth dynamical systems intuitively refers to the occurrence
of orbits where the local asymptotic behaviour resembles the behaviour at a saddle point.
This can be naturally formulated in terms of the action of D f™ on the tangent bundle,
for n > 1. There are various notions of hyperbolicity, each capturing systems with vary-
ing strengths of hyperbolic behaviour. The strongest notion of hyperbolicity is uniform
hyperbolicity, which originates in the works of Anosov [Ano69] and Smale [Sma67]. A
fundamental subclass of uniformly hyperbolic systems is the class of Anosov diffeomor-

phisms.

Definition 1.1.1 (Anosov diffeomorphisms) A diffeomorphism [ on M is an
Anosov diffeomorphism if there exist constants 0 < A < 1 and C' > 0 such that for
eachp € M the tangent space admits a continuous splitting into stable and unstable
directions denoted by TPM = FE*(p) ® E“(p), whereforalln > 1,

1. (Df),E*(p) = E°(f(p)) and (Df),E"(p) = E*(f(p))-
2. [(Df"), ()| < CA™|v], for allv € E*(p).
3. [(Df), ()| < CA*|v||, for allv € E*(p).

There exist smooth manifolds that do not admit any Anosov diffeomorphism. On the
other hand, if a smooth manifold admits one, the set of Anosov diffeomorphisms form a
C' open set in the space of all continuously differentiable maps on M. The topological
and measure theoretic properties of such systems are particularly well-understood. A
theoretical framework for examining the statistical properties and structural stability of
uniformly hyperbolic systems was further developed in works of Bowen, Ruelle, Sinai
and others. This has led to a sharper understanding of the source of chaotic dynamics
and complicated trajectories in various notable systems. We refer to [Bow?75] for further

details.

However, the theory of uniform hyperbolicity was later found to be very restrictive. More

specifically, in the space C'! (M ) for manifolds of dimension greater than one, there exists
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aresidual set of maps which do not exhibit uniformly hyperbolic dynamics [Newy4]. Fur-
ther, many prominent systems are known not to be uniformly hyperbolic. Thus, the con-
cept of uniform hyperbolicity is insufficient for studying various important parametrised
families of maps, such as the Hénon family [Hén76], and also for studying the prevalent
hyperbolic behaviour in C'* (7). This motivates weaker notions of hyperbolicity which
broaden the scope of analysis to a larger class of dynamical systems. Of the various weak-

ened notions of hyperbolicity, we have partial hyperbolicity and non-uniform hyperbolic-
ity.

A partially hyperbolic diffeomorphism is a diffeomorphism for which the tangent space
at each point p admits a continuous invariant splitting given by E*(p) & E°(p) ® E*(p),

where we have a uniform contraction in E?(p), a uniform expansion in £*(p) and the

asymptotic behaviour in £(p) is dominated by the stable and unstable directions.

A non-uniformly hyperbolic diffeomorphism admits a splitting of the tangent space into
stable and unstable directions, but the splitting is not necessarily defined at every point
on the manifold. Further, for a non-uniformly hyperbolic diffeomorphism, the rate of
expansion along the unstable direction is allowed to be non-uniform for different orbits.
Thus, the notions of partial hyperbolicity and non-uniform hyperbolicity are two different
and meaningful generalisations of the Anosov diffeomorphisms.

The theories of partial and non-uniform hyperbolicity are closely related to the concept of
Lyapunov exponents. The theory of hyperbolicity using Lyapunov exponents originated
in the works of Pesin [Pes77]. We will return to the discussion of non-uniform hyper-
bolicity and Lyapunov exponents in section 1.2. Establishing a non-uniformly or partially
hyperbolic behaviour, even in certain low-dimensional systems, and deriving the essential
conditions that lead to such weak forms of hyperbolic behaviour, can be highly non-trivial.
The results in this thesis reveal some of the underlying mechanisms that can lead to
non-uniformly and partially hyperbolic behaviour in specific classes of low-dimensional

dynamical systems.

1.2 Lyapunov exponents

The concept of Lyapunov exponents was introduced by A. M. Lyapunov to quantify the
stability of solutions of differential equations [Lyag2]. The Lyapunov exponents have
been studied as characteristics of stability, independent of the development of the the-
ory of hyperbolicity. Among the earliest fundamental results on Lyapunov exponents
are those in the works of Furstenberg, Kesten [FK60], Kingman [Kin68] and Oseledets
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[Ose68].

In the theory of partial and non-uniform hyperbolicity, Lyapunov exponents are central
in quantifying the local hyperbolic behaviour. The term Lyapunov exponents refers to
several distinct characteristics such as the pointwise Lyapunov exponents and average
Lyapunov exponents. Their common feature is that they quantify exponential rates and
they are formulated to study local hyperbolic behaviour which is not necessarily uniform
on the phase space. We begin by introducing Lyapunov exponents in the general frame-

work of linear cocycles.

1.2.1 Linear Cocycles

The discussion so far has been centred on smooth dynamical systems of the form ( M, s
where the dynamics is described by the orbits (/" (p)),,, where p € M. The formula-
tions of hyperbolicity motivate a new perspective. The hyperbolicity of (M , f) can be
viewed through the induced dynamics on the tangent bundle T’ M , where the tangent
vectors evolve under the derivative D f. This can be naturally formulated as a dynamical
system which is an extension of the original system (M , f). This leads us to the concept
of linear cocycles which are one of the fundamental tools in the theory of hyperbolicity.
However, it is notable that linear cocycles are widely studied as mathematical objects in

their own right, also since they model various physical systems of interest.

Let M denote a compact metric space, B denote the Borel o-algebra on M, and let
be a Borel probability measure on M. A measurable map 7' : M — M is said to be
measure-preserving if 1(T 1 (B)) = pu(B) for all B € B. For the purpose of this thesis,
we specifically define and discuss two-dimensional linear cocycles. However, the concepts

and results discussed here have natural analogues in higher dimensions.

Definition 1.2.1 (Linear cocycle) Given a measure-preserving dynamical system
(M, 1, T) and a measurable function A : M — GL(2,R), a linear cocycle A over T is
defined by the skew-product map

F:MxR?— M xR?
(0,v) = (T(0), A(O)v).

Foreachn > 1, let us denote the nth iterate of the map by F™ (6, v) := (T"(0), A™(0)v),
where A"(0) = A(T"1(0))- A(T(0))A(6). When T is invertible, we also have
F(0,v) = (T7(0),A"(0)v), where A=(0) := A(T(0))" ' A(T~(9))*
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for each n > 1. When the cocycle is trivial with A(6) = A, the asymptotic behaviour
of the cocycle can be described using the eigenvalues and eigenvectors of the matrix A.
A well-understood class of linear cocycles, which have uniform asymptotic behaviour
on the fibre and non-trivial dynamics, are the uniformly hyperbolic cocycles which we

define below.

Definition 1.2.2 (Uniformly hyperbolic cocycle) A continuous linear cocycle A
over a homeomorphism T is a hyperbolic cocycle if there exist C' > 0,0 < A < 1, and
forevery 0 € T, there exists a continuous splitting E*(0) & E*(0) = R? such that, for
everyn > 1,

1. A(9)E5(0) = E*(T(0)), and A(6)E“(0) = E“(T(0)).
2. [|A"(0)v]| < CA|v|, for every v € E*(6).
3. AT (0)v| < CA™|v|, for every v € E™(6).

Note that uniformly hyperbolic cocycles are analogous to the uniformly hyperbolic
smooth dynamical systems defined in section 1.1. For a fixed measure-preserving
dynamical system (M, T'), the space of continuous linear cocycles over T is endowed

with a natural topology due to the metric

d(A, B) = sup |A(0) — B(6)], (1.2.1)
0 M

for any twomaps A, B : M — GL(2,R). Then, it can be proved that the set of uniformly
hyperbolic cocycles is open in the space of all continuous linear cocycles over 7'. However,
results of Herman [Her83] and Young [You93], identify open sets in certain spaces of
continuous linear cocycles in which none of the cocycles are uniformly hyperbolic. These
results also demonstrate the non-triviality of determining the hyperbolic behaviour in
important classes of linear cocycles. A specific prominent class of linear cocycles are the

derivative cocycles, which we define below:

Definition 1.2.3 (Derivative cocycle) Let M be a complete metric space and let f :
M — M be a continuously differentiable (C'') map. Then, the corresponding derivative
cocycle is a linear cocycle given by

F:TM —TM (1.2.2)
(p,v) = (f(p), Df(p)(v)), (1.2.3)

Note that if the corresponding derivative cocycle is uniformly hyperbolic, then the system
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is uniformly hyperbolic in the smooth dynamical sense. Further, the notions of partial and
non-uniform hyperbolicity, introduced in section 1.1, can also be established for linear

cocycles. We formalise these notions in the following subsubsection.

1.2.2 Lyapunov Exponents of linear cocycles

Let (M, p, T') be a measure-preserving dynamical system and let A : M — GL(2, R) be
a linear cocycle over 7. The pointwise Lyapunov exponent at (6, v) € (M x R?) charac-

terises the asymptotic behaviour of vectors on R? and is defined as the following.

Definition 1.2.4 For € M andv € R?, let us define the Lyapunov exponent at (6, v)

as
. 1
L(0,v) = lim ~log A" (8)e]],
n—oo N

when the limit exists.

When the Lyapunov exponent L (6, v) exists, a negative (positive) exponent indicates that
the vectors (A" (0)v),,~o contract (expand) at an exponential rate. A generalisation of
the concept of eigendirections is a pointwise decomposition of R, with respect to the
Lyapunov exponents. However, not all linear cocycles admit such a decomposition. This
leads us to one of the fundamental results involving the Lyapunov exponents which is the
Oseledets theorem [Ose68]. Let us state the theorem specifically for our low-dimensional

setting.

Theorem 1.2.1 (Oseledets: Non-invertible) Assume that [log" |A(9)|du < oc.
Then, for p-a.e. 6 € M, we have either of the following two cases:

a.) There exist constants A, () < \,(0) and a subspace V; (0) C R? such that

A (0), ve Vi(0)\ {0
tim Llogjan(@y = { 100 €O}
noee n Ay (0), v € RENV(6).
b.) There exists a constant A\;(8) = A,(0) = \(0) € R such that

1
li_>m - log || A™(0)v| = A\(0), forallv € R? \ {0}.

By convention, in this case let us fix V; (0) := {0}.

Further, the following properties hold:
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1. Themaps 0 + V,(0) and 0 = X;(0), for i = 1,2, are measurable.
2. We have \{(T(0)) = X;(0) and A(6)V,(0) = V,(T(09)), for p-almost every
6eT.

When the map 7 is invertible, the linear cocycle A over T can also be perceived as a linear
cocycle over 77!, Then, by theorem 1.2.1, at each point we have at most two filtrations.
This gives us a decomposition of R? into subspaces, each characterised by its distinct
Lyapunov exponents.

Theorem 1.2.2 (Oseledets: Invertible) Assume that T is invertible, and that the
cocycle satisfies A1°g+ |A)|dp < oo and f[[log+ |A(0)"t|du < co. Then, for p-a.e.
0 € M, we have either of the following two cases:

a.) There exist constants \;(0) < \,(6) and a decomposition E, (0)® E4(0) = R?
such that

A (), ve E (6)\{0}

lim ~ log | A" (6)] :{ o >

n—oo n )\2(9), vER \El(e)
(®)
(6)

Ay (), v € Eq(6)\ {0}

1
lim —log|lA™(6)v| =
no—oo n A (0), v e R2\ Ey(6).

b.) There exists a constant A;(0) = A, (0) = A(0) € R such that
1
1irin - log ||A™(0)v] = A(0), forallv € R?\ {0}

Further, the directions are invariant under the action of the cocycle, i.e.

and the angle between the directions decreases sub-exponentially along the orbits, i.e.

lim %log Isin <t (B, (T™(0)), Eo(T™(0)))| = 0.

n—+00

We specifically focus on cocycles for which the base dynamics is ergodic. Then, every

invariant measurable function f on M must be a constant function. Thus, for a linear
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cocycle with an ergodic base dynamics, we either have two distinct Lyapunov exponents
for p-a.e. € M or the two Lyapunov exponents coincide at p-a.e. § € M.

Note that Lyapunov exponents of a linear cocycle, defined in definition 1.2.4, can be
viewed as an analogue to the uniform constant ) in the definition of uniformly hyperbolic
cocycle in definition 1.2.2. However, the Lyapunov exponent characterises the finer
properties of the hyperbolic behaviour, for each (6,v). This validates the following
notion of hyperbolicity.

Definition 1.2.5 A linear cocycle is said to be non-uniformly hyperbolic if all the Lya-

punov exponents are non-zero, at y-almost every 6 € M.

Note that the concept of linear cocycles and Lyapunov exponents discussed so far, can
be naturally extended to higher dimensions. Additionally, since each smooth dynamical
system has a corresponding derivative cocycle, we can extend the concept of non-uniform

hyperbolicity also for smooth measure-preserving dynamical systems.

Thus, for a fixed measure-preserving dynamical system (M, u, T'), determining the preva-
lence of non-uniformly hyperbolic cocycles corresponds to obtaining conditions for which
the Lyapunov exponents are non-zero. Since the norms of matrices are sub-multiplicative,
the non-triviality of verifying non-uniform hyperbolicity lies in obtaining the non-trivial

estimates for the Lyapunov exponents.

Among the earliest techniques that provide non-trivial estimates for Lyapunov exponents
is the influential work of Herman [Her83], for the specific class of holomorphic linear
cocycles. The technique of invariant cones is another important technique that originated
in the works of Wojtkawski [Wo0j85], which provides a sufficient condition for which a
linear cocycle has non-zero Lyapunov exponents. However, for C' cocycles which lack
invariant cones, the existence of non-zero Lyapunov exponents is very challenging to de-
termine. The non-triviality of determining the existence of non-zero Lyapunov exponents
is further motivated by the landmark results in [Boco2; BVo5]. These results illustrate
that the challenges of identifying the hyperbolic behaviour of a dynamical system can be
fundamental and not necessarily just technical.

For certain specific classes of cocycles and parametrised families of dynamical systems,
there exist results that prove the existence of non-zero Lyapunov exponents. However,
in these cases, the techniques can depend considerably on the setting which can make it
challenging to generalise for a broader class of systems or identify the general mechanisms

that lead to the hyperbolic behaviour. Our focus is on a class of systems known as forced
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systems which we introduce in the following subsection.

1.3 Forced circle diffeomorphisms

A forced dynamical system consists of two subsystems, where the dynamics of one subsys-
tem is forced by another independent one. A forced damped pendulum and Josephson
junction are some of the various physical systems that are naturally modelled as forced
dynamical systems. For an orientation-preserving circle diffeomorphism with known
hyperbolic fixed points and periodic orbits, the asymptotic behaviour of all orbits can be
completely described. However, if such a circle diffeomorphism is forced by another circle
map, then the dynamics can become considerably more complicated. This motivates us
to seek conditions under which a forced circle diffeomorphism has non-zero Lyapunov

exponents.

Definition 1.3.1 (Forced circle diffeomorphism) Let (T,u,T) be an ergodic
measure-preserving dynamical system, where T := R \ Z is the one-dimensional
torus. A forced circle diffeomorphism is a smooth dynamical system (T2, F'), where
F : T? — T2 is a skew-product map of the form

F(0,2) = (T(0), f(0, 7)) = (T(0), fo(x)), (1.3.4)

where f is a C! function on T? and for every § € T, the map f, is an orientation

preserving circle diffeomorphism.

For a forced circle diffeomorphism, the base dynamical system refers to (T, i1, T') and for
each 0 € T, the set {0} x T is referred to as the fibre. Observe that, the dynamics in a
forced system (T2, F') is relatively simpler than that of a general two-dimensional map on
T2. More specifically, iteration of points chosen on a single fibre continue to remain on a
common fibre, and the base dynamics is independent of the dynamics on the fibre.

1.3.1 Lyapunov Exponents of Forced systems

For a forced circle diffeomorphism with simple base dynamics, and for which the non-
trivial hyperbolic behaviour occurs along the fibres, our interest lies in describing the
local asymptotic behaviour of orbits along the fibre direction. This motivates the following

notion of Lyapunov exponents.

Definition 1.3.2 (Lyapunov exponents along the fibre) For a skew-product
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map F on T2, the Lyapunov exponent along the fibre at a point (0, ) is given by

L(6,z) :== lim ilog Oz, (1.3.5)

n—oco M

nhrgo - Zlog ‘3 f(,

where (0,,,x,) = F™(0,z) for n > 0, when the limit exists.

A central problem is to determine conditions on F' for which the system has negative
Lyapunov exponents L (6, z), for Lebesgue almost every (6, z) € T2. For such systems,
we have a local convergence of points which indicates non-chaotic dynamics along the
fibre. The Lyapunov exponent along the fibre at a point can be negative only if there exist
regions in the phase space T2 where the orbit experiences a contraction along the fibre.
Hence, we focus on skew-product maps that consist of open regions in the phase space
where orbits experience a uniform contraction along the fibre. However, for such maps,
there must also exist regions in the phase space where orbits experience an expansion
along the fibre. Thus, a typical orbit might experience both a local expansion and contrac-
tion, in different parts of the orbit. The strength of hyperbolicity then depends on the net
cancellation effect.

A forced circle diffeomorphism can exhibit local contraction, or even convergence of al-
most every orbit on a fibre, while containing infinitely many iterations for which an orbit
experiences expansion along the fibre direction. However, the Lyapunov exponent as
defined in definition 1.3.2 does not always exist. Hence, we generalise the notion of
Lyapunov exponent along the fibre at a point (6, 2) € T2, to quantify the asymptotic
local convergence when L(6, ) does not exist.

Definition 1.3.3 For a skew-product map F on T2, the upper Lyapunov exponent
along the fibre at (0, z) € T? is given by

n—1
0,z) := limsu log |0 (1.3.6)
L(0,2): H}ong\ 2 fo, ()] 3
and the lower Lyapunov exponent along the fibre at (0, x) € T? is given by
1 n—1
L=(0,z) := lim inf — ;bg ]awfgj (q;j)] . (1.3.7)

Thus it is of interest to study the specific conditions for which the upper Lyapunov
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exponent L* (A, z) admits a negative upper bound, for Lebesgue almost every point
(6, ) € T2. In such settings, we can also derive key insights from points (0, x) € T2 for
which L~ (6, x) admits a positive lower bound, and each such point is referred to as a

source.

For a forced circle diffeomorphism (FQ, F), synchronisation refers to the asymptotic be-
haviour where, for Lebesgue-almost every (6, z,), (6, z5) € T2, we have
lim d(my o F™(0,2,), 790 F"(0,25)) =0,
n—oo
where d denotes the distance of the circle. While the Lyapunov exponents convey the local

asymptotic behaviour of orbits, the phenomenon of synchronisation conveys the global

asymptotic behaviour in a dynamical system.

1.3.2 Invariant Graphs of Forced systems

The fixed points or periodic orbits of a circle map are some of the topologically simple
invariant objects that can be used to study the dynamics of typical points in [. Similarly,
for a forced system, there is significant interest in determining the invariant sets that
embody the statistical properties of Lebesgue almost every point in T2. Invariant graphs
are one such class of invariant sets that reflect the dynamics in a system and are defined

below.

Definition 1.3.4 (Invariant graph) A measurable invariant graph of a forced circle
diffeomorphism F' is a measurable function ® : T — T that satisfies

F(0,2(0)) = (T(6), 2(T(6))), (1.3.8)

for Lebesgue almost every 0 € T.

Moreover, an invariant graph is said to be attracting if L™ (6, ®(6)) < 0 for Lebesgue
almost every § € T. Similarly, when F' is invertible, an invariant graph is said to be
repelling if it is attracting with respect to F'~!. Observe that determining the invariant
graphs that describe the asymptotic behaviour of Lebesgue almost every point on T2, can
be valuable in describing the various statistical properties of a forced system. Further, the
geometric structure and regularity of the invariant graphs also provide crucial insights on
the dynamics.

Analogous to the notion of synchronisation and invariant graphs of deterministic dynam-
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ical systems, there exists the phenomenon of noise-induced order in certain random dy-
namical systems, which was first observed in the works of Matsumoto et al. [MT83]. We

refer to [Arn98] for a survey on the theory of random dynamical systems.

1.3.3 Linear cocycles and Forced circle diffeomorphisms

The linear cocycles and forced circle diffeomorphisms have a natural correspondence be-
tween them. For the purpose of this thesis, we discuss the relation between S L, (R) linear
cocycles and forced circle diffeomorphisms. However, it is worth noting that the relation
described here can be naturally extended to the setting of GL(d, R) linear cocycles, for
d > 2, and a corresponding class of forced dynamical systems, which will not be discussed

here.

Consider a linear S L, (R) cocycle over an ergodic measure-preserving system, given by a

skew-product map of the form

F:TxR2—>5TxR?
(0,0) > (T(6), A(9)).

Further, let us assume that the cocycle satisfies the hypothesis of Oseledets theorem stated
in theorem 1.2.1. Then, for almost every § € T the cocycle has at most two Lyapunov
exponents, denoted by A;(#) and \,(6). Since A(0) takes values in SL(2,R) and the
cocycle satisfies theorem 1.2.1, it follows that A; () = —A,(#). Hence, the cocycle
can either have zero Lyapunov exponents at almost every § € T or non-zero Lyapunov

exponents at almost every 6 € T.

The canonical projection 7 of the space R? onto the real projective line RP! 2 T induces

a forced circle diffeomorphism given by

F:TxRP! - T xRP!
(0,2) = (T(8), fo(x)),

where f(, is the circle diffeomorphism

where 7 : R?2 — RP! is the canonical projection, and v € R? for which 7(v) = x.

Suppose the cocycle F has non-zero Lyapunov exponents at almost every § € T, then
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there exists an Oseledets direction given by V() € R2, which corresponds to the ex-
panding direction with A\,(¢) > 0. For almost every § € T, the direction V,(6) has a
corresponding point in the projective space and this defines a graph on T x RP! which
is invariant under the dynamics of F'. In particular, such a graph 6 i 7(V,(f)) is an

attracting invariant measurable graph of F.

Further, if the base map is invertible, there exists a one to one correspondence between the
Oseledets directions of the linear cocycle and the invariant graphs of the forced circle dif-
feomorphism F.Ifthe S L(2, R) cocycle is uniformly hyperbolic, the Oseledets directions
exist for every § € T, and foreveryi € {1, 2} themap 6 — V(0) varies continuously in 6.
In that case, the corresponding forced circle diffeomorphism has a continuous attracting

and a continuous repelling invariant graph.

1.4 Circle maps forced by expanding circle endo-
morphisms

In this section, we focus on systems with a highly chaotic forcing. Such systems have
attracted significant interest, since they are deterministic systems with statistical prop-
erties that closely resemble those of certain random dynamical systems. Specifically, we

consider the following class of chaotically forced circle maps.

Definition 1.4.1 (Forcing by expanding circle endomorphisms) Let b > 2 be
an integer and f : T?> — T be a C* function such that, for each € T, the circle map
f(0,) is orientation preserving. Then, we define the skew-product map F,, : T2 — T?
by

Fb<9’x) = (Tb<9)7f(91$>) = (b9 (mOd 1),f<971'))

The uniformly expanding circle maps 7, are a prototypical choice of highly chaotic base
maps, since the strength of expansion in the system (T, 7} ) can be conveniently controlled
by the choice of b > 2. Further, the simplicity of the map 7}, and the uniform expansion
allows transparency in the analysis of hyperbolic behaviour along the fibre. For the forced
system (T2, F}), the hyperbolic behaviour along the fibre can vary greatly for different
choices of f. The main objective is to identify the conditions and mechanisms that lead
to a non-uniform hyperbolic behaviour. This leads to the following question.

Problem 1.4.1 Under what conditions on b > 2 and f € C'(T?), does the skew-
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product map F, have a negative upper Lyapunov exponent L™ (0, x), as defined in defi-
nition 1.3.3, for Lebesgue almost every (0, x) € T??

We demonstrate the non-triviality of the problem through a few examples. Consider the
simplest case which is an unforced circle diffeomorphism (0, z) > (b6, f(x)), where f is
a circle diffeomorphism that has a unique attracting fixed point p and a unique repelling
fixed point ¢g. In this case, the system exhibits a uniform hyperbolic behaviour with an
attracting smooth invariant graph T x {p} which attracts almost every orbit on T2, and

a repelling smooth invariant graph T x {¢}.

0811
o
HE '
0.6f:i
x .
04ri: 1 04f
02} . 1 o02f
= : : : : : 0 : : : :
0 5 10 15 20 25 30 0 0.2 0.4 0.6 0.8 1

no. of iterates 0

Figure 1.4.1: The left panel shows distinct points on a fibre and their iterates under a weakly forced
circle diffeomorphism 4 (6, ) = (199, f(z)+0.25 sin(w@)), which is as in equation (1.4.9).
The right panel shows the plot of one hundred thousand points in the orbit of a synchronised point,
with respect to the map 1519.

Consider the skew-product map

Fy(0,2) = (b0, f(2) + 9(0)) (1.4.9)
= <b9 (mod 1), (% arctan(b tan(mwx)) + asin(7r0)> (mod 1)) .

(1.4.10)

Here, the circle diffeomorphism f has an attracting fixed point at p = 0.5 and a repelling
fixed point at ¢ = 0. For a sufficiently small forcing, which can be overcome by the hyper-
bolic behaviour of f(x), it can be proved that L* (6, z) < 0, for Lebesgue almost every
(6,z) € T?, and the system consists of a unique repelling invariant graph. Moreover,
for every (0, z) € T2 that does not lie on the repelling invariant graph, we would have

L*(#,z) < 0. Further, since the base map b6 is non-invertible and chaotic, almost all
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points on T? are attracted to an invariant set, which is not a single valued invariant graph.
This is demonstrated in figure 1.4.1.

For a forced circle map ﬁ'b(ﬁ, x) which has a strong forcing, analysing the dynamics on
the fibre becomes considerably more challenging. However, the phenomenon of synchro-
nisation has been observed to exist robustly, also in certain cases of strong forcing. This
is demonstrated in the numerical experiment in figure 1.4.2. A theoretical framework
that explains the mechanisms that lead to non-uniformly hyperbolic behaviour, and thus

resolving problem 1.4.1, remains largely incomplete.

For a fixed b, it is significantly challenging to determine broad conditions on f for which
the forced system in definition 1.4.1 has non-zero Lyapunov exponents almost everywhere.
However, for an open class of f, the existence of non-zero Lyapunov exponents has been
established for sufficiently strong expansion on the base. Some of the earliest works that
use a strong expansion on the base to study the behaviour on the fibre are [Youg3] and
[Viag7]. The result in [You93] specifically focuses on dynamics of SL(2,R) cocycles,

studied on the projective space.

o ]
o/t | j
0.6—§i . i
04l

02 i-
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no. of iterates

Figure 1.4.2: The left panel shows distinct points on a fibre and their iterates under a strongly
forced circle diffeomorphism E4(0, z) = (1997 flax) + O.7sin(7r0)), which is as defined in
equation (1.4.9). The right panel shows the plot of one hundred thousand points in the orbit of a
synchronised point with respect to the map ﬁ‘lg.

The results in [Hom12] establish an open class of forced circle diffeomorphisms which
exhibit a global synchronisation along the fibre. More specifically, the results focus on
small smooth perturbations of the map (6, ) > (b0, x). The results in [Bje18] establish
a global synchronisation result for an open class of functions f,(x) € C*(T?) which

are monotonic in 6. This naturally motivates the study of hyperbolic behaviour in simi-
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lar skew-product maps but with fibre maps f(6, z) that are non-monotonic in 6, which

remain unresolved.

1.5 Schrodinger cocycles over expanding circle
endomorphisms

In this section, we focus on one-dimensional discrete Schrodinger operators, which are an
active topic of research in mathematical physics and spectral theory. Let (T, T, 1) denote
an ergodic measure-preserving dynamical system, where 7' is an invertible map. Let us
consider a measurable function v : T — R. A one-dimensional discrete Schrodinger
operator with a dynamically defined potential, corresponding to the potential function v
and coupling constant A € R, is a family of operators { H, } o acting on the space [?(Z),

given by

(Hoy)(n) := —=((n+1) + ¢(n—1)) + AVy(n)(n), (1.5.11)

where Vy(n) := v(T"(0)). For energy E € R, the eigenvalue equation corresponding to
the Schrédinger operator in equation (1.5.11) is given by

(Hoy)(n) = =(¥(n +1) + ¢(n — 1)) + AVy(n)o(n) = Etp(n). (1.5.12)

For a fixed potential function v (), the eigenvalue equation can be equivalently formalised

using transfer matrices. A sequence v that satisfies equation (1.5.12), equivalently satis-

fies
w(”) _ gq(n) '1/1(0)
(Wn + 1)) = AE,A(Q) (w(l))v (1.5.13)
where
0 1
Apa(0) := l—l l6) — B

Ag&(@) = Ap (T 1(0)) ... Ag (), forall n > 1. Note that, for each E, A € R and
6 € T, the transfer matrix Ay , () € SL(2,R).

Consider the ergodic measure-preserving dynamical system (T, x4, T} ), where

T,(0) =b0 (mod 1),
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for b > 2, and p is the one-dimensional Lebesgue measure. Motivated by the transfer
matrices in equation (1.5.13), the Schrédinger cocycles over expanding circle endomor-

phisms are defined as the following:

Definition 1.5.1 For a fixed measurable functionv : T — R, E € R, A\ > 0 and
integer b > 2, we define the Schrédinger cocycle Fi 5 : T x R — T x R?, over T}, as

FE,A(av y) = (T,(0), AE,,\<9)3/>~

Observe that the above defined Schrédinger cocycle is a SL(2, R) cocycle. Even though
the expanding circle maps 7}, are not invertible on the torus, they are topologically semi-
conjugate to an appropriate Bernoulli shift map which in turn is invertible on the cor-
responding shift space. For a fixed potential function, we are interested in studying the
hyperbolic behaviour of the Schrodinger cocycle for different values of £ € R. Identifying
the conditions under which a Schrodinger cocycle has non-zero Lyapunov exponents at
almost every f is a question of significant interest. Since the matrices Ay , () are area-
preserving for every § € T, instead of the pointwise Lyapunov exponents in definition
1.2.4, itis sufficient to study the asymptotic behaviour of the norm of the transfer matrices.
For a bounded measurable potential function, by the ergodicity of the base dynamics and

Kingman’s subadditive ergodic theorem, it follows that

1 1
lim —log A% \(0)] = nll_)rgo - /log |A% 5 (0)]d0, forae. 6 € T. (1.5.14)
T

n—oo N
This leads us to the following definition.

Definition 1.5.2 (Maximal Lyapunov exponent) For every bounded measurable
potential function v, E € R and A > 0, the maximal Lyapunov exponent of the corre-

sponding Schrédinger cocycle as in definition 1.5.1, is given by
L(E,)\) := lim 1 /l | A%, (0)|do

= lim — [1lo
) " n ) I ) s

when the limit exists.

Hence, estimating the maximal Lyapunov exponent of the Schrédinger cocycle provides
crucial insights on the behaviour of the collection of self-adjoint operators { Hy } gy with
the corresponding dynamically defined potential. In this context, one of the key results
is in [DKo5], which proves that L(E, ) > 0 for non-constant bounded measurable
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potentials v(6), for any b > 2, coupling constants A > 0 and almost every £ € R. For
small coupling constants, uniform lower bounds for the Lyapunov exponents have been
obtained for non-constant smooth potentials, for small open intervals of energy. For large
coupling constants, one can ideally expect uniform bounds for all £ € R and the problem

can be narrowed down to the following.

Problem 1.5.1 ([Dam17]) Determine a class of functions v € L (T) such that for a
fixed b > 2 and for all sufficiently large )\, the Lyapunov exponent is bounded uniformly
in E, thatis L(E, \) > clog(\) for some ¢ > 0.

For large coupling constants and for every b > 2, Herman’s result in [Her83] establishing
uniform bounds for non-constant trigonometric polynomial functions v(6) is one of the
foundational results in the area. These results were extended to a class of C'' monotone
potentials in [Zha24]. In [Bje20], uniform bounds were obtained for a more general class
of non-constant non-monotonic potentials, for strong expansion on the base and large
coupling constants, using techniques inspired from [Youg3]. Further, sharper estimates
of the maximal Lyapunov exponents and their relation to the coupling constant A is often
established in terms of uniform log A asymptotic estimates, for large coupling constants

and strong base expansion. This brings us to the following problem.

Problem 1.5.2 For a broad class of functions v € C(T), obtain a uniform bound and
log A\ asymptotic estimate for the Lyapunov exponent L(E, ), for all sufficiently large
A, an appropriately large b > 2 and forall E € R.

In the large coupling regime, we naturally expect the asymptotic growth of the matrix
norms to be governed by the coupling constant \. However, a uniform asymptotic
estimate which can be obtained independent of the energy F is notably non-trivial to
determine. Such asymptotic estimates, in both the small as well as large coupling regime,
will provide valuable insights on the behaviour of the corresponding solutions of the
Schrodinger operator.

1.6 Quasi-periodically forced circle diffeomor-
phisms

Let f denote a Morse-Smale circle diffeomorphism, which has a well described hyperbolic
behaviour in terms of its hyperbolic periodic orbits. When such a circle diffeomorphism
is forced by an irrational rotation map on circle, the asymptotic behaviour along the fibre

can become considerably more complicated, compared to asymptotic behaviour described
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Figure 1.6.3: The figure contains the plot of the curve x = —a(1 + A cos? (7)), for the values

a = 0.6 and A = 625, and its corresponding critical set I, = [1/2 — A~Y/4,1/2 + X\~1/4]
marked on the base.

by hyperbolic periodic orbits. Such systems are modelled by skew-product maps with
an irrational rotation on the base. We focus on a specific class of forced circle diffeo-
morphisms known as quasi-periodically forced (qpf) circle diffeomorphisms which are
defined below.

Definition 1.6.1 (Quasi-periodically forced circle diffeomorphism) For
each w € T \ Q, let (T2, F,) denote a quasi-periodically forced system where the

skew-product map F, is given by
F,(0.2) = (0 +w, f(z) + gx4(0)) ,

where f is an orientation preserving circle diffeomorphism, and g, ,(0) =
—a(1 4 Acos?(70)) ! is a C! function illustrated in figure 1.6.3, where the parameter
A (assumed to be large) measures the localisation of the forcing and the parameter

a > (0 measures the strength of forcing.

For the maps defined above, the function g, , has been chosen to ensure that the maps
F, are simple models for which the forcing is localised to a single interval I, illustrated
in figure 1.6.3. Further, outside the interval [ the corresponding fibres experience weak
forcing. In spite of the simplicity of the base dynamics, the dynamics of the skew-product
can change drastically for different frequencies w. This leads us to the following ques-

tion:
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Problem 1.6.1 For what conditions on f and choice of parameters )\ and a, do we have
a positive measure of frequencies w € T\ Q for which Lebesgue almost every (0, x) € T?

has a non-zero Lyapunov exponent along the fibre?

Let us illustrate the non-triviality of problem 1.6.1 using an example. For eachw € T\ Q,

let F’w denote the specific quasiperiodically forced map given by

F0,2) = (04w, f(z) + gy .(0)) (1.6.15)

Note that the circle diffeomorphism f has a unique attracting fixed point at p = 0.5 and
a unique repelling fixed point ¢ = 0. For a large ), there exists a closed interval I where
the forcing is strong enough to force an orbit from the neighbourhood of the attracting
fixed point p to the neighbourhood of the repelling fixed point g. Since irrational rotation
exhibits minimal dynamics, for every (0, ) € T2 the orbit (£ (6, 7)), intersects the
region I x T infinitely often. Then, for a fixed orbit there can be infinitely many iterates
in the sequence (z,,),,~; which are arbitrarily close to p, while also containing infinitely
many iterates that are arbitrarily close to q. This naturally complicates the analysis of
the rate of contraction along the fibre and consequently it becomes highly non-trivial to

determine when such a system exhibits synchronisation.
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Figure 1.6.4: The left panel shows the plot of one hundred thousand points in a synchronised orbit

with respect to the weakly forced map F’,, as in equation (1.6.15) for A = 2000, w = 0.5(\/57 1)
and a = 0.4. The right panel shows the plot of one hundred thousand points in a synchronised

orbit with respect to the strongly forced map F_, for A = 2000, w = 0.5(v/5—1)and a = 0.6.

For the unforced circle diffeomorphism, the skew-product map (6, z) — (6 + w, f(z))
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consists of an attracting invariant curve {T x {p}} and a repelling invariant curve {T x
{q}}, which reflects a straightforward hyperbolic behaviour and synchronisation of orbits
along the fibre. For a weakly forced circle diffeomorphism with a sufficiently small a > 0,
we could still have synchronisation of almost every point on the fibre and the existence of
unique attracting and unique repelling continuous invariant graphs. This phenomenon

is illustrated in figure 1.6.4, for a specific choice of 2 -

For a > 0.5, the forcing in the skew-product map ﬁw is strong enough such that, along
the fibre, an orbit which is arbitrarily close to p can be kicked arbitrarily close to q. More-
over, every orbit ((0,,, x,,)),,~; in the system experiences a strong forcing infinitely often.
The plot in figure 1.6.4, is obtained with respect to a specific map 2 ., which exhibits a
synchronisation of orbits along the fibre in spite of a strong forcing. Observe that the
plot of the synchronised orbit in figure 1.6.4 is strikingly complicated. This occurrence
of non-chaotic dynamics and geometrically complicated attractors in the class of strongly
quasi-periodically forced maps of the form }71,, was analysed in [Jdgooga]. Further, the
result in [Jdgo9ga] also suggests that the invariant graph observed in figure 1.6.4 is likely

dense in T2 with a dense set of discontinuous points.

The occurrence of highly wrinkled invariant graphs and strange non-chaotic attractors in
prominent families of quasiperiodically forced maps such as the Arnold circle maps and
Harper maps, has been indicated in various numerical studies. However, the theoretical
frameworks that establish the numerically observed phenomenon of synchronisation and
discontinuous invariant graphs, remain limited. Some of the central results that have
established the occurrence of strange non-chaotic attractors for a class of qpf maps and a
set of frequencies (w) of positive measure, are the results by Keller [Kelg6] and Herman
[Her83].

The results in [Bjeos] and [Jdgogb] are the closest to the class of qpf maps in definition
1.6.1. Here, the key source of complexity is the frequency in which an orbit visits the
critical region I, which is determined by the frequency w. In the worst case scenario, we
have w to be very “close” to a rational with a "small” denominator. In such a case, the
resonance between the iterates of the critical region causes a typical orbit to be strongly
forced with very short periods of recovery. This could directly prevent an exponential con-
traction of orbits along the fibre. In [Bjeos] and [Ji4go9a], this obstruction was handled
by a technique of parameter exclusions inspired by the seminal work of Benedicks and

Carleson on the Hénon maps[BCo1].
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Summary of Results

2.1 Paper A

Large coupling asymptotics for the Lyapunov exponents
of some Schrodinger cocycles over strongly expanding
circle endomorphisms

Consider Schrodinger cocycles over expanding maps, which are given by skew-product
maps F 5 : T X R?2 — T x R? of the form

Fp A (0,y) = (b0, Ag \(0)y), (2.1.1)

where

so= (" 0 Jesten,

b>2,v:T — RisaC! potential function, A\ > 0 denotes the coupling constant and
E € Ris the energy parameter. As discussed in section 1.5, there is particular interest
in estimating the maximal Lyapunov exponent of a Schrédinger cocycle, for different po-
tential functions and energies. In this area of research, many existing results are inspired
by the notable results of Herman [Her83], which focus on trignometric potentials, and
the Figotin-Pastur method [PF91], which applies in the small coupling regime. A major
challenge in generalising these results lies in weakening the regularity conditions on the

potential v(6).

In [Bje20], the positivity of the Lyapunov exponent was proved under significantly weak-
ened conditions on the potential and for strongly expanding base dynamics. Within this
framework, we study Schrodinger cocycles with potential functions that are non-constant
and typically non-monotonic, in Paper A. For a fixed non-constant potential satisfying
certain weak measure-theoretic conditions, we prove that the maximal Lyapunov expo-

nent admits an asymptotic estimate, and the result is the following;:

Theorem 2.1.1 (Bjerklov & Rajasekar: [BR25]) Forall A > 2and b > A3, we
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have

L(E,)\) = /log |Av(0) — E|d§+ O (X F/3), forallE € R, (2.1.2)
T

where 3 > 0 depends on v.

The open class of potentials considered includes real analytic functions, but a typical
function in the class has much lower regularity and can have multiple critical points.
Further, the estimate O ()\’B/ 3 ) is a uniform estimate for all £ € R, and it implies
that L(E,\) =~ log(A). This is notably sharper than the previously known uniform
lower-bound estimates.

2.1.1 Future direction

In many previous works along this line, the techniques either require a strong restriction
on the base dynamics or the techniques yield positive Lyapunov estimates for specific sets
of energies. Hence, a natural direction to strengthen the results in [BR25] and approach

the problem 1.5.1, is the following.

Problem 2.1.1 For afixed b > 2 and a potential function v(0) satisfying the hypothe-
ses of Theorem 2.1.1, can we obtain a uniform positive lower bound for the Lyapunov
exponent L(E, \), forall E € R?

The strong uniform expansion on the base was a key element in the combinatorial and
measure-theoretic techniques used to estimate the Lyapunov exponents in [BR25]. When
we fix the base map, we lose the strong expansion and the dynamics becomes considerably
harder to analyse. These limitations have been overcome for a different class of potentials

in [DKo5] and [Zha24], which can serve as inspiration.

2.2 PaperB

Negative Lyapunov exponent of circle maps forced by ex-
panding circle endomorphisms

The prevalence of non-uniform hyperbolicity and geometric complexity in circle maps
driven by strongly expanding base maps is supported by various numerical experiments.
Such forced systems are formulated as skew-product maps on T2 of the form (6, z)
(b0, f(0,)), where b > 2 and f € C'(T?), and the non-triviality of determining their
non-uniform hyperbolic behaviour is discussed in subsection 1.4.
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Various results such as [Hom12; Bje18; BK24] establish conditions under which circle
diffeomorphisms forced by expanding base maps possess non-zero Lyapunov exponents
at Lebesgue almost every point. However, each of these results focuses on a specific class
of circle diffeomorphisms forced by expanding circle endomorphisms. Thus, the general
conditions for the existence of non-zero Lyapunov exponents in such forced systems re-

main largely unresolved.

The result in Paper B contributes to this line of research by weakening one of the
common conditions previously imposed on the C* map f(6, ), which is a condition
of monotonicity in #. In particular, we consider skew-product maps of the form
(0,z) + (b0, f(0,2)), where f € C'(T?) is non-constant and non-monotonic in 6,
with certain measure-theoretic conditions imposed on f. For a fixed f, the non-uniform
contraction and expansion along the fibre is controlled using a sufficiently expanding base

map and the Lyapunov exponent L (6, x), as in definition 1.3.3, is estimated.

Theorem 2.2.1 (Rajasekar:[Raj26]) For a sufficiently large b, we have
Lt(0,z) <C <0, forae. (0,z)€ T2,

where the constant C' depends only on the local contraction of f along the fibre.

Thus, the result above effectively broadens the class of chaotically forced circle diffeo-
morphisms for which we have established uniform bounds for Lyapunov exponents at
Lebesgue almost every point. Further, these results are also notable for describing the
mechanism that underlies the phenomenon of non-uniform hyperbolicity in the corre-
sponding systems, and for determining explicit verifiable conditions on f for which the
uniform bound holds. The topological and ergodic properties of these forced circle dif-
feomorphisms can now be analysed using the uniform bounds of the Lyapunov expo-

nent.

2.2.1 Future direction

A compelling direction to explore further is the statistical properties of the system. For
Lebesgue almost every § € T, the asymptotic distribution of the orbit (biﬁ)i2 1 is governed
by Lebesgue measure on T. Let F' denote a skew-product map on T2, which satisfies the
conditions in Theorem 2.2.1. For such a map, the two-dimensional Lebesgue measure is

likely not an invariant measure. This leads us to the following problem.
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Problem 2.2.1 Does there exist a probability measure i on T2 such that,

1 n—1

— 0 pi — [I. 2.2,

n Z F(6,z) weakly H ( 3)
=0

for points (6, ) € T? in a set of positive Lebesgue measure? If it exists, is fi singular or

absolutely continuous with respect to Lebesgue measure on T2?

A measure that satisfies equation (2.2.3) is called a physical measure of F'. Based on the
results in [Tsuo1] and [Raj26], the measure /i is also expected to be an SRB measure of the
system (TTQ, F). For a typical map F considered in Theorem 2.2.1, there exist invariant
sets for which the geometry is significantly complicated. For the measure supported on
theses invariant sets, it is expected to be considerably non-trivial to determine whether
the measure is singular or absolutely continuous with respect to the Lebesgue measure.
Further, the numerical studies in section 1.4 highlight the nuance of this research direc-

tion.

2.3 PaperC

Synchronisation under quasi-periodic forcing of circle dif-
feomorphisms with two attracting and two repelling fixed
points

For quasi-periodically forced (qpf) circle diffeomorphisms, the study of strange
non-chaotic attractors and highly discontinuous invariant graphs has long been an area
of active research. Some of the widely studied families of qpf maps include qpf Arnold
maps and Harper maps. In relation to this, there is a large interest in establishing general
frameworks that describe the underlying mechanisms that lead to synchronisation and
geometric complexity in quasi-periodically forced circle diffeomorphisms. However,
determining the conditions and mechanisms that lead to such non-uniformly hyperbolic
behaviour continues to remain challenging. For both the qpf Arnold maps and Harper
maps, the corresponding circle diffeomorphisms acting on the fibre have one attracting
and one repelling region. This leads us to the main question addressed in Paper
C.

For a Morse-Smale circle diffeomorphism f which has two attracting fixed points {¢;, ¢, }
and two repelling fixed points {e;, e, }, the asymptotic behaviour of orbits on the circle is
completely described by the hyperbolic fixed points. For such a f, we consider the class
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Figure 2.3.1: The diagram on the left illustrates a circle diffeomorphism f with two attracting fixed
points {c4, ¢, } and two repelling fixed points {e;, e, }, for which d(c,, e5) < d(c;, e;), where
d denotes the metric on the circle. The figure on the right contains the plot of the curve g(6) =
9x,a(0), for the values a = 0.6 and A = 625.

of quasi-periodically forced circle diffeomorphisms given by

a

F (0,2) = (0 +w, f(z) + g 4(0) = (9 +w, fla) - 1+ Acos?(n6)

) ;o (234
where w is irrational, a > 0 and A\ > 1 is assumed to be large, as in definition 1.6.1. As
discussed in section 1.6, the dynamics on the fibres depend non-trivially on the strength
of forcing @ > 0 and the localisation of the forcing A > 1. The particular choice of g, ,

here, is to conveniently regulate the localisation and strength of the forcing.

In Paper C, we establish open conditions on f and g, , for which the corresponding
quasi-periodically forced circle diffeomorphism exhibits synchronisation for a positive
measure of frequencies w. More specifically, the focus lies on systems with a strong forcing
a > 0, for which orbits on the fibre can be forced from one attracting region to the other.
In this case, the forcing also leads to orbits on the fibre which can be arbitrarily close to
both the attracting and the repelling points. Thus, estimating the Lyapunov exponents
becomes particularly challenging. An even more delicate phenomenon to analyse is that
of synchronisation, which refers to the convergence of orbits in the fibre direction for
almost every point in T2.

When the fixed points on the circle T 22 [0, 1)/ ~ satisfy the conditions 0 < e, < ¢y <
e; < ¢ < land (¢y —ey) < (¢; — €;), due to the robust asymmetry in the system, a
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Figure 2.3.2: The figure demonstrates the dynamics of a skew-product map F, for w =
(v/5 —1)/2, X = 2000 and different values of a. In each panel, the plot traces 10° iterates
of 20 equidistributed points on a fibre, with the first 102 iterates removed, thus demonstrating
the synchronisation. It also illustrates the bifurcation of attracting invariant graphs, where two

continuous curves evolve into a graph that resembles a strange non-chaotic attractor, under an
increasing a.
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Figure 2.3.3: The figure demonstrates the dynamics of a skew-product map F, for w = 77/29,
A = 2000 and different values of a. In each panel, the plot traces 10° iterates of 20 equidis-
tributed points on a fibre, with the first 102 iterates removed, thus demonstrating the synchro-
nisation. It also illustrates a bifurcation of the attracting invariant graphs, where two continuous
curves evolve into one continuous curve, under an increasing a.

large forcing can lead to convergence of orbits with initial points in two different regions
of contraction. For such a map f and for parameter w = (v/5 — 1)/2, the figure 2.3.2
demonstrates synchronisation of orbits on a fixed fibre and the bifurcation behaviour,

from two distinct attracting invariant graphs to a unique geometrically intricate attract-
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ing invariant graph. This motivates our analysis of synchronisation in quasi-periodically
forced systems, as in equation (2.3.4). Moreover, for the same f and a different parameter
w = /2% the figure 2.3.3 demonstrates a similar phenomenon of synchronisation of
orbits on a fixed fibre, and a drastically different bifurcation behaviour, from two distinct
attracting invariant graphs to a unique attracting invariant graph which appears contin-
uous. This compelling observation of invariant graphs of different regularities, has been

established rigorously in the following result.

Theorem 2.3.1 (Rajasekar:[Raj]) Assume that the fixed points {c;,e; : i = 1,2}
satisfy the condition 0 < e < ¢y < €7 < ¢; < land (cy —ey) < (¢; —e€;). Leta > 0
be such that (¢c; —e;) < a < (¢; —ey) + (¢ —ey) + min{(e; —¢y), (1 —¢; +€5)}.
For all sufficiently large )\, there exist two disjoint sets Q1 (\), Q5(A) C T\ Q of positive
measure such that the corresponding maps F,, satisfy the following:

(a) Foreachw € ()4, there exist two single-valued invariant graphs ®, ¥ : T — T

such that we have

lim d(z,,®(0,)) =0, (2.3.5)

n—oo

for Lebesgue a.e. 8 € T and x # ¥ (0) and

lim d(z_,,,¥(0_,)) =0, (2.3.6)

n—oo
for Lebesgue a.e. 0 € T and x # ®(0). Furthermore, the map F,, has a
sink-source orbit.

(b) Foreachw € §),, there exist two invariant C'curves ®, ¥ : T — T for which

lim d(z,,®(0,)) =0, (2.3.7)

n—oo

forall® € Tand x # V(0) and

lim d(z_,,¥(6_,)) =0, (2.3.8)

n—oo

foralld € Tand x #+ ®(0).

As a consequence of the above result, for each w € 2, U2, the dynamical system (T2, F )
has two ergodic invariant measures, each supported on either of the invariant graphs,

which capture the statistical behaviour of Lebesgue almost every points in T2.
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For each w € (1, the map F, has a unique attracting invariant graph ® and a unique

repelling invariant graph ¥ where, for almost every (0, ) € T2,
Lt(6,z) =L (0,2(0)) <O.
An orbit (6,,, z,,),,c7 is a sink-source orbit satisfies the following condition

1
L0, z) > liminfglog |0, (150 F™(0,2))| > 0,
n—oo

and under backward iteration we have lim inf 1 log |0, (my 0o F~™(0,x))| > 0. Thus, a
sink-source orbit is neither attracted to ?I?S%dgr forward iteration, nor is it attracted to
W under backward iteration. By the minimality of the irrational rotation on the base, the
sink-source orbit yields a dense set in T which consists of the points of discontinuity of
the functions ® and W. For each w € (,, the C'! regularity of the invariant graphs of
F, is in stark contrast to the otherwise complicated dynamics. This opens up many new

directions in which to analyse the qpf circle diffeomorphisms.

2.3.1 Future direction

In [Raj], for each w € Q,(\), the corresponding C'! invariant curves are in fact robust
under perturbation, and the set {2, is an open positive measure set. This raises various
questions regarding the mechanism of bifurcation for the invariant graphs of ', one of

which is the following:

Problem 2.3.1 How does the regularity and structure of the C'' invariant graphs of

F,, evolve?

Even though (2, is not the optimal parameter set, the framework established in [Raj]
reveals the underlying dynamical behaviour which is closely tied to the regularity of the in-
variant graphs of . Previous results in this direction, which are established for different
systems, suggest two possibilities: the loss of invariant graphs, or bifurcation of the curves
into an invariant graph which is dense in T2. However, since the circle diffeomorphism f
has two attracting fixed points, we could also encounter an invariant set with geometric

complexity of a completely different nature.
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2.4 Research Contributions

The contributions of the authors are described below, using the established taxonomy
CRediT (Contribution Roles Taxonomy).

Paper A is a collaboration between Kristian Bjerklov and the doctoral candidate. The
project was proposed by Bjerklov. Both authors participated equally in discussions that
conceptualized the research. The majority of the research article was written by the can-
didate.

Paper B is a single-author paper. The problem was proposed by Kristian Bjerklév. The
research was conceptualised and written by the candidate, with the supervision of Bjerk-
16v.

Paper C is a single-author paper. The idea was proposed by Kristian Bjerklov. The re-
search problem was conceptualised and written by the candidate, under the supervision
of Kristian Bjerklov.
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