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We can now write the conditional probability in (S17) as

log fXv (Xv|Xu, ε) = ηXv (Xu, ε) · tXv (Xv). (S19)

It is then useful to rewrite this as a function of the su�cient statistic of
the parent node’s copy number, so that the rest can be used as a message
going from child to parent (see [33]). Precisely, we want to �nd the vector
ηXvXu function of Xv such that

log fXv (Xv|Xu, ε) = ηXvXu(Xv, ε) · tXu(Xu)

By symmetry of (S17), and sincetXu has the same form oftXv we obtain
ηXvXu(Xv, ε) =

(
η1
XvXu(X

v, ε), η2
XvXu(X

v, ε)
)> such that

η1
XvXu(Xv, ε)ι(1,i ) =

∑
j

Xv
j,1 log h(j|i, ε)

η2
XvXu(Xv, ε)κ(m,i,i ′) =

∑
j,j′

Xv
j′,mX

v
j,m�1 log h(j

0|j, i0, i, ε) 1 < m ≤M ,

(S20)

and the rest of the elements equal to zero. Note that even though the
presentedCN coherence functionis symmetric, (S18) and (S20) might di�er
from the indices of h when it is not symmetric on the pairs (i, i0) and (j, j0),
therefore in general we haveηXv 6= ηXvXu .

Observations Let Y u be the set of observation at nodev. For each binm
we have a collection of reads, one for each cell assigned to the node and for
each gene belonging to the bin. We denote this collection of reads withY v

m.
To simplify the model, we assume that each of these reads range from

1 to N , independently of the cell/bin they belong to, and we assume that
they are drawn from a Normal distribution, conditioned on the bin’s copy
number, with mean µnCvm.

The conditional log-distribution is then

log fY v (Y v|Xv,µ, τ )

=
M∑
m=1

logP (Y v
m|xvm,µ, τ )

=
M∑
m=1

Nv∑
n=1

∑
i2Σ

Xim log fN (yvmn; i · µn, τn) (S21)

which can be expressed in terms oftXv (Xv)
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log fY v (Y v|Xv,µ, τ ) = ηY vXv (Y v,µ, τ ) · tXv (Xv) .

where tXv is the same as in (S2.2) and

ηY vXv (Y v,µ, τ ) =

[
η1Y vXv

0

]
with 0 null vector of length matching t2Xv (i.e. M ×|Σ|2) and η1Y vXv with

same length as t1Xv , and elements such that

η1Y vXv (Y v)ι(m,i) =

N∑
n=1

log fN (yvmn; i · µn, τn)
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S3 Variational Updates

In this section we go through the derivations of the CAVI update for each
variational distribution. All updates make use of the CAVI update equation
(3).

S3.1 Copy numbers

Copy numbers pre-requisite We begin by observing that our model for a
given T , when described as a directed graphical model on the variables

{Cvm : 1 ≤ m ≤M, v ∈ V (T )}

has a cyclic underlying undirected graph (see 2a).
However, it can be formulated as a directed graphical model on the

variables
{Cv, v ∈ V (T )}

where p(Cv|CρT (v)) is a conditional Markov model such that the underlying
directed graphical model is a tree. In order to draw this conclusion we consider
the conditional joint probability of observations and copy numbers

p(Y,C|Z, T,Ψ) = p(Y|C,Z, Ψ)p(C|T,Ψ)

and show how to express the above conditional joint as a product of conditional
Markov models: ∏

uv∈A(T )

M(Cv|Cu) ,

where the conditional Markov models depend on Z,Ψ ,Y. Notice that

log p(Y|C,Z,Ψ) =
∑

v∈V (T )

∑
n

1(Zn = v)
∑
m

log p(ymn|Cvm, µn, τn) ,

and that
log p(C|T,Ψ) =

∑
uv∈A(T )

log p(Cv|Cu, εuv).

This implies

log p(Y,C|Z, T,Ψ)

=
∑
n

1(Zn = r)
∑
m

log p(ymn|Crm, µn, τn)

+
∑

uv∈A(T )

[
log p(Cv|Cu, εuv) +

∑
n

[1(Zn = v)
∑
m

log p(ymn|Cvm, µn, τn)]
]
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Hence, it is sufficient to find a conditional Markov model M(Cv|Cu)
for which the product of sufficient statistics and natural parameter is the
outermost summand of the expression above, that is:

logM(Cv|Cu) =

= log p(Cv|Cu, εuv) +
∑
n

1(Zn = v)
∑
m

log p(ymn|Cvm, µn, τn)

= log hε0(C
v
1 |Cu1 ) +

M∑
m=2

log hεuv
(Cvm|Cvm−1, C

u
m, C

u
m−1)

+
∑
n

[1(Zn = v)
∑
m

log p(ymn|Cvm, µn, τn)] . (S22)

The following shows how to express the Markov model for M(Cv|Cu) in
its exponential family form, that is, using the natural parameter ηT (v) and
the sufficient statistics tT (Cv). Keep in mind that the sufficient statistics is a
function of the copy number sequence, while the natural parameter depends
on other parameters e.g. Ψ . Let the parent node of v given the tree T simply
be ρ = ρT (v), and the quantities ηT (v), tT (Cv) be just η(v), t(Cv), then the
decomposition of the latters can be expressed in the following way.
Referring to the mappings in (S1), similarly to the notation introduced in
section S2, the sufficient statistics vector t(Cv) is equal to

t(Cv) = (t1(C
v), t2(C

v))T

t1(C
v)ι(m,i) = 1(Cvm = i)

t2(C
v)κ(m,i,i′) = 1(Cvm−1 = i, Cvm = i′) .

Natural parameters, η(v), and associated parameters, η′(v):

η(v) = (η1(v),η2(v))

η1(v) = η
′
1(v) + η

′′
1(v)

η′1(v)ι(1,i) =
∑
j

1(Cρ1 = j) log hε0(i|j)

η′1(v)ι(m,i) = 0, for all m 6= 1

η′′1 (v)ι(m,i) =
∑
n

1(Zn = v) log p(ymn|Cvm = i, Ψ)

η′(v) = (η′
1(v),η2(v))

η2(v)κ(m,i,i′) =
∑
j,j′

1(Cρm−1 = j, Cρm = j′) log hερv (i
′|i, j′, j) ,

where both η(v) and η′(v) are vectors of dimension |Σ| ×M + |Σ|2 ×M ,
and match the dimension of t(Cv).
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Notice that, as desired, the inner product of such natural parameters with
sufficient statistic vectors, matches the Markov model in (S22):

η(v)t(Cv) (S23)

=
∑
i

1(Cv1 = i)
∑
j

1(Cρ1 = j) log hε0(i|j)

+
∑
m

∑
i

1(Cvm = i)
∑
n

1(Zn = v) log p(ymn|Cvm = i, Ψ)

+
∑
m

∑
i,i′

1(Cvm−1 = i, Cvm = i′)
∑
j,j′

1(Cρm−1 = j, Cρm = j′) log hερv (i
′|i, j′, j) .

Moreover,

η′(v)t(Cv) = (S24)

=
∑
i

1(Cv1 = i)
∑
j

1(Cρ1 = j) log hε0(i|j)

+
M∑
m=2

∑
i,i′

1(Cvm−1 = i, Cvm = i′)
∑
j,j′

1(Cρm−1 = j, Cρm = j′) log hερv (i
′|i, j′, j)

= log hερv (C
v
1 |C

ρ
1 ) +

M∑
m=2

log hερv (C
v
m|Cvm−1, C

ρ
m, C

ρ
m−1) .

This should clarify the purpose of the natural and associated parameters:
while the latter embodies the attributes of the Markov model over the copy
number sequence, the former also links the sequence to the observations.

Copy numbers update We begin by noticing that ECZε [log p(C
r)] is

uniquely determined by the prior that has probability 1 for the reference
genome which typically has copy number 2 everywhere. For the the remaining
K − 1 vertices we provide the details for the standard CAVI updates. Let us
first consider a fixed tree T and any node v 6= r.
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log q∗(Cv) = E−Cv [log p(Y,C,Ψ ,Z|T )]
+
= EC−vZΨ [log p(Y|C,Z,µ, τ )p(C|Ψ ,Z, T )]

+
= EC−vZΨ [log p(Y|C,Z,µ, τ )] + EC−vΨ

log p(Cr) +
∑

uv∈A(T )

log p(Cv|Cu)


+
= EZΨ

[ ∑
n:Zn=v

log p(yn|Cv, µn, τn)

]
+

∑
uv∈A(T )

EC−v,Z,ε [log p(C
v|Cu)]

+
= EZΨ

[ ∑
n:Zn=v

log p(yn|Cv, µn, τn)

]
+ ECρT (v),ε

[
log p(Cv|CρT (v))

]
+

∑
w∈ch(v,T )

ECwε [log p(C
w|Cv)] .

Where ρT (v) is the parent and ch(v, T) is the set of children of vertex v
in tree T . Moreover, as shown above,

EZΨ

[ ∑
n:Zn=v

log p(yn|Cv, µn, τn)

]
+ ECρT (v),ε

[
log p(Cv|CρT (v))

]
=

= ECρT (v)ZΨ

[
M(Cv|CρT (v))

]
= ECρT (v)ZΨ [ηT (v)] t(C

v)

and, which requires some manipulations,

ECwε [log p(C
w|Cv)]

= ECwε [ηT (C
w)t(Cw)]

+
= ECwε [η

′
T (C

w)t(Cw)]

= ECwε

[∑
i

1(Cw1 = i)
∑
j

1(Cv1 = j) log hεvw(i|j) (S25)

+
M∑
m=2

∑
i,i′

1(Cwm−1 = i, Cwm = i′)
∑
j,j′

1(Cvm−1 = j, Cvm = j′) log hεvw(i
′|i, j′, j)

]
= ECwε [α(w)] t(C

v) ,

where
α(w)ι(m,i) =

∑
j

1(Cwm = j) log hεvw(j|i)

and
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α(w)κ(m,i,i′) =
∑
j,j′

1(Cwm−1 = j, Cwm = j′) log hεvw(j
′|j, i′, i).

Note that the above two expressions have j and i inverted in h(·) because
we express the indexing with i, but the copy numbers indexed by j (which
belong to node w), are named after i in (S25).

Consequently,

log q∗(Cv) (S26)

=

EC−vZΨ [ηT (v)] +
∑

w∈γT (v)

ECwε[α(w)]

 t(Cv)

= EC−vZΨ [βT (v)] t(C
v)

where βT (v) can be be expressed as the concatenation of two vectors, i.e.
βT (v) = (βT,1, βT,2), where βT,1(Cv) and βT,2(C

v) are defined as follows

βT,1ι(m,i)
=1(m = 1)

[∑
j

1(Cρ1 = j) log hερv (i|j)

+
∑

w∈γT (v)

∑
j

1(Cw1 = j) log hεvw
(j|i)

]
+
∑
n

1(Zn = v) log p(ymn|Cvm = i) ,

and

βT,2κ(m,i,i′) =
∑
j,j′

1(Cρm−1 = j, Cρm = j′) log hερv (i
′|i, j′, j)

+
∑

w∈γT (v)

∑
j,j′

1(Cwm−1 = j, Cwm = j′) log hεvw(j
′|j, i′, i).

Finally, when considering the VI-distribution over trees q(T ), rather than
a fixed tree, we obtain the final update

log q∗(Cv)

= EC−vZTΨ

log p(Y|Cv,Z) + log p(Cv|CρT (v)) +
∑

w∈γT (v)

log p(Cw|Cv)


= ET

EC−vZΨ [ηT (v)] +
∑

w∈γT (v)

ECwε [α(w)]

 t(Cv) . (S27)
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Therefore, we update the natural parameter as

η∗
T (v) = ET

ECρZΨ [ηT (v)] +
∑

w∈γT (v)

ECwε [α(w)]


= ET [ECΨZ [βT (v)]] ,

which can be decomposed, element by element, in

ECρZΨ

[
η1(v)ι(1,i)

]
=
∑
j

q(Cρ1 = j) log hε0(i|j)

+
∑
n

q(Zn = v)Eµnτn [log p(ymn|Cv1 = i)]

E
[
η1(v)ι(m,i)

]
=
∑
n

q(Zn = v)Eµnτn [log p(ymn|Cvm = i)]

ECρΨ

[
η2(v)κ(m,i,i′)

]
=
∑
j,j′

q(Cρm−1 = j, Cρm = j′)Eε
[
log hερv (i

′|i, j′, j)
]

ECw

[
α1(w)ι(m,i)

]
=
∑
j

q(Cwm = j) log hε0(j|i)

ECwε

[
α2(w)κ(m,i,i′)

]
=
∑
j,j′

q(Cwm−1 = j, Cwm = j′)Eε [log hεvw
(j′|j, i′, i)] ,

(S28)

where

Eµnτn [log p(ymn|Cvm = i)]

= Eµnτn

[
log

(√
τn
2π

exp
(
−τn

2
(ymn − iµn)

2
))]

+
= Eµnτn

[
1

2
log τn − τn

2
(ymn − iµn)

2

]
=

1

2
Eτn [log τn]−

y2mn
2
Eτn [τn] + iymnEµnτn [µnτn]−

i2

2
Eµnτn

[
µ2
nτn
]
.

(S29)

Given that the variational distribution over µn, τn is Normal-Gamma
with parameters

µn, τn
q∼ NormalGamma(ν̃n, λ̃n, α̃n, β̃n) , (S30)
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the expectations in the previous formula are equal to:

Eτn [log τn] = ψ(α̃n)− log β̃n

Eτn [τn] =
α̃n

β̃n

Eµnτn [µnτn] = ν̃n
α̃n

β̃n

Eµnτn

[
µ2
nτn
]
=

1

λ̃n
+ ν̃2n

α̃n

β̃n

(S31)

S3.2 Tree topology

We begin by using the mean-field VI standard update:

log q∗(T ) (S32)
= ECZΨ [log p(Y,C,Ψ ,Z, T )]

+
= ECZΨ [log p(Y,C|Ψ ,Z, T )] + log p(T )

+
= ECZΨ [log p(Y|C,Z) + log p(C|Ψ ,Z, T )] + log p(T )

+
= ECΨ

log p(Yr,Cr|Z) +
∑

uv∈A(T )

logM(Cv|Cu)

+ log p(T )

= ECrZΨ [log p(Yr,Cr|Z)] +
∑

uv∈A(T )

ECvCuZε [ηT (v)t(C
v)] + log p(T )

= ECr [log p(Cr)] +
∑

uv∈A(T )

ECvCuε [log p(C
v|Cu)] + log p(T )

The expression in (S32) contains three terms that we further examine below.
First, ECrZ [log p(Cr|Z)], as stated above, is uniquely determined by the

prior that has probability 1 for the reference healthy genome, which typically
has copy number 2 everywhere. Furthermore, log p(T ) is constant over the
support of T as we assign a uniform prior.

What varies over T is the summand of the remaining term, ECuCvε [log p(C
v|Cu)],

for which we use the notation w(uv) as it represents the unnormalized weight
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of each arc in the variational distribution. It can be further simplified as:

w(uv) = ECuCvε [log p(C
v|Cu)] (S33)

= ECuCvε

log∏
m

∏
i,i′,j,j′

hεuv
(i′|i, j′, j)1(C

v
m−1=i,C

v
m=i′,Cu

m−1=j,C
u
m=j′)


(S34)

=
∑
m

∑
i,i′

ECv

[
1(Cvm−1 = i, Cvm = i′)

]∑
j,j′

ECu

[
1(Cum−1 = j, Cum = j′)

]
× Eε [log hεuv

(i′|i, j′, j)] (S35)

=
∑
m

∑
i,i′

q(Cvm−1 = i, Cvm = i′)
∑
j,j′

q(Cum−1 = j, Cum = j′)Eε [log hεuv
(i′|i, j′, j)] ,

(S36)

where q(Cum−1, C
u
m) can be computed iteratively for all m with a single

forward pass, which is all performed in O(KMA).

q(Cum, C
u
m−1) = q(Cum|Cum−1 = i)q(Cum−1 = i) (S37)

q(Cum) =
∑
i∈Σ

q(Cum−1, C
u
m−2 = i) , (S38)

and the expectation of the CN coherence function is piecewise defined as

Eε [log hεuv
(i′|i, j′, j)] =

{
ψ(b̃uv)− ψ(ãuv + b̃uv) if i− i′ = j − j′

ψ(ãuv)− ψ(ãuv + b̃uv)− logA otherwise ,
(S39)

following the expression in (4) and the fact that q(εuv) = Beta(ãuv, b̃uv).
Note that the weight w(uv) is the same for all trees that contains the

edge uv. We use the weight matrix over the fully connected graph, W (G),
containing all w(uv) : uv ∈ G, for sampling trees using 2 and evaluating our
sampled trees on the variational distribution q(T ).

S3.3 Arc distances

The update for q(εuv) is derived as follows:
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log q∗(εuv) (S40)
= E−εuv [log p(Y,C,Z, T,Ψ)]

+
= ECT [log p(C|T, ε)] + log p(εuv)

+
= ET [ECuCv [logH(Cv|Cu)]] + log p(εuv)

= ET

 M∑
m=2

∑
i,i′,j,j′

C̄vmii′C̄
u
mjj′ log hεuv

(i′|i, j′, j)


+ (a− 1) log(εuv) + (b− 1) log(1− εuv) , (S41)

where C̄vmii′ := q(Cvm−1 = i, Cvm = i′). Furthermore, the summation over
the four copy numbers can be split into two separate cases, i.e. the two cases of
the CN coherence function, which we denote by A := {i, i′, j, j′|i−i′ = j−j′}
and its complementary set ¬A. This being said, we rewrite (S41) asET

 M∑
m=2

¬A∑
ii′jj′

C̄vmii′C̄
u
mjj′

+ a− 1

 log(εuv)

+

ET
 M∑
m=2

A∑
ii′jj′

C̄vmii′C̄
u
mjj′

+ b− 1

 log(1− εuv)

which leaves us with the updated parameters of the variational Beta
distribution over εuv:

ãuv = ET

 M∑
m=2

¬A∑
ii′jj′

C̄vmii′C̄
u
mjj′

+ a

b̃uv = ET

 M∑
m=2

A∑
ii′jj′

C̄vmii′C̄
u
mjj′

+ b

(S42)
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S3.4 Assignment concentration
Derivation of q(π):

log q∗(π)

= E−π [log p(Y,C,Z,T,Ψ)]

+
= E−π [log p(Z|π)] + E−π [log p(π)]

=
N∑
n=1

K∑
k=1

q(Zn = k) log πk + log p(π)

=
K∑
k=1

log πk

[ N∑
n=1

q(Zn = k)
]
+

K∑
k=1

log πk(δk − 1)

=

K∑
k=1

log πk

[
δk +

N∑
n=1

q(Zn = k)− 1
]
.

Therefore, q∗(π) is a Dirichlet distribution with parameters δ̃ = (δ̃1, . . . , δ̃K),
where

δ̃k = δk +

N∑
n=1

q(Zn = k) . (S43)

S3.5 Cell assignments
Derivation of q(Zn):

log q∗(Zn)

= E−Zn
[log p(Y,C,Z, T,Ψ)]

+
= E−Zn

[log p(Y|C,Z, T,µ, τ )] + E−Zn
[log p(Z|π)]

Note that log p(Y|Z,C,Ψ) and log p(Z|π) can be written as the sum of
two terms, one that depends on Zn and one that does not, i.e.,

log p(Y|Z,C,Ψ)

=
M∑
m=1

K∑
k=1

∑
j∈Σ

1(Zn = k)1(Ckm = j)Dnmj

+
∑
l 6=n

M∑
m=1

K∑
k=1

∑
j∈Σ

1(Zl = k)1(Ckm = j)Dlmj ,

and

log p(Z|π) =
K∑
k=1

1(Zn = k) log πk +
∑
l 6=n

K∑
k=1

1(Zl = k) log πk ,



VICTree - a Variational Inference method for Clonal Tree reconstruction 26

where

Dnmj = log p(ymn|Cm = j)

= log

(√
τn
2π

exp
(
−τn

2
(ymn − jµn)

2
))

.
(S44)

Consequently,

log q∗(Zn)

+
=

K∑
k=1

1(Zn = k)

Eπ [log πk] + M∑
m=1

J∑
j=1

ECk

[
1(Ckm = j)

]
Eµnτn [Dnmj ]

 .
We simplify the expression further by:

γ̂nk = Eπ [log πk] +
M∑
m=1

∑
j∈Σ

q(Ckm = j)Eµnτn [Dnmj ] , (S45)

with Eπ [log πk] = ψ(δ̃k)−ψ(
∑
r δ̃r), Eµnτn [Dnmj ] computed as in (S29).

Finally, we set:

γ̃n =
exp(γ̂nk)∑K
l=1 exp(γ̂nl)

(S46)

and conclude that q∗(Zn) ∼ Categorical(γ̃n) with parameters γ̃n = (γ̃n1, . . . , γ̃nK)

S3.6 Baseline mean and precision

We use the Normal-Gamma joint prior on µn and τn, that factorizes over n,
and introduce a joint variational distribution on the corresponding parameters.
The mean-field standard update becomes:

log q∗(µn, τn)

= E−(µn,τn) [log p(Y,C,Z,Ψ)]

+
= E−(µn,τn) [log p(Y|C,Z,Ψ)] + log p(µn, τn)

Simplifying each term individually yields:

E−(µn,τn) [log p(Y|C,Z,Ψ)]

+
= E−(µn,τn)

[
log

∏
m,u,c

p(ymn|Cum, µn, τn)1(Zn=u,C
u
m=c)

]
+
=
∑
m,u,c

q(Cum = c)q(Zn = u)

(
1

2
log τn − 1

2
τn(ymn − c · µn)2

)
(S47)
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and

log p(µn, τn)
+
= (α− 1

2
) log τn − βτn − 1

2
τnλ(µn − µ)2 .

As our model prior is Gamma-Normal distributed, we suspect our variational
distribution to be in the same family, and attempt to match the parameters
associated with the independent variables of the Gamma-Normal. First we
regroup the variables as follows:

log q∗(µn, τn)

+
= −(

τn
2
)
[
µ2
n ·
(
λ+

∑
m,u,c

q(Cum = c)q(Zn = u) · c2
)

− µn
(
λµ+

∑
m,u,c

q(Cum = c)q(Zn = u) · c · ymn
)]

+ (α+
M

2
− 1

2
) log τn − τn(β +

1

2
(µ2λ+

∑
m

y2mn)) .

In order to get the expression on Normal-Gamma form we need to complete
the square for the cross term. We do this by adding and subtracting the
square of the factor of µnτn and then multiplying it with τn; the negative
term is then passed to complete the square and the positive is added to the
τn term:

log q∗(µn, τn)

+
= −(

τn
2
)(λ+ΣC,Z(c

2))
[
µn − (λµ+ΣC,Z(c, ymn))

λ+ΣC,Z(c2)

]2
+ (α+

M

2
− 1

2
) log τn − τn(β +

1

2
(µ2λ+

∑
m

y2mn)−
1

2
· (µλ+ΣC,Z(c, yn,m))2)

λ+ΣC,Z(c2)
)

where

ΣC,Z(c
2) =

∑
m,u,c

q(Zn = u)q(Cum = c) · c2

ΣC,Z(c, ymn) =
∑
m,u,c

q(Zn = u)q(Cum = c) · c · ymn .

By matching the independent variables with the parameters we see that
q∗(µn, τn) is indeed Normal-Gamma(ν̃n, λ̃n, α̃n, β̃n) distributed with parame-
ters:
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ν̃n =
µλ+ΣC,Z(c, ymn)

λ+ΣC,Z(c2)

λ̃n = λ+ΣC,Z(c
2)

α̃n = α+
M

2

β̃n = β +
1

2
(µ2λ+

∑
m

y2mn)−
1

2
ν̃2nλ̃n .

(S48)

S4 ELBO computation

In this section we derive the entropy and negative cross-entropy terms of 10
in 4.3.

Since the expectation over the tree topology T in 10 requires a sampling
technique to be estimated, i.e., it cannot be derived as for the other variables
in closed form, we separate the expectation into two main parts:

ET
[
E−T

[
log p(Y|C,Z,Ψ) + log p(C|Z, T,Ψ) + log p(Z|Ψ)

+ log p(Ψ)
]
+ log p(T )

]
+Hq(C,Z, T,Ψ) .

In the subsections below we present each component of the ELBO, by
deriving the negative cross entropy terms of in the inner expectation and
the variational distribution entropy, the latter which we write following the
notation:

Hq(x) = −Eq(x) [log q(x)] .

S4.1 Observations

ECZΨ [log p(Y|C,Z,Ψ)] (S49)

= ECZΨ

 ∑
v,n,m,j

1(Zn = v)1(Cvm = j) log p(ymn|Cvm = j)


=

1

2

∑
v,n,m,j

q(Zn = v)q(Cvm = j)Eµnτn

[
log τn − τn (ymn − jµn)

2 − log 2π
]

=
1

2

∑
v,n,m,j

q(Zn = v)q(Cvm = j)
[
Eτn [log τn]− y2mnEτn [τn] + 2jymnEµnτn [µnτn]

− j2Eµnτn

[
µ2
nτn
]
− log 2π

]
.

Note that the values of the expectations above are standard expectations
for Normal and Gamma random variables and can be found in subsection S3.1.
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S4.2 Copy numbers

ECZΨ [log p(C|Z, T,Ψ)] (S50)

= ECr [log p(Cr)] +
∑

uv∈A(T )

ECuCvε [log p(C
v|Cu, ε)]

= ECr [log p(Cr)]

+
∑

uv∈A(T )

(∑
i,j

q(Cv1 = j)q(Cu1 = i)hε0

+
M∑
m=2

∑
ii′jj′

C̄umii′C̄
v
mjj′Eε [log hε(j

′|j, i′, i)]
)
,

where Eε [log hε(j′|j, i′, i)] is computed as shown in (S39) and the varia-
tional distribution quantities (denoted as in Equation (S41)) for the copy
numbers are computed with the forward-algorithm.

Furthermore, we can calculate the entropy by use of the marginals q(Cm)
in the following way:

Hq(C) = −
∑
umi

q(Cum = i) log q(Cum = i) . (S51)

S4.3 Cell assignments

EZΨ [log p(Z|Ψ)] (S52)

=
∑
n

EZnπ [log p(Zn|π)]

=
∑
n

∑
k

q(Zn = k)Eπ [log πk] ,

with Eπ [log πk] = ψ(δ̃k)−ψ(δ0), δ̃0 =
∑
i δ̃i such that δ̃ is the parameter

of the variational Dirichlet distribution over π.
The entropy is calculated as:

EZΨ [log q(Z)] =
∑
n

∑
k

q(Zn = k) log γ̃nk .
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S4.4 Concentration parameter

Eπ [log p(π)] (S53)

=

∫
π
q(π′) log p(π′)dπ′

=

∫
π
q(π′)

(∑
k

(δk − 1) log π′
k − logB(δ)

)
dπ′

=
∑
k

(δk − 1)

∫
π
q(π′) log π′

kdπ
′ − logB(δ)

∫
π
q(π′)dπ′

=
∑
k

(δk − 1)Eπ∼q [log πk]− logB(δ)

=
∑
k

(δk − 1)ψ(δ̃k)− (δ0 −K)ψ(δ̃0)− logB(δ)

where

B(δ) =

∏
k Γ (δk)

Γ (
∑
k δk)

, δ̃0 =
K∑
k=1

δ̃k

and δ̃ refers to the variational concentration parameter, while δ is the
generative model parameter. The entropy of q(π) is found by replacing the
model parameter δ with δ̃.

S4.5 Gaussian mean and precision

Eµτ [log p(µ, τ )] (S54)

=
∑
n

∫
µn

∫
τn

q(µ′
nτ

′
n) log p(µ

′
n, τ

′
n)dτ

′
ndµ

′
n

=
∑
n

∫
µn

∫
τn

q(µ′
n|τ ′n)q(τ ′n)

(
log p(µ′

n|τ ′n) + log p(τn)
)
dτ ′ndµ

′
n

=
∑
n

[∫
τn

q(τ ′n)

(∫
µn

q(µ′
n|τ ′n) log p(µ′

n|τ ′n)dµ′
n

)
dτ ′n

+

∫
τn

q(τ ′n) log p(τn)

(∫
µn

q(µ′
n|τ ′n)dµ′

n

)
dτ ′n

]
.

The above expression is made of two terms (excluding the outermost
summation): the first double integral which is the expectation over q(τn) of
the negative cross-entropy −Hµn|τn(q, p), and the second integral which is
just the negative cross-entropy over τn of q and p, i.e. −Hτn(q, p).
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Therefore we get

Eµτ [log p(µ, τ )]

=
∑
n

Eq(τn)
[
Eq(µn|τn) [log p(µn|τn)]

]
+ Eq(τn) [log p(τn)] .

We compute the partial terms below (omitting q as all the expectations
here are taken with respect to the variational distribution)

Eµn|τn [log p(µn|τn)] =
1

2
log

λτn
2π

− λτn
2
Eµn|τn

[
(µn − µ)2

]
=

1

2
log

λτn
2π

− λτn
2

Varµn|τn [µn]

=
1

2

(
log λ− log 2π − λ

λ̃n

)
+

1

2
log τn

(S55)

Eτn
[
Eµn|τn [log p(µn|τn)]

]
=

1

2

(
log λ− log 2π − λ

λ̃n

)
+

1

2
Eτn [log τn]

=
1

2

(
log λ− log 2π − λ

λ̃n
+ ψ(α̃n)− log β̃n

)
(S56)

Eτn [log p(τn)] = log
βα

Γ (α)
+ (α− 1)Eτn [log τn]− βEτn [τn]

= log
βα

Γ (α)
+ (α− 1)(ψ(α̃n)− log β̃)− β

α̃n

β̃n
(S57)

and then put altogether:

Eµτ [log p(µ, τ )] (S58)

=
∑
n

[1
2

(
log λ− log 2π − λ

λ̃n
+ ψ(α̃n)− log β̃n

)
+ log

βα

Γ (α)
+ (α− 1)(ψ(α̃n)− log β̃)− β

α̃n

β̃n

]
= −N

2
log 2π +

∑
n

1

2

(
log λ− λ

λ̃n

)
+ (α− 1

2
)(ψ(α̃n)− log β̃n)

+ α log β − logΓ (α)− β
α̃n

β̃n
.
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The variational entropy is computed as follows

Hq(µ, τ ) =
∑
n

Eτn [Hq(µn|τn)] +Hq(τn) (S59)

=
∑
n

1

2

(
log 2π + 1− log λ̃n − ψ(α̃n) + log β̃n

)
+ α̃n − log β̃n + logΓ (α̃n) + (1− α̃n)ψ(α̃n)

=
N

2
log 2π +

∑
n

1

2

(
1− log β̃n − log λ̃n

)
+

(
1

2
− α̃n

)
ψ(α̃n) + α̃n + logΓ (α̃n) .

S4.6 Epsilon

Eε,T [log p(ε)] (S60)

= ET∼q(T )

[∑
uv∈T

Eεuv
[log p(εuv)]

]

= ET∼q(T )

[∑
uv∈T

Eεuv [logB(a, b)− (a− 1) log εuv + (b− 1) log(1− εuv)]

]

= ET∼q(T )


∑
uv∈T

(
logB(a, b)− (a− 1)[ψ(ãuv)− ψ(ãuv + b̃uv)]

+ (b− 1)[ψ(b̃uv)− ψ(b̃uv + ãuv)]
)



Eε,T [log q(ε)] (S61)

= ET∼q(T )

[∑
uv∈T

H(q(εuv))

]

= ET∼q(T )


∑
uv∈T

(
logB(ãuv, b̃uv)− (ãuv − 1)ψ(ãuv)− (b̃uv − 1)ψ(b̃uv)

+ (ãuv + b̃uv + 2)ψ(ãuv + b̃uv)
)


S4.7 Tree topology

ET [log q(T )] = −
∑
T∈T

q(T ) log q(T ) (S62)
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since q(T ) is unnormalized, we use importance sampling to estimate the
normalizing constant and evaluate on q(T ) =

∑L
l=1 wlq̃(T )∑L

l=1 wl

ET [log p(T )] =
∑
T∈T

q(T ) [− log |T |] (S63)

= − log |T |
∑
T∈T

q(T )

= − log |T | ,

where in case of K nodes and considering labeled arborescences, |T | =
KK−2 [5].

S5 VICTree

S5.1 VICTree pseudocode

The algorithm complexity is dominated by the update of q(C) parameters,
which requires O(KMNA2), at every iteration and for every unique tree in
the sample.

Algorithm 1 VICTree pseudocode
1: Input: number of importance samples L, number of iterations I, initialized q.
2: for i = 1, . . . , I do
3: update W (G) using (9)
4: sample Tl = T1, . . . , TL trees using alg. 2
5: for Tl = T1, . . . , TL do
6: Update ql(C), q(ε) using Tl and (8,7)
7: end for
8: q(C)←−

∑
l wTl · ql(C)

9: Update q(Z), q(π), q(µ, τ ) using parameters in (7)
10: end for
11: return

S5.2 VICTree Importance sampling details

During inference process, we need to evaluate expectations over q(T ) of some
function of the tree, but enumerating over all possible arborescences can
be costly when considering directed labeled trees with several nodes. More
specifically, by Cayley’s formula [5] and Prüfer sequences it is proven that
the number of labeled trees with n nodes is nn−2. In our case the trees are
rooted and directed, thus the topology space is of size nn−1, which quickly
becomes intractable.
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Assuming we can draw samples from q(T ) distribution, we can approxi-
mate an expectation as follows.

Eq(T ) [f(T )] ≈
1

L

L∑
l=1

f(Tl) . (S64)

However, sampling from q(T ) is not straightforward, therefore we sample
from an alternative distribution g(T ) and apply importance sampling [14]
in order to evaluate the desired expectation. Let q̃(T ) denote the weight of
a arborescence T , which is defined to be the product over the edge weights
and let w(T ) = q̃(T )/g̃(T ) be the importance weights. Then

Eq(T ) [f(T )] = Eg(T )

[
q̃(T )

g̃(T )
f(T )

]
≈
∑L
l=1 w(Tl)f(Tl)∑L

l=1 w(Tl)
. (S65)

Self-normalization (S65) is required since both q(T ) and g(T ) are evaluated
up to a multiplication factor.

S6 LARS algorithm

The following algorithm runs with computational time O(|E|K3) since Ed-
mond’s algorithm requires O(K2). It is then clear that, for bigger trees,
the complexity of a tree sample quickly overcomes the complexity of the
other costly operations in each VICTree step, especially the copy-number
variational distribution update q(C) as mentioned in Section S5.1.

Algorithm 2 Labeled Arborescence Sampler (LARS)
1: Input: G fully connected graph, W corresponding adjacency matrix.
2: E ← ordering of arcs in G, S ← ∅, g ← 1
3: while i < K − 1 do
4: for e ∈ E do
5: T ← Edmonds(A(S, e))
6: T ′ ← Edmonds(A′(S, e))

7: θ ← q̃(T )
q̃(T )+q̃(T ′)

8: u ∼ U(0, 1)
9: if θ ≥ u then

10: S ← S ∪ e
11: g ← g × θ
12: end if
13: end for
14: end while
15: return S, g
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S7 Split-merge

We run our split-merge algorithm every 10th iteration during optimization.
First, we merge by checking the L1 distance between Viterbi paths of all
clusters CNPs q(Ci), q(Cj). If the distance is smaller than a threshold, we
merge j into i by re-initializing the parameters of q(Cj) randomly, setting
q(Zn = j) = 0 and doubling q(Zn = i). Then, if there exists a degenerate
cluster, l, i.e. a cluster with total probability

∑
q(Zn = l) smaller than

a threshold, we run the split algorithm: For all candidate clusters k with∑
q(Zn = k) > 0.01 we group the cells with argmaxj q(Zn = j) = k into

two groups, k1 and k2 by KMeans. Then, we construct temporary q(Ck1)
and q(Ck2) by applying the CAVI update using only the cells in k1 and k2
respectively, and then evaluate the ELBO using these new q(C)s. We select
to split the candidate cluster k that results in the maximum ELBO into l.




