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Numerical study of shock wave
transmission through different material

interfaces
Tobia De Benedictis

Abstract—This master’s thesis investigates the prop-
agation of underwater planar shock waves generated
by electrical explosions, triggered by the electrical dis-
charge of a pulsed power generator with a capacitor
charged to 23kV, through thin copper foils of 10 and
18µm in thickness. The focus is on simulating and
understanding the high-energy plasma explosion and
its interaction with the fluid.
A pre-existing 1D magnetohydrodynamic MHD code
originally developed for underwater electrical wire
explosions is adapted to simulate the electrical ex-
plosion of thin copper. The numerical model couples
three distinct solvers: an electrical circuit submodel
tracking the pulsed PPG discharge, a 0-D MHD foil
submodel governing mass and energy conservation via
Joule heating, and a 1-D fluid solver utilizing an artifi-
cially upstream flux vector splitting scheme to capture
the water domain dynamics. To maximize simulation
accuracy was explored the approach of implementing
experimental voltage and current waveforms.
Physical and numerical challenges regarding mass
conservation in the thermodynamic properties of the
expanding foil and spurious oscillations in the water
domain are addressed. These artifacts, repectively
driven by simple time integration schemes and by the
sharp changes due to the shock front, are success-
fully resolved by implementing a predictor-corrector
integration scheme for the foil density and adopting a
localized artificial viscosity window synchronized with
a shock-capturing function.
Finally, the numerical results are validated against
experimental data, demonstrating strong agreement
in shock front trajectories and pressure fields.

Sammanfattning—Denna masteruppsats
undersöker utbredningen av plana stötvågor under
vattnet som genereras av elektriska explosioner,
utlösta av den elektriska urladdningen från en
pulserad kraftgenerator med en kondensator laddad
till 23 kV, genom tunna kopparfolier med en tjocklek

på 10 och 18 µm. Fokus ligger på att simulera
och förstå högenergiplasmaexplosionen och dess
interaktion med vätskan.
En befintlig 1D magnetohydrodynamisk MHD-kod
som ursprungligen utvecklades för explosioner av
elektriska trådar under vattnet är anpassad för
att simulera den elektriska explosionen av tunn
koppar. Den numeriska modellen kopplar ihop
tre distinkta lösare: en delmodell för elektrisk
krets som spårar den pulserade PPG-urladdningen,
en 0D MHD-foliedelmodell som styr massa- och
energibevarande via Joule-uppvärmning, och
en 1D-vätskelösare som använder ett artificiellt
uppströms flödesvektordelningsschema för att
fånga vattendomänens dynamik. För att maximera
simuleringsnoggrannheten undersöktes metoden
att implementera experimentella spännings- och
strömvågformer.
Fysiska och numeriska utmaningar gällande
masskonservering i de termodynamiska egenskaperna
hos den expanderande folien och falska oscillationer
i vattendomänen adresseras. Dessa artefakter, drivna
av enkla tidsintegrationsscheman respektive av de
skarpa förändringarna på grund av stötfronten, löses
framgångsrikt genom att implementera ett prediktor-
korrigerande integrationsschema för folietätheten och
använda ett lokaliserat artificiellt viskositetsfönster
synkroniserat med en stötfångande funktion.
Slutligen valideras de numeriska resultaten
mot experimentella data, vilket visar stark
överensstämmelse i stötfrontbanor och tryckfält.

Index Terms—Pulsed Power Generator, Compress-
ible Fluid Dynamics, Magnetohydrodynamics, Under-
water Electrical Foil Explosion, Shock Wave Trans-
mission
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Nomenclature and Acronyms

R Resistance [Ω]
L Inductance [H]
vR Resistive Voltage [V]
vC Capacitor Voltage [V]
iL Inductive Current [A]
LPPG Total static inductance of the circuit [H]
L f Inductance of the foil [H]
RS G Spark gap resistance [Ω]
R f Resistance of the foil [Ω]
C Total capacitance [F]
l Length of the copper foil [m]
h(t) Time-dependant half-thickness [m]
W Width of the copper foil [m]
σ(t) Time-dependant conductivity [S/m]
µr Relative magnetic permeability of copper

[-]
µ0 Magnetic permeability in a vacuum [H/m]
GMD Geometric Mean Distance [m]
y Spatial coordinate across the foil thick-

ness [m]
u f Normal velocity inside the expanding foil

[m/s]
ρ f Foil density [kg/m3]
ϵ f Specific internal energy of the foil [J/kg]
T f Temperature of the foil [K]
p f Pressure of the foil [Pa]
Ez Induced axial electric field [V/m]
Bx Transversal magnetic field [T]
Q̇R Bulk radiative heat loss per unit volume

[W/m3]
ϵ Emissivity value [-]
pB Magnetic pressure [Pa]
Bh Magnetic field at the material interface

[T]
U Vectors of conservative variables
F(U) Numerical fluxes
S (U) Geometric source terms
p̂ Non-dimensional pressure [-]
ρ̂ Non-dimensional density [-]
û Non-dimensional velocity [-]
ϵ̂ Non-dimensional specific energy [-]
Di Artificial viscosity term
ν Dissipation coefficient [m2]
A Standard coefficient Butcher tabelau [-]

b Weight vector [-]
Jz Current density [A/m2]
K Surface current density [A/m]
τ Thickness of the foil [m]
I Current [A]
∆P Overpressure generated by the blast wave

[Pa]
Ps Initial peak pressure immediately behind

the shock [Pa]
t+ Positive phase duration [s]
r Distance travelled by the shock [m]
y0 Baseline offset
B Amplitude coefficient
n Power-law dissipation exponent [-]
awater Sound speed in water [ms−1]
uS W Propagation speed of the shock wave

[ms−1]

MHD Magnetohydrodynamics
EOS Equation of State
UEWE Underwater Electrical Wire Explosions
SW Shock Wave
PPG Pulsed Power Generator
ETC Experimental Test Chamber
AUFS Artificially Upstream Flux vector Splitting
RKDP Runge-Kutta Dormand Prince
BCs Boundary Conditions
ODE Ordinary Differential Equation
RLC Resistance, Inductance, Capacitor
GMD Geometric Mean Distance
CS Contact Surface
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I. Introduction

The propagation of high-energy shock waves
through diverse materials is a pivotal research area
spanning multiple disciplines, from Aerospace En-
gineering (e.g., shock wave interactions in rocket
nozzles and high-temperature phenomena during
atmospheric re-entry) to Nuclear Engineering (e.g.,
reactor startup and steam explosion emergencies
[1]) and medical applications (e.g., Extracorporeal
Shock Wave Therapy [2]). In these contexts, under-
water electrical explosions serve as a highly con-
trollable and practical laboratory method to generate
intense shock waves. The generation mechanism of
these shock waves is as follows: an intense elec-
trical current is discharged through a copper target
(typically a wire tens of µm in diameter [3]). Driven
by Joule heating, the copper rapidly heats up and
undergoes successive phase transitions, from solid
to liquid, liquid to gas, and finally into a partially or
fully ionized plasma. This process triggers an ultra-
fast expansion. The extreme pressure generated by
the explosion forcefully drives the plasma-water
interface outward. Acting as a high-speed piston,
this expanding interface compresses the surrounding
water, thereby generating the shock wave.
Investigating how the underlying medium and ma-
terial interfaces affect shock wave propagation is
fundamental to predicting wave attenuation and
energy transmission in complex environments.

To study these extreme thermodynamic states,
researchers often rely on numerical modeling, as
direct experimental measurements of the explod-
ing core are highly constrained. This work builds
directly upon previous research conducted at the
Fluid Physics Laboratory, specifically evolving the
pre-existing 1-D Magnetohydrodynamics (MHD)
framework developed by Hernández Garcia et al.
[4], which was originally designed to simulate un-
derwater exploding cylindrical wires. The core mo-
tivation of this thesis is to take over this computa-
tional framework and re-engineer it to successfully
simulate the planar explosion of thin copper foils.

The primary objectives of this thesis are defined
as follows:

• Code Adaptation: Successfully modifying the
MHD code framework to shift from cylindri-
cal to Cartesian geometry, accounting for the
unique aspect ratios and transient electrical
parameters of a flat copper foil.

• Experimental Validation: Accurately match-
ing the numerical trajectories and pressure
profiles against experimental data collected
via Shadowgraphy visualization and high-
resolution hydrophone measurements.

• Plasma Property Inference: Utilizing the val-
idated model to infer the dynamic thermody-
namic and electrical properties of the copper
plasma during the ultra-fast expansion phase,
capturing states that are otherwise inaccessible
via experimental diagnostics.

• Wave Mechanics and Impedance Char-
acterization: Understanding the local speed
of sound, material impedance changes, and
phase-change dynamics of copper, to evaluate
how these transient phenomena dictate en-
ergy transmission and affect shock interactions
within the domain.

To achieve these goals, a modular approach is
adopted. The numerical framework tightly couples
a 0-D MHD foil solver—governed by mass and
energy conservation via Joule heating—with an
electrical circuit submodel driven by experimental
PPG voltage and current waveforms, and a 1-D fluid
solver utilizing an Artificially Upstream Flux Vector
Splitting (AUFS) scheme for the water domain.
Physical and numerical artifacts, such as unphys-
ical mass conservation oscillations at the interface
and spurious grid-induced gradients, are addressed
through the implementation of a predictor-corrector
integration scheme for density and a localized arti-
ficial viscosity window synchronized with a shock-
capturing function.

The primary achievement of this work is the
successful stabilization and validation of the flat-foil
MHD model, reducing mass conservation errors to
less than 1%. The code demonstrates strong quan-
titative agreement with experimental shock front
trajectories and peak pressure attenuations, proving
to be a reliable predictive tool for high-energy
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deposition modeling.
The scope of this thesis is strictly confined to
the 1-D numerical modeling of planar copper foil
explosions (10 µm and 18 µm in thickness) in
water and their validation against the corresponding
experimental campaign. It explicitly excludes the
multi-dimensional modeling of complex plasma in-
stabilities or non-planar geometry support structural
interference, which are left for future work.

II. State of the Art

A. Electrically exploding wires

The study of Underwater Electrical Wire Explo-
sions (UEWE) as an intense energy source dates
back to the early characterization of their general
electrical parameters and optical emissions in labo-
ratory settings [5]. Decades later, experimental tech-
niques advanced to visualize the decoupling of the
generated cylindrical shock wave from the expand-
ing luminous contact surface, demonstrating that
these non-luminous fronts obey precise parabolic
propagation trajectories after the early energy depo-
sition phase [6]. In the early 1990s, numerical ef-
forts to simulate these phenomena were mostly lim-
ited to simplified 2D models using inviscid, com-
pressible fluid equations and Total Variation Dimin-
ishing integration schemes [7] , while experimental
visualizations still relied on Schlieren photography
triggered manually. By the mid-1990s, the focus
expanded to 3D macroscopic bubble dynamics [8],
Rayleigh-Taylor instabilities, and bubble-wall inter-
actions, utilizing advanced Arbitrary Lagrangian-
Eulerian finite-element codes to overcome severe
grid distortions [9]. In modern research, the UEWE
method has become a highly practical approach
for studying warm dense matter. For instance, it
is widely utilized to deepen the knowledge of
Equation of State (EOS) under extreme temperature
and pressure conditions, or to better understand
high-energy hydrodynamic profiles in astrophysical
contexts, such as core-collapse supernovae [10].
The transition to the microsecond and nanosec-
ond regimes in the mid-2000s necessitated the
introduction of 1D Magnetohydrodynamic (MHD)

models coupled with complex EOS databases (like
SESAME) and semi-empirical conductivity models,
since ideal gas assumptions were no longer valid
for the nonideal plasmas generated [11]. More re-
cently, detailed investigations into phase transitions
and spatial energy deposition profiles during the
underwater explosions of different metal wires (Cu,
Al, and W) have been used to explain the underlying
magnetohydrodynamic phenomena [12] . Specifi-
cally, this body of work justifies the application of
a 0-D thermodynamic approach for thin geometries
by evaluating the skin time against the current rise
time. While the skin time for a 120 µm wire is
approximately 200 ns [12], the current rise time
in the present system is on the order of 1.5 µs.
Given that the thin copper foils implemented in
this thesis are significantly smaller (10 µm and 18
µm in thickness), the skin effect is negligible in
the thickness direction, ensuring uniform current
distribution.

B. The generated Shock Wave

Subsequent literature has increasingly focused on
the precise characterization of the peak pressure
fields and shock waves generated by these explo-
sions, evaluating the chemical and structural mech-
anisms that convert stored electrical energy into
fluid potential energy and driving subsequent bubble
evolution [13]. Comprehensive reviews have es-
tablished standardized numerical methodologies to
model these processes, detailing the implementation
of modular submodel decompositions and defining
the dimensionality (e.g. 0D, 1D) of each constituent
solver [14]. For instance, models coupling a 0-D
thermodynamic sub-model for wire expansion with
a 1-D Euler model for shock wave propagation
were introduced to reduce computational complex-
ity [15]. To suppress high-frequency oscillations
generated by discretization at the non-linear shock
fronts, numerical methods utilizing double artifi-
cial viscosity parameters were implemented [15],
followed by real-time coupling techniques at the
wire-water interface at every new time step [16].
These works also highlight a broad spectrum of
industrial and research applications, ranging from
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electro-hydraulic forming to unconventional oil-
well unblocking and reservoir stimulation. Exper-
imental diagnostic techniques have correspondingly
evolved from simple optical observation to highly
sophisticated, ultra-rapid systems. Recent state-of-
the-art experiments employ ultra-high-speed cam-
eras operating at up to 5 million frames per second
alongside high-resolution fiber optic hydrophones
to capture pressure decay directly behind the shock
front without immediate sensor destruction [4]. To
accurately model such high-resolution data, modern
numerical schemes have advanced to include robust
Artificial Upstream Flux Vector Splitting (AUFS)
algorithms, 4th-order Runge-Kutta Dormand Prince
(RKDP) time integration for the 1D solvers, and
WENO5IS reconstructions for 2D fluid-structure
interactions at the sensor tip [4]. Finally, recent
investigations have addressed the spatial stability
and geometry of the shock front [17]. It has been
demonstrated that varying the structural geome-
try of exploding wire arrays and flat foils allows
the generation of focusing, accelerating concentric
shocks [17] [18], a phenomenon extensively studied
to achieve extreme pressures that may reach the
Mbar range [3]. This specific research provided
the primary inspiration for the present thesis: since
complex foil positioning requires specialized rigid
plastic configurations, the question naturally arose
as to how the physical presence of these structural
boundaries affects the downstream propagation and
transmission of the resulting planar shock wave.

III. Methods

A. Experiment

This section presents the experimental setup (Fig.
1), which follows the configuration detailed in
“Characterization of underwater blast waves from
Cu wire explosions using high-resolution pressure
measurements” by Hernández Garcia et al. [4]. For
a more comprehensive description of the system’s
technical specifications, the reader is referred to that
study, while the thesis “Experimental study of shock
wave transmission through different material inter-
faces” by Bertacco [19] explore the experimental

data collection and analysis.
The setup will be described by its fundamental
macro-components, namely:

• PPG system
• Experimental Test Chamber (ETC)
• Hydrophone pressure measuring system

1) PPG system

The PPG system (Pulsed Power Generator) is the
responsible system for suppling a discharge in µs
to allow a fast explosion of the foil. It consists
of 4 parallel capacitor of 2.5µF, each of them is
connected to a multigap switch, each of which in
turn is triggered by a 75 kV pulse (generated by the
trigger circuit). All the capacitors and correspond-
ing switches are connected in parallel to the main
electrode. Once the trigger signal is released all the
23 kV stored into the 4 capacitors, that correspond
to ∼ 2.6 kJ, get discharged through the Copper Foil,
which is the connection between the electrode and
the ground.
The capacitors are charged by a FUG MPL 500-
50000, while the trigger capacitors that generate the
trigger signal are charged by SPELLMAN SL300.
For safety, all the capacitors are connected to a
leakage circuit to allow constant discharge.
Current is measured using a Rogowski coil [20]
placed around the main electrode, while the voltage
is measured via a TEKTRONIX P6015A high-
voltage probe.
The trigger signal is sent in paralle to four appa-
ratus: a laser source, a Shimadzu HPV-X2 high-
speed camera (recording at 5 million fps for the
Shadowgraph visualisation), the trigger circuit and
a Teledyne LeCroy T3DSO3104HD digitalizing
oscilloscope. The latter is used to visualized and
record the measured quantities.

2) Experimental Test Chamber (ETC)

The test chamber is the part of the setup in which
the target is positioned.
The ETC is made of 2 section, a wider cilindrical
chamber on which, at 180° from each other are
mounted thick plexiglass windows to allow the pas-
sage of the laser and obtain the Shadowgraph videos
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and a second more narrow cilindrical chamber for
the accomodation of the Hydrophone and its fiber
optic cable.
The term ’target’ refers to the entire sample assem-
bly which comprise the copper sample, the metal
supports and the ground connections.

a) Target Characterization

In Fig. 2 can be observed the metal structure
that connects to the main electrode, subsequently
the sample in the middle and the second electrode.
On top of the sample is placed the plastic structure
to hold the Hydrophone to record pressure at 6mm.

3) Hydrophone pressure measuring system

Pressure behind the blast wave is measured
through an Onda HFO-690 optical pressure sensor,
this system used a reflectance-based approach [4] to
measure the density in the correspondence of the tip
of the optic fiber probe, by the Fresnel’s equation:

R(T,ρ) =
(nc−nw(T,ρ))2

(nc+nw(T,ρ))2 (1)

Where R is the reflection coefficient at the tip of
the probe, nc is the refraction index of fused silica
glass (the material of the optic fiber probe), nw is
the refraction index of the water influenced by the
blast wave.

GND Electrode

HV Electrode

Laser 
Source

HPV-X2

Trigger 
Signal

Trigger 
Circuit

Oscilloscope

Pulsed Power 
Generator

HFO-690

View parallel to the laser beam

Front View

TRIG

TRIG

TRIG

TRIG

Voltage 
probe

Rogowski
Coil

Fo
il

E.T.C

GND Electrode

HV Electrode

Figure 1: Diagram of the experimental setup
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Figure 2: Target with description of each element

Subsequently the nw of water is computed from 1
and related to temperature and density by semiem-
pirical relations based on the IAPWS-95 formula-
tion [21]. However, an in-depth analysis of these
pressure measurements is beyond the scope of this
thesis and is left for future investigations.

B. Numerical Modelling

In parallel with the experimental campaign and
data collection, a 1D MHD code has been developed
to validate the numerically computed shock trajec-

tory in time against the experimentally measured
trajectory and subsequently used to extrapolate
quantities that could not be measured directly. This
code was originally created to simulate underwater
copper wire explosions [22]; the objective of this
thesis is to adapt it for underwater copper foil
explosions.

1) Code Structure

The code is divided into three submodels:

• Electric Circuit submodel
• Foil submodel
• Water submodel

Each submodel takes the outputs of the preceding
one as inputs and advances the solution in space
and time. These three submodels respectively de-
scribe, as shown in Fig. 3: the PPG circuit to
capture the electrical discharge through the foil,
the foil vaporization into a plasma state using a
0D approach (integrating only the mass balance
and energy equation), and the water behavior as
a 1D flow modelled with Euler equations while
employing an Artificially Upstream Flux vector
Splitting (AUFS) scheme to compute the Flux and
accurately capture the sharpness of the shock front.
The data flow between the submodels is structured
as follows: the Electric Solver takes the electrical
quantities (e.g., voltage and current) at timestep n
as inputs and integrates them over time, computing
their values at timestep n+1. These updated quan-
tities enter the Foil Solver, which utilizes the Joule
heating principle to compute the thermodynamic
state of the copper foil, outputting variables such
as the pressure exerted on the surrounding water
and the foil density. Finally, these quantities are
passed to the Water Solver, which uses them as
Boundary Conditions (BCs) to compute the density,
velocity, and pressure fields, as well as the velocity
and position of both the shock front and the contact
surface.

a) Electric Circuit submodel

The PPG circuit is modeled implementing a sec-
ond order Ordinary Differential Equation (ODE) of
an Resistance, Inductance, Capacitor (RLC) circuit
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[4] with the resistance and inductance of the foil
being time varying. The time dependance of these
parameters is due to the change in phase of the
copper foil which in turns modify its resistivity
and inductance. The governing equations are the
following:

[LPPG+Lf(t)]C
d2vC(t)

dt2

+

[
RSG(vC , t)+Rf(t)+

dLf(t)
dt

]
C

dvC(t)
dt

+vC(t) = 0 ,

(2)

iL(t) = −C
dvC(t)

dt
. (3)

In these expressions, the total static inductance of
the circuit, excluding the contribution of the foil, so
L1,L2 and L3 in Fig. 5, is captured by LPPG, whereas
the transient inductance of the foil itself is desig-
nated as Lf . The time-varying behavior of the spark

gap resistance is represented by the parameter RSG,
implemented via an empirical relation [23], while
Rf accounts for the ohmic resistance of the foil.
The remaining electrical states of the network are
defined by the total capacitance C, the instantaneous
capacitor voltage vC , and the resulting loop current
iL.
For computing the resistance [24] and the induc-
tance [25] of the foil has been used the following
formulations, where y|CS (t) = h(t)

Rf(t) =
l

σ(t) ·W ·2 ·h(t)
(4)

Lf(t) =
µrµ0l

2π

[
ln

(
2l

GMD

)
−1+

GMD
l

]
(5)

In these equations the terms l, h(t) and W repre-
sent respectively the length (40mm), time-dependant
half-thickness and width (14mm) of the copper foil.

Figure 3: Illustration of the experiment setup with the corresponding submodel
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Electrical Circuit Solver
2nd Order ODE

• Empirical spark gap relation.
• Apply initial waveforms conditions.
• Alternative experimental waveforms

Foil Solver
0-D MHD

• Calculation of electric and magnetic fields.
• Condition for solid-to-liquid phase change.
• Radiation model for heat power loss.

Water Solver
1-D Euler

• Re-meshing and non-dimensionalization.
• Apply new boundary conditions at CS.
• 4th Order Runge-Kutta time integration.

Voltage across foil
Current through foil

Foil pressure
Updated position of the C.S.

Updated foil conductivity

New C.S. velocity

• Foil thermodynamic
properties.

• Updated Density, Velocity
and Pressure Fields

O
U

TPU
T

O
U

TPU
T

Figure 4: Schematization of the code information flow
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Figure 5: PPG circuit electrical analogy

σ(t) is the time-dependant conductivity. µr and µ0
are respectively the relative magnetic permeability
of copper and the magnetic permeability in a vac-
uum. Finally the Geometric Mean Distance (GMD)
is a geometric parameter needed for the calculation
of the inductance, its formula is presented below:

ln(GMD) =
6∑

i=1

Ti (6)

where, with a = 2h:

T1 =
1
2

ln
(
W2+a2

)
T2 = −

W2

12a2 ln
(
1+

a2

W2

)

T3 = −
a2

12W2 ln
(
1+

W2

a2

)
T4 =

2W
3a

arctan
( a
W

)
T5 =

2a
3W

arctan
(W

a

)
T6 = −

25
12

(7)

For the discretization of equations the derivative
terms have been expressed using a backward finite
difference, e.g.:

dL f

dt

n

=
Ln

f −Ln−1
f

∆tn (8)

Where the superscript n indicate the nth iteration.
The final discretized equation is the following:

vn+1
C =

(
2Ln

T −
(∆tn)2

2C

)
vn

C −

(
Ln

T −
Rn

T∆tn

2

)
vn−1

C(
Ln

T +
Rn

T∆tn

2 +
(∆tn)2

2C

) , (9)

To solved the electrical circuit, the total equivalent
inductance and resistance of the system at each
timestep n are computed by combining the constant
parameters of the generator with the dynamic terms
of the exploding foil:

Ln
T = LPPG+Ln

f (10)

Rn
T = Rn

SG+Rn
f +

dLf

dt

n
(11)

The main governing equation for the capacitor
voltage, vC , is integrated in time using a second-
order semi-implicit time integration scheme.
To advance the solution, the time derivative of the
capacitor voltage at the next timestep (n + 1) is
calculated by rewriting the original second-order
differential equation into a first-order system and
using forward Euler discretization.
Once this derivative is computed, the loop current
in+1
L and the corresponding resistive voltage vn+1

R are
updated directly at the new timestep:

in+1
L = −C

dvC

dt

n+1
(12)

vn+1
R = in+1

L Rn
f (13)

b) Foil submodel

The thermodynamic state of the expanding cop-
per foil is computed using a simplified 0-D MHD
approach [22]. The model is governed by the mass
conservation, energy conservation, and Ampere’s
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law:
dρf

dt
+
∂

∂y
(ρ f u f ) = 0

u f=uh(t) y
h(t)

−−−−−−−−−→
dρf

dt
+ρf

uh

h
= 0

(14)

(
∂εf
∂Tf

)
ρf

dTf

dt
=

 pf

ρ2
f

−

(
∂εf
∂ρf

)
Tf

 ∂ρf

∂t

+
1
ρf

(σE2
z − Q̇R)

(15)

∂Bx

∂y
= µ0σEz (16)

Here, y represents the spatial coordinate across the
foil thickness, h denotes the half-thickness of the
foil (corresponding to the contact surface interface),
let u f (y, t) being the normal velocity inside the
expanding foil, assumed to be linear in y as seen
in (14).
The variables ρf , εf , Tf , pf , and σ correspond to the
foil density, specific internal energy, temperature,
pressure, and electrical conductivity, respectively.
The induced axial electric field is denoted by Ez,
while Bx represents the transversal magnetic field.
The bulk radiative heat loss per unit volume [14],
Q̇R, accounts for thermal radiation losses, which are
implemented via an emissivity-corrected blackbody
model, with an emissivity value of ϵ = 0.02.
The mass and energy conservation laws are inte-
grated in time using an explicit first-order Euler
scheme. By substituting the spatial velocity gradient
with the boundary terms, the discretized continuity
equation yields the updated foil density at timestep
n+1:

ρn+1
f = ρn

f −∆tnρn
f

un
h

hn (17)

where the dynamic half-thickness of the foil is
advanced as:

hn+1 = hn+∆tnun
h (18)

Similarly, the explicit time integration of the energy
equation determines the new temperature field:

T n+1
f = T n

f +
∆tn(
∂εf
∂Tf

)n

ρf

·

− pn
f

(ρn
f )2 −

(
∂εf
∂ρf

)n

Tf

(ρn
f

un
h

hn

)
+

1
ρn

f

(
σn(En+1

z )2− Q̇n
R

)
(19)

The Joule heating term ”σ(Ez)2” drives the tem-
perature increase and provides the energy for the
solid to liquid phase change, which is modeled
by a constant temperature (isothermal transition),
T n+1

f = T n
f , at the melting threshold while keeping

track of the accumulated heat, This implementation
aims to simulate the temperature plateau observed
in materials during the melting process. In this
phase, the thermal energy previously driving the
temperature increase is instead absorbed to break
atomic bonds. Once the latter overcomes the latent
heat of fusion, the temperature constraint is released
and the water solver is started.
The driving axial electric field is coupled directly
to the electrical submodel outputs via Ohm’s law:

En+1
z =

Rn
f in+1

L

l
(20)

where l is the length of the foil, this equation is
written under the assumption of constant electric
field along the length of the foil. To close this
system of equations, the thermodynamic properties
(εf , pf) and their respective partial derivatives are
updated at each step by querying the SESAME 3336
[26] tabular Equation of State (EOS) database. The
electrical conductivity σn is evaluated as a function
of local density and temperature, utilizing semi-
empirical [27] formulations or reference tabular
models such as SESAME 3339.
Finally, the magnetic field at the material interface
(y = h) is calculated from the integrated Ampere’s
law, and the resulting magnetic pressure boundary
condition acting on the surrounding fluid is obtained
as:

pB =
B2

h

2µ0
(21)
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c) Water submodel

To model the propagation of the wave inside
the water a 1-D Euler equations modelization is
used as detailed in [22]. The Navier-Stokes equation
adapter for this case are written with a geometrical
parameter α, which can assume values of 0 for
Cartesian geometry, 1 for Cylindrical and 2 for
Spherical. For the flat foil configuration investigated
in this work, Cartesian coordinates are enforced by
setting α = 0, directing the spatial gradients along
the axial thickness coordinate y:

∂U
∂t
+

1
yα
∂ (yαF(U))
∂y

= S(U) (22)

The vectors of conservative variables U, numerical
fluxes F(U), and geometric source terms S(U) are
defined as:

U =

 ρρu
ρE

 , F(U) =

 ρu
ρu2+ p
ρEu+ pu

 ,
S(U) =

α

y

0p0


(23)

For better numerical management the primitive
variables are normalized as such: p̂ = p/pref , ρ̂ =
ρ/ρref , û = u/

√
pref/ρref , and ε̂ = ε/pref , where p̂,

ρ̂, û and ϵ̂ respectively stand for non-dimensional
pressure, non-dimensional density, non-dimensional
velocity and non-dimensional specific energy. The
water domain is discretized using a grid with con-
stant spacing ∆x. The fluxes computations are car-
ried out by employing an Artificially Upstream Flux
Vector Splitting (AUFS) scheme. Subsequently the
gradient of the former (∂F/∂y) is evaluated using a
4th-order central difference scheme on asymmetric
five-point stencil

(
∂F
∂y

)
i
≈
−Fi+2+8Fi+1−8Fi−1+Fi−2

12∆y
(24)

When simulating sharp discontinuities such as
shock fronts high-order schemes tend to develop
spurious numerical oscillations, to tackle this prob-

lem and artificial viscosity term Di has been intro-
duced, which effects can be seen in Fig. 6. This
term is computed based on a 2nd-order, five point
stencil second spacial derivative, scaled by “ν” a
dissipation coefficient, with an order of magnitude
of 10−6:

Di = −ν ·
(
∂2F
∂y2

)
i

(25)

Figure 6: The two images show the effect of the
local viscosity in eliminating oscillations and im-
proving Shock capturing in the upstream flow of
the shock

The total discretized time-derivative for the con-
servative variable vector at cell i is then assembled
as:(
∂U
∂t

)
i
≈ −

1
12∆y yαi

[
yαi−2Fi−2−8yαi−1Fi−1+

+8yαi+1Fi+1− yαi+2Fi+2
]
+Di+δα

pi

yi

(26)

where the selection term δ = [0,1,0]T limits the
source term to the momentum equation. An explicit
4th-order RKDP ODE solver integrates in time the
equation (26) for every cell of the domain. This
solver computes seven intermediate stages (k j for
j = 1, . . . ,7) using a standard coefficient Butcher
tabelau (A ∈ R7×7), and for each stage “j” the
solution vector Uj is:

U j = Un+∆tn+1
j−1∑

m=1

A j,mkm (27)

where k j ≈ (∂U/∂t)U=U j . The final solution at
the next timestep is compiled via a weighted linear
combination employing the weight vector (b ∈ R7):

Un+1 = Un+∆tn+1
7∑

j=1

b jk j (28)
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The time step ∆tn+1 is updated at the end of each
iteration by application of the Courant Friedrichs-
Lewy condition. Subsequently at the computation of
Un+1 the primitive velocity is calculated using the
momentum-to-density ratio instead for the computa-
tion of fluid pressure and temperature the SESAME
7154 [26] tabular Equation of State (EOS) is used.

IV. Results

A. Code Modifications and Challenges

In this section the approach to adapt the code
to the new geometry settings will be presented as
well with the challenges that arose along.

1) Magnetic Field of a Foil

The first change was passing from a cilindrical
geometry to a cartesian one in the water solver,
this is achieved by changing the parameter α as
described in Par.III-B1c.
Subsequently formulas for the inductance and re-
sistance were updated with the one presented in
equations (4) and (5). Finally the formula for the
calculation of the magnetic field at the contact
surface (Bh) was changed, deriving it from the
Ampère ’s law:

∇×B = µ0J (29)

In the present case, a long strip (l > W) with current
along z, thus near the midplane the field is along x
and varies along y:

B(y) = Bx(y)x̂, J(y) = Jz(y)ẑ (30)

With those assumptions the curl of B can be written
as:

(∇×B)z = −
dBx

dy
(31)

Inside the foil (|y| < τ/2), Jz = σEz is uniform, thus
obtaining:

dBx

dy
= µ0Jz

(
|y| <

τ

2

)
, (32)

which is equivalent to equation (16), where the sign
convention is fixed by the right-hand rule for the

chosen axes (magnitude is the quantity of interest
below).
For finite width, a convenient approach is to rep-
resent the foil as a superposition of infinitesimal
line currents along z. In the thin-sheet (long-strip)
approximation, the surface current density is defined
as:

K ≡
∫ τ/2

−τ/2
Jz dy ≈ Jzτ . (33)

An element of width dx′ carries a current dI =
K dx′. The magnetic field magnitude at a point at
height h above the midplane and centered laterally
(x = 0) due to a line current is given by:

dB =
µ0dI
2πr

(34)

with r =
√

h2+ x′2. By symmetry, only the x-
component survives, hence:

dBx =
µ0dI
2πr

h
r
=
µ0Kh

2π
dx′

h2+ x′2
(35)

Integrating across the entire width
x′ ∈ [−W/2,W/2] yields:

Bx(h) =
µ0Kh

2π

∫ W/2

−W/2

dx′

h2+ x′2
=

µ0K
π

arctan
(

W/2
h

) (36)

Evaluating this expression at the top surface
(h = τ/2) and substituting K ≈ Jzτ leads to the final
compact result:

Bh = Bx

(
τ

2

)
=
µ0Jzτ

π
arctan

(W
τ

)
=
µ0σEzτ

π
arctan

(W
τ

) (37)

where the axial electric field is defined as:

Ez =
I ·R f

l
(38)

2) Circuit submodel

The main modification that interested the circuit
solver was related to the current (iL) and volt-
age (vT ) waveforms. While previously numerically
computed in III-B1a, in order to increase the ac-
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curacy of the simulation, experimental waveforms
gathered during tests were implemented into the
code thus substituting the role of the numerical
solver. The new approach allow to directly calculate
the resistive voltage (vR) as:

vn+1
R = vn

T −Ln
f
diL

dt

n
− inL

dL f

dt

n

(39)

where the time derivative of the current is calculated
with the same approach as equation (8).
Two sets of waveforms were gathered, for the 18 µm
thickness foil and for the 10 µm thickness foil.
To refer to the code structure diagram in Fig. 4 the
first block denominated ”Electrical Circuit Solver
2nd Order ODE” is totally substituded and the vT (t)
and iL(t) are known ∀ t > 0.

3) Foil

The foil submodel required the most extensive
modifications due to unphysical numerical oscilla-
tions in the simulated foil mass, a quantity that must
remain constant to ensure mass conservation. To
tackle this issue, an attempt was made to replace
the standard Euler integration method for both the
density and temperature of the foil with a predictor-
corrector 2nd scheme. For the density component,
this formulation is expressed as follows, where ρ̃f
represents the predicted value and ρf is the corrected
value:

ρ̃n+1 = ρn+∆t
(
ρn

f

un
h

hn

)

ρn+1 = ρn+
∆t
2

ρ̃n+1
f

un+1
h

hn+1 +ρ
n
f

un
h

hn


(40)

This approach significantly improved the accuracy
of mass conservation, reducing the error from 5%
to less than 1%. Furthermore, it was noted that this
improvement in mass conservation held even when
using a classical Euler integration for the temper-
ature. Consequently, for the sake of simplicity, it
was decided to retain the predictor-corrector scheme
exclusively for the density computations.
A further improvement was achieved by adopting
a different dataset for the electrical conductivity
of copper. The new values provided by Chung
et al. [28] yielded a more continuous and smooth

conductivity curve over time.

4) Water submodel

The majority of the water solver remained un-
changed, apart from a modification involving the
localized implementation of the artificial viscosity
presented in (25). While this dissipation was orig-
inally applied to the entire flow field, generating
numerical artifacts and oscillations in regions that
should have remained undisturbed, the new itera-
tion of the code introduces a localized approach.
Utilizing a shock-capturing function, the exact po-
sition of the shock front within the flow field is
identified, and the artificial viscosity is applied
exclusively within a window of manually selected
width around it. This approach successfully damps
the oscillations driven by sharp gradients in the
flow quantities while leaving the remainder of the
domain undisturbed.

B. Experiment vs Simulation Validation

The numerical code was validated by comparing
the computed shock wave trajectories over time
against the experimental data collected by Bertacco
[19]. For both the 10 µm and 18 µm foil thick-
nesses, the two datasets demonstrate strong quanti-
tative agreement. Code validation involved sensitiv-
ity analyses on grid size and timestep, alongside the
implementation of specialized numerical methods,
such as a localized artificial viscosity and advanced
density integration, as discussed in IV-A.

The plots presented in this section depict the
primary characteristics of both the foil expansion
and shock wave propagation throughout the entire
physical phenomenon. These figures illustrate: the
shock front trajectory, the peak thermodinamic val-
ues behind the shock and the copper foil thermod-
inamic properties.

1) Shock Front trajectory

The plot in Fig. 7 illustrates the temporal evo-
lution of the shock wave position across the water
domain. During the first 0.5 to 1 µs, the slope of
the trajectory is slightly lower: this is attributed
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to an initial, weak compression wave generated by
the liquefaction of the copper foil, which is subse-
quently overtaken by the faster shock wave driven
by the actual explosion as illustreated in Fig. 11.
Figure 7 also includes the experimental data points
alongside their error bars. These bars indicates an
uncertainty of ±0.1 µs, this value is dictated by the
camera framerate of 5 million frames per second
(fps). Finally, the graph also depicts the velocity
of the shock front, expressed as a Mach number
(uSW/awater) to easier notice the deceleration of the
shock wave during its propagation in water. Over
a period of ∼ 3 µs, the Mach number decreases
from 1.7 to 1.45 for the 18 µm foil, and from
1.55 to 1.3 for the 10 µm foil. Notably, the 18
µm foil generates a higher Mach number and a
faster shock wave. This occurs because the thicker
foil’s greater mass requires more energy to explode,
leading to higher energy deposition and a greater
transfer of electrical energy into potential energy in
the water. To further detail this process, the elec-
trical damping characteristics of the system must
be considered. Typically, the electrical discharge is
tuned to maximize energy deposition into the cop-

per. With a lower foil mass, less energy is required
for the explosion, resulting in a less efficient energy
transfer. Conversely, increasing the mass shifts the
system closer to a critically damped state, where
electrical energy is converted into thermal energy
with maximum efficiency. However, increasing the
mass beyond this optimal threshold would push the
system out of the critically damped regime, causing
the energy deposition efficiency to decrease once
again.

2) Behind the Shock Front

Figure 8 illustrates the spatial evolution of the
peak thermodynamic quantities within the water
domain, specifically: density, pressure, and temper-
ature. These peak values are plotted against the
shock wave position to correlate the dissipation of
the shock energy with its propagation distance. In
agreement with theoretical expectations, where a
smaller exploding mass results in lower energy de-
position into the fluid, the peak values for the 10 µm
foil are consistently lower than those observed for
the 18 µm case. Another critical aspect is the attenu-
ation trend of these quantities, which provides both

Figure 7: Graphs depicting experimental and numerical Shock Wave position and Mach number
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a qualitative and a quantitative measure of energy
dissipation in water. For instance, in the 18 µm case,
the peak pressure decreases by approximately 40%
over the distance of ∼ 19 mm, dropping from an
initial value of about 1 GPa to 600 MPa. To better
characterize the decay trend of the shock wave,
two types of curves were fitted to the numerical
data using a least-squares technique. The first one
is the Friedlander equation [29], which describes
the propagation of a blast wave:

∆P(t) = Ps

(
1−

t
t+

)
e−b t

t+ (41)

where ∆P is the overpressure generated by the blast
wave, Ps is the initial peak pressure immediately
behind the shock, and t+ is the positive phase
duration, i.e., the period in which the pressure is
greater than the ambient value.
The second curve is the Offset Power Law, which
is defined as follows:

y(r) = y0+Br−ne−αr (42)

where r is the distance travelled by the shock, y0
is the baseline offset (the value the quantity tends
to once the dissipation is complete), B is the am-
plitude coefficient determining the intensity at the
onset of propagation, n is the power-law dissipation
exponent, and α is the exponential attenuation rate.
In Fig. 8, the Friedlander fit is the light-grey dotted
line, while the Power Law is the black dashed

line. It is noticeable that the Power Law accurately
fits the numerical curve, whereas the Friedlander
equation lacks accuracy for several reasons. Firstly,
the Power Law better captures the numerical trend
due to the combined presence of the exponential
term e−αr and the algebraic decay term r−n, which
together allow for a finer tuning to the data. Sec-
ondly, the Friedlander equation is geometrically
inadequate to describe the propagation presented in
this work; it is classically derived for spherically
expanding blast waves originating from a point
source, whereas the foil explosion in this setup gen-
erates a planar shock wave. Thirdly, the Friedlan-
der model fundamentally assumes an instantaneous
energy release and describes a fully formed blast
wave propagating in the far field, typically evaluated
over timescales of milliseconds to seconds [29]. In
contrast, the data gathered in this study focuses on
the first few microseconds of the event. During this
near-field regime, the energy deposition from the
exploding foil is still ongoing, making the idealized
Friedlander approximation seems to be inaccurate
for our purposes.

3) Copper Foil thermodinamic properties

Figure 9 depicts the primary thermodynamic pa-
rameters of the copper foil during ultra-fast heating
and phase change, including density (ρ), tempera-
ture (T ), pressure (P), and electrical conductivity
(σ). The latter is specifically included due to its

Figure 8: Thermodynamic quantities behind the Shock with Friedlander and Offset Power Law fits
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strong dependence on both temperature and density,
σ = σ(T,ρ). As the copper foil undergoes rapid
Joule heating and phase transitions, these processes
trigger drops in density as well as sudden decrease
in electrical conductivity, a trend driven by the com-
peting effects of temperature increase and density
decrease (expansion). In the temperature profile, a
plateau is notable at the melting point, representing
the isothermal phase transition. Furthermore, across
all plots, it is noticeable that these thermodynamic
processes occur earlier for the 10 µm thick foil, a
consequence of the lower mass requiring heating
and subsequent electrical explosion.

V. Discussion

The shock wave is generated by the rapid heating
and sudden expansion of the copper foil as it tran-
sitions from a solid to a liquid phase, before vapor-
izing and subsequently transforming into plasma.
This ultra-fast process involves complex and in-
teresting physics and thermodynamic mechanisms

that are explored in this chapter by analysis of the
numerical results.

A. Physical interpretation of the results

1) Foil Thermodynamics

Three distinct regions can be identified in the
copper thermodynamic profiles:

• The solid phase
• The melting zone
• The post-melting expansion phase

The first region is characterized by a constant den-
sity and an exponentially increasing temperature.
The second is defined by a constant temperature,
representing the isothermal melting process, while
the density remains stable. The third region is
characterized by a sharp drop in density, which
decreases by approximately 75% in less than 0.5 µs.
In the density plot, a distinct ”knee” is visible
around the 1 µs mark, corresponding to the va-
porization of the liquid copper. At this point, the

Figure 9: Primary thermodynamic parameters of copper
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copper accumulates sufficient thermal energy to
rapidly vaporize, significantly accelerating its ex-
pansion velocity. This behavior is evidenced by the
slope of the density curve after the knee, which is
substantially steeper in absolute value compared to
the pre-vaporization stage.
Another noticeable aspect is the asymptotic behav-
ior of the temperature; after an unsteady transient,
the temperature settles at a constant value. This
behavior is explained by the equilibrium between
the cooling effect due to the expansion of the
foil, the heat lost by the plasma through radiative
emission (Q̇R) and the heat generated by Joule
heating (σE2

z ). The pressure presents an interesting
trend right before the solid-to-liquid phase change,
where it exhibits a negative peak. This curious
behavior can be interpreted as a numerical represen-
tation of the internal stresses of the material during
heating. In physical reality, the pressure would not
become negative but would be bounded by the non-
instantaneous melting of the copper. However, in the
simulation, the melting is treated as instantaneous,
thus generating this negative pressure artifact. Al-
though this behavior is non-physical, the overall
results were unaffected because the timescale of the
numerical artifact is significantly shorter than that
of the simulated phenomena of interest. Finally, an
elbow is visible in the density trend. This feature
represents the transition from liquid to gas; although
this phase transition is not explicitly coded into
the solver, the utilized SESAME equation of state
intrinsically accounts for it.

2) Shock Wave Generation

At the instant the copper foil liquefies, at approx-
imately 1350 K, it rapidly expands, increasing its
volume and displacing the surrounding water. This
initial expansion generates a weak compression
wave a fraction of a microsecond before the main
explosion [30] and its corresponding shock wave as
shown in Fig. 10. This phenomenon is observable
in both the Schlieren videos and the numerical sim-
ulations, with the latter providing a deeper insight
into this process. Due to the low energy deposition
of melting copper, this initial compression wave
travels at a lower velocity than the nominal shock

wave velocity, yielding lower peak pressure and
peak density values. Once the main shock wave is
generated, its significantly higher speed allows it to
catch up with and overtake the weak compression
wave in less than 1 µs as it is visible in Fig. 11.

Figure 10: Illustration of the weak compression
wave formation

Figure 11: Simulation detail of the weak compres-
sion wave and shock wave propagation

B. Numerical and Experimental data synchroniza-
tion

A critical aspect of the validation process in-
volved establishing a temporal synchronization be-
tween the experimental data points and the numeri-
cal curves in Figure 7. To address this challenge, the
light emission corresponding to the phase changes
of the exploding foil was selected as the reference
with an error of ±0.1 µs. For both the 10 µm
and 18 µm cases, the start of the melting process
in the simulation, which marks the solid-to-liquid
phase change, was aligned with the experimental
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frame capturing the same physical transition. This
alignment methodology yielded the highest degree
of agreement between the numerical trajectories and
the experimental data.

VI. Conclusion

A. Summary

This thesis adapted a 1D magnetohydrodynamic
(MHD) framework to simulate the planar underwa-
ter electrical explosion of 10 µm and 18 µm copper
foils and the resulting shock wave propagation.
The numerical model successfully coupled exper-
imentally measured electrical waveforms, a 0-D
MHD foil thermodynamic model, and a 1-D Euler
fluid solver utilizing an AUFS scheme. Critical nu-
merical instabilities, specifically mass conservation
errors and shock-front oscillations, were resolved
by implementing a predictor-corrector integration
scheme for foil density and a localized artificial
viscosity window. The simulated data demonstrated
strong quantitative agreement with experimental
shock trajectories and pressure attenuation profiles,
validating the model’s accuracy as a predictive tool.

B. Future Work

Future research and development should address
two primary objectives:

• Phase-Change Modeling: Improve the physical
characterization of phase changes by applying
statistical thermodynamics to ionization pro-
cesses, enabling a more precise and rigorous
representation of the high-energy plasma state
transitions.

• Material Transmission: Develop and imple-
ment a dedicated submodel to simulate the
propagation of the shock wave through a solid
material situated between the foil and the water
domain, extending the predictive capability for
propagation through different materials.
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