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Abstract

Modern datasets are increasingly complex and heterogeneous. Analyzing such
data raises fundamental questions about the mathematical spaces in which data
should be represented, how objects in these spaces should be compared, and
which computable invariants preserve information relevant to a given task. This
thesis studies these questions with topological data analysis as a central frame-
work, using homology as a language for describing the geometry of data.

The first part of the thesis develops distances and invariants for spaces of per-
sistence modules. The starting point is categorical: we regard data as objects
living in categories equipped with enough algebraic structure to define a notion
of size. In particular, abelian categories provide kernels, cokernels, and exact
sequences, allowing distances between objects to be constructed from the fail-
ure of morphisms to be isomorphisms. Persistence modules form a central ex-
ample: they encode how homological features appear and disappear along a
filtration, and may be viewed as functors from a partially ordered parameter
space to vector spaces. Within this framework, we study distances induced by
contours, which provide a flexible way of specifying the geometry of the param-
eter space. This setting leads to compactness results for families of multidimen-
sional persistence modules. In the one-dimensional setting, where a barcode
decomposition is available, we develop algebraic Wasserstein distances based
on /, norms of contour-dependent bar lifetimes. Using these distances, we de-
fine Wasserstein stable ranks, stable and computable invariants whose inter-
pretable parameters can be learned for a given task.

The second part of the thesis moves from the mathematical framework to ap-
plications in neuroscience, where cellular morphologies provide natural exam-
ples of structured geometric data. Microglia and other branched cells can be
represented as rooted trees embedded in three-dimensional space, and their



morphology can be characterized using topological morphology descriptors. In
the morphOMICs pipeline, such descriptors are combined with vectorizations,
bootstrapping, dimensionality reduction, and classification in order to map mi-
croglial morphology across brain regions and sexes, and through development,
disease progression, and experimental perturbations. This gives a data-driven
atlas of microglial morphology that avoids relying on preselected scalar mor-
phometric features.

We further introduce the chromatic topological morphology descriptor (chro-
matic TMD) to study intracellular organization in branched cells. Here a mi-
croglial cell is represented by a rooted tree, while CD68-positive and mitochon-
dria organelles are represented by subgraphs of that tree. The inclusion of the
organelle subgraph into the cell tree induces a morphism of persistence mod-
ules, and the image, kernel, and cokernel of this morphism describe comple-
mentary aspects of organelle organization: where organelles occupy branches,
where they co-localize within branch structures, and where they are absent.
An efficient tree-based algorithm is developed for computing these descriptors.
Applied to retinal microglia, the method reveals organelle-specific spatial pro-
grams: CD68-positive organelles reorganize in a layer- and injury-dependent
manner, while mitochondrial organization remains more closely coupled to the
underlying branching morphology.

The third part of the thesis studies how stable homological invariants can be
used in machine learning. Stable ranks provide a bridge from persistence mod-
ules to function spaces or finite-dimensional vector spaces, making persistence-
based information accessible to kernel methods and neural networks. We intro-
duce stable rank kernels, in which the choice of distance on persistence mod-
ules determines the stable rank and, consequently, the similarities encoded by
the kernel. Varying this distance through contours can improve supervised
learning performance. We also study subsampling-based stable ranks, in which
probability distributions on a reference dataset are used to draw many subsam-
ples, compute persistent homology and the corresponding stable ranks, and
average the resulting functions. Different choices of distribution yield global
descriptors of datasets or relative descriptors of points in the ambient space
with respect to a reference object.

Finally, we investigate robustness in persistence-based learning. Persistent ho-
mology is stable with respect to suitable metrics, but these guarantees need
not be preserved when persistence modules are processed by neural networks.
We therefore introduce a stable rank network, combining stable rank vectoriza-
tions with Lipschitz neural network layers. This architecture has a controlled
Lipschitz constant and yields sample-wise certificates of robustness in Wasser-
stein or bottleneck distance. This shows that topological stability can be pre-
served through a learning pipeline and used to certify robustness against ad-
versarial perturbations.



Sammanfattning

Moderna datamiangder blir alltmer komplexa och heterogena. For att analysera
sddan data méste man forst avgora vilket matematiskt rum som &r anpassat for
datan, hur objekt i detta rum ska jamforas, och vilka berdkningsbara invarian-
ter som bevarar den information som ar relevant for en given uppgift. Denna
avhandling studerar dessa fragor ur ett topologiskt dataanalysperspektiv, med
homologi som ett sprak for att beskriva datans geometri.

Den forsta delen av avhandlingen utvecklar avstind och invarianter for rum
av persistensmoduler. Utgdngspunkten ar kategoriteoretisk: vi betraktar data
som objekt i kategorier med tillrickligt mycket algebraisk struktur for att de-
finiera ett storleksbegrepp. I synnerhet har abelska kategorier kdrnor, kokar-
nor och exakta foljder, vilket gor det mojligt att konstruera avstdnd mellan
objekt utifrén i vilken grad morfismer misslyckas med att vara isomorfismer.
Persistensmoduler utgor ett centralt exempel: de beskriver hur homologiska
egenskaper uppstar och férsvinner liangs en filtrering, och kan ses som funkto-
rer fran ett partiellt ordnat parameterrum till vektorrum. Inom detta ramverk
studerar vi metriker inducerade av contours, vilka beskriver floden i parame-
terrummet. Detta leder till kompakthetsresultat for familjer av flerdimensio-
nella persistensmoduler. I det endimensionella fallet utvecklar vi algebraiska
Wasserstein-metriker genom att kombinera contours med en viktning av persi-
stensmoduler via /,-normer av deras intervallingder. Dessa metriker ger upp-
hov till Wasserstein stable ranks, vilka ar stabila och berdkningsbara invarian-
ter som kan parametriseras pa ett tolkningsbart sitt och optimeras i maskinin-
larningsuppgifter.

Den andra delen av avhandlingen tillimpar topologiska metoder inom neuro-
vetenskap, dar celluldra morfologier ger naturliga exempel pa strukturerad geo-
metrisk data. Mikroglia och andra férgrenade celler kan representeras som rota-



de trad i ett tredimensionellt rum, och deras morfologi kan karakteriseras med
hjalp av topologiska deskriptorer. I morphOMICs-pipelinen kombineras séda-
na deskriptorer med vektoriseringar, bootstrapmetoder, dimensionsreduktion
och Klassificering for att kartlagga mikroglians morfologi 6ver hjarnregioner,
kon, utveckling, sjukdom och experimentell perturbation. Detta ger en datadri-
ven atlas 6ver mikroglians morfologi som inte forlitar sig pa férvalda skaléra
morfologiska métt.

Vi introducerar ocksa chromatic TMD, en topologisk deskriptor for att studera
intracellulér organisation i forgrenade celler. Har representeras en cell av ett ro-
tat trdd, medan organeller sésom CD68-positiva lysosomer eller mitokondrier
utgor delgrafer av detta trad. Inklusionen av organell-delgrafen i celltradet in-
ducerar en morfism av persistensmoduler, och bilden, kdrnan och kokdrnan av
denna morfism beskriver komplementira aspekter av organellernas organisa-
tion: var organeller forekommer i grenarna, var de samlokaliseras i grenstruk-
turer och var de inte férekommer. En effektiv tradbaserad algoritm utvecklas
for att berdkna dessa deskriptorer. Tillimpad pa mikroglia fran ndthinnan pavi-
sar metoden organellspecifik struktur: CD68-positiva lysosomer uppvisar olika
omorganisation beroende pé nithinnelager och skada, medan den mitokondri-
ella organisationen forblir mer tétt kopplad till den underliggande f6rgrenings-
morfologin.

Den tredje delen av avhandlingen studerar hur stabila homologiska invarian-
ter kan anvéndas i maskininlarning. Stable ranks skapar en brygga mellan per-
sistensmoduler och funktionsrum eller dndligdimensionella vektorrum, vilket
gor homologisk information tillgénglig for kirnmetoder och neurala nétverk. Vi
introducerar stable rank kernels, dir valet av metrik pa persistensmoduler av-
gor vilken geometri kidrnan ser, och visar att variation av denna metrik genom
contours kan forbattra prestanda i 6vervakad inldarning. Vi studerar ocksé sub-
samplingsbaserade stable ranks, dar man upprepade ginger samplar fran en
sannolikhetsfordelning pa en referensdataméngd, beraknar homologiska inva-
rianter och bildar medelvardet av de resulterande stable ranks. Detta ger béde
globala deskriptorer av dataméngder och relativa deskriptorer av punkter med
avseende pa referensobjektet.

Slutligen undersoker vi robusthet i homologibaserad inldrning. Persistent ho-
mologi ar stabil med avseende pa lampliga metriker, men denna stabilitet kan
ga forlorad nir persistensmoduler anvinds i obegriansade neurala nitverk. Vi
introducerar darfor ett stable rank network som kombinerar vektorisering av
persistensmodulen med Lipschitz-neurala natverkslager. Denna arkitektur har
en kontrollerad Lipschitzkonstant och ger robusthetscertifikat per datapunkt i
Wasserstein- eller bottleneck-avstdnd. Resultatet visar att topologisk stabilitet
kan bevaras genom en inldrningspipeline och anvéndas for att certifiera robust-
het mot adversariella perturbationer.

vi
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Introduction

1.1 What is data?

Back in elementary school our math teacher may have asked us to collect mea-
surements about our schoolmates. Esther is 1.52 meters tall and lives 2.7 kilo-
meters from school, while Gustav is 1.56 meters tall and lives 6 kilometers from
school. Secretly, Esther and Gustav had been converted into vectors in a finite-
dimensional vector space. There is a lot to like about this space. The finiteness
comes in handy for writing down our two data points into our notebook or later
billions of them on a computer. Vector addition and scalar multiplication allow
us to average Esther and Gustav, leading in later classes to the development of
statistical methods. Perhaps the most fundamental, however, is the existence
of norms, leading to metrics. Without this possibility to compare the vectors
corresponding to Esther and Gustav, we could probably not consider them as
data at all.

What is considered data at a given time and place in history is the product of the
real world phenomena that we as humans have an interest in measuring, our
engineering inventiveness in constructing devices to capture, store and process
such phenomena, but also our capacity to define and reason mathematically
about them. While this thesis focuses on particular methods in topological data
analysis, a broader concern running through it is the mathematical representa-
tion of data and the structures that make its analysis possible. We will start our
journey in a theoretical and very general setting, where the building blocks of
data can start to be defined. Step by step, the setting will become more special-
ized, enabling computational methods, learning, and actual applications along
the way.
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1.2 Categories and metrics

In an abstract setting, measurements may not be points in a vector space but
may be regarded as objects in a category. A category € consists of objects and
morphisms between them; composition of morphisms is associative and each
object admits an identity morphism.

While a general category carries too little structure, abelian categories provide
a zero object, kernels, cokernels, and exact sequences, the basic language in
which our metrics will be formulated.

Definition 1.2.1. An abelian category is a category € such that:

1. for all objects A, B of €, the morphisms from A to B form an abelian
group Hom (A, B) and composition is bilinear;

2. € has a zero object and all binary biproducts;
3. every morphism admits a kernel and a cokernel;

4. every monomorphism is the kernel of its cokernel and every
epimorphism is the cokernel of its kernel.

In a normed vector space, the norm satisfies |0]| = 0 and the triangle inequal-

1ty
|z + 2] <l + =]

In an abelian category, a short exact sequence
0=-X—-Y—=>2-=0

expresses Y as being built from X and Z. The following definition formalizes
an analogous notion of “size” for objects in an abelian category.

Definition 1.2.2. A norm on an abelian category € is a function
N : Ob(C) — [0, <]

such that:
1. If 0is a zero object, then N(0) = 0.

2. For every short exact sequence
0-X—-Y—>272-0,

one has
max{N(X),N(Z)} < N(Y) < N(X)+ N(2).
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The right-hand inequality is the analogue of the triangle inequality, while the
left-hand one expresses that subobjects and quotients of Y are no larger than
Y. It follows that if f : X — Y is an isomorphism then N(X) = N(Y) and
N(ker(f)) = N(coker(f)) = 0. In a normed vector space, the distance be-
tween two vectors is obtained by taking their difference and measuring its norm.
In an abelian category, however, there is no literal notion of subtracting ob-
jects. To compare two objects X and Y, we instead relate them through a span

! g . .
X + W — Y and measure how far the morphisms f and g are from being iso-
morphisms.

Definition 1.2.3. Let N be a norm on € and let ¢ € [1, 0]. For
X,Y € Ob(C), set

d%(X,Y) = inf{| (N (ker f), N (coker ), N (ker g), N (coker g))|, | X <i w Y},

where the infimum is taken over all such spans.

The function d¥, is an extended pseudometric. The triangle inequality is proven
in Proposition 4.4 of Paper B for tame persistence modules (see next section)
and applies verbatim in any abelian category.

The construction above suggests a more general viewpoint in which costs are as-
signed directly to morphisms, rather than being derived from a norm on objects
through their kernels and cokernels. In Paper A, we develop this viewpoint us-
ing valuations, which assign extended non-negative real values to morphisms.
A valuation induces an extended pseudometric on objects by taking the infi-
mum of the total cost over arbitrary zig-zags connecting them. We then study
conditions under which this minimization can be reduced to spans and investi-
gate the relationship between valuations and norms.

1.3 Tame functors indexed by posets

In the introduction we suggested that data need not appear as points in a vec-
tor space. Instead, one may think of each data point as giving rise to a family
of vector spaces obtained from measurements taken at different scales. These
vector spaces are linked by structure maps describing how the measurements
evolve as the scale changes. Objects of this type are called persistence modules
and in Section 1.8 we will give examples of how they arise from more familiar
types of data. The aim of this section is to formalize the category in which they
live.

Let [0, 00)* denote the poset of ¢-tuples of non-negative real numbers ordered
coordinatewise, thatis, (vy, ..., vy) < (wy, ..., w,) if v; < w, for all i. Throughout
this thesis we fix a field K and denote by vecy the category of finite-dimensional
vector spaces over K.
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An ¢(-parameter persistence module [10] is a functor
X :[0,00)" — vecg,

assigning to each parameter value v a vector space X(v) and to each relation
v < walinear map X (v < w) : X(v) — X (w), compatibly with identities and
composition.

For v € [0,00)¢, let K (v, —) denote the functor free on one generator in degree
v, which sends z to K if v < z and to 0 otherwise, with the evident structure
maps.

Definition 1.3.1. A functor X : [0, 00)? — vecy is called tame if it admits a
finite presentation, that is, if there exists an exact sequence

énBK(vj7—)—>éK(wi,—)—>X—>O
j=1

i=1

for some finite sequences of parameters v, w; € [0, 00)".

Among all presentations of a tame functor there are minimal ones, unique up
to isomorphism [7]. In a minimal presentation, m is the minimal number of
relations while n is the minimal number of generators of X; we call n the rank
of X. The category of tame persistence modules with natural transformations
as morphisms is abelian [13] and will serve as the principal example throughout
this thesis. We will denote it by tame([0, 00)*, vecy).

Finitely presented persistence modules form a natural class both from the view-
point of applications and computation. In particular, persistent homology mod-
ules arising from finite simplicial multifiltrations, including sublevel filtrations
of finite simplicial complexes, admit finite presentations (see Section 1.8.3).
They provide convenient input representations for the computation of invari-
ants and distances in multiparameter persistence [29].

1.4 Norms from contours

The parameter space [0, c0) carries a natural notion of increasing scale. This
allows one to measure the “size” of a persistence module by how far one must
move in parameter space before the corresponding structure maps become triv-
ial. A convenient way to formalize such shifts is through the notion of a contour.
Let [0, 00)%, denote the poset obtained from [0, o0 )* by adjoining a global maxi-
mum element oc.

Definition 1.4.1. A contour is a function
% :[0,00)%, x [0,00) — [0,00)%,

satisfying the following properties:
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1. v<wvxtforallv e [0,00)’ andt € [0,00);

2. v<wands < timplyv*s < w=xtforallv,w € [0,00)%, and
s,t € [0,00);

3. (vxt)xs<wvx(t+s)forallve[0,00)% and s,t € [0,00);

4. forevery v,w € [0,00)%, the set {t € [0,00) | v*t > w} is either
empty or an interval of the form [a, c0) for some element a € [0, c0).

Intuitively, a contour specifies how parameters flow forward in time. The sim-
plest example is the standard contour, defined by

.t 00 if v = oo,
v =
v+ (t,...,t) ifve]0,00).

This contour shifts all coordinates uniformly along the diagonal direction of the
parameter space.

Definition 1.4.2. Let * be a contour and X in tame([0, 00)*, vecy). Define
cx ={t€0,00) | X(v<wvxt)=0foreveryv € [0,00)" such that vt < oo},

and set
N, (X) =inf(cy) € [0, 0] (inf() = o0).

The quantity N, (X) measures how far one must flow along the contour before
the structure maps of X become trivial. The function N, is a norm in the sense
of Definition 1.2.2; norms obtained from contours in this way are called simple.
For the standard contour the condition defining c reads: every structure map
X(v) — X(v+ (t,...,t)) vanishes. Thus N, (K (u,—)) = oo, while for £ = 1
and a < b the cokernel of the inclusion K(b,—) C K(a,—) has N, equal to
b—a.

A central reference point for distances on multiparameter persistence modules
is the interleaving distance, d; [28, 9]. For the standard contour, the distance
induced by N, is bi-Lipschitz equivalent to it: for X and Y in tame([0, 00 )¢, vecy),

This is shown in Paper A for an arbitrary contour and the interleaving distance
it induces. The parametrization by contours also makes it possible to control
properties of the induced distance through properties of the contour. In partic-
ular, unital contours, satisfying v x 0 = v, are precisely those for which the in-
duced pseudometrics become metrics on isomorphism classes of tame([0, 00 )¢, vecy ),
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while continuous contours allow the contour-induced geometry of the param-
eter space to be controlled by its standard Euclidean geometry. This control
extends to the space of tame persistence modules itself: over a finite field, con-
tinuous contours give rise to a rich family of compact subsets in the topology
defined by N,, consisting of modules whose minimal presentations have uni-
formly bounded numbers of generators and relations, with all generator and
relation degrees contained in a fixed compact subset of [0, 00)* (in the standard
topology). Compactness is useful in optimization and statistical analysis, for
instance by providing existence guarantees for optimization problems and a
natural setting for approximation results.

1.5 One-parameter persistence and norms from barcodes

The norms of the previous section are worst-case quantities: N, (X) is decided

by the structure map of X that survives longest. In the one-parameter case ¢ =

1, where every tame module decomposes into bars, this is the largest bar life-
time, and no other bar contributes, however many there are. Aggregating the

lifetimes by an £, norm instead gives a second family of norms, still parametrized
by contours but no longer determined by them, which recovers those of Sec-
tion 1.4 when p = co. We consider tame persistence modules X : [0, c0) — vecy,
forming the category tame([0, ), vecy) introduced in Section 1.3.

Definition 1.5.1. For a < bin [0, co] the bar K (a, b) is the persistence
module supported on the interval [a, b):

K(a,b)(t) =

K ifa<t<b,
0 otherwise,

with the evident structure maps.

The presentations of bars are easy to describe. The infinite bar K (a, o) is the
free functor K (a,—) of Section 1.3, while a finite bar K (a, b) admits a minimal
presentation

0 — K(b,o00) — K(a,00) — K(a,b) — 0.

Bars are precisely the indecomposable objects of tame([0, o), veck) and form
the building blocks of all such persistence modules. A classical structural result
states that every tame persistence module X decomposes as a finite direct sum
of bars

X%Q}K(ai,bi)7 a; < b;in [0, 0],
i=1

and that this decomposition is unique up to permutation of the summands (see,
e.g., [16]).
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The multiset of intervals {[a;, b;)}, is called the barcode of X. The integer n
equals the number of generators in a minimal presentation of X, and therefore
agrees with the notion of rank introduced in Section 1.3.

In the one-parameter setting, contours provide a convenient way to assign lengths
to the bars appearing in a barcode decomposition. We restrict the notion of con-
tour introduced in the previous section to:

%1 [0,00) x [0,00) = [0, 00),

and, for the constructions below, further restrict to regular actions: contours
that are actions, in the sense that v«0 = vand (v*t)*s = v« (t+s), and regular,
in the sense that the maps — * s : [0,00) — [0,00) and v * — : [0,00) — [0, 00)
are injective, the latter with image [v, 00).

Under these assumptions the map v x — : [0,00) — [v,00) admits an inverse,
leading to the following definition.

Definition 1.5.2. Let x be a regular action. The lifetime function \,(a,b) for
a < b < oo is defined by

A(a,b) = (a* —) "' (b) = inf{t > 0| axt > b},

while ), (a, 00) = oco.

The value A, (a, b) is interpreted as the lifetime of the bar K (a, b) with respect to
the contour *. For the standard contour a ¢ = a+t one obtains A, (a,b) = b—a,
recovering the usual bar lengths.

More generally, one can define integral contours by specifying a Lebesgue-
measurable function f : [0,00) — (0,00), called density. The contour x; is
then defined implicitly by requiring that

t= / " f(z) da.

In this case, the lifetime A*f (a, b) measures the f-weighted length of the interval
[a, b]. When f is the constant function with value 1, one recovers the standard
contour.

Contours therefore provide a way to assign weights to the bars in a barcode
decomposition. Combining these lifetimes with classical p-norms yields norms
on persistence modules.

Definition 1.5.3. Let « be a regular action and let X =~ @' | K(a,,b;) bea
tame persistence module. For p € [1, oc] we define

n n1/P
o A(a;, b,)? , 1, 00),
X, = {(zz_l (aib)?) ", p € [1,00)
max{\,(a;,b;)} p = o0.

1) Y1) Si=1
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Note that | X|, , = oo as soon as X has an infinite bar. In Paper B we show that
the function | - |, , defines a norm on tame([0, 00), veck) in the sense of Defini-
tion 1.2.2. The case p = oo gives a simple norm and can be equivalently defined
using Definition 1.4.2. For p < oo the norms, while still being parametrized
by contours, are not simple. For every ¢ € [1,00], | - [, , induces a pseudomet-
ric between persistence modules, which we call dj . to differentiate it from the
pseudometric induced by simple norms df, in Section 1.4. We obtain dj . = d};
only for p = co.

These algebraic distances can be related to the classical geometric distances in
topological data analysis. Recall that a persistence module X = " | K(a;,b;)
determines a multiset

D(X) = {(a;; b;)}i4
called its persistence diagram.

Given two persistence diagrams D, and D,, and parameters r, s € [1, o], the
W Wasserstein distance [16] between them is defined as follows. For r <
o0,

1/r
Wi, Dy) = (igf > ||m—y|g) ,

(z,y)ey

while for r = oo,
W2 (Dy, Dy) = inf sup [z —yl,,
7 (zy)ey
where in both cases the infimum is taken over all matchings v between the
points of D, and D,, allowing points to be matched to the diagonal {(¢,t) |
t €[0,00)}.

In Paper B we study correspondences between algebraic pseudometrics aris-
ing from these norms and Wasserstein distances between persistence diagrams.
When x is the standard contour, the following result can be derived from [36]:

dp«(X,Y) = WP(D(X), D(Y)).

For p = oo, this recovers the bottleneck distance. The equality is specific to

¢ = p and fails otherwise. For an arbitrary regular action = the same holds after

reparametrizing the diagram by the lifetime function: dj .(X,Y) = WP (7, D(X),
where 7, (a,b) = (A.(0,a), A, (0,b)) is applied pointwise. Such a contour there-
fore acts on persistence diagrams by deforming the plane.

1.6 Feature spaces

For the one-parameter pseudometrics considered in the previous section, their
identification with Wasserstein distances between persistence diagrams pro-

vides polynomial-time algorithms for their computation via matching problems [26].

10
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These distances are nevertheless defined through an optimization problem rather
than a simple closed-form expression.

Computability of distances is only one desirable property of a representation
of data. For statistical and machine-learning applications, one also wants the
space in which the representation takes values to allow the operations these
methods rely on: averaging, measuring similarity, feeding a vector to a neural
network. While persistence diagrams carry a metric, they do not form a vector
space. A mean must be defined variationally, as a Fréchet mean, a minimizer
of the sum of squared distances to the given diagrams; for Wasserstein metrics
such a minimizer need not be unique, and computing it is itself an optimization
problem [38].

This motivates an alternative approach in which one studies computable invari-
ants derived from persistence modules, taking values in spaces that are better
suited for applications in statistics and machine learning [8, 1]. In this section
we introduce three such spaces — borrowing terminology from machine learn-
ing we refer to them as feature spaces. In the next section we will describe maps
from tame([0, 00)*, vecy) into these spaces.

1.6.1 The L, function space

Let L,([0,00)) denote the space of square-integrable real-valued measurable
functions on [0, 00), where functions that agree almost everywhere are identi-
fied. This space carries the inner product

(f.g) = / F(t)g(t) dt,
Jo

which induces a norm and a metric, d;, , making L, ([0, 00)) a Hilbert space.

Although L, is an infinite-dimensional space, its Hilbert structure provides an
inner product, and with it a rich geometry. In particular, inner products al-
low one to measure similarity between data points and form the basis of kernel
methods widely used in machine learning [33]. In Paper F we introduce kernels
based on the stable rank invariants defined in Section 1.7. Its linear structure
is equally useful: averaging is a pointwise operation and, unlike for persistence
diagrams, the average is the unique Fréchet mean.

1.6.2 The interleaving function space
Let M denote the set of measurable real-valued functions on [0, co).

On this space we define the interleaving distance, which is an extended pseu-
dometric:

d.(f,9) =1inf{e > 0| f(t) > g(t +¢) and g(t) > f(t +¢) forall t > 0},
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with the convention inf ) = oo.

This distance measures how much the graphs of two functions must be shifted
horizontally so that each function dominates the other and may be seen as a
function-space analogue of the interleaving distance between persistence mod-
ules (Section 1.4).

1.6.3 The space /%)

Finally, we consider the finite-dimensional vector space R" equipped with the
¢, distance

We denote this space by ¢%.

This representation is particularly convenient for machine learning: finite vec-
tors can be used directly as inputs to neural networks, allowing subsequent lay-
ers to learn richer representations of the data.

1.7 Stable rank invariant

Many commonly used invariants and vectorizations in persistent homology are
formulated directly as maps from persistence diagrams. The stable rank is in-
stead defined algebraically, at the level of persistence modules. This formu-
lation does not rely on the existence of a barcode decomposition and therefore
extends naturally to multiparameter persistence. Moreover, the construction is
not tied to the bottleneck or Wasserstein distances: it can be applied to any of
the pseudometrics induced by the contour framework introduced above.

1.7.1 Construction and target spaces

The invariants are obtained by a general stabilization procedure. The idea is to
start from a discrete invariant defined on an extended pseudometric space and
convert it into a stable function-valued invariant.

Definition 1.7.1. Let (X, d) be an extended pseudometric space and let
¢: X — N
be a discrete invariant. The stabilization of ¢ is the function

$a(z)(t) = min{e(y) | y € X, d(x,y) < t}.

We now apply this construction to persistence modules. Recall that the cate-
gory tame([0, 00)*, vecy) is equipped with pseudometrics induced by the norms
introduced in Section 1.4 and Section 1.5. Moreover, persistence modules admit

12
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a natural discrete invariant, their rank (Section 1.3). Applying the stabilization
procedure to the invariant

rank : tame([0, 00)¢, vecg) — N

with respect to an extended pseudometric d on tame([0, 00)¢, vecy) yields the
stable rank rank;(X).

—_—
Thus rank,(X)(t) represents the smallest rank that can be obtained by per-
turbing the persistence module X by at most ¢. By construction the function
—_—

rank,(X) is non-increasing and takes values in N, hence it belongs to the func-
tion space M introduced in the previous section.

Under mild additional assumptions, stable rank functions can also be viewed as
elements of the other feature spaces introduced earlier. For instance, suppose
we consider a dataset of persistence modules which become trivial beyond a cer-
tain parameter value, meaning that there exists v € [0, 00)? such that X (w) =0
for all w > v. For contours such that every finite parameter value is reached in
finite contour time, including the standard contour, the corresponding stable
rank functions vanish for sufficiently large ¢ and therefore have bounded sup-
port. Since they are also bounded by rank(X), they belong to L, ([0, c0)).

In the one-parameter setting, for the Wasserstein pseudometrics studied in Pa-
per B, stable rank functions admit finite vector representations obtained from
their generalized inverses. Assuming that the modules in the dataset have uni-
formly bounded rank and the same number of infinite bars, the vectors can
be chosen in a common space /% so that the interleaving distance between
the functions agrees with the distance between the corresponding vectors, that
is,

d,(rank,(X), Tank,(V)) = doy (€x, &y ),

where ¢, & € ¢ denote the vector representations of the stable ranks.

1.7.2 Stability properties

To justify an invariant, we want to relate the pseudometric on the space of
persistence modules to the pseudometric on the corresponding feature space
through Lipschitz-type bounds.

For the stable rank, a strong stability property holds with respect to the inter-
leaving distance. In particular, for any pseudometric d on tame([0, 00)*, vecy)
and persistence modules X, Y, one has

—_—

d(X,Y) > d,(rank,(X),rank,(Y)).

Thus the map X r/aIId (X) is 1-Lipschitz when the target space M is equipped
with the interleaving distance [34].

13
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When stable ranks are instead viewed as elements of L, ([0, c0)), a weaker bound
holds. In this case one obtains

—

cd(X,Y)"? > d (rank,(X), rank,(Y)),
where ¢ = max{rank(X), rank(Y")} [14, 34].

1.7.3 Feature-space representation and computation

There are fundamental limitations on representing the geometry of persistence
diagrams in linear feature spaces. Finite-dimensional bi-Lipschitz embeddings
into Hilbert spaces are impossible even when the number of points in the dia-
grams is uniformly bounded [11]. On the other hand, if the number of points is
bounded, bi-Lipschitz embeddings into an infinite-dimensional Hilbert space
do exist, although their distortion necessarily deteriorates as the bound on the
number of points grows. There is a further restriction for additive vectoriza-
tions: globally Lipschitz additive representations into Hilbert spaces are fun-
damentally tied to W; and cannot in general be obtained for W, with p > 1
[32].

This motivates representations in alternative spaces, such as the interleaving
function space for stable ranks, where the stabilization construction is 1-Lipschitz
with respect to the pseudometric used to define it. This applies in particular to
the different Wasserstein-type distances studied in Paper B.

The explicit and efficient computation developed in Paper B concerns the one-
parameter setting, where barcode decompositions are available. A key low-rank
approximation result shows that, for the algebraic Wasserstein pseudometrics
considered there, a closest module of a prescribed lower rank can be chosen
as a submodule of the original module, obtained by deleting the bars with the
shortest contour-dependent lifetimes. This reduces the computation of the sta-
ble rank to sorting the bars by lifetime and yields an O(n logn) algorithm for a
barcode with n bars.

Beyond theoretical and computational properties, invariants can also be as-
sessed by their empirical performance on downstream tasks, their suitability
for visualization, and whether their parameters can be interpreted and opti-
mized from data. See [3] for a survey.

1.8 From data to persistence modules

Let S be a simplicial complex. Its simplicial homology groups H,(S) provide
algebraic invariants describing k-dimensional topological features of the com-
plex. While homology captures global properties such as connected compo-
nents or loops, it is often too coarse to distinguish between different geometric
configurations.

14



CHAPTER 1. INTRODUCTION

For instance, consider a tree viewed as a simplicial complex. Since trees are
contractible, all reduced homology groups vanish. Homology therefore cannot
distinguish between trees with different branching structures. To obtain richer
information one considers not a single simplicial complex but a family of com-
plexes related by inclusions.

Crucially, homology is functorial: an inclusion of complexes induces a linear
map between their homology groups, compatibly with composition. A family
of complexes ordered by inclusion therefore yields not merely a family of vec-
tor spaces but a functor into vecy — a persistence module in the sense of Sec-
tion 1.3.

1.8.1 Filtrations induced by functions

Let S be a finite simplicial complex equipped with a function
f:8=10,00)"

on its simplices such that
f(r) < f(o)

coordinatewise whenever 7 is a face of o. Such a function induces a family of
subcomplexes (S,) )¢ defined by

v€[0,00
S, ={o €S| flo) <o},

where the inequality is understood coordinatewise. These complexes satisfy

S, C S, whenever v < w,

and thus form an ¢-parameter multifiltration of S.

Another geometric construction is obtained when the simplicial complex S is
equipped with a subcomplex 7" C S. Restricting the function f to T induces a
family of subcomplexes (T,,) ,¢(g,o0)c With

T,={0ceT| flo) <wv}.
For every v € [0,00)¢ one has T, C S,.

For the case ¢ = 1 these inclusions are illustrated in the following commutative
diagram. Since S is finite, the filtration changes only at finitely many parameter
values v; < -+ < w,,:

T, T, T,
[ [
S, S,, S,

15
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For example, if a tree is embedded in R? and a vertex is chosen as a root, one may
measure the distance of simplices to the root. One may then study the topology
of the subset of the tree obtained by progressively revealing the structure from
the leaves toward the root. One may also consider a subcomplex obtained by
selecting a subset of vertices and edges of the tree. This naturally leads to a
superlevel-set filtration, which can be expressed as a sublevel filtration after
reparametrizing the function.

1.8.2 Filtrations from metric spaces

Another common starting point is a finite metric space (X, d).

A simplicial complex can be constructed from (X, d) using the Vietoris-Rips
construction [20]. For each scale parameter » > 0 we define

VR, (X)={c C X |d(z,y) <rforallz,y € o}.

Ifr; <r,then VR, (X) C VR, (X), and thus (VR,(X)),, forms a filtration of
simplicial complexes.

The construction can be extended if the finite metric space is equipped with a
function f : X — [0,00). For example, f may represent a codensity estimate.
In this case one may define

VR, (X) ={0 C X |d(z,y) <rforallz,y € o, f(x) <tforallz e o}.
If (rq,t;) < (r9,t5), then

VR, ¢, (X) S VR, (X),

and thus (VR, ;(X)) ;. 1)e[0,0)> forms a two-parameter filtration.

A variety of other multiparameter constructions have been developed, includ-
ing interlevel-Rips trifiltrations, multicover bifiltrations, and multifiltrations
adapted to image data. See [7] for an overview.

1.8.3 From filtrations to persistence modules

Let (S,)
that

velo,00)¢ D€ an (-parameter filtration of simplicial complexes, meaning

S, €S, whenever v < w.

Fix a homological degree k& > 0. Applying simplicial homology with coefficients
in the field K yields vector spaces H,(S,) together with linear maps

Hk(Sv) - Hk(Sw)
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induced by the inclusions S, C S,,. Thus the homology of the filtration defines
a functor
H(S,) : [0,00)" — vecg .

If T C S is a subcomplex, the filtrations (7)) and (S,) satisfy T,, C S, for all v,
and therefore induce maps

Hy(T,) = H(S,)

compatible with the filtration. These maps define a morphism of persistence
modules from H(T,) to H,(S,). In particular, the image, kernel and cokernel
of this morphism define persistence modules, viewed as subfunctors or quo-
tient functors of the modules associated to 7" and S [19]. The kernel and cok-
ernel appearing here are the same constructions used in Section 1.2 to com-
pare objects of an abelian category; there they measure how far a morphism is
from being an isomorphism, here they extract complementary descriptors from
one.

For the case ¢ = 1, let v; < -+ < v,, denote the distinct parameter values at
which the filtration changes. We visualize the resulting commutative diagram
below (compare with the diagram in Section 1.8.1):

H(T, ) — H}c(T%) — o —— H (T, )

V1 m

| | |

Hy(S,,) —— Hy(Sy,) —— = —— H(S,

)

where the horizontal maps are induced by inclusions in the filtration and the
vertical maps by the inclusion 7' C S.

m

For the finite simplicial filtrations considered above, only finitely many sim-
plices enter the filtration, each at a finite parameter value. The resulting ho-
mology persistence modules therefore admit finite presentations and belong to
the category tame([0, 00)*, vecy ), which forms the main object of study in this
thesis.

1.9 Stability

In order to be useful in applications, constructions associating invariants to
data should satisfy a form of continuity, in the sense that small perturbations
of the input lead to controlled changes in the output. Continuity is inherent
in many standard methods, including neural networks built from affine layers
and continuous activation functions. Persistent homology additionally admits
explicit global stability theorems relating metrics on the input data to metrics
on the associated persistence modules through Lipschitz bounds.
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Throughout this section we fix * to be the standard contour. We first consider
stability with respect to perturbations of a filtering function. Let S be a finite
simplicial complex and let f,g : S — [0, 00) be functions compatible with the
face relation, as in Section 1.8.1. Then for every & > 0 one has

A3 (Hy(S1), Hy(89)) < | f = glloos

where S{ and 5S¢ denote the filtrations induced by f and g, respectively, and If—
Jloo = max, g | f(o) — g(0)|lw- Since f and g are real-valued, the modules are
one-parameter and the left-hand side is the bottleneck distance (Section 1.5);
this is the classical stability theorem of [18].

For vector-valued filtering functions f,g : S — [0, 00)¢ the corresponding per-
sistence modules are || f — g|| . -interleaved, so that

dy(Hy(53), Hy(82)) < ] = 9l
[28, 9]. By the comparison of Section 1.4, it follows that d}; (H,, (), H,(59)) <
4)f = 9lo-

Additional stability results relate p-Wasserstein distances to p-norms of pertur-
bations of filtering functions in the one-dimensional case [36].

We now consider stability with respect to perturbations of the underlying met-
ricspace. Let (X, dy)and (Y, dy ) be finite metric spaces. The Gromov-Hausdorff
distance between X and Y is defined by

dGH(Xv Y) = Zi};ﬁfd) dfl(@(X)v ¢(Y)),

where the infimum is taken over all isometric embeddings ¢ : X < Z and
¢ : Y < Z into a common metric space Z, and d% denotes the Hausdorff
distance in Z.

For each k > 0, let H,(VR,(X)) and H,(VR,(Y)) denote the persistence mod-
ules obtained from the Vietoris-Rips filtrations of X and Y. Then one has

This result is due to [15].

110 Computational aspects

Persistence modules arising from filtrations of finite simplicial complexes ad-
mit a concrete representation in terms of linear algebra. A filtration induces a
filtered chain complex whose boundary operators can be encoded as matrices
ordered according to the filtration. This representation provides the computa-
tional access point for invariants.
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In the one-parameter case, tame persistence modules admit a decomposition
into interval summands, giving rise to the barcode, as discussed in Section 1.5.
Algorithmically, this decomposition is obtained by reducing the boundary ma-
trix via column operations, in a manner analogous to Gaussian elimination [40].
After reduction, no two non-zero columns have the same pivot. Each pivot pair
then determines a finite bar, whose endpoints are the filtration values of the
two paired simplices, while each unpaired column determines an infinite bar.
The computational cost of this procedure depends on the size of the boundary
matrix, which is determined by the number of simplices in the filtration, and,
in the worst case, requires cubic time in the number of simplices.

For multiparameter persistence, there is in general no analogous decomposi-
tion into interval modules. Finite presentations (see Section 1.3) instead pro-
vide a finite algebraic representation of a persistence module in terms of graded
generators and relations, which can be encoded by a graded matrix. Such pre-
sentations can be computed from the boundary matrices of a finite multifiltra-
tion. In the two-parameter setting, specialized algorithms allow minimal pre-
sentations to be computed efficiently in practice [27].

In certain structured settings, the computation of barcode decompositions can
be significantly simplified by exploiting the underlying combinatorial proper-
ties of the simplicial complex. In Paper C, we consider the setting introduced in
Section 1.8.1, where S is a rooted tree viewed as a simplicial complex equipped
with a real-valued filtration function f : S — R, and T" C S is a subcomplex
given by a subgraph. Since both S and its subcomplexes are acyclic graphs,
their homology vanishes in degrees k£ > 1, and we therefore restrict attention
to H,.

The function f induces superlevel-set filtrations of S and 7', and the inclusion
T, < S, gives rise to a morphism of persistence modules. As discussed in Sec-
tion 1.8.3, one can then consider the persistence modules given by the image,
kernel, and cokernel of this morphism.

Under the additional assumption that the filtration function f is order-preserving
with respect to the tree structure — so that function values strictly increase
along edges away from the root — the barcode decompositions of the persis-
tence modules associated to S, as well as to the image, kernel, and cokernel of
the induced homology map H,(7,) — H,(S,), can be computed by a recursive
algorithm that traverses the tree, avoiding the general matrix reduction proce-
dure. In particular, this algorithm runs in linear time in the number of vertices
of the tree.

111 Applications to neuronal and glial morphology
Neuronal and glial cells exhibit highly branched morphologies that can be repre-

sented as tree-like structures embedded in three-dimensional space [25]. These
trees are naturally rooted at the soma, which induces a notion of distance from
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the soma to vertices of the tree. Modern imaging techniques further allow in-
tracellular components, such as organelles, to be localized within this struc-
ture, yielding a distinguished subgraph of the tree. Equipping the morphology
with the corresponding distance-to-soma function, this biological information
fits into the framework of filtered trees with a subgraph, as introduced in Sec-
tion 1.8.1, providing a natural bridge from cellular organization to persistence-
based representations.

In practice, microglial cells are often characterized by scalar morphometric fea-
tures — such as total process length, number of branches, or number of ter-
minal points — as well as function-valued summaries of arborization, such as
Sholl profiles [35], which are then compared across conditions. While such
summaries are intuitive, they depend on the choice of features and may fail to
capture the full geometric complexity of the branching structure. In contrast,
persistence-based representations associate to each cell a structured object—
such as a barcode or a function-valued invariant—from which several of these
classical descriptors can be recovered, while retaining additional geometric in-
formation and remaining amenable to statistical analysis and comparison.

Moreover, these descriptors inherit stability properties from persistent homol-
ogy (see Section 1.9), ensuring that small perturbations in the input data—such
as reconstruction noise in the traced morphology—Ilead to controlled variations
in the resulting representations. In the specific setting of rooted trees, addi-
tional explicit bounds have been established for perturbations of both the fil-
tration function and the underlying tree structure [5].

We apply this framework in two complementary settings. In Paper D, persistence-
based descriptors are used to analyze the branching structure of microglial trees
across brain regions, combined with variance-reduction techniques to identify
robust morphological phenotypes. In Paper C, we extend this approach to in-
corporate intracellular organization, enabling a joint analysis of cellular struc-
ture and organelle distribution in retinal microglia. Together, these applica-
tions illustrate how the framework can capture both global morphological vari-
ability and finer structural organization within cells.

Toillustrate the pipeline described above, we consider a reconstructed microglial
tree together with two configurations of intracellular components. The configu-
rations are chosen so that organelles lie at comparable path distances from the
soma but differ in their distribution across branches (Figure 1.11.1). In config-
uration A, organelles are spread across multiple branches, whereas in configu-
ration B they are concentrated on fewer branches.

This structural difference is reflected in the persistence-based descriptors as-
sociated with the image and kernel. Intuitively, a more concentrated configu-
ration connects organelle components far out along a single branch, whereas
a more distributed one connects them only at branch points close to the soma.
Since kernel classes persist all the way to the soma, a class appearing far from
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the soma is correspondingly long-lived, and the two configurations therefore
differ in the lifetimes of their kernel bars. These differences are visible at the
level of the corresponding stable ranks, computed here with respect to the dis-
tance déo’* induced by the standard contour. This highlights how the descrip-
tors capture structural organization beyond simple spatial positioning.

In contrast to the image and kernel, the cokernel descriptors for the two config-
urations are initially similar and do not clearly separate the two cases. In Fig-
ure 1.11.2, to enhance this distinction, we consider an alternative parametriza-
tion of the stable rank by an integral contour (see Section 1.5). This reweights
the contribution of bars according to their position relative to the soma. In this
example, emphasizing values close to the soma amplifies the differences be-
tween the two configurations, as one exhibits bars beginning close to the soma
while the other does not. The resulting stable ranks therefore provide a clearer
separation, illustrating how different parametrizations can reveal complemen-
tary aspects of the data.

Microglia tree with organelle configurations

Image Kernel Cokernel

— A

-==1 -- B

—_— A
-- 8B

o B N W s U o N

o N w & u o

Figure 1.11.1: Example of a microglial tree with two simulated organelle placements and the
corresponding stable ranks for image, kernel and cokernel.

112 Applications to learning on finite metric spaces

We now turn to the case where the input data consists of point clouds, viewed
as finite metric spaces. In this setting, the pipeline developed in this thesis
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Barcodes Stable ranks from density

Cokernel - A Cokernel - B Cokernel

= — A

--8

Figure 1.11.2: Barcodes corresponding to the cokernel of both configurations, overlaid by a
density. Stable ranks computed with respect to the integral contour defined by this density,
for both configurations.

can be used in two complementary ways. First, it induces distances on point
clouds, which can be used to define and certify robustness of machine learning
models with respect to geometric perturbations. Second, it can be used to con-
struct alternative representations of point clouds by incorporating probabilistic
subsampling, leading to representations that capture global or local geometric
features of the data.

1.12.1 Metrics and noise

In many applications, point clouds are assumed to be embedded in a common
ambient Euclidean space, and compared using extrinsic distances. Two com-
monly used examples are the Hausdorff and Chamfer distances, both based
on nearest-neighbor comparisons: the Hausdorff distance measures the worst-
case deviation between the two point sets, while the Chamfer distance averages
these deviations and is widely used in machine learning [21].

In contrast, our pipeline associates to each point cloud a persistence module
(Section 1.8.2), and therefore induces distances via the metrics introduced in
Section 1.5, which generalize the bottleneck distance between persistence dia-
grams. By the stability results of Section 1.9, this distance provides, up to a
constant factor, computable lower bounds for the Gromov-Hausdorff distance,
which defines an intrinsic notion of similarity between metric spaces but is in
general difficult to compute.

These different distances respond in markedly different ways to perturbations.
Average-based distances such as Chamfer may assign similar values to uniform
perturbations and to the presence of a few outliers, while distances based on
worst-case deviations, such as the Hausdorff distance, are highly sensitive to
outliers but also react to transformations such as rotations. In contrast, dis-
tances derived from persistent homology are insensitive to isometric transfor-
mations, while remaining sensitive to structural changes such as the presence
of outliers.
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Original

Perturbing all points

—
Chamfer:  0.0032
Hausdorff: 0.0039

.

Chamfer:  0.0034
Hausdorff: 0.59
W;: 1.08

Chamfer: 0.16
Hausdorff: 0.43

W, 0 )
o o W,,: 0.16
Rotating

Perturbing few points

Figure 1.12.1: An example of a point cloud (top left) with three perturbations: in the top right
we add a Gaussian perturbation to all points. In the bottom right we add a Gaussian pertur-
bation with higher standard deviation to just a few points. In the bottom left we rotate the
original point cloud. For each of the three perturbations, Chamfer, Hausdorff, Wasserstein-1
and bottleneck (WSS distances, average between H, and H, ) are shown.
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1.12.2 Robustness to geometric perturbations in machine learning

In machine learning, robustness at test time refers to the stability of a trained
model’s predictions under perturbations of the input [24]. Given a classifier
g: X — {1,...,C} defined on a metric space (', d), one says that g is e-robust
atapoint x € X if

g(z’) = g(z) foralla’ € X suchthatd(z,z’') <e

The pipeline developed in this thesis can be used to construct neural network
models for which certified robustness bounds can be computed with respect to
the Gromov-Hausdorff distance, via the induced persistence-based distances,
for point cloud data. In Paper E, a point cloud is mapped to a persistence mod-
ule and then to its stable rank. On the class of persistence diagrams considered
there, which have uniformly bounded rank and the same number of infinite
bars, stable ranks can be represented as vectors in /Y, with the interleaving
distance agreeing with the /__ distance between the corresponding vectors (Sec-
tion 1.7). By the stability of the stable rank, this vectorization is 1-Lipschitz with
respect to the persistence-based distance used in its construction.

By composing this representation with neural network layers that preserve Lip-
schitz continuity, one obtains a model whose overall Lipschitz constant can be
explicitly controlled from the input space to the output of the network, allowing
the computation of certified lower bounds on the robustness radius.

The choice of metric is therefore central to the notion of robustness. As il-
lustrated in Figure 1.12.1, different distances capture different types of pertur-
bations, and thus lead to different robustness guarantees. Selecting metrics
aligned with the underlying geometry is therefore essential to obtain meaning-
ful guarantees without overly restricting the expressiveness of the model.

1.12.3 Subsampling and relative representations of point clouds

We now consider modifying the representation of a point cloud by equipping
the finite metric space (X, d) with a probability distribution i on X. In Papers
F and G we draw random samples of fixed size from X according to u, apply
the persistence-based pipeline to each sample, and average the resulting stable
ranks — an operation available because the target is a linear space — obtaining a
single representation of (X, d, i) that reflects the geometry of X as seen through
the sampling distribution.

The representation depends strongly on the choice of x. Taking p uniform
yields a global descriptor of (X, d), the averaging reducing sensitivity to out-
liers; in Paper F this is used to obtain representations of point clouds robust
to added ambient noise, and in Paper G to describe a dataset as a whole. Alter-
natively, one may define p from the distance to a point x in the ambient space,
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assigning higher probability to nearby points. The resulting representation cap-
tures geometry localized around z, providing in Paper G a relative description
that can be used, for example, to characterize individual samples relative to a

dataset.
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Summary of results

2.1 Paper A—Choosing the geometry: valuations, norms, and contours

Jens Agerberg, Wojciech Chacholski and Christina Kapatsori
Submitted

The starting point of the paper is the idea that data may be regarded as objects of
an abelian category. Pseudometrics between such objects can be constructed by
assigning extended non-negative real values, called valuations, to morphisms.
In general, the resulting pseudometric is defined as an infimum over arbitrary
zig-zags between the objects, but under suitable conditions on the valuation of
morphisms these pseudometrics admit simpler descriptions in terms of spans
or cospans. The paper relates this morphism-based framework to norms on
abelian categories, which instead assign values to objects. In particular, a valu-
ation can be obtained for a morphism from the norms of its kernel and coker-
nel. Such norms are closely related to the noise systems introduced in previous
works [34, 22] and the notion of amplitude developed in [23].

The main setting is the abelian category of finitely presented functors from
[0,00)¢ to finite-dimensional vector spaces over a fixed field. Such functors
are called tame and can be described as the cokernel of a morphism between
finite direct sums of functors free on one generator, whose summands repre-
sent generators and relations located at points in the parameter space. The
paper develops a bijection between a class of norms, called simple, on objects
of this category and contours, which are right-continuous lax actions of [0, )
on the extended parameter space [0, c0)®_, obtained by adjoining a global max-
imum to [0,00)¢. For each pair of points v,w € [0,00)%,, a contour defines
a minimal time needed to flow from the point v until w is dominated, lead-
ing to a geometry on the parameter space. The paper also develops a calcu-
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lus for constructing families of contours through operations such as transfor-
mations by order isomorphisms, truncations, translations, and reparametriza-
tions, and studies classes of contours with different metric and topological prop-
erties. Continuous contours are those for which the identity map from the pa-
rameter space equipped with its standard topology to the same space equipped
with the contour-induced topology is continuous; these are used in the subse-
quent compactness results. Unital contours, on the other hand, ensure that the
induced distance vanishes only between isomorphic tame functors and there-
fore defines an extended metric on their isomorphism classes. Thus, the prob-
lem of constructing a broad class of distances on multiparameter persistence
modules is reduced to the problem of specifying suitable geometries on the pa-
rameter space.

The framework developed above leads to a compactness theorem for families of
tame persistence modules. For a continuous contour * and its corresponding
simple norm N, the set of isomorphism classes of tame functors over a finite
field K whose minimal finite presentations have uniformly bounded numbers
of generators and relations, with all generator and relation degrees contained
in a fixed compact subset D C [0, c0)? (with respect to the standard topology) is
compact in the topology induced by the distance d, . Compactness properties
of spaces of persistence modules have also been studied in other settings, in-
cluding one-parameter persistence diagrams with the bottleneck distance [31]
and the observable category of q-tame multiparameter persistence modules [4].
The result contributes to the broader goal of understanding persistence mod-
ules as objects forming structured metric spaces on which tools from analysis,
optimization, and statistics may be developed.

Contributions. The initial idea was proposed by Wojciech Chachdlski. The
PhD candidate and the coauthors jointly developed the theory and wrote the

paper.

2.2 Paper B-Algebraic Wasserstein distances and stable homological
invariants of data

Jens Agerberg, Andrea Guidolin, Isaac Ren and Martina Scolamiero

Published in Journal of Applied and Computational Topology, 2025
(DOI: 10.1007/541468-024-00200-wW).

This paper develops a family of algebraic Wasserstein distances between one-
parameter persistence modules and uses them to construct stable, computable
invariants for data analysis. The starting point is the observation that distances
in persistent homology can be used not only to compare persistence modules or
diagrams directly, but also enter the definition of stabilized invariants such as
the stable rank. Classical Wasserstein distances between persistence diagrams
differ in how the contributions of many short bars are aggregated relative to
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those of longer bars. The aim of the paper is to formulate this perspective alge-
braically and to obtain a parametrized family of distances and invariants that
can be adapted to different data analysis tasks.

The paper works with one-parameter persistence modules over a fixed field that
admit a finite barcode decomposition. The barcode is used to define a p-norm
of the module by applying the £, norm to the vector of bar lengths (compare
with [36]). The paper also considers contour-dependent lifetimes of bars, al-
lowing different parts of the filtration scale to be weighted differently. In this
way, Wasserstein-type norms are incorporated into the algebraic framework
of noise systems used to define pseudometrics between persistence modules
and stable rank invariants. A key construction in the paper is that of bar-to-
bar morphisms. These morphisms provide a way to reduce certain algebraic
minimization problems involving kernels and cokernels of morphisms to sim-
pler combinatorial questions about bars. In particular, they are used to prove
the noise system properties of the Wasserstein-type norms. These algebraic
Wasserstein distances agree, for suitable parameter values within the family,
with combinatorial Wasserstein distances between the corresponding persis-
tence diagrams.

These results lead to the construction and computation of Wasserstein stable
ranks. Given one of the algebraic Wasserstein pseudometrics d, the stable rank
of a persistence module X is the function [34]

—

rank,(X)(¢) = min{rank(Y) | d(X,Y) < ¢}.

It measures how much the rank of X can be reduced after perturbing X by at
most ¢t. Here the minimum ranges over all persistence modules Y within dis-
tance ¢ of X, so the definition itself offers no route to computing it. The paper
shows that the search can be confined to submodules of X: after ordering the
bars by their contour-dependent lifetimes, a closest module of any prescribed
lower rank is obtained by deleting the bars with the shortest lifetimes. This
gives an explicit formula for the Wasserstein stable rank and reduces its compu-
tation to sorting, in O(n log n) time for a persistence module with n bars.

The resulting invariants are stable by construction: the interleaving distance
between Wasserstein stable ranks is bounded above by the algebraic Wasser-
stein distance used to define them. Thus the stable rank construction gives a
1-Lipschitz map from persistence modules to function-valued invariants. The
paper also gives an efficient formula for computing the interleaving distance be-
tween Wasserstein stable ranks, making the resulting descriptors suitable for
use in statistical and machine learning pipelines.

Animportant feature of the construction is that its parameters are interpretable.
Balancing between sensitivity to many short bars and sensitivity to the longest
bars has been shown to be useful in persistent homology-based analysis [2]; it
is what the parameter p controls. The contour on the other hand controls how
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different regions of the filtration scale are emphasized. The paper uses this
structure in a metric learning framework, where the parameters of the Wasser-
stein stable rank are optimized for a given classification task. Experiments on a
dataset of brain artery trees [6] show that learning both the Wasserstein param-
eter and the contour can improve performance, while also making it possible
to interpret which aspects of the persistence information are most relevant for
the task.

Contributions. The initial idea was proposed by Martina Scolamiero. The
PhD candidate developed the theory and wrote the paper jointly with the coau-
thors, and carried out the implementation and the experiments.

2.3 Paper C—-Chromatic topological mapping reveals organelle-specific
spatial organization within microglia

Jens Agerberg, Lida Kanari, Margaret E. Maes, Wojciech Chachdlski, Sandra Siegert
and Martina Scolamiero

Submitted

This paper introduces the chromatic topological morphology descriptor, or chro-
matic TMD, as a framework for studying intracellular organization within branched
cells. The motivation comes from the fact that neurons and glia have complex
tree-like morphologies, while intracellular structures such as lysosomes and mi-
tochondria are distributed across these arbors in ways that may reflect cellular
function. Existing quantitative approaches often measure organelle abundance,
size, or distance to the soma, but these summaries do not fully account for the
branching architecture in which the organelles are embedded. The topological
morphology descriptor (TMD) provides a compact representation of branch-
ing morphology of a rooted tree [25], but it does not capture how an additional
structure is organized within the tree. A related line of work, chromatic topolog-
ical data analysis, studies spatial relationships between distinct labeled struc-
tures [30]. Existing chromatic approaches, however, have primarily been de-
veloped for point-cloud data rather than for a substructure embedded within a
branching tree. The aim of the paper is to extend topological morphology de-
scriptors so that they capture not only the shape of the cellular tree, but also how
a distinguished substructure occupies, co-localizes within, or is absent from the
branches.

Mathematically, each cell is represented as a rooted tree X, with the soma as
root, together with a path-distance function f measuring distance from the
soma. An organelle system, such as CD68-positive lysosomes or mitochondria,
isrepresented by a subgraph Y C X obtained by annotating the parts of the tree
occupied by the corresponding organelles. The function f induces superlevel-
set filtrations of both X and Y, and the inclusions Y, C X, define a morphism
of persistence modules
Hy(Y,) — Hy(X.).
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The chromatic TMD corresponds to the image, kernel, and cokernel of this mor-
phism. These three persistence modules provide complementary information:
the image describes branches occupied by organelles, the kernel captures multi-
ple organelle components that become identified within the same branch struc-
ture, and the cokernel describes parts of the arbor that remain free of organelles.
The paper gives an efficient tree-based algorithm for computing the image, ker-
nel, and cokernel barcodes, together with a proof of correctness. The method
avoids using general-purpose persistent homology algorithms and instead ex-
ploits the combinatorial structure of the tree. Betti curves and summary ra-
tios are then used to compare these descriptors across populations, quantifying
both organelle coverage of the arbor and the degree to which organelles are dis-
tributed across, or concentrated within, branches. A morphology-preserving
null model is additionally used to assess whether the observed organization can
be explained by the underlying tree structure and organelle distances alone.

The framework is applied to reconstructed retinal microglia from the outer and
inner plexiform layers, under both naive conditions and after optic nerve crush
injury. For CD68-positive endosomal-lysosomal organelles, chromatic TMD
detects a layer-specific injury response: in the inner plexiform layer, CD68 or-
ganelles show increased branch coverage while also becoming more concen-
trated within a subset of branches, whereas in the outer plexiform layer the mor-
phology changes but CD68 reorganization is weaker and more heterogeneous
across cells. The same framework is then applied to mitochondria in the same
reconstructed cells. In contrast to CD68-positive organelles, mitochondrial or-
ganization remains more strongly coupled to the branching morphology across
layers and injury conditions. This organelle-specific contrast is one of the main
biological conclusions of the paper.

Contributions. The PhD candidate proposed the main idea, developed the
mathematical framework, the algorithm and its proof of correctness, carried
out the data analysis, and wrote the first version of the manuscript. The work
was carried out in close collaboration with the coauthors, who contributed to
the mathematical development and provided the data, and with whom the bio-
logical question was formulated and the results interpreted.

2.4 Paper D—Atool for mapping microglial morphology, morphOMICs,
reveals brain-region and sex-dependent phenotypes

Gloria Colombo, Ryan John A. Cubero, Lida Kanari, Alessandro Venturino, Rouven
Schulz, Martina Scolamiero, Jens Agerberg, Hansruedi Mathys, Li-Huei Tsai, Woj-
ciech Chacholski, Kathryn Hess and Sandra Siegert

Published in Nature Neuroscience, 2022 (DOI: 10.1038/s41593-022-01167-6).

This paper develops morphOMICs, a topological data analysis pipeline for map-
ping microglial morphology across brain regions, developmental stages, dis-
ease models, and experimental perturbations. The motivation is that microglia

31


https://doi.org/10.1038/s41593-022-01167-6

CHAPTER 2. SUMMARY OF RESULTS

have highly dynamic branching morphologies, and conventional analyses often
rely on a small number of user-selected morphometric features such as total
process length, number of branches, or number of terminal points. Such fea-
tures can be useful, but they may miss parts of the morphological spectrum
and introduce feature-selection bias. MorphOMICs instead uses the topolog-
ical morphology descriptor (TMD) to represent each reconstructed microglial
tree by a persistence module [25], and then converts this information into per-
sistence images [1] and stable rank invariants suitable for population-level anal-
ysis.

The method combines TMD with bootstrapping, vectorization, dimensionality
reduction, and visualization. Each microglial morphology is treated as a rooted
tree with the soma as root, and the TMD filters the tree by radial distance from
the soma, recording for each branch the radial distance of its terminal point and
the radial distance of its merging point. These barcodes are then represented by
invariants of the corresponding persistence modules, persistence images and
stable ranks, which make the topological information accessible to statistical
and machine learning methods. Since individual microglia within the same con-
dition can be highly variable, morphOMICs repeatedly subsamples cells from a
population and averages their vectorized descriptors. This bootstrapping proce-
dure reduces dispersion while preserving the structure of the population-level
morphological phenotype. The resulting bootstrapped representations are an-
alyzed using tools such as PCA, UMAP, and trajectory inference. To quantify
how well different representations separate biological conditions, the paper
also evaluates the performance of classifiers trained on these vectorizations un-
der different bootstrapping regimes. In this way, morphOMICs provides a min-
imally biased representation of microglial morphology that retains information
from the whole branching tree rather than from a predefined list of scalar de-
scriptors.

The paper applies this pipeline to a large dataset of three-dimensional microglial
reconstructions from seven mouse brain regions, including data from postnatal
development, two neurodegeneration models, and repeated ketamine-xylazine-
acepromazine anesthesia. The analysis reveals region-specific morphological
phenotypes, sex-dependent differences, developmental trajectories, and disease-
associated shifts that are not fully resolved by standard morphometrics or Sholl
analysis. In the neurodegeneration models, morphOMICs identifies brain-region-
and sex-dependent trajectories, with female microglia often shifting earlier along
disease-associated morphological spectra. By comparing these trajectories with
CD68 expression, the paper further shows that morphological remodeling and
lysosomal activation can follow partly independent dynamics and provide com-
plementary readouts of microglial state. Finally, mapping ketamine-treated mi-
croglia onto the learned atlas reveals dose-dependent morphological changes
and a recovery-associated phenotype distinct from the control state. The paper
thus demonstrates how TMD-based representations, combined with population-
level statistical analysis, can be used to construct an atlas of microglial morphol-
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ogy and to compare cellular phenotypes across biological contexts.

Contributions. The paper is the result of a collaboration led by Sandra
Siegert. The PhD candidate contributed to the conceptualization of the study,
developed the stable rank pipeline and carried out its software validation and
formal analysis.

2.5 PaperE -Certifying robustness via topological representations

Jens Agerberg, Andrea Guidolin, Pepijn Roos Hoefgeest, David Eklund and Martina
Scolamiero

Submitted

This paper studies how stability results from persistent homology can be used
to obtain certified robustness guarantees in machine learning. Persistent ho-
mology is known to be stable with respect to suitable metrics [18, 36]: small
perturbations of the input data lead to persistence diagrams that remain close
in bottleneck or Wasserstein distance. However, when persistence diagrams
are used as inputs to neural networks, this stability can be lost if the learned
part of the pipeline has an uncontrolled or very large Lipschitz constant. The
aim of the paper is therefore to construct a persistence-based neural network
architecture whose Lipschitz constant can be explicitly controlled, making it
possible to turn stability of persistent homology into certified robustness at test
time. The setting considered is point cloud data, viewed as finite metric spaces,
where persistence-based distances provide a computable comparison linked to
the intrinsic geometry of the point clouds, in contrast to ambient distances such
as Chamfer or Hausdorff, which may respond undesirably to particular pertur-
bations.

The main construction is the Stable Rank Network (SRN). A point cloud is first
mapped to a persistence diagram, and the diagram is then vectorized using sta-
ble ranks. The stable rank depends on a Wasserstein parameter p and on a
reparametrization F of the filtration scale. If F' is K-Lipschitz, then the result-
ing stable rank representation is also K-Lipschitz from persistence diagrams
equipped with the corresponding Wasserstein distance to an ¢__ vector space.
This vectorization is composed with neural network layers that are themselves
1-Lipschitz with respect to ¢, [39]. The resulting logit map therefore has a
known Lipschitz constant from the persistence-diagram metric to the output
space.

This controlled Lipschitz property gives a direct robustness certificate for a
given sample by combining it with the classification margin of the sample, ob-
tainable by making a simple forward pass in the neural network. Thus, unlike
adversarial attacks, which provide upper bounds on robustness by searching
for counterexamples, the SRN architecture provides computable lower bounds
on the robustness radius of individual samples. The paper also shows that for
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stable rank vectorizations the local Lipschitz constant agrees with the global
one, indicating that the global bound cannot be improved by replacing it with
a local Lipschitz estimate for that part of the pipeline.

The method is evaluated on the ORBIT5K dataset, where point clouds are sam-
pled from orbits of a discrete dynamical system and classified according to
the parameter generating the orbit. The experiments show that SRN achieves
competitive accuracy while providing nontrivial certified robustness guaran-
tees. In comparison, a PersLay-type persistence neural network [12] obtains
higher standard accuracy but is much less robust to small adversarial pertur-
bations in bottleneck distance. The results illustrate that using persistent ho-
mology in a learning pipeline is not sufficient by itself to obtain robustness: the
stability of the topological representation must also be preserved by the learned
part of the model.

Contributions. The PhD candidate proposed the idea for the paper, for-
mulated the Stable Rank Network architecture, performed the experiments,
and wrote the first version of the manuscript. The mathematical analysis was
carried out by the PhD candidate together with the coauthors, who also con-
tributed to refining the method and to revising the paper.

2.6 PaperF—Supervised learning using homology stable rank kernels

Jens Agerberg, Ryan Ramanujam, Martina Scolamiero and Wojciech Chacholski

Published in Frontiers in Applied Mathematics and Statistics, 2021
(DOI: 10.3389/fams.2021.668046).

This paper introduces stable rank kernels as a way to combine persistent homol-
ogy with kernel-based supervised learning. The starting point is the hierarchi-
cal stabilization framework, in which a choice of pseudometric on persistence
modules gives rise to a stable rank function. In the setting considered in the pa-
per, the stable ranks are square-integrable, so the L? inner product can be used
to define a kernel on persistence modules. This makes it possible to use stable
ranks directly in kernel methods such as support vector machines. Kernels for
persistent homology have been studied previously, typically defined directly on
persistence diagrams [32].

A key feature of the construction is that the pseudometric is not fixed in ad-
vance. Instead, the paper uses the fact that a rich family of pseudometrics
on persistence modules can be obtained from contours defined through den-
sities that reweight the filtration scale. Varying the density changes the associ-
ated stable rank and therefore the geometry of the data after mapping into the
Hilbert space of functions. In this way, the stable rank kernel provides a flexi-
ble bridge between persistence-based representations and supervised learning:
rather than comparing persistence modules directly, one chooses a pseudomet-
ric that makes the relevant structure visible through the corresponding stable
rank functions.
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The method is illustrated on synthetic plane-figure data and on the PAMAP2
activity-monitoring dataset. In both settings, varying the pseudometric through
the choice of density can improve classification performance compared with the
standard choice. The paper also studies a denoising strategy for point clouds
with different levels of added ambient noise: by repeatedly subsampling points
uniformly, computing stable ranks on the subsamples, and averaging the result-
ing functions, one obtains representations that are less sensitive to noise.

Contributions. The PhD candidate proposed the idea and formulated the
method in discussion with the coauthors, and performed all data analyses and
experiments. The manuscript was drafted by the PhD candidate and revised
jointly with the coauthors, who contributed input at all stages of the project.

2.7 Paper G — Global and relative topological features from homolog-
ical invariants of subsampled datasets

Jens Agerberg, Wojciech Chachoélski and Ryan Ramanujam

Published in Proceedings of the 2nd Annual Workshop on Topology, Algebra, and
Geometry in Machine Learning at ICML. PMLR 221, 2023.

Persistent homology of subsampled point clouds has previously been used both
to estimate stable topological features of an underlying distribution and to study
how collections of persistence diagrams of small subsets encode the geometry
of the full dataset [17, 37]. This paper instead uses different ways of subsam-
pling a fixed reference object to construct geometric descriptors of the dataset
itself and of points relative to it. The starting point is a finite reference object
R C R™. The paper proposes strategies for defining probability distributions
on R. Given such a probability distribution, one repeatedly samples smaller
subsets of R, computes persistent homology and stable ranks for each subset,
and averages the resulting functions. The paper distinguishes between global
and relative stable ranks. Global stable ranks are obtained by subsampling
the reference object uniformly and capture geometric aspects of the dataset
as a whole. Since persistent homology is computed on relatively small subsets
rather than on the full reference object, the construction can also offer computa-
tional advantages, and the computations for different subsets can be performed
in parallel. Relative stable ranks, by contrast, are obtained by letting a point p
in the ambient space define a probability distribution on the reference object,
for instance by assigning higher probability to points of R close to p. Subsam-
ples are then drawn according to this distribution, so that the averaged stable
rank describes the geometry of the point p relative to the reference object. In
this way, a point can acquire a geometric descriptor through its relation to a
dataset.

The method is illustrated on simple planar examples and on MNIST. In the
planar examples, relative stable ranks recover interpretable geometric informa-
tion, such as whether a point lies on a given side of a hyperplane or inside a noisy
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circle. On MNIST, global stable ranks reveal geometric differences between
training and test subsets, as well as differences between digit classes. Relative
stable ranks are then used to classify test points by using each point to induce
a probability distribution on a reference object, for example the union of train-
ing samples for two digits, and comparing the resulting averaged stable ranks.
Notably, the averaged stable ranks remain distinguishable even when the ref-
erence object is formed from a pair of digit classes unrelated to the ones being
classified, indicating that such a reference object still carries information about
those points. The experiments show that subsampling-based stable ranks can
encode both global geometry of datasets and local, relative geometry of individ-
ual points.

Contributions. The PhD candidate developed the main idea and formulated
the method together with the coauthors, carried out all the experiments, and
led the writing of the paper, producing its first version.
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Conclusions and outlook

In this thesis, I had the privilege of working in three very different areas of
what may be called applied topology. A first area, exemplified by Paper A, lies
at its most theoretical end. The adjective applied in this case comes from the
fact that we concern ourselves with mathematical spaces in which data may
be represented, and prove properties that may ultimately support methods for
analyzing such data. This kind of work proceeds in a deliberately general and
axiomatic way, developing mathematical structures whose computational and
practical consequences may only become clear later. This openness is also one
of its strengths: by developing new languages for data before their full range
of uses is known, applied topology can open conceptual directions that would
otherwise be difficult to formulate.

A second, very different, approach, exemplified by Paper C in this thesis, is
bottom-up: starting from a concrete problem, often in an interdisciplinary re-
search setting, the problem itself guides the choice, adaptation, and develop-
ment of mathematical tools. In fields such as biology or materials science, one
often encounters datasets that are small but structurally complex, sometimes
with known sources of noise and with practical requirements such as inter-
pretability. The flexibility of applied topology as a modeling framework makes
it particularly well suited to such settings, where the mathematical representa-
tion can be tailored to the structure and questions of the application. Beyond
the mathematics, such work also depends on close interdisciplinary collabora-
tion, clear communication of the methods and their limitations, and accessible
software implementations.

A third area is the intersection with machine learning. Principles of applied
topology may sometimes appear at odds with those of machine learning. Where
machine learning often seeks to infer parameters, TDA frequently studies a con-
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tinuum of parameters to construct multi-scale representations. Where many
geometric deep-learning methods build representations through local opera-
tions such as message passing, TDA is often concerned with global properties
of data. And where machine learning learns representations from a training
set, TDA places particular emphasis on stability and other theoretical guaran-
tees. Yet it may be precisely by embracing these differences, rather than toning
them down, that applied topology can make a distinctive contribution.

Machine learning on geometric domains has developed rapidly, with methods
for graphs, point clouds, and other non-Euclidean domains. In such settings,
however, one may want not only to learn representations of complex objects,
but also to place those objects in mathematical spaces where they can be com-
pared and studied collectively. Endowing a class of data representations with
additional structure, such as a metric, gives access to a broader mathematical
toolbox for reasoning about them, including notions of continuity, convergence,
and compactness, which may, for instance, provide a foundation for the devel-
opment of statistical methods. Adversarial learning provides another example,
since robustness is naturally formulated relative to a notion of distance (as ex-
plored in Paper E of this thesis). More generally, homological invariants of-
fer ways of describing structure at multiple scales, from local to global, com-
plementing the constructions underlying many geometric deep-learning meth-
ods.
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Declaration about the use of generative
Al

Generative Al (OpenAl ChatGPT, Anthropic Claude) was used as a writing sup-
port tool during the preparation of the comprehensive summary. The structure
and content were determined by the doctoral candidate. The AI tool was used
to provide feedback on the clarity, structure, and presentation of the content
and suggest alternative phrasing. All suggestions were critically evaluated and
selectively incorporated by the doctoral candidate, who takes full responsibility
for the final text.
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