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Abstract

In this paper, a recursive control theoretic smoothingspdipproach is proposed for recon-
structing a closed contour. Periodic splines are genetatedinimizing a cost function subject
to constraints imposed by a linear control system. The ataantrol problem is shown to be
proper, and sufficient optimality conditions are derived daspecial case of the problem using
Hamilton-Jacobi-Bellman theory.

The filtering effect of the smoothing splines allows for usafnoisy sensor data. An impor-
tant feature of the method is that several data sets for tne stosed contour can be processed
recursively so that the accuracy is improved stepwise asda¢svbecomes available.

Keywords: Smoothing splines, optimal control, Hamilton-JacobiiBeln theory, periodic so-
lutions.

C.1 Introduction

In this paper we focus on the problem of reconstructing das@ntours from noisy and sparse
samples.

Data smoothing is a classical problem in system and conistbdy [1, 3]. Smoothing splines
were introduced in the 1960s. As opposed to interpolatitigesg smoothing splines pass close to,
rather than through interpolation points, providing a fittg or smoothing effect. A comprehensive
overview is given in [4] and [5], where splines are studiedistatistical setting. In mathemati-
cal statistics, the aim of the smoothing spline is genetallfit a curve to a data set so that the
error between the curve and the data has nice statisticaepies, for instance that it is normally
distributed.

Control theoretic smoothing splines were first introducefll0], and are further studied in for
instance [11,12,15]. In [16], the smoothing spline problemsolved using Hilbert space methods.
[6] is, to the extent of the authors’ knowledge, the first boolgive a complete overview of the
field. The aim of control theoretic smoothing splines is tal fantradeoff between faithfulness to a
given data set and control gain. This is motivated by forainse trajectory tracking applications,
where exact tracking of way points often calls for undededdrge accelerations.

A nice property of smoothing splines is robustness. [13foles that smoothing splines are in
some sense band limited so that small changes in one datawibimainly affect the spline in a
neighborhood of that point.
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The focus of this paper is control theoretic smoothing gdiwith a periodicity constraint. A
recursive approach is developed, where the estimate ofrttlerlying, closed curve is improved
stepwise as new data sets are recovered.

C.2 Related Work and Contributions

We note that recursive approaches to constructing spliastheen investigated in [23] and [29]. In
the field of robotics, recursive cubic B-spline methods fathgplanning have been presented in [21]
and [22]. However, little work has been done in this directwith control theoretic splines. A
notable contribution is presented in [6]. While the reckeesmoothing spline problem formulated
in [6] includes previous curve estimates, the formulatiothe present paper only includes them
implicitly.

Control theoretic smoothing splines may be viewed as poigeint LQ optimal control prob-
lems with dynamic constraints. Point-to-point LQ optimahtrol problems have been investigated
in for instance [24] and [25], where [24] treats the optimatiput-transition problem for linear sys-
tems while [25] considers LTI continuous-time systems aifine constraints in initial and terminal
states.

[14] investigates a point-to-point LQ optimal control pteim under the assumption of dynamic
constraints with a stochastic uncertainty. This paper éxasna similar LQ problem, with the
important distinction that we optimize over all periodidig®mns. Again, results for periodic LQ
problems can be found in papers dating back to the 19709, [8)8these do not cover the point-
to-point problem.

In the field of mathematical statistics, early contribu@m periodic smoothing splines include
[26]. Until recently, little work had been done on periodiantrol theoretic smoothing splines.
Notable contributions have however emerged during thefpasyears. [28] studies applications of
control theoretic smoothing splines to mobile roboticg] poses a problem where the periodicity
constraint depends on input data. In [27] periodic contrebtretic smoothing spline problems are
solved using Hilbert Space methods. In the current pap&maity conditions for such splines are
examined using Hamilton-Jacobi-Bellman theory for optiomantrol problems.

C.3 Outline

The paper is organized as follows. In Secfion C.4, we statedhtour estimation problem formally
and propose a closed form and a recursive point-to-pointar@dlation for estimation of closed
contours. In Sectiofh C.5 we discuss optimality conditiarstifie periodic smoothing spline prob-
lem. Some simulation results are reported in Se¢fioh C®&aasoncluding summary is provided in
Sectior CV.

C.4 Problem statement and motivation

Consider the problem of reconstructing continuous, smadtsed curves ifR? from noisy and
sparse measurement data. This problem arises for instameapping applications and trajectory
tracking for mobile robots. In this section we pose two peoid that aim to find the best estimate of
an underlying, closed curve given noise contaminated sssrippm the curve. First, we introduce a
closed form optimal control problem that yields an initiatimmate of the underlying curve and then
a modified, recursive problem. A formal problem statemelhbfcs.
Given a data set D= {(ti,z): i =1,..,N}, where z=2z(tj), t € [0,T] and T) = z(0).

Ifz = y(t) + & are noise contaminated samples from a closed continuougecwhered; is
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a symmetric, zero-mean iid noise with bounded variance, teofind the function {t) that best
represents the underlying curve, with respect to smoothaed closeness to measurement data?

If y(t) is viewed as the output of a dynamic system with ing(i}, an optimal control approach
can be used.

C.4.1 Closed Form

The following closed formL, smoothing problem yields an estimateydf) while minimizing the
control effortu(t).

Problem C.4.1

minimize J(u,X) = %/OT u(t)Q tu(t)dt+

uel,[0,T] (t—ti_1)(z —Cx(t))RY(z —Cx(t)) (C.1)

subjectto x’ Ax+Bu (C.2)
x(0) = x(T), (C.3)

wheretp =ty — T, andtj > tj_; fori =1,...,N. (-)’ denotes the transpose @f. A€ R™", B R"

andC’ € R", where the paifA,B) is controllable andA,C) is observableQ andR are positive
definite matrices of suitable dimension. The constra[nf8)€(C.3) consist of am-dimensional
ODE with relative degre@ and periodic boundary condition. The resulting smoothipiine is
given byy(t) = Cx(t). The system

X Ax-+Bu
y = Cx

(C.4)

is referred to as the spline generator[of {C.1). Thus thelsotigyvey is the output of am-tuple

integrator with state variabbe controlled by an inputi = x, = x<1n), then'" derivative ofx;. The
dimension of the spline generator determines on which d&éviyto impose the smoothing penalty.
As the magnitude of the second derivativexgft) is proportional to the curvature &f(t),n=2is

a natural choice. Throughout the paper, the following nicaévalues are used:

A[g é] B{H, c=[1 o).

Q=1, R=1/¢?, ¢>0 T=2m

(C.5)

Let us have a closer look at the cost functibn{C.1). The iateignposes a penalty on large
magnitude of the input(t), corresponding to the curvature of the cupe = Cx(t) = xy(t). The
sum punishes large deviations of the cuy¢e from the datdtj,z). In other words, the solution of
ProblenTC.411 is in some sense the optimal compromise baetareeothness of the output curve
and faithfulness to the data set. The magnitude of the srm@pgiarametee > 0 determines how
much credibility is given to measurement data. In the nestice it is shown how a modification
of Problen{.C. 411 allows for a recursive approach to the aargstimation problem.
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C.4.2 Recursive Form

As the data is noise contaminated, the resulting spline frnendata sdd may give a poor estimate
of the underlying curve. If new data becomes available dues timprovements of the estimate can

be made by solving a recursive form of Problem 0.4.1. Herepfitimal control*~1(t) from the
previous iteration is used in iteratitrtogether with new dat(sti", z}<).

Problem C.4.2

minimize JX(uk, x¥) = }/T(uk(t)fuk’l(t))’Q’l(uk(t)fukfl(t))dtJr
2Jo

ukel[0,T)
N
%iZ(tik_ti D)(Z—CX ()R (Z —CX(tf) (C.6)
subject to X AX 4 BU (C.7)
X0) = X¥(T). (C.8)
Introduce the notation
& =7y lt.k)

() = x(1) =X ()
O =y Y ) 9

0(t) = u(t) — U" ().

Substituting for the variableE (C.9) in (C.6Y-(C.8), weaiht

.
minimize J¥(K, %) = / a(t)'Q Lk (t)dt+
keL,[0,T) 0

NI
4

(K —tF ) (& —Cf(t))RL(F — K (C.10)

L = A+ B (C.11)
R(T), (C.12)

which are identical td{Cl1) E{C.3). Therefore, solutionthwels and optimality conditions for Prob-
lem[C:Z.1 and Problem C.3.2 are identical. At iterakpthe spline solutiog*of ProbleniC.ZR is

an adjustment of the cury& ! based on the new datt, z). The curve estimate at iteratiécan
now be written

k—1
H+ Y 9, (C.13)
2,

wherey!(t) is the spline solution to Problefn C}.1 for the first batch atad In the next section,
optimality conditions for this smoothing problem is dissed.

Remark C.4.1 Itis intuitively easy to see that using the closed form (Reof)C.Z4.1) and increas-
ing the number N of data points, the spline output should @ggh the underlying curve if the noise
is symmetric and the variance is bounded. If such a data setdgable, this may be an option. In
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many applications, however, new data may arrive at diffeperints in time, calling for an update
of the estimate. This is for instance the case when data Isatetl by teams of cooperating au-
tonomous vehicles. As k increases, the error of the splitima&t® with this recursive formulation
decreases only slightly slower than when increasing N ferclbsed form. In the extreme, a further
motivation for the recursive formulation is that as-N, ProblenfC.Z.l may experience numerical
instability in implementation.

C.5 Properness and Optimality

Problem’C.Z11 is a continuous time problem with discrete datd periodic boundary condition.
Such problems, without the periodicity constraint, haverbeidely studied in the literature, see
for example the books by Bryson and Ho [1], Leondes [2] anavifeski [3]. However, as far as
we know, it is difficult to find results concerning the periodiase. In this section, we investigate
conditions for solving this problem. We begin by studying giroper periodicity conditions.

C.5.1 Proper periodicity conditions

In this section, we adopt the notations used in [7]. Let J(U*,X*) in ProbleniC.4l, where* Ts
any constant function.

Definition C.5.1 The optimal control problem iproper if there exists an admissible contra{-)
such that

JU(), () < I (C.14)

In this context, proper periodicity conditions refers tondgions determining whether an optimal,
periodic control problem is proper or not. The following position establishes that Problem Cl4.1
is proper for all but a special case of data input.

Proposition C.5.1 For distinct sampling timefy, . . ., tn], ProblenfCZ1, with the numerical values
of (C.3), is proper if and only i i, j € [1,N] such that z+# z;.

Proof The proofis constructed by showing that a particular, tirag/ing, periodic control
u(t) = ad(t) satisfies[[C.14). For details, see the Appendix.

Next, we discuss optimality conditions for ProbleEm C.4.1.

C.5.2 Optimality Conditions and Hamilton-Jacobi-Bellman Theory

In the following, sufficient optimality conditions for Pri#m[C. 4.1 are examined using a Hamilton-
Jacobi-Bellman approach. A set of differential equatierarived, leading to an expression for the
optimal controlu. It should be noted that for the particular choice of systeatrives[[C.b), straight-
forward and well known approaches for regular smoothingeplare applicable [5]. The purpose
of this section is to analyze smoothing splines from a capospective and suggest solutions for
more complex spline generators.

First, a brief review of the Hamilton-Jacobi-Bellman the@ given in Section C5.2.1. Then,
in Sectiof C.5.2]2, sufficient optimality conditions areegi for the special case of Problém Cl4.1
where the input is a continuous curve. Finally, the discdeta case is discussed in Secfion C.5.2.3.
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C.5.2.1 Optimality Conditions for a General Periodic Control Problem

Consider the problem

Problem C.5.1 .
inimize J(u, :/ L(x(t),u(t))dt C.15
minimize (ux) = LX), u(t) (C.15)
subjectto x° = f(xu) (C.16)
x(0) = x(T). (C.17)

Herex € R". We assume that(x(t),u(t)) and f (x,u) areT-periodic functions. Some definitions of
useful concepts follow.

Definition C.5.2 TheHamiltonian of ProblenfC.5 11 is
H(X,u,A) = L(x,u) +A"f(x,u). (C.18)

Definition C.5.3 TheH-minimal control u* is defined as
u*(x,A) =argmin H(x,u,A) (C.19)
u

Definition C.5.4 LetV: [0, T] x R" — R. Then theHamilton-Jacobi-Bellman equation is

0V(§tt,x) o <X7u* <X7 avg(,x)) 7 OV(;EZX))' (C.20)

The following proposition is proved in [8]:
Proposition C.5.2 Suppose that
1) The control 4 generates a periodic solution xo ProblenfC.511.
2) There exists a continuously differentiable solutidit,¥) of (C.20)such that
V(0,x) —V(T,x) = G(T), (C.21)
where Gt) is a real function.

Then, u is optimal to Probleri C.511 if

Ur =Uu* (XT, %) . (C.22)

Next, optimality conditions are first stated for a periodica®thing problem with continuous data
and a general expression for the optimal control is givemalByj, the optimal control for Prob-
lem[C.4.] in the limitN — o is derived.



PAPERC 79

C.5.2.2 Optimality Conditions: Continuous time, continuais data

Consider the following problem:

Problem C.5.2
rrl}ienLizr[\g,iTz]eJ(u,x) = %/OT [ut)'Qtu(t) + (z(t) — Cx(t))R (z(t) — Cx(t))] dt (C.23)
subjectto x° = Ax+Bu (C.24)
x(0) = Xx(T). (C.25)

Here z(t) is a continuous periodic function such tt@0) = zT). This may be viewed as a
smoothing problem with continuous datd) or as a problem of tracking a curve given &y).
Optimality conditions for problems of this type were dedvg [8]. A review of the results follows.
For brevity, throughout this section we use the notatioandVy to denote the partial derivatives of
V. The Hamiltonian corresponding {0 (Cl23) is

1 1 1
H(x,uA) = Eu’cylu+ EX’C’R*fo XC'R 1z+ EZ’R’12+ A'(Ax+ Bu). (C.26)

TheH — minimal control 4 is derived as

JH (X, u,A)

= Qlu+BA = u'=-QBA, (C.27)

sou*(xr,Vx) = —QBVy. Then the Hamilton-Jacobi-Bellman equation is
1 I 1 'p—1 /p—1 1 —1 l
M = SWBQBV— 5XCRICx+XCRz- S7R 'z ViAx (C.28)
In [8] the following form forV (t,x) is proposed for Problem C.5.2:
1 /
V(t,x) = Ex’Px+x Q+s. (C.29)

Here, ¢, P ands should be chosen so th&f(C.28) is satisfied, ¥(@ x) — V(T,x) = G(T) for
some real functioi®(t). FurthermoreP € R"*" is a symmetric, positive semidefinite matrix. The
derivativesv; andVy are

Vi = %)’(’Px—y %x’PX+%x’Px+>’<’qo+x’¢+é (C.30)
Vy = Px+0o. (C.31)
Then, since
Ur = U*(x,Vx) = —QB'(Px+ @) (C.32)
we get

Xr = A% + Bur = Ax; — BQB (P + ¢) = (A— BQBP)x; — BQB ¢. (C.33)
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Somewhat tedious calculations yield, after pluggind B0}, (C.31) and{C.32) int¢_(C.28), that
P, ¢ ands must satisfy

P = —AP-PA+PBQBP-CRIC (C.34)
¢ = —(A—BQBP)p+CR !z (C.35)
§ = %cp/BQB'(p—%z’R*lz (C.36)
P(T) = P(0) (C.37)
o(T) = 0 (C.38)
s(T) = s(0)—G(T). (C.39)

A brief discussion of the existence of solutions[io (€.34C:39) is provided next. The following
proposition is proved in [31].

Proposition C.5.3 Under the assumption that 0 and R> 0, the Riccati equatioC.34)admits
a unique, T-periodic, stabilizing solution(® = P(t)’ > 0if and only if the pair(A, B) is stabilizable
and the pair(A,C) is detectable.

Now, consider the system

< :‘(’ > - ( —&:%%%F;’(Et)))’ _BOQB/ ) < (); >+< C’RPlz(t) ) (C.40)

Denote byX (t) the matrix in [C.4D). The following proposition is proved[82].
Proposition C.5.4 Under the assumption that the componentX(f) are Lebesque integrable,
and X(0) = X(T), z0) = z(T), the systen{C.40) has a unique periodic solutiofx(t) ¢(t))’,
x(0) = x(T), ¢(0) = @(T) if and only if

det(l —eX(M) £ 0, (C.41)

where | is the identity matrix of suitable dimension.
C.5.2.3 Optimality Conditions: Continuous time, discretedata
We restate Problem C.4.1 for the reader’s convenience:

Problem C.5.3

1 T
inimize J =z t)’Q tu(t)dt
minimize (ux) =3 /0 u(t)’Q "u(t)dt+

N
- 3 (6~ t-2) () - Oxt) R (et ~Cxtt) - (€.42)

subjectto x° = Ax+Bu (C.43)
X(0) = Xx(T). (C.44)
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Note that here, we represent the dats samples of a functiat) at timed;. Due to the periodicity
constraint, it is not trivial to find optimality conditionsifthis problem. A similar problem is studied
in [14]. There, the cost function is of the form

N-1

Z} (Wi+l||z(ti+l) —CX(ti+1)||2+fH0i+1(t7Xa U)dt) (C.45)

wheregj(t,x,u) contains, in addition to the-quadratic term, cross terms fgrandu and linear
terms inx andu. [14] assumes dynamic constraints of the fofm (C.43) butiohes a multiplicative
stochastic uncertainty. Further, the initial vak(@) is fix.

(C.42) may be viewed as a special case of (IC.45), where sams tge removed. Removing
the stochastic terms from the dynamic constraints, therabptoblem in [14] is the same as Prob-
lem[C5.3, except for the boundary constraints. In [14Jpgg$unctionsV;(t,x) of the form [C29),
the following relations are obtained for each interfalt;,1] (where we have substituted for the
notation in the current paper):

R = —-AR-PA+PBQBR (C.46)
R(tise) = Pualtiya)+(ta—t)CRC (C.47)
@ = —(A-BQBR)'q (C.48)
@ltiy1) = @altii)— (G —6)CR 2(tiq) (C.49)
§ = 30/BOEg (c50)
s(tiv1) = S+1(ti+1)+%(tiﬂ*ti)Z(tiﬂ)'R’lZ(tiﬂ)- (C.51)

For (A,B) controllable,(A,C) observable an® > 0, R > 0, the Riccati equatiod (C.16) has an
absolutely continuous unique positive semidefinite sofufor eachi [30]. The differential equa-
tions [C.48) and[{C.30) are linear with bounded piecewisttinoous coefficients, which ensure
existence of unique absolutely continuous solutions. @nirterval(ti,ti,1] the resulting optimal
control is

ui(t) = —QB(R(LX(t) + @(t)). (C.52)
The authors believe that Proposition Cl5.2 can be genetatiz allow for a piecewise continuous
function of the form

VN, X) =Vi(t,x) te (titiyg], i=0,...,.N—-1 (C.53)

such that
VN(x,0) —VN(x, T) = G(T). (C.54)

This would imply that the piecewise continuous control
W) =u(t) te (], i=0,...,N-1 (C.55)
is optimal to Probleri C.5 3 if there exist solutions[fa (¢.4@.51) such that

PVT) = PY0) (C.56)
o'(T) = ¢'(0) (C.57)
T = £0)-G(T), (C.58)

with PY(t),@"(t),sV(t) defined analogously with'(t,x) in (C53). Although simulation results
support this claim, a proof is yet to be constructed. A weaksult is stated in the following
proposition.
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Proposition C.5.5 Let N— o« in such a manner thatt; — t; — 0Vi. Then, under the assumption

that (C.58)- (C.58)hold, U} defined by{C.53)converges to udefined by{C.32)

Proof A proofis given in the appendix.

Remark C.5.1 With a clever choice of discretization of Problem Cl5/8can be computed as the
solution of an unconstrained, quadratic programming pesh] avoiding the difficulty of finding
solutions tofC.48)- (C.51) This is discussed in further detail in [17], [18], [19] an@D].

C.6 Simulations

In this section, we show an example of curve estimation witdbnC.4.]l and Problem C.4.2. We
let yirue(t) denote the underlying curve whilg(t), Ut (t)) denotes the optimal smoothing solution
at iterationk. Fork = 1 the closed form (Proble C.4.1) was used, andfer2, 3, ... the recursive
form (ProblenfC.4]2), yielding the contra}*(t), defined by[[CB). Throughout the simulations, a
noise& € N(0,0.05) was added to the sampld%of ytrue(ti") to simulate measurement noise. An
example is shown in Figuld 2 fdr= 1,5,10. As expected, the resulting contrg! defined by
(C.55) is periodic with breaks at the interpolation pointdt is also worth noting that als grows,
the magnitude of™(t) decreases as a consequence of the error convergence.

To further evaluate the recursive problem, a study of emarergence was performed for Prob-
lem[C4.2. For reference, Problém Cl]4.1 was solved for areasing number of data points
Denote byyX(t) andRX the output curve and error of Probl€m Cl4.2 at iteraki@md lety andR"
denote the output curve and error of Problem C.4. Nfalata points. The errors are computed as

R = [0 ~ et Pt (59)

Results are shown in Figuf@ 2. Mean valuesRbfand R¥ are plotted for 25 test cases. For
k=1,...,100 Probleni’C:4]2 was solved with’k) = 15 data points at each iteration, while Prob-
lem[C4.1 was solved with(k) = 15k data points. FigurEl2 shows that the performance of the
recursive problem is almost as good as that of the closed, fwitinout the drawbacks discussed in

RemarKC.41.

C.7 Conclusions

In this paper, we introduced a recursive smoothing splingagech to estimation of closed curves
in R2. We derived periodic smoothing splines recursively fronspalata by solving an optimal
control problem for a linear system. It was shown that a sémiphear transform makes the recur-
sive formulation identical to the closed form and that thetyeem is proper generically. Optimality
conditions were examined using Hamilton-Jacobi-Bellnteoty and simulations demonstrate sat-
isfying error convergence for the recursive method.
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Figure 1: An example.Left: EstimatesyX(t) (dashed) are shown at iteratioks= 1,5,10 and
compared with the underlying curyg,e and the sampled input daf#, z) (dots). Right: The
corresponding controlg'*, 0f° anduf*°. The interpolation points at= t* are marked with circles.
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Figure 2: Convergence results for Problem Q.4.2 for indnggs(solid) compared to Problem C.4.1
for increasing\ (dashed).
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Appendix
Proof of Proposition[C.5.1
From the dynamical constrainfs (€.2) it is obtained that
x(t) = Mx(0) + /: A-9Bu(s)ds, (C.60)
which, inserting the matrices and vectors[of {C.5), is
xa(t) ) _ ( X1(0)+t><2( )Jrfo(t* s)u (S)dS>
(% (0) + [§u(s)ds | (©on
At the terminal time, we obtain
( xq(T) ) _ ( x1(0)+Tx2(O)+fOT(T—s)u(s)ds) (C.62)
% (T) X2(0) + Jg u(s)ds ’ '
and sincex(0) = x(T) this yields
1 /7
x2(0) = —?./0 (T —s)u(s)ds (C.63)
/OT us)ds — O. (C.64)

It follows from (C.64) that the only feasible constant cahis u* = 0. Foru®™ = 0, the spline is
X; =z= £ 3N 7. ThereforeJ* = J(0,2).

Denote byxi(t) the periodic, cubic spline that interpolates the poigts- z). This spline exists
and is unique for distinct sampling angtesand if there is at least ore+# zin the setxj(t) # z.

It follows that U(t) = %;(t) is well defined, non-zero and lies in the feasible region @fPr
lem[C.4.1. Now letr € R and consider

2 N
r(@) = 3(aa(t),af(t)+2) = / 2dt+— > (- 2)(a - ax(t) -7 =

N
%Z/OT ()Zd”gzz (t—ti_1)(1—a)%(z — 2% (C.65)
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The derivative of (a) ata =0 s

zZ

or(a)
Jda

§
_ a/ A)2dt—2(1—a) S (t—t_1)(z — 2% =
0 K

—g? i(ti —ti_1)(z—2%<0. (C.66)

It follows that there exists aa* such thaf (a*) < (0).

Proof of Proposition[C.5.5
Note that if [C.56) -[[C.H7) hold, it follows that

W(T) = u}(0), (C.67)

Therefore, if we can show thaf (Cl4d), (C.48) dnd (C.50)espond to[(C.34)[(C.B5) arld (CI36) in

the limit N — oo, the proposition is proved.

Convergence forP

For simplicity, assume the data is equidistant and intredhe notatiomAt = t;1 —t;. Further,
according to the standard dynamic programming approaelRitcati equation is solved by back-
wards integration starting &t. Therefore we can writg,_; =ty — iAt. Introduce the notation

PY(t)
F(P)

R(t) te(ttiya], i=0,...,N—1 (C.68)
—AP— PA+PBQEP (C.69)

L
L

Consider the continuous functiéi{t) defined by[[C:34). Taylor expansionBft) aroundt =tj1
yields
P(ti) = P(ti 1) — AtF(P(ti11)) + AIC'R™IC+ O(At?). (C.70)

Now consider the functioPN. An expression corresponding {o (C.70) ft is obtained by, for
each intervalt;,ti, 1], integrating the differential equation (Cl46) backwardsd ¢hen adding the
correction term:

PN(t) = PN(tiy1) — AtF (PN(ti, 1)) + AtC'RIC+ O(At?). (C.71)
IntroduceAP = PN — P. Then
AP(t) = AP(ti1) + At (F (PM(ti1)) — F(P(tiy1))) + O(At?). (C.72)

For constan#, B andQ the functionF(+) is Lipschitz in a neighborhood &, i.e. it holds for some
constanK that
[F(PY) = F(P)|| < K[|P"—PJ|. (C.73)

Thus
|AP(t)[| < (1+AtK)[|AP(ti1) || + KAt? < €| AP(ti 1) || + kAL (C.74)
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for some constants andk. Therefore, starting the integration at the same endpoirr® &indP" so
thatAP(ty) = 0, we get

1At < kat? (C.75)

IAP(ty2)| < (1+€4)kat? (C.76)

APt < (1+eKAt+(eKAt)2+---+(eKAt)i’l)kAt2 (C.77)
(—:JKAt—l ) eiKAtf]_ ) eKTfl

= K (AU S KA S — —KAL (C.78)

Now fix the timet* € [0, T] and letty_; =t*. If more data points are added so thagrows,i will
grow sincet* is fix, while At decreases. Therefore

im [|AP(t*)|| = 0. (C.79)

|—00

The result also holds for unequally spaced data, in which tt@s convergence rate is bounded by
the largest interval, 1 —t;. Convergence fop ands can be shown by a similar argument.



