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We can now write the conditional probability in (S17) as

logf '“(X/U|Xu75) :nX”(Xuag)'tX“(XU)' (Slg)
It is then useful to rewrite this as a function of the su cient statistic of
the parent node’s copy number, so that the rest can be used as a message
going from child to parent (see [33]). Precisely, we want to nd the vector
nxvxw« function of X such that

log fx(X?| X" ) = nxvxe(X",e) - txu(X")

By symmetry of (S17), and sincetx. has the same form oft x. we obtain
nxoxu (XY €) = (ko xa (X7,2), m%uxa (X¥,€))” such that

Mo xs (X", €) (Lg) = Z salogh(jli,e)

ng(UX“'(XU7E)K(m7i>i') = ZX] T)’LX ,m 1 10gh(]0|j, ioaiae) 1 <m S M7
J:3’
(S20)
and the rest of the elements equal to zero. Note that even though the
presentedCN coherence functionis symmetric, (S18) and (S20) might di er
from the indices of h when it is not symmetric on the pairs (i,4") and (4, 5°),
therefore in general we havejxv # nxvxu.

Observations Let Y be the set of observation at nodev. For each binm
we have a collection of reads, one for each cell assigned to the node and for
each gene belonging to the bin. We denote this collection of reads witl";, .

To simplify the model, we assume that each of these reads range from
1 to N, independently of the cell/bin they belong to, and we assume that
they are drawn from a Normal distribution, conditioned on the bin’s copy
number, with mean p,,C}, .

The conditional log-distribution is then

log fy+ (Y| X", p,7)

=Y log P(Y7, |2y, . 7)

M
=Y DD Ximlog fin (Ui - fin, ) (S21)

m=1 n=1 2%

which can be expressed in terms of x- (X")
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IOg fY”(YU‘vau’vT) = NyvXxv (vau'aT) “txw (Xv) .

where txv is the same as in (52.2) and

,rll
nY'”X”(YvalJHT) = |: YOX :|

with 0 null vector of length matching %, (i.e. M x |X|?) and 1. . with
same length as t%.,, and elements such that

N
Myoxe (V) umay = D108 far (Ui - fins )

n=1
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S3 Variational Updates

In this section we go through the derivations of the CAVI update for each
variational distribution. All updates make use of the CAVI update equation

(3)-

S3.1 Copy numbers

Copy numbers pre-requisite We begin by observing that our model for a
given T, when described as a directed graphical model on the variables

{Cr:1<m<MoveV(T)}

has a cyclic underlying undirected graph (see 2a).
However, it can be formulated as a directed graphical model on the

variables
{C"veV(D)}

where p(Cv|CP7(")) is a conditional Markov model such that the underlying
directed graphical model is a tree. In order to draw this conclusion we consider
the conditional joint probability of observations and copy numbers

p(Y,C|Z,T,¥) = p(Y|C,Z,¥)p(C|T,¥)

and show how to express the above conditional joint as a product of conditional
Markov models:
I Mmcricy.
uveA(T)
where the conditional Markov models depend on Z,¥,Y. Notice that
logp(Y|C,Z, &) = > > 1(Zn=v) Y _ 108 p(Ymn|Chs ttn: Ta)
veV(T) n m

and that
logp(C|T,®) = > logp(C"|C* &),
uwv€eA(T)

This implies
logp(Y,C|Z,T,%)
= Z IL(Zn = T) ZIng(ymn‘C;aﬂnaTn)
+ Z {logp (C?|C¥, £up) +Z v)Zlogp(ymn\Cfmuan)]]
m

uveA(T)
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Hence, it is sufficient to find a conditional Markov model M (C"|C")
for which the product of sufficient statistics and natural parameter is the
outermost summand of the expression above, that is:

log M (C"|C") =
=log p(C*|C" euv) + D 1(Zn = v) Y108 p(Ymn|Chrs fin, )

M

=loghe, (CY|CY) + D loghe,, (ChlCh 4. Cl. C )
m=2
+ > [ Zn =) Y108 p(Ymnl Clos s )] - (522)

The following shows how to express the Markov model for M(C"|C") in
its exponential family form, that is, using the natural parameter n;(v) and
the sufficient statistics t7(C?). Keep in mind that the sufficient statistics is a
function of the copy number sequence, while the natural parameter depends
on other parameters e.g. ¥. Let the parent node of v given the tree T' simply
be p = pr(v), and the quantities n(v), t7(C?) be just n(v), t(Cv), then the
decomposition of the latters can be expressed in the following way.
Referring to the mappings in (S1), similarly to the notation introduced in
section S2, the sufficient statistics vector t(C?) is equal to

t1(CU)L(m’i) = ]1(0};1 = Z)
tQ(CU>K(m,i,i’) = ]1(05;171 = i, C:il = Z/)

Natural parameters, n(v), and associated parameters, n’'(v):

n(v) = (n1(v),m2(v))
n1(v) =Ny (v) +n7(v)
771 (U)L(l,i) = Z IL(C{) = ]) IOg hEo (Z|])
1(0) (i) = 0, for all m # 1

77/1/(U)L(m,i) = Z 1(Z, = v) log p(Ymnl|Cp, = ,¥)

n'(v) = (M (v), My (v))
nQ(U)n(m,i,i’) = Z 1(02—1 = ja C;;z = ]/) 1Og ham, (7'/|’Lv.7/a.7) )
53’

where both n(v) and n'(v) are vectors of dimension |¥| x M + |X|? x M,
and match the dimension of t(C?).
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Notice that, as desired, the inner product of such natural parameters with
sufficient statistic vectors, matches the Markov model in (S22):

n(0)6(C") (523)
—Z]l Cl =1 Z]l Cp_j)logh&‘o( ‘j)

+ZZ11 Zﬂ v)10g p(Ymn|Cy, = i, ¥)
+ZZ]1 (Cpy=i,Cp =Y U(Ch 4 =j,Ch = j")loghe,, (i'li,j', ).
i

m 4,4’

Moreover,

7 ()H(C") = (524
= Z]l(Cf =) Z 1(CY = j)log he, (i)

+ZZM‘” L =1,Cp = Zﬂcp = 3,Cf = ) loghe,, (i, 5", 5)

m=2 4,3’
M
=loghe,, (CY|CY) + Y loghe,, (ChICh 1, Ch, Ch 1)
m=2

This should clarify the purpose of the natural and associated parameters:
while the latter embodies the attributes of the Markov model over the copy
number sequence, the former also links the sequence to the observations.

Copy numbers update We begin by noticing that Ecz. [logp(C")] is
uniquely determined by the prior that has probability 1 for the reference
genome which typically has copy number 2 everywhere. For the the remaining
K — 1 vertices we provide the details for the standard CAVI updates. Let us
first consider a fixed tree T' and any node v # r.
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log ¢*(C”) = E_cw [logp(Y,C,¥,Z|T)]
; IEC’*”ZlI/ [10gp(Y|C7 Za 122 T)p(clwv Za T)]

L Ec-z0 [logp(Y|C, Z, p, 7)) + Ec—vy |logp(CT)+ Y logp(C’|C")

uwveA(T)
LBze | Y. 1ogp(ynlC, fin, ™) Y Ecvz.e[logp(CY|CY)]
n:Zp=0v wvEA(T)
;EZJ/ Z logp(}’n|cv;,ufn;7—n) +ECﬂT(“)7E {Ing(C”CpT(U))
n:Zn,=v
Y Eowe flogp(CYICY)]
wée&ch(v,T)

Where pr(v) is the parent and ch(v, T) is the set of children of vertex v
in tree T'. Moreover, as shown above,

> 10gp(yalC”, pin, )

n:Zn,=uv

= Ecorco 7w | M(C'|C7 )]
= Ecore zg [n7(v)] £(C")

and, which requires some manipulations,

+Ecore . 10gP(CU\CpT(v))} =

Ecve [log p(C*|C)]
= Ecwe [n7(C*)6(C)]
L Bew. [0 (CP)6(C)]
= Eove | Y U(CE =)D UCY = j)loghe,, (il7) (S25)

J

M
+ D D WCh_ =i, Cl =) W(Chy = 5§,Ch = §)log he,, (i']i, 5, 5)

m=2 4,3’ 7.3
= Ecw. [a(w)] t(C"),

where

L(m i) — Z ]l log hfvw (]| )

and
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Ol R(H’L’Ll Z]l —1 *‘77 .7/) IOg havw(j,‘j? Z/,Z)

3,3’

Note that the above two expressions have j and i inverted in h(-) because
we express the indexing with ¢, but the copy numbers indexed by j (which
belong to node w), are named after 7 in (S25).

Consequently,

log ¢*(C?) (526)
= | Ec-vzw [nr(v)] + Z Ecwe[a(w)] | t(C")
= Ec-vzv [Br(v)] t(C")

where Bp(v) can be be expressed as the concatenation of two vectors, i.e.
Br(v) = (Bra,Br,2), where Sr1(C?) and Sr2(C?) are defined as follows

BTty = [Zn j)10g e, (il)
+ > Y A(CY = j)loghe,, (j]i)
wevyr(v) J
+Z]1 n = )10 p(Ymn|Cr, = 1),
and
Br o, = Zﬂ _1=5,C8, = j)loghe,, (i'li,§', 5)

+ > Zﬂ v =5,C% = j")logh.,, (', ).

wevr (v) 5,5

Finally, when considering the VI-distribution over trees ¢(T"), rather than
a fixed tree, we obtain the final update

log ¢*(C")

= Ec-vzre |logp(Y|C",Z) +logp(C*|C*7™) + 3" logp(C"|C")

weyT (v)

=Er |Ec-vzo mr@)]+ Y Ecwela(w)]| t(C"). (S27)
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Therefore, we update the natural parameter as

nr(v) = Er |Eceze [np(v Z Ecue [a(w)]

weyr (v)

=Er [Ecvz [Br(v)]] ,

which can be decomposed, element by element, in

Eceze [m(v).i1,:)] = Z q(CT = j)log he, (i]7)
+ Z Lp =0 Epn'rn [Ing(ymnK;’f = 7’)]

E [771 (U)L(vmi)} = Z q(Zn = v)E,, 7, 108 p(Ymn|Cy, = )]

n

Ecey [772(1])&(77171‘,1”)} = Z Q(Cfn—l =7, C'gl = j,)EE [lOg hapru (7'/|Z7.]/a]()é28)
J3’

Ecw [o1(w),(ma)] = Z q(C = j)log he, (ji)

Ecwe [a2(w)n(m,i,i/)} = Z Q(Cg}%1 =7, Crrurjl = j/)EE UOg hfevw (]I|.77 ilv Z)] s

3.3

where

E,.,r, 10gp(Ymn|Cy, = 1)]

= fion (7 00 (- i) )]

1 T, .
Eu, 7, [2 log 7, — ?n (Ymn — Zﬂn)Q]

|1+

,L'2

2

1 Ymn ,
3 08 7] = S92 e, ] - an By, i) =

E,, +, [uirn] .
(529)

Given that the variational distribution over p,, 7, is Normal-Gamma
with parameters

s Tn s NormalGamma (7, A, Gins ,5’”) , (S30)
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the expectations in the previous formula are equal to:

E,, [log 7] = ¥(ay) — log B

E,, [r] = 2=
G (S31)
Eu,r [nTn] = Vngin
E [,LLQT ] S + 7200
HnTn n'n N n x5
A'VL 57l

S3.2 Tree topology

We begin by using the mean-field VI standard update:

log ¢*(T) (S32)
= ECZlI/ [Ing(Yv Cv W? Z7 T)]

£ Eczw logp(Y, C®, Z,T)] + log p(T)
£ Ecze logp(Y|C, Z) + log p(C|®, Z,T)] + log p(T)

= Ecw |logp(Y",C"|Z)+ > log M(C*|C")| + logp(T)
uveA(T)

=Ecrzo logp(Y",C"|Z)] + ) Ecvouze nr(0)t(C*)] + log p(T)
uwv€eA(T)

=Ecr logp(C)]+ Y Ecovoue [logp(CY|C)] + log p(T)
uveA(T)

The expression in (S32) contains three terms that we further examine below.

First, Ecrz [log p(C"|Z)], as stated above, is uniquely determined by the
prior that has probability 1 for the reference healthy genome, which typically
has copy number 2 everywhere. Furthermore, log p(7T") is constant over the
support of T" as we assign a uniform prior.

What varies over T is the summand of the remaining term, Ecu e [log p(C?|C*)],
for which we use the notation w(uwv) as it represents the unnormalized weight
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of each arc in the variational distribution. It can be further simplified as:

w(uw) = Ecucve [log p(C"|CY)] (S33)
- Ecucve IOgH H hsuv (i/|i7j/aj)n(cxl—1:i’C:;1:i/»C:;Q_1:j,C::£:j/)
m 4,i,7,5'
(S34)
=3 N Be [1(CY,_ =008 =i)] D Bew [LCY_ = 5,C = )]
m 4,3 5,4
x B, [log he,,, (i']3, 5, 7)] (S35)
=N aCy =i Cn =) a(Cl =4, C = B [log he,, (7]i.57.5)] .
moiif IRT
(S36)

where ¢(C¥ _,,C") can be computed iteratively for all m with a single
forward pass, which is all performed in O(KM A).

a(Cr,, Crq) = a(Cp |Gy = 1)q(Cry—y = 1) (S37)
Q(ng) = Zq( -1 Cm_o = i)v (838)
ieX

and the expectation of the CN coherence function is piecewise defined as

ZZJ(BM;) _w(auv'i_guv) if i — 1 :j_j/
Y(Guy) — (G + buy) —log A otherwise
(839)
following the expression in (4) and the fact that ¢(e,,) = Beta(ayy, Em,).
Note that the weight w(uv) is the same for all trees that contains the
edge uv. We use the weight matrix over the fully connected graph, W(G),
containing all w(uv) : uv € G, for sampling trees using 2 and evaluating our
sampled trees on the variational distribution ¢(T").

E, [log he,, (¢']4, 5", 5)] = {

S3.3 Arc distances

The update for g(eu,) is derived as follows:



VICTree - a Variational Inference method for Clonal Tree reconstruction 24

log ¢* (cuv) (S40)
=E_.  [logp(Y,C,Z,T,¥)

£ Ecor [log p(C|T, )] + log p(eu.)

L Er [Ecucy [log H(C?|C™)]] + log p(euo)

= Z Z mii’ m]j’log hsuu(i/“vj/aj)

+(a—1) 1og(5m,) +(b—1)log(1l — euy), (541)

where C? .., == q(C¥,_, = 1i,C? = i'). Furthermore, the summation over
the four copy numbers can be split into two separate cases, i.e. the two cases of
the CN coherence function, which we denote by A := {i,, j,j'|i—¢ = j—j'}

and its complementary set —A. This being said, we rewrite (S41) as

M
ZZ miir Oy | +a—1 | log(eu)

m=24i'j5’

+ | Er ZZC;;L“,CT?W +b—1]1log(l —euy)

m=21i’jj’

which leaves us with the updated parameters of the variational Beta
distribution over &,,:

M —A

Gup = Er ZZ mii' Cmjjr | + @

m:2 i/ jj’

- : (542)

Eu’u =Er Z Z mu’ mjj +b

m=2 14’ jj’
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S3.4 Assignment concentration

Derivation of ¢(r):

=E_,[logp(Y,C,Z, T, W)

logp(Z|7)] + E_, [logp(w)]

N K
— Z Zq(Zn = k) log ), + log p(m)

n;l k=1 N p
= Zlogﬂk [Zq(Zn = k:)} + Zlogﬂk(ék -1
k=1 n=1 k=1
K N
= Zlogwk [5k + Z q(Z, =k)— 1]
k=1 n=1

Therefore, ¢* () is a Dirichlet distribution with parameters & = (d1,...,0x),
where

N
Op =0k + Y q(Zn=k). (S43)
n=1

S3.5 Cell assignments
Derivation of ¢(Z,,):

log q*(Z,)
=E_z, [logp(Y,C,Z,T,¥))

LE_g, llogp(Y|C,Z,T,p,7)] + E_y, [logp(Z|)]

Note that logp(Y|Z, C,¥) and logp(Z|m) can be written as the sum of
two terms, one that depends on Z,, and one that does not, i.e.,

logp(YIZ,C,J’)

z S 3" (2 = ) 1(CE = 1Dy

m=1 k= 1]62
Z ZZﬂ(Zl = k) 1(C}, = j)Dimj ,
l#n m=1k=1j€X
and
K
log p(Z|=) :ZIL 1ogﬂ'k—|—ZZIL Zy =k)log 7y,
k=1 l#n k=1
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where
Dnmj = Ing(ymn‘Cm = J)
B To Ta . ) (S44)
= log (y/27T eXp( 5 (Ymn — Jhin) )) .
Consequently,
log ¢*(Zy)

K M
k=1 j
We simplify the expression further by:

M
nk = Ex logm] + > > a(Cry = §)Ep,r, [Dmg] s (S45)

m=1jex

with By [log 7] = ¥(0x) — (3, 0r); Epur [Dimy] computed as in (S29).
Finally, we set:

~ exp(’?nk) (846)
n = K -
>i=1€xP(Yn1)
and conclude that ¢*(Z,,) ~ Categorical(7,,) with parameters ¥, = (Yn1, .- - Ynk)

S3.6 Baseline mean and precision

We use the Normal-Gamma joint prior on p,, and 7,, that factorizes over n,
and introduce a joint variational distribution on the corresponding parameters.
The mean-field standard update becomes:

log ¢" (ftn, Tn)
=E_(u,,7,) logp(Y,C, Z,¥)]
20 o8 p(YIC, 2, 9)] + ogp(in. )

Simplifying each term individually yields:

E_., ) logp(Y|C,Z,¥)]

+ P
:]Ef(/*nv'rn) |}Og H p(ymn|cylybu,un77n)ﬂ(zn u,Cp, C)]

m,u,c

1

= Z q(Cy, = c)q(Zn = u) (2 log 7, — %Tn(ymn —c- ,un)Q) (547)

m,u,c
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and

+ 1 1
10gp(:“n7 Tn) = (a - 5) IOg Tn — 57-71 - §Tn)\<ﬂn - ,U)2 .

As our model prior is Gamma-Normal distributed, we suspect our variational
distribution to be in the same family, and attempt to match the parameters
associated with the independent variables of the Gamma-Normal. First we
regroup the variables as follows:

log q*(.uann)
o2 Y aCl = 0a(Ze =) - P)

2 m,u,c
— (Mt Y 4Oy = )a(Zn = 1) - - Y]
M 1 1, 5 2
+(a+7—§)log7n—7n(5+§(ﬂ >‘+%:ymn))'

In order to get the expression on Normal-Gamma form we need to complete
the square for the cross term. We do this by adding and subtracting the
square of the factor of u,7, and then multiplying it with 7,,; the negative
term is then passed to complete the square and the positive is added to the
T, term:

log ¢* (ftn, Tn)

£ —(%)(A + Ze,z(c*)) [in —

(/\.u + EC,Z(Cv ymn)) ] 2

A+ Yo z(c?)
+(a+ % - %) 10g 7 — Tn (B + %(MQ/\ + ;yfm) - % g tic’;c(’ji?;l))%)
where
EQZ(CQ) = Z q(Zn, =u)q(C}, = ¢) P
L0,2(¢:Ymn) = ) Q(7Z;L = u)q(Cy, = ¢) - ¢~ Yomn

By matching the independent variables with the parameters we see that
q* (tbn, 7) is indeed Normal-Gamma(Dy,, Ay, @y, B,) distributed with parame-
ters:
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b= HA + EC,Z(Ca ymn)
" A+ EC$Z(C2)

An = A+ Zoz(P)

(S48)

S4 ELBO computation

In this section we derive the entropy and negative cross-entropy terms of 10
in 4.3.

Since the expectation over the tree topology 7' in 10 requires a sampling
technique to be estimated, i.e., it cannot be derived as for the other variables
in closed form, we separate the expectation into two main parts:

Er[E_7[logp(Y|C,Z,®) +logp(C|Z,T,¥) + log p(Z|¥)

In the subsections below we present each component of the ELBO, by
deriving the negative cross entropy terms of in the inner expectation and
the variational distribution entropy, the latter which we write following the
notation:

Hy(z) = —Ey() [log g(z)] -
S4.1 Observations

Eczw [logp(Y|C, Z,¥)] (549)

Ecze | Y. 1(Zy=v)1(CY = 5)10g p(ymalCl = j)

v,n,m,J

1 ) .
T2 > 4(Zn =0)g(Ch = 5By, [log T — Tn Ymn — jin)” — log 27?]

1 . .
- 2 Z q(Zn =v)q(Cp, = J) [E'rn [log 7] — yfnn]ETn [Tn] + 27YmnEp, 1, [ Tn]

v,n,m,J
— jzlE#nTn [,LtiTn] — log 27r] .

Note that the values of the expectations above are standard expectations
for Normal and Gamma random variables and can be found in subsection S3.1.
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S4.2 Copy numbers

Ec s [log p(C|Z, T, ®)] (850)

=Ecr logp(CM)]+ Y Ecuce: logp(CY|C €)]
uveA(T)

= Ecr [log p(C")]

+ Z (Z (C7 = 5)q(CY = i)he,

uveA(T)
M

+ Z Z Cguz’cmjj’E [logh (] |jaZ 2)])
m=21i'jj’

where E; [log h:(j'|j,7',7)] is computed as shown in (S39) and the varia-
tional distribution quantities (denoted as in Equation (S41)) for the copy
numbers are computed with the forward-algorithm.

Furthermore, we can calculate the entropy by use of the marginals ¢(C,y,)
in the following way:

H,(C) =~ a(Cy, = i)logg(Cyy, = i). (S51)

umt

S4.3 Cell assignments

B llog p(Z]2)] (852)
= Z Ez, - [logp(Z,|m))

= Z Zq(Zn = k)E, [log 7] ,
n k

with B [log 7] = (k) — 1(8o), 6 = Do 6; such that d is the parameter
of the variational Dirichlet distribution over .
The entropy is calculated as:

Ezv [logq(Z Z Z k) log ynt -
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S4.4 Concentration parameter

E [log ()] (S53)
=/7rq(7f')10gp(7r’)d7f’
:/ q(m’) (Z((Sk — 1) log 7}, — log B(d)) dw’
Q k
=) (6 —1) () log 7). dn’ — log B(d) (n)dn'
Zk; k /7T g(m') log 7 g /7T q
= (0k — )Eqny [log 7] — log B(8)
k

1. T(6) L&,
PO s oL

and 6 refers to the variational concentration parameter, while § is the
generative model parameter. The entropy of ¢(r) is found by replacing the
model parameter § with 4.

S4.5 Gaussian mean and precision

E,. [logp(p, 7)] (S54)
=Z/ / q(tn,7y,) log p(pin,, 7y, )Ty, dpar,

S [ [ atwilratr) (ol ) + logp(r))drdit,
> [ [ ([ avimosstnlziya, ) ar;

+/T q(7)) log p(7,) (/ q(%ﬁ)d%) deg} _

n n

The above expression is made of two terms (excluding the outermost
summation): the first double integral which is the expectation over ¢(7,,) of
the negative cross-entropy —H,, |-, (q,p), and the second integral which is
just the negative cross-entropy over 7, of ¢ and p, i.e. —H,, (g,p).
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Therefore we get

E,- [logp(p, )]
= Byt [Bygunir) 108 p(1n|7)]] + By, log p(7)] -

We compute the partial terms below (omitting ¢ as all the expectations
here are taken with respect to the variational distribution)

1 AT, AT,
B ir, [log p(pin|T0)] = B} 0g Tn - TnEMn\Tn [(Hn - H)ﬂ
1 ANTn AT
= gloe 27; B Jvarmrn (2] (S55)

1 A 1
=3 <log)\—log27r— 5\) + §log7'n

n

A 1
B, [Eun\rn [Ing(Mn|Tn)]] = <10g)\ — log 2m — 5\) + iEm [log 74,]

n

N = N

<log)\ — log 27 — % + Y(a,) — log Bn)
! (S56)

(03

E,, llogp(r)] = log Fﬂ@ t (0~ 1y, llog 7] — AEy, [ra]

6a ~ S dn

= log (@) + (= 1)(¥(ay) —log B) — B=

B
(S57)
and then put altogether:
E,- [log p(p, 7)] (S58)
= [% (log)\ —log 27 — % + (@) — log 3n>
#1085 + (0 = D(w(6,) ~log ) ~ 55]

+alog 8 —log I'(a) — B=.
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The variational entropy is computed as follows

Hy(p, ) = Z E., [Hg(pnl7)] + He(rs) (S59)

= Z % (log 21 4+ 1 —log Ay — ¥(Gn) + log Bn)
+ &, — log Bn +log I'(Gy,) + (1 — ap)P(am)

= ];flog%r—i—;; (1 —loan —logj\n)

+ (; — dn> W(Gy) + @ +log I'(ay,) -

S4.6 Epsilon

Ee 1 [logp(e)] (S60)

= BErg(r) Z Ee,, [logp(suv)]]

LuveT

=Eregr | > Ee,, [log B(a,b) — (a — 1)logeu, + (b— 1)log(1 — suv)]]

LuveT

Z (10g B(a, b) — (Cl - 1)[w(auv) - w(&uv + Buv)]

— Equ(T) uveT i i

L + (b - 1)[¢(buv) - 1/J(buv + duv)})
Ec 1 [logq(e)] (S61)
= IE)qu(T) Z H(Q(Euv))‘|

LuveT

[ Z (10g B(&um Buv) - (&uv - l)w(duv) - (Buu - 1)w(1~)uv)
— ETNq(T) uveT

o (@ + buy + 2 (@ + bur) )

S4.7 Tree topology

Er [logq(T)] = — Y q(T)logq(T) (S62)
TET
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since ¢(T) is unnormalized, we use importance sampling to estimate the

normalizing constant and evaluate on ¢(T') = w
=1
Er [logp(T)] = Y q(T) [~ log |T]] (S63)
TeT
= —log|T| ) a(T)
TeT
= - 1Og |T| )

where in case of K nodes and considering labeled arborescences, |7T| =
KE=2[5].

S5 VICTree

S5.1 VICTree pseudocode

The algorithm complexity is dominated by the update of ¢(C) parameters,
which requires O(K M N A?), at every iteration and for every unique tree in
the sample.

Algorithm 1 VICTree pseudocode

: Input: number of importance samples L, number of iterations I, initialized q.
:fori=1,...,I do
update W(G) using (9)
sample T; = T4, ..., T trees using alg. 2
for T; =1Ti,...,1L do
Update ¢;(C), g(e) using 7; and (8,7)
end for
q(C) «— > wr, - qi(C)
Update ¢(Z), g(7), q(p, T) using parameters in (7)
10: end for
11: return

NI A

©

S5.2 VICTree Importance sampling details

During inference process, we need to evaluate expectations over ¢(7T") of some
function of the tree, but enumerating over all possible arborescences can
be costly when considering directed labeled trees with several nodes. More
specifically, by Cayley’s formula [5] and Priifer sequences it is proven that
the number of labeled trees with n nodes is n» 2. In our case the trees are
rooted and directed, thus the topology space is of size n®~!, which quickly
becomes intractable.
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Assuming we can draw samples from ¢(7T') distribution, we can approxi-
mate an expectation as follows.

1

Eyery [f(T)] = £ > f(Th). (S64)
1=1

However, sampling from ¢(7T) is not straightforward, therefore we sample

from an alternative distribution ¢g(T') and apply importance sampling [14]

in order to evaluate the desired expectation. Let ¢(T') denote the weight of

a arborescence T', which is defined to be the product over the edge weights

and let w(T) = ¢(T)/g(T) be the importance weights. Then
(1) o] o Siea (@) (1)
9(7) ity w(Ti)

Self-normalization (S65) is required since both ¢(7") and g(T') are evaluated
up to a multiplication factor.

Eyor [f<T>1=Eg<T>[ f(T)} o (s63)

S6 LARS algorithm

The following algorithm runs with computational time O(|E|K?) since Ed-
mond’s algorithm requires O(K?). It is then clear that, for bigger trees,
the complexity of a tree sample quickly overcomes the complexity of the
other costly operations in each VICTree step, especially the copy-number
variational distribution update ¢(C) as mentioned in Section S5.1.

Algorithm 2 Labeled Arborescence Sampler (LARS)

1: Input: G fully connected graph, W corresponding adjacency matrix.
2: E + ordering of arcs in G, S < 0,g «+ 1
3: whilei < K —1do

4 for e € £ do

5: T < Edmonds(A(S, €))
6: T’ + Edmonds(A’(S,e))
7 0 sty

8: u~U(0,1)

9: if 0 > u then

10: S+ SUe

11: g« gx0

12: end if

13: end for

14: end while
15: return S, g
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S7 Split-merge

We run our split-merge algorithm every 10th iteration during optimization.
First, we merge by checking the L1 distance between Viterbi paths of all
clusters CNPs ¢(C?), ¢(C7). If the distance is smaller than a threshold, we
merge j into i by re-initializing the parameters of ¢(C?) randomly, setting
q¢(Z, = 7) = 0 and doubling ¢(Z,, = ¢). Then, if there exists a degenerate
cluster, [, i.e. a cluster with total probability > ¢(Z, = ) smaller than
a threshold, we run the split algorithm: For all candidate clusters k£ with
> q(Z, = k) > 0.01 we group the cells with argmax; ¢(Z, = j) = k into
two groups, k; and ky by KMeans. Then, we construct temporary g(C*1)
and q(C*2) by applying the CAVI update using only the cells in k; and ks
respectively, and then evaluate the ELBO using these new ¢(C)s. We select
to split the candidate cluster k that results in the maximum ELBO into I.






