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Abstract

This work develops finite element methods with high order stabi-
lization, and robust and efficient adaptive algorithms for Large Eddy
Simulation of turbulent compressible flows.

The equations are approximated by continuous piecewise linear func-
tions in space, and the time discretization is done in implicit/explicit
fashion: the second order Crank-Nicholson method and third/fourth or-
der explicit Runge-Kutta methods. The full residual of the system and
the entropy residual, are used in the construction of the stabilization
terms. These methods are consistent for the exact solution, conserves
all the quantities, such as mass, momentum and energy, is accurate and
very simple to implement. We prove convergence of the method for
scalar conservation laws in the case of an implicit scheme. The conver-
gence analysis is based on showing that the approximation is uniformly
bounded, weakly consistent with all entropy inequalities, and strongly
consistent with the initial data. The convergence of the explicit schemes
is tested in numerical examples in 1D, 2D and 3D.

To resolve the small scales of the flow, such as turbulence fluctua-
tions, shocks, discontinuities and acoustic waves, the simulation needs
very fine meshes. In this thesis, a robust adjoint based adaptive algo-
rithm is developed for the time-dependent compressible Euler/Navier-
Stokes equations. The adaptation is driven by the minimization of the
error in quantities of interest such as stresses, drag and lift forces, or
the mean value of some quantity.

The implementation and analysis are validated in computational
tests, both with respect to the stabilization and the duality based adap-
tation.
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Preface

This thesis consists of an introduction and six papers. The overview of the
papers is given in the introduction. The papers are included in the second
part of the thesis.

Paper I.

Jean-Luc Guermond, Murtazo Nazarov and Bojan Popov. Implementation of
the entropy viscosity method. Technical report, kth-ctl-4015, 2011.

The author of this thesis contributed with the ideas and writing of the
manuscript, and performed the numerical implementation of the compressible
Euler computations.

Paper II.

Murtazo Nazarov. Convergence of a residual based artificial viscosity finite
element method. Technical report, kth-ctl-4016, 2011.

The author of the thesis came up to the ideas, performed the proofs and
the numerical implementations.

Paper III.

Murtazo Nazarov and Johan Hoffman. An adaptive finite element method for
inviscid compressible flow. International Journal for Numerical Methods in
Fluids 2010; 64(10-12):1102–1128.

The author of this thesis contributed to the ideas, wrote the manuscript
and performed the implementations. The author presented a part of this work
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at the FEF ’09 conference, Tokyo, Japan, and at the Finite Element Rodeo’10,
Dallas, USA.

Paper IV.

Murtazo Nazarov, Jean-Luc Guermond and Bojan Popov. A posteriori er-
ror estimation for the compressible Euler equations using entropy viscosity.
Technical report, kth-ctl-4017, 2011.

The author of the thesis contributed to the ideas and he carried out the the-
oretical developments, performed the numerical implementations and wrote
the manuscript. The author presented a part of this work at the FEF ’11
conference, Munich, Germany.

Paper V.

Murtazo Nazarov and Johan Hoffman. On the stability of the dual problem
for high Reynolds number flow past a circular cylinder in two dimensions.
Technical report, kth-ctl-4018, 2011.

The theoretical development, ideas and writing the manuscript of this
paper were done in close collaboration between the authors. The author of this
thesis performed numerical implementations and was responsible to prepare
the manuscript. The author presented a part of this work at the FEF ’11
conference, Munich, Germany.

Paper VI.

Murtazo Nazarov and Johan Hoffman. Residual based artificial viscosity for
simulation of turbulent compressible flow using adaptive finite element meth-
ods. Technical report, kth-ctl-4019, 2011.

The theoretical development, ideas and writing the manuscript of this
paper were done in close collaboration between the authors. The author of this
thesis performed numerical implementations and was responsible to prepare
the manuscript.

viii



.

Acknowledgement

This thesis would have remained incomplete without help of many people.
First of all, I would like to thank my supervisor Prof. Johan Hoffman for his
guidance, help and encouragement. Thank you for giving me the opportu-
nity to work on such interesting subject and get familiar with the world of
finite elements. You always gave me valuable ideas, create a wonderful work-
ing environment and encourage me to understand the subject and deal with
problems. I would like to thank my second advisor Prof. Anders Szepessy for
interesting discussions and valuable comments on my thesis.

Then, I would like to express my gratitude to Prof. Jean-Luc Guermond for
his hospitality and letting me join his research group in Texas A&M University.
Prof. Bojan Popov is gratefully acknowledged for his collaborative work and
insightful ideas. Without Jean-Luc and Bojan Papers I and III would have
remained incomplete.

This research is supported by the Swedish Research Council (VR) and
the Swedish Foundation for Strategic Research (SSF), which are gratefully
acknowledged.

I acknowledge Prof. Jesper Oppelstrup and Prof. Claes Johnson for their
interesting and fruitful ideas in finite elements and fluid dynamics.

Prof. Muhamadiev Ergash Mirzoevich and Prof. Naimov Alijon from
Vologda State University of Technology, Russia are gratefully acknowledged.
Ergash Mirzoevich, when I met you for the first time in Autumn 1997, I could
not solve excercise 67 in the Demidovich book. You were not discouraged, to
be my mentor and you continuously taught me many things in mathematics
and beyond. Having this relationship with you is one of the best achievements
I have ever made in my life.

I would like to express my special thanks to the FEniCS community, espe-
cially Dr. Anders Logg from Simulla Research Laboratory. I always received
valuable replies to all my requests to the mailing list.

Thanks to my collegues at NA/CTL group for creating this pleasant work-
ing environment. Especially, I would like to thank H̊akon Hoel, Marco Kupi-
ainen, Jelena Popovic, Sara Zahedi and Walter Villanueva for the wonderful
time we had together. Thank you H̊akon, Kaspar, Jeannette and Walter for
your proof readings and comments on this thesis.

My Tajik friends in Stockholm are acknowledged, especially Rustam and
Shuhrat and your families for great hospitality the nice time we could spend
together.



The special thanks goes to my little family Nargis and Aziz, for their love,
understanding, support and encouragement throughout the whole period of
this work. My great thanks goes to my family, my sister Maryam, brothers
Muzaffar, Mustafo and Mustakim, my mother Muhabbat and father Zoidjon
for your continuous love, encouragement and support in my education. You
mean everything to me.

Падар ва модари азиз! Ташаккури зиёд барои Шумо, ки ҳамеша маро
ба роҳи илму дониш ҳидоят намудед ва новобаста аз сахтии зиндагӣ
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Chapter 1

Background

1.1 Introduction

The compressible Navier-Stokes equations are a system of conservation laws
for conservation of mass, momentum and energy. These equations describe
the motion of Newtonian flow in fluid dynamics. In the coming chapters we
discuss phenomena that arise when the viscosity of the fluid decreases, with
shock formation and turbulence. Turbulent flow is not well suited for analysis,
instead we must use numerical approaches.

In general, problems in science and industry involve complex geometries
and shapes. Simulation of flow around cars, airplanes, rackets, wings, birds,
and supersonic jets are real examples which can be required from the industry.
Therefore, the numerical method should be designed to capture complex ge-
ometries. For this reason, we use finite element methods because of stability,
generality, and applicability to real world problems.

When differential equations are solved numerically, one has to ensure that
the method is efficient and reliable. Efficiency corresponds to solving a prob-
lem with small computational cost, and reliability guarantees that the global
error can be estimated from the computed solution. This is also one of the
main reasons for using finite element methods, since it is mathematically well
motivated, with a framework for a posteriori error analysis. Overall, the ob-
jective of the thesis is to design and implement a robust stabilized method,
and to prove a posteriori error estimates for the compressible Euler equations.

The structure of the thesis is the following: First we give a brief background
on conservation laws and the compressible Euler equations in Chapter 1. Then
in Chapter 2 we continue our discussion on numerical methods for conservation
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1. Background

laws, where our focus is the Euler equations. Chapter 3 gives information
about duality based error estimation for nonlinear problems, and in particular
the main theorem for the compressible Euler equations. We discuss different
approaches to computational methods for turbulent flows in Chapter 4. We
end the thesis by a short conclusion.

For a complete discussion of the stabilized finite element method and error
analysis we refer to the attached papers.

This work is a part of the development of the unified continuum mechanics
solver Unicorn [1], which is based on an adaptive finite element method. The
vision of Unicorn is to develop a unified continuum mechanics solver including
compressible and incompressible flows, fluid-structure and multiphase prob-
lems. Unicorn is part of the FEniCS applications and based on components
of the FEniCS project [2].

1.2 Conservation Laws

The Initial Value Problem (IVP) for the n-dimensional scalar conservation
law is defined as follows:

∂tu+∇ · f(u) = 0, (x, t) ∈ Rn × R+,

u(x, 0) = u0(x), x ∈ Rn,
(1.2.1)

where u = u(x, t) : Rn ×R+ → R, f(u) : R → Rn is a given smooth function,
and u0 is initial data which is also given.

We assume that the system (1.2.1) is a hyperbolic system of partial differ-
ential equations, meaning that the flux Jacobian f ′(u) is diagonalizable and
has real eigenvalues.

The Initial Boundary Value Problem (IBVP) is defined as follows:

∂tu+∇ · f(u) = 0, x ∈ Ω× R+,

u(x, 0) = u0(x), x ∈ Ω,
(1.2.2)

where Ω ⊂ Rn is a fixed open domain with boundary Γ. The boundary
conditions for the IBVP (1.2.2) are based on the characteristics of the flux
Jacobian system f ′(u). We will later in Chapter 2, Section 2.3.2, discuss the
choice of boundary conditions.

1.2.1 Weak Solution
Assume that ϕ ∈ C∞

0 (Rn × R+) is a smooth test function with compact sup-
port. Multiplying this test function to the conservation law (1.2.1) and use
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1.2. Conservation Laws

integration by part gives∫
R+

∫
Rn

(u ∂tϕ+ f(u) · ∇ϕ) dxdt+

∫
Rn

u0ϕ(x, 0) dx = 0. (1.2.3)

A function u(x, t) is said to be a weak solution if it satisfies equation (1.2.3)
for all smooth test functions with compact support. The weak formulation
(1.2.3) does not include terms with derivatives of the solution u or the flux
function f .

1.2.2 Viscosity Solution
In general there is no sharp jump in the physical problem even if the conser-
vation law (1.2.1) allows for discontinuities. Instead there is a small diffusive
layer over which the solution changes from one value to another. But the
layers may be very thin: the thickness of a shock is of the order of the mean
free path of the molecules. Therefore, we may replace the above conservation
law with a regularized equation

∂tu+∇ · f(u) = ε∆u, (1.2.4)

where ε is a small viscosity. The limit when ε → 0 is referred to as a viscosity
solution to the conservation law.

Viscous regularization makes analysis easier in most cases. However, in
the limit when ε goes to zero, problems may become more complicated and
analysis difficult.

A weak solution u of (1.2.1) is called admissible in vanishing viscosity sense
if there is a sequence of smooth solutions uε to

∂tu
ε +∇ · f(uε) = ε∆uε, (1.2.5)

which converges to u in L1
loc as ε → 0+.

In this thesis we study the compressible Euler equations. They play a fun-
damental role in fluid dynamics describing inviscid flow. The Euler equations
are obtained from the Navier-Stokes equations when the physical viscosity in
the system goes to zero.

For the Navier-Stokes equations, the existence1 of a strong (classical) solu-
tion is still not known. A French mathematician, Leray, showed the existence
of weak solutions of the incompressible Navier-Stokes equations in three space

1This is one of the seven Millennium prizes established by the Clay Mathematics Insti-
tute. The prize is US $1,000,000 for a solution or a counter-example.
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1. Background

dimensions [3], but despite of that, the existence of weak solutions for the
Euler equations is still unknown. Ladyzhenskaya proved the existence and
smoothness of solutions of the Navier-Stokes equations in two space dimen-
sions [4], but this gives no hint in three dimensions, since the main difficulties
are absent in two dimensions.

1.2.3 Entropy Solution
Assume that for a solution to (1.2.1), the following inequality holds:

∂tη(u) +∇ · q(u) ≤ 0, (x, t) ∈ Rn × R+, (1.2.6)

for a convex function η : R → R, where η(u) is called an entropy function and
q : R → Rn is the entropy flux that is computed from

q′i(u) = η′(u)f ′
i(u), i = 1, 2, · · · , n.

The weak form of the inequality (1.2.6) is the following: for all non-negative
ϕ ∈ C∞

0 (Rn × R+) we have that∫
R+

∫
Rn

(η(u)∂tϕ+ q(u) · ∇ϕ) dxdt ≥ 0. (1.2.7)

A weak solution of (1.2.1) satisfying the entropy inequality (1.2.7) is called
an entropy solution, or an entropy admissible solution.

Clearly, any classical solution of the IVP satisfies the entropy condition
(1.2.6), which is seen from multiplication by η′(u). In general there are many
weak solutions of (1.2.3) that exist for the same initial data. The physically
correct solution should satisfy the entropy inequality (1.2.7). One can show
that if uε → u in L1

loc as ε → 0+, then u is an entropy solution, see for example
[5]. Therefore, the physically correct solution for the conservation law can be
obtained as the viscosity solution uε for vanishing ε.

1.2.4 The Riemann Problem and the Rankine Hugoniot Condition
A conservation law together with a piecewise constant initial data, which has a
single discontinuity, is called a Riemann problem. For the scalar conservation
law in 1D, it is defined as:

∂tu+
∂

∂x
f(u) = 0, u(x, 0) =

{
ul, x < 0,

ur, x ≥ 0.
(1.2.8)
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1.2. Conservation Laws

The initial data has a discontinuity point at x = 0 and depending on the
values ul and ur the problem (1.2.8) has different solutions, such as shocks,
rarefaction waves and contact discontinuities.

If f ′(ul) > f ′(ur), there is a unique entropy solution to the Riemann
problem (1.2.8), which is calculated as

u(x, t) =

{
ul, x < st,

ur, x ≥ st,
(1.2.9)

where the constant s is called the shock speed. The discontinuity in the solution
propagates with the shock speed, satisfying the Rankine-Huginiot condition

f(ul)− f(ur) = s(ul − ur). (1.2.10)

1.2.5 Example
To understand a family of solutions of the Riemann problem, consider the
following initial value problem

∂tu+
∂

∂x

(
u3

3

)
= 0, u0(x) =


0, x < 0,

1, 0 ≤ x < 1,

0, x ≥ 1.

(1.2.11)

For this problem the shock speed according the Rankine-Hugoniot condi-
tion is s = 1

3 . One can easily show that the characteristics, dx
dt = f ′(u(x, t)),

for the equation (1.2.11) are straight lines, x = ξt+ x0, ξ = u2(x), and a so-
lution of (1.2.11) is constant along the characteristics with initial data u0(x).
Then the solution can be found as

u(x, t) =



0, x < 0,√
x

t
, 0 ≤ x < t,

1, t ≤ x <
1

3
t+ 1,

0, x ≥ 1

3
t+ 1.

(1.2.12)

From Figure 1.1 one can see that the characteristic lines do not cross for
x ≤ 1. Between 0 ≤ x < t a rarefaction wave develops in the solution. The
characteristic lines from the region 0 < x < 1 cross the lines from the region
x ≥ 1, and the shock line travels with the shock speed s = 1

3 . Figure 1.2
describes the solution u(x, t) at different times.

9



1. Background

Figure 1.1. The characteristic lines for the equation (1.2.11), (x, t)-plane.
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Figure 1.2. Solution of the equation (1.2.11) for different times in the (x, u)-plane.
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1.3. The Compressible Euler/Navier-Stokes Equations

1.3 The Compressible Euler/Navier-Stokes Equations

A general description of compressible fluids is given by the compressible Navier-
Stokes equations. The compressible Euler/Navier-Stokes equations play a fun-
damental role in understanding and simulating compressible gases and fluids
and are widely used in science and industry.

The compressible Navier-Stokes equations express conservation of mass,
momentum and total energy for a fluid enclosed in a fixed (open) domain Ω
in three-dimensional space R3, with boundary Γ over a time interval I = [0, t̂ ]
with initial time zero and final time t̂.

The conservation of mass states that the net mass flowing into some control
volume must be equal to the rate of increase of total mass in the volume. The
conservation of momentum comes directly from Newton’s second law, which
states that the time rate of change of momentum in a material region is equal
to the sum of the forces on that region, or that the sum of forces is equal to
mass times acceleration. And finally the conservation of energy states that
the total energy in an isolated system remains constant.

We seek the density ρ, momentum m = ρu, with u = (u1,u2,u3) the
velocity, and the total energy E as functions of (x, t) ∈ Q ≡ Ω×Γ, where x =
(x1,x2,x3) denotes the coordinates in R3. The equations for û ≡ (ρ,m, E)
read:

∂tρ+∇ · (ρu) = 0 in Q,
∂tm+∇ · (m⊗ u+ Ip) = g +∇ · (2µε(u) + λ(∇ · u)I) in Q,

∂tE +∇ · (Eu+ pu) = ∇ · ((2µε(u) + λ(∇ · u))u+ κ∇T ) in Q,

û(·, 0) = û0 in Ω,
(1.3.1)

where p = p(x, t) is the pressure of the fluid, ⊗ denotes the tensor product, I
denotes the identity matrix in R3, ∂t = ∂/∂t and g = (g1, g2, g3) is a given
volume force (like gravity) acting on the fluid, û0 = û0(x) represents initial
conditions,

ε(u) =
1

2
(∇u+∇uT ),

is the strain rate tensor, and κ ≥ 0 the thermal conduction parameter. The
viscosity parameters are assumed to satisfy conditions µ > 0, λ+ 2µ > 0.

Further, the total energy E = k + θ, where k = ρ|u|2/2 is the kinetic
energy, with |u|2 ≡ u2

1 + u
2
2 + u

2
3, and θ = ρT is the internal energy with T

the temperature scaled so that cv = 1, where cv is the heat capacity under
constant volume.
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1. Background

For inviscid flow, the viscosity coefficients and thermal conductivity are
zero, resulting in absence of viscous forces in equation (1.3.1), which corre-
spond to the compressible Euler equations:

∂tρ+∇ · (ρu) = 0 in Q,
∂tm+∇ · (m⊗ u+ Ip) = g in Q,

∂tE +∇ · (Eu+ pu) = 0 in Q,

û(·, 0) = û0 in Ω.

(1.3.2)

For such fluids there is complex behavior, with rarefaction waves, shock
waves, and contact discontinuities. Capturing this complex behavior numeri-
cally is nontrivial.

The number of unknowns including the pressure is six, but there are only
five equations in (1.3.1)-(1.3.2), and so we close the systems with the state
equation of a perfect gas;

p = (γ − 1)θ = (γ − 1)ρT = (γ − 1)(E − ρ|u|2/2), (1.3.3)

expressing the pressure p as a function of density ρ and temperature T , where
γ = cp is the adiabatic index with cp the heat capacity under constant pressure,
and (γ − 1) is the gas constant.

For a perfect gas, the speed of sound c is given by c2 = γ(γ− 1)T , and the
Mach number is defined as M = |u|/c, with u the velocity of the gas. The
total enthalpy H is given by

H =
E

ρ
+

p

ρ
. (1.3.4)

For the compressible Euler equations the Jacobian matrices f ′(û) :=
∂ûf j(û), j = 1, 2, 3, where the fluxes are defined by

f(û) = f j(û) =

 ρuj

miuj + ∂xip

(E + p)uj

 , i = 1, 2, 3, (1.3.5)

are given by

f
′
1(û) =


0 1 0 0 0

−u2
1 + 1

2 (γ − 1)|u|2 (3 − γ)u1 −(γ − 1)u2 −(γ − 1)u3 γ − 1
−u1u3 u2 u1 0 0
−u1u2 u3 0 u1 0

u1
1
2 (γ − 1)|u|2 − H) H − (γ − 1)u2

1 −(γ − 1)u1u2 −(γ − 1)u1u3 γu1

 ,

(1.3.6)

12



1.3. The Compressible Euler/Navier-Stokes Equations

f
′
2(û) =


0 0 1 0 0

−u1u2 u2 u1 0 0
−u2

2 + 1
2 (γ − 1)|u|2 −(γ − 1)u1 (3 − γ)u2 −(γ − 1)u3 γ − 1

−u2u3 0 u3 u2 0
u2(

1
2 (γ − 1)|u|2 − H) −(γ − 1)u1u2 H − (γ − 1)u2

2 −(γ − 1)u2u3 γu2

 ,

(1.3.7)

f
′
3(û) =


0 0 0 1 0

−u1u3 u3 0 u1 0
−u2u3 0 u3 u2 0

−u2
3 + 1

2 (γ − 1)|u|2 −(γ − 1)u1 −(γ − 1)u2 (3 − γ)u3 γ − 1
u3(

1
2 (γ − 1)|u|2 − H) −(γ − 1)u1u3 H − (γ − 1)u2u3 −(γ − 1)u2

3 γu3

 .

(1.3.8)

The eigenvalues of the linearized Euler system, sometimes called character-
istic speeds, are: λ1 = λ2 = λ3 = −u ·n, λ4 = −u ·n+c, and λ5 = −u ·n−c,
where n = (n1,n2,n3) is an outward unit normal vector to the boundary and
c is the speed of sound for an ideal gas. Physically well-posed boundary con-
ditions are imposed according to the characteristic speeds. Incoming waves
correspond to characteristics with positive sign while outgoing waves corre-
spond to characteristics with negative sign:

• supersonic inflow: u and n have opposite directions and |u · n| > c ⇒
λi > 0, i = 1, · · · , 5. All 5 characteristics enter to the domain, and 5
boundary conditions need to be imposed;

• supersonic outflow: u and n have the same direction and |u · n| > c ⇒
λi < 0, i = 1, · · · , 5. All characteristics leave the domain, and nothing
needs to be imposed;

• subsonic inflow: u and n have opposite directions |u · n| < c ⇒ λi >
0, i = 1, · · · , 4, λ5 < 0. There are 4 characteristic with positive sign,
so 4 boundary conditions need to be imposed;

• subsonic outflow: u and n have the same direction and |u · n| < c ⇒
λi < 0, i = 1, 2, 3, 5, λ4 > 0. There is one characteristics with
positive sign, so one boundary condition needs to be imposed.

For inviscid flow the slip boundary condition u·n = 0, requiring the normal
velocity to vanish on the boundary, is imposed at the wall boundary. We use
the no slip condition u = 0 at the wall for the Navier-Stokes equations.
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Chapter 2

Stabilized Finite Element Methods for
Conservation Laws

2.1 Numerical Methods for Conservation Laws and the
Compressible Euler Equations

There are three main numerical approaches to aproximate the compressible
Euler equations: artificial viscosity techniques, linear hybridization and Go-
dunov’s approach, see [6].

Godunov’s approach is based on a Riemann solver and solves the equa-
tions exactly at the interior discontinuity interfaces or approximates it using
polynomials. In the original Godunov’s scheme [7], the solution is approx-
imated by piecewise constant functions, resulting in first order accuracy in
space, together with the exact local Riemann solution at the cell interfaces.
The piecewise constant functions can be replaced with higher order func-
tions, leading to higher order schemes such as Monotone Upstream-centered
Schemes for Conservation Laws (MUSCL) [8]. In general, it is hard to use this
approach for complex geometries and unstructured grids. Obtaining higher
order accurate schemes for unstructured meshes in 3D is not straightforward.

Linear hybridization methods are usually designed in the following way:
the regions with a smooth solution is approximated with a high order scheme,
while in non smooth regions the scheme is replaced by a lower order scheme
which captures steep gradients and discontinuities. Finite difference and finite
volume schemes are usually used within this framework. These methods are
similar to the artificial viscosity approach, where a small amount of artificial
viscosity is added to the scheme in regions near discontinuities. Both need to
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2. Stabilized Finite Element Methods for Conservation Laws

find the right regions to give a special treatment.
Artificial viscosity was suggested by Neumann and Richtmyer [9] and has

been much developed over the last decades. It regularizes conservation laws
by adding extra terms and thereafter the modified equations are solved, see
section 1.2.2. Large amount of viscosity can smear out the important charac-
teristics of the solution. For conservation laws, in particular the compressible
Euler equations, one has to choose the artificial viscosity in such a way that it
reduces oscillations near shocks and discontinuities, but is small in the smooth
parts of the domain. One well known approach is to locate shocks by wavelet
coefficients, proposed by Harten [10]. Wavelet coefficients are used to locate
the shock and discontinuity regions, where a small viscosity is then added.
However, this approach is restricted to simple rectangular domains.

Later in this chapter we discuss residual based streamline diffusion stabi-
lization and shock capturing methods for finite elements.

2.2 An Overview of Numerical Methods

In this section we discuss some numerical techniques which are used for solv-
ing the compressible Euler equations. Among them, the well-known finite
difference, finite volume and finite element methods.

2.2.1 Finite Difference and Finite Volume Methods

Finite difference methods are popular with respect to efficiency for certain
computational domains. If the computational mesh is structured or equidis-
tant, solution values at the points of the mesh are computed by simple for-
mulas, i.e. keeping the mesh in the computation is not required. For explicit
schemes, the solution can be computed at each mesh point without solving
a linear system of equations. This makes the program very efficient. Finite
difference methods are based on Taylor expansions.

Another method, which is similar to finite difference methods, is the finite
volume method. The method is based on a volume integral of the partial
differential equation where the integrals containing divergences are converted
to surface integrals, which are approximated as a flux between volumes. For
this method the computational mesh can be both structured or unstructured,
and it allows for complex geometry. High accuracy requires information from
the neighboring cells. Thus, it is hard to construct a high order accurate
scheme with this method, especially in the case of unstructured meshes.
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2.3. A Stabilized Finite Element Method

2.2.2 Finite Element Methods

Finite element methods (FEM) are know for their reliability and generality.
FEM is based on the Galerkin method with polynomial basis functions, where
the equations are written in weak form, by multiplying the equations to a test
function. FEM is well suited for mathematical analysis, opening for a rigorous
error analysis.

FEM can be used in any geometry; it is easy to make a method high order
accurate by increasing the order of the basis functions. Discontinuous Galerkin
methods [11] can be seen as a generalization of finite volume methods.

A disadvantage of the method is the computational efficiency. The method
is typically relatively slow on a fixed mesh. However, rigorous error estima-
tion and flexible adaptive mesh refinement can make the method remarkably
efficient.

There are Galerkin methods using non polynomial basis functions. The
most popular one is the spectral element method [12] which is extensively used
in fluid dynamics for Direct Numerical Simulations (DNS). Spectral element
methods are combinations of spectral methods and finite element methods
with special choices of basis functions.

2.3 A Stabilized Finite Element Method

The standard Galerkin finite element method is not stable for convection dom-
inated problems. Instead a mesh-dependent consistent numerical stabilization
is added. The development of stabilization methods started in the late 70’s.
Hughes together with Brooks published the journal paper [13], which summa-
rized the existing stabilized methods. Here they introduced the Streamline
Upwind Petrov-Galerkin (SUPG) methods in 1979, see [14], and later Hughes
and Tezduyar and their co-workers published a number of papers in this sub-
ject, see [15, 16]. For more details about stabilized methods for compressible
flow we refer to [17].

Claes Johnson adopted the name streamline diffusion methods (SD) and
with his coworkers published a series of papers on time dependent problems
including advection-diffusion systems, and the Navier-Stokes equations.

The first paper with systematic analysis both mathematically and numer-
ically by Johnson and Nävert appeared already in 1981 in the conference
book [18]. Nävert defended his PhD dissertation in 1982 on stabilization of
finite element methods [19]. The work by Johnson, Hansbo and Szepessy
[20, 21, 22, 23, 24], was mainly focused on stability properties, convergence,
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2. Stabilized Finite Element Methods for Conservation Laws

and accuracy of SD for conservation laws including the compressible Euler
equations, and the incompressible Navier-Stokes equations.

Another approach of stabilization based on a sub-grid viscosity was pro-
posed by Guermond, where a finite element space is decomposed into a coarse
grid space and a fine subgrid space [25, 26], where the stabilization term is only
is only active in the subgrid space. This approach was then further developed
by Hughes and co-workers as variational multiscale methods [27, 28, 29, 30].

Burman and Hansbo proposed an Edge stabilization technique for convection-
diffusion-reaction equations and Stokes problems, which uses least square sta-
bilization of the gradient jumps across element boundaries, see [31, 32].

Recently, a new type of stabilization using a residual of the entropy func-
tional was proposed by Guermond et.al. [33, 34], and efficient implementations
of the method, with respect to time discretization and boundary conditions,
are studied in [35] in a framework of finite difference/element methods.

2.3.1 Summary of Papers I and II
We start by introducing the following notation: Let Wh ⊂ H1(Ω) be a finite
element space consisting of continuous piecewise linear functions on a fixed
mesh Th = {K} of mesh size h(x) < 1, with elements K. Here H1(Ω) denotes
the standard Hilbert space of functions that are square integrable together
with their first order derivatives. The scalar product over the finite element
mesh Th is defined as

(v,w) =
∑

K∈Th

∫
K

v ·w dx.

Let 0 = t0 < t1 < ... < tN = t̂ be a sequence of discrete time steps with
time intervals In = (tn−1, tn] and time-step ∆t = tn − tn−1, and let ûh =
(ρh,mh, Eh) ∈ V h ≡ Wh ×W 3

h ×Wh be continuous piecewise linear in space.

Entropy Viscosity

In Paper I, we study a stabilization method using entropy viscosity. The
entropy viscosity method was originally proposed for a Fourier approximation
[33] and was later developed for a finite element formulation in [34]. The
idea of the stabilization is the following: we would like to use a Navier-Stokes
viscous flux to stabilized the numerical approximation. The artificial dynamic
viscosity µh, thermal conductivity κh, and density viscosity νh, are computed
as follows:
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2.3. A Stabilized Finite Element Method

• For a given approximate solution, ûh(x, t), x ∈ Ω, t > 0, construct
an entropy pair ηh and qh and compute the residual of the entropy
inequality:

Rη(ûh) = ∂tηh(ûh) +∇ · qh(ûh).

• Use the above entropy residual to construct the following artificial vis-
cosity for each cell K ∈ Th:

µE |K = CEh
2
K‖Rη(ûh)‖∞,K‖ρh‖∞,K/‖ηh − η̄h‖L∞(Ω)

where CE is a tunable parameter, hK is the smallest edge of the cell K,
and η̄h = 1

|Ω|
∫
Ω
ηhdx is a normalization parameter. With this normal-

ization we guarantee the dimension of the physical viscosity.

• Compute first order viscosity using a local wave speed:

µmax|K = CmaxhK‖ρh‖∞,K‖uh +
√

γTh‖∞,K ,

where Cmax is a tunable parameter, and Th is an approximation of the
temperature.

• Set:

µh = min(µmax, µE), κh =
P

γ − 1
µh, νh =

Pρ

‖ρh‖∞,K
µh,

where P = O(1) and Pρ = O(1). Our experience is that using P ∈ [0, 1
4 ]

and Pρ = [0, 1
5 ] works well in most cases.

The entropy residual contains a time derivative of the entropy functional.
For high accuracy, at least second order backward differentiation needs to
be used. That requires to save the solution for two previous time-steps. In
Paper I we discuss an alternative way to compute viscosity, where the entropy
viscosity is evaluated on the fly in the steps of the Runge-Kutta time-stepping.

In each step of the Runge-Kutta method a linear system involving a mass
matrix is solved. Lumping the matrix is a well known technique for fast
computation of the mass matrix. Mass lumping consists of approximating
the mass matrix M by the diagonal matrix whose entries are the sum of the
row entries of M . However, we show computationally that this approach
introduces a large dispersion error.

A well-posed boundary condition for conservation laws is based on char-
acteristic variables [36, 37]. The implementation of the different boundary
conditions for the entropy viscosity finite element method is discussed. We
also give a detailed description of the implementation of a slip boundary con-
dition in strong and week forms.
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2. Stabilized Finite Element Methods for Conservation Laws

Residual Based Artificial Viscosity

In Paper II we study a simplified case of the streamline diffusion method,
were the equations are stabilized by only shock-capturing terms. The shock-
capturing terms are computed from the full residual of the Euler equations.

The convergence of the SD method is studied in [38, 39, 40]. Following this
work, we prove that the method with only residual based artificial viscosity, or
just shock-capturing terms, also converges toward the unique entropy solution.
The convergence analysis for a scalar conservation law proceeds by testing
that the numerical solution is uniformly bounded, weakly consistent with all
entropy inequalities and strongly consistent with the initial data. We show
that the backward Euler method with residual based viscosity converges. The
same approach for the proof is not possible for explicit schemes. However,
we show the performance of explicit schemes in numerical examples for the
compressible Euler equations.

2.3.2 Particular Boundary Conditions
There are many boundary conditions used in this thesis. We split the bound-
ary of the domain Ω in: inlet Γinlet, outlet Γoutlet, and wall Γwall boundaries.
For the complete description of the implementation of boundary conditions in
2D we refer to Paper I. However, in this section we go through the details of
the computation of normal and tangent vectors, and a strong implementation
of the slip boundary condition in 3D. For completeness, later in this section we
describe the characteristic boundary conditions used at the inlet and outlet.

Slip Boundary Conditions

In fluid dynamics, slip boundary conditions are typically used for invisced
flows. The slip boundary condition is

u · n = 0 on Γwall × I,

which means that the normal velocity on the boundary is zero. In other words
the pressure is the only nonzero flux on the given boundary Γwall × I.

In our computations, we implement the slip boundary condition strongly.
By “strongly” we here mean an implementation of the boundary condition after
assembling the stiffness matrix and the load vector, whereas a “weak” imple-
mentation involves adding boundary integrals to the variational formulation.
The row of the matrix and load vector corresponding to a boundary vertex is
found and replaced by a new row according to the boundary condition.
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2.3. A Stabilized Finite Element Method

The idea is as follows: Initially, the test function v is expressed in the
Cartesian standard basis (e1, e2, e3). Now, the test function is mapped lo-
cally to normal-tangent coordinates with the basis (n, τ 1, τ 2), where n =
(n1,n2,n3) is the normal, and τ 1 = (τ 11, τ 12, τ 13), τ 2 = (τ 21, τ 22, τ 23) are
tangents to each node on the boundary. This allows us to let the normal
direction to be constrained and the tangent directions be free:

v = (v · n)n+ (v · τ 1)τ 1 + (v · τ 2)τ 2.

For the matrix and vector this means that the rows corresponding to the
boundary nodes need to be multiplied with n, τ 1, τ 2, respectively, added to-
gether, and then the normal velocity should be put 0.

In the 2D case there is only one tangential vector so that the new basis is
(n, τ ). Here we present the implementation for 3D, but modification to 2D is
straight forward.

We split the boundary vertices of the computational domain into three
types, see Fig. 2.1:

• type S1 - where a vertex is on a surface,

• type S2 - where a vertex is on a edge,

• type S3 - where a vertex is on a corner.

Normals and Tangential Vectors

The discussion below is for convex boundaries, but is valid for concave bound-
aries as well. For the first type, S1, we follow the algorithm in [41] to find the
normal and tangential vectors. Here the tangential vectors are calculated for
a given normal vector n = (n1,n2,n3), with the normal vector given for each
facet of an element.

We define facets to belong to the same surface if the angle, α, between
the facet normals are less in absolute value than αmax > 0. In this thesis we
choose αmax = π

6 . For each surface a normal to a vertex is calculated as a
weighted average of all the facet normals which contain the vertex with the
weight being the area of each facet.

We define the vertex to belong to an edge, or type S2, if the vertex belongs
to two surfaces. In this case, we take the normal from the first surface as
vector n; and the normal from the second surface as τ 1. The last vector τ 2 is
then a cross product of n and τ 1, τ 2 = n×τ 1. When α = π

2 normals are per-
pendicular. But in general vectors n and τ 1 are not necessarily perpendicular,
see Fig. 2.2.

21



2. Stabilized Finite Element Methods for Conservation Laws

Figure 2.1. The possible types of the boundary, S1 (upper), S2 (lower left) and S3

(lower right).

The third case is a vertex which belongs to more than two surfaces. Again
the angle between normals on the surfaces, α, is checked. If there are more
than two surfaces we say the vertex belongs to a corner, or type S3.

Figure 2.2. Some different types of edges.

Implementation

Let us assume that the degrees of freedom (d.o.f.) are enumerated as follows:
the density d.o.f. are enumerated from 1 to N , the first Cartesian compo-
nent d.o.f. of the momentum are enumerated from 1 +N to 2N , the second
Cartesian component d.o.f. are enumerated from 1 + 2N to 3N , the third
Cartesian component d.o.f. are enumerated from 1+3N to 4N , and the total
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2.3. A Stabilized Finite Element Method

energy d.o.f. are enumerated from 1 + 4N to 5N . Assume that no boundary
condition is enforced, where we end up solving the linear system of equations
Aû(Kl) = b, where Kl denotes the set consisting of all d.o.f., A is a (5N, 5N)
stiffness matrix and b a load vector. Let i ∈ Kl be a boundary node where
we want to enforce the slip boundary condition:

· · · · · · · · · · · · · · · · · · · · ·
· · · ai+N,i+N · · · ai+N,i+2N · · · ai+N,i+3N · · ·
· · · · · · · · · · · · · · · · · · · · ·
· · · ai+2N,i+N · · · ai+2N,i+2N · · · ai+2N,i+3N · · ·
· · · · · · · · · · · · · · · · · · · · ·
· · · ai+3N,i+N · · · ai+3N,i+2N · · · ai+3N,i+3N · · ·
· · · · · · · · · · · · · · · · · · · · ·


·



· · ·
ρu1

i
· · ·
ρu2

i
· · ·
ρu3

i
· · ·


=



· · ·
li+N

· · ·
li+2N

· · ·
li+3N

· · ·


Let us discuss the implementation of the slip boundary condition for each

part separately.
(a) type S1. After a local coordinate mapping from the Cartesian to the

normal- tangent coordinate system and putting the normal velocity to zero,
the matrix A takes the following form.

· · · · · · · · · · · · · · · · · · · · ·
0 n1 0 n2 0 n3 0
· · · · · · · · · · · · · · · · · · · · ·
· · · a′i+2N,i+N · · · a′i+2N,i+2N · · · a′i+2N,i+3N · · ·
· · · · · · · · · · · · · · · · · · · · ·
· · · a′′i+3N,i+N · · · a′′i+3N,i+2N · · · a′′i+3N,i+3N · · ·
· · · · · · · · · · · · · · · · · · · · ·


·



· · ·
ρu1

i
· · ·
ρu2

i
· · ·
ρu3

i
· · ·


=



· · ·
0
· · ·

l′i+2N
· · ·

l′′i+3N
· · ·


where

a′i+2N,j = ai+N,jτ 11 + ai+2N,jτ 12 + ai+3N,jτ 13, j = 1, 2, · · · , 5N,

l′i+2N = li+Nτ 11 + li+2Nτ 12 + li+3Nτ 13,

and

a′′i+3N,j = ai+N,jτ 21 + ai+2N,jτ 22 + ai+3N,jτ 23, j = 1, 2, · · · , 5N,

l′′i+3N = li+Nτ 21 + li+2Nτ 22 + li+3Nτ 23.

Note that the mapping is done locally only for the vertex on the boundary,
which means the rest of the rows remain the same.

(b) type S2. In this case, there are two normals by the above construction,
n and τ 1. Velocity in these directions is constrained. The velocity in the third
direction, τ 2, is free. The linear system takes the following form:

· · · · · · · · · · · · · · · · · · · · ·
0 n1 0 n2 0 n3 0
· · · · · · · · · · · · · · · · · · · · ·
0 τ11 0 τ12 0 τ13 0
· · · · · · · · · · · · · · · · · · · · ·
· · · a′′i+3N,i+N · · · a′′i+3N,i+2N · · · a′′i+3N,i+3N · · ·
· · · · · · · · · · · · · · · · · · · · ·


·



· · ·
ρu1

i
· · ·
ρu2

i
· · ·
ρu3

i
· · ·


=



· · ·
0
· · ·
0
· · ·

l′′i+3N
· · ·


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(c) type S3. For a corner, the velocity in all directions is constrained.
Therefore, it is the same as applying a no-slip or zero velocity boundary
condition for this vertex. Meaning here that the row is replaced by an identity
vector and the right hand side is set to zero.

To ensure good conditioning of the matrix the rows are finally rearranged
to have the largest matrix elements on the diagonal.

Inlet/outlet boundary conditions

Imposing numerical and physical boundary conditions highly depends on the
direction of the propagating waves. The eigenvalues of the Euler system,
characteristics speeds, are found as follows: λ1 = λ2 = −u·n, λ3 = −u·n+c,
and λ4 = −u·n−c, where c is the speed of sound for an ideal gas. The normal
and tangent vectors are defined above.

Following Löhner [42] we apply characteristic based boundary conditions at
inlet Γinlet and outlet Γoutlet. Characteristic variables of the one-dimensional
Euler equations are found locally in each boundary cells, then they are fixed
according to the incoming waves for non-reflecting boundary conditions. For
the supersonic case all characteristics enter the computational domain at the
inflow, whereas they leave the domain at the outflow. In this case Dirichlet
boundary conditions are imposed for all variables at the inlet, but nothing is
imposed at the outflow. One boundary condition, typically for pressure, is
imposed at subsonic outlet.

For the detailed discussion of these type of boundary conditions, see Paper
I.

2.3.3 Numerical Examples
We consider Mach 3 flow in a wind tunnel with a step. This is a well known
benchmark used for testing new methods since [6]. Here we consider the two
dimensional case.

The wind tunnel of length 3 and height 1 contains a step with height 0.2,
situated at a distance 0.6 from the inflow. The initial data for the problem is
ρ = 1.4,m = (4.2, 0), E = 8.8. The flow is influenced by the numerical error
appearing from the neighborhood of the singular corner, where this affect can
be seen in the bottom Mach stem. Woodward and Colella [6] proposed to
apply a special kind of boundary condition for the points close to the corner,
to avoid the effect from the singularity. Another approach could be to round
off the nonphysically sharp corner and allow adaptive mesh refinement to
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follow the smooth structure of the rounded corner. We round off the corner
with a relatively small fixed curvature. It decreases the numerical error at the
corner up to a certain level. In the case of supersonic flow all characteristics of
the Euler equations go to the right, therefore no physical boundary conditions
are needed at the outflow. A slip or reflecting boundary condition is applied
on the channel walls. Usually, for numerical tests this simulation is done until
time t = 4.

The residual based artificial viscosity as in Paper II is used for the stabi-
lization. We use three different meshes: a coarse mesh with 6939 nodes, 13512
cells and h = 0.025; a medium with 27389 nodes, 54048 cells and h = 0.0125;
and a fine with 153864 nodes, 306156 cells and h = 0.00763.

Figure 2.3 shows the mesh for the medium mesh close to the corner. This
technique removes any numerical error which appears when the corner is not
rounded. The mesh is relatively finer in the close neighborhood of the corner.
We present our result in Figures 2.4, 2.5 and 2.6. We plot density and pressure
from the coarse, medium and fine meshes in Figures 2.4 and 2.5. We observe
that even for the coarsest mesh the method captures the right locations of the
strong shock and a contact discontinuity is clearly visible. The contact dis-
continuity is resolved well in the finest mesh. The medium mesh corresponds
approximately to the same mesh of size 80 × 240 which is used in [6]. The
approximation obtained by the residual based viscosity used in this thesis is
comparable with the high order finite difference schemes used in [6].

The magnitude of the residual based artificial viscosity is plotted in Figure
2.6 for three meshes. We see that the viscosity is active mostly at the shocks,
while it is very small in the smooth region. The viscosity gets more localized
as the mesh is refined. We observe that the viscosity is small in the region
where a contact discontinuity develops.
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2. Stabilized Finite Element Methods for Conservation Laws

Figure 2.3. Wind-tunnel with forward-facing step: the medium size mesh with
h = 0.0125. Triangulation close to the step at the left, and zoom of the corner at
the right. The mesh size at the curvature is h = 0.00072.
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2.3. A Stabilized Finite Element Method

Figure 2.4. Wind-tunnel with forward-facing step: Colormap and 30 contours of
density for the coarsest mesh, h = 0.025, 0.1775 ≤ ρ ≤ 6.0906, at the top, medium
mesh, h = 0.0125, 0.1245 ≤ ρ ≤ 6.2552, at the middle, and finest mesh, h = 0.00763,
0.1245 ≤ ρ ≤ 6.2552, at the bottom.
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Figure 2.5. Wind-tunnel with forward-facing step: Colormap and 30 contours of
pressure for the coarsest mesh, h = 0.025, 0.24 ≤ p ≤ 11.94, at the top, medium
mesh, h = 0.0125, 0.1536 ≤ p ≤ 11.961, at the middle, and finest mesh, h = 0.00763,
0.1331 ≤ p ≤ 12, 1118, at the bottom.
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2.3. A Stabilized Finite Element Method

Figure 2.6. Wind-tunnel with forward-facing step: Colormap of residual based
artificial viscosity, Paper II: coarsest mesh, h = 0.025, 1.03e−4 ≤ µ ≤ 0.0657, at the
top, medium mesh, h = 0.0125, 2.77e − 5 ≤ µ ≤ 0.0582 , at the middle, and finest
mesh, h = 0.00763, 1.18e− 5 ≤ µ ≤ 0.022, at the bottom.
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Chapter 3

Error analysis for finite element methods

An a priori error estimate shows that for a class of problems, a finite element
method produces the best approximation U in the finite element space V h of
the exact solution u, see e.g. [43, 44].

In a posteriori error analysis, only knowledge of the computed solution is
required. This means that the solution U is computed, and then the error
is estimated using this solution. Once the bound of the error is estimated in
the appropriate norm, it is possible to improve the approximation in order to
reduce the error which makes the method efficient and reliable. The idea of
using duality arguments in a posteriori error estimation was first studied by
Babuška and Miller for elliptic model problems [45, 46]. A more general
framework for a systematic approach to a posteriori error estimation was
developed by Eriksson and Johnson, Becker and Rannacher, with co-workers,
[43, 47, 48, 49, 50, 51, 52, 53, 54, 55, 56].

In most applications we are interested in obtaining an estimate of the
error in some quantity of interest or output, rather than, say, the L2 norm
of the error. The quantity of interest can be fluid forces such as drag and
lift, stresses and fluxes. For more information, see e.g. [44]. This approach
identifies a region in the computational domain, which must be refined to
improve the accuracy in the quantity of interest. The improvement is then
done by so called h-p-adaptivity, where h refers to splitting the cell (triangles,
tetrahedrons) into several smaller cells, and p refers to increasing the order of
a polynomial degree locally. Babuška and his co-workers show that by suitably
identifying regions with high error and using h-p-adaptivity the finite element
methods converge exponentially, see e.g. [57, 58]. In this thesis we focus on
h-adaptivity.
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3. Error analysis for finite element methods

3.1 A posteriori error estimation for the compressible Euler
equations

For systems of conservation laws, a posteriori error analysis has been inves-
tigated by Johnson, Szepessy and Hansbo [59, 60], and the stationary com-
pressible Euler equations in 2D have been studied by Hartmann, Huston and
Süli, and Larson and Barth using adaptive discontinuous Galerkin methods
[61, 62, 63, 64]. Burman studied a posteriori error estimation for the time
dependent compressible Euler equations in 2D [65].

In this thesis we present a posteriori error estimates for the compressible
Euler equations in three space dimensions, where we formulate the Euler equa-
tions (1.3.2) in terms of density, velocity and pressure. These variables are
independent of each other, resulting in a simplified derivation of the a poste-
riori error estimate. For details we refer to Paper III of the thesis, where we
show the derivation of the dual problem for the compressible Euler equations
and we prove an a posteriori error estimate [66].

To understand the essence of a posteriori error analysis for nonlinear prob-
lems, including the compressible Euler equations, consider the following non-
linear equation in a finite n-dimensional space:

F(u) = b, (3.1.1)

where F : Rn 7→ Rn, u ∈ Rn.
The residual of a computed approximate solution U ∈ Rn is defined as

R(U) = F(U)− b, (3.1.2)

or we can write
−R(U) = F(u)−F(U). (3.1.3)

To derive a relation between the residual R(U) and the error e = u−U ,we
insert u = U + e in (3.1.1) and Taylor expand about U to get

F(U + e) = b ⇒
F(U) + F ′(U)e+O(e2) = b ⇒

F ′(U)e+O(e2) = −(F(U)− b) ⇒
F ′(U)e+O(e2) = −R(U)

(3.1.4)

where F ′(U) is a Jacobian matrix. We drop the remaining terms which is of
order O(e2), to write the relation between residual and error as

F ′(U)e ≈ −R(U). (3.1.5)
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3.2. Summary of Papers III, IV and V

The adjoint problem is used to determine the effect on a quantity of interest
of the accumulation of errors.

With the notation A(e) = F ′(U)e we use the definition of an adjoint
operator and multiply the left hand side by φ and integrate by parts

(A(e),φ) = (F ′(U)e,φ) = (e, [F ′(U)]Tφ) = (e,A∗(φ)), (3.1.6)

where A∗ is an adjoint operator of A. Using the adjoint operator A∗, we
define the following dual problem for the variable φ: find φ ∈ Rn such that

A∗(φ) = ψ, (3.1.7)

where ψ ∈ Rn defines a linear target functional M(u) of the problem by
M(u) = (u,ψ). The functional M(u) is sometime called as a quantity of
interest. The quantity M(u) can be the error at some point, the error in an
average over some subset of the computational domain, or the error in some
norm.

The following lemma is an error representation formula:

Lemma 3.1.1. The error in the target functional M(u) − M(U) = M(e)
has the following relation to the residual R(U), and dual solution φ

M(e) ≈ (−R(U),φ). (3.1.8)

Proof. Using the definition of the adjoint operator, (3.1.6), and the dual prob-
lem (3.1.7), we have the following error representation for the quantity of
interest:

M(u)−M(U) = M(e) = (e,ψ) = (e,A∗(φ)) ≈ (−R(U),φ). (3.1.9)

3.2 Summary of Papers III, IV and V

We show duality based a posteriori error estimations in Papers III, IV and V.
In Paper III we prove an a posteriori error estimate in terms of the primi-

tive variables of the compressible Euler equations. We give a detailed analysis
of the linearization of the system and derivation of the adjoint problem. A
simplified streamline diffusion method with continuous piecewise linear func-
tions in space and time is used to approximate the primal problem. The dual
problem is stabilized by a first order artificial viscosity. The time discretiza-
tion corresponds to the implicit Crank-Nicholson method for both the primal
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3. Error analysis for finite element methods

and dual problems. A number of examples are performed in 2D and 3D. This
paper can be seen as an extension of previous work on adaptive finite element
methods for turbulent incompressible flow [67, 68, 69, 70].

In Paper IV we prove a posteriori error estimates using conservation vari-
ables. Both the primal and dual problems are solved in time by explicit
Runge-Kutta methods. The entropy based viscosity is used for the primal,
and a residual based stabilization is used for the dual problem. Flow around a
Naca 0012 airfoil is studied for various Mach numbers and target functionals.
The results are validated and discussed with respect to reference results.

We prove the following estimates: Assume ûh = (ρh,mh, Eh) is a finite
element approximation and û = (ρ,m, E) is the exact solution, and φ̂ =
(φρ,φm, φE) is the exact solution of the linearized dual problem of the Euler
equations.

Then the following theorem is an a posteriori error estimate for the com-
pressible Euler equations.

Theorem 3.2.1. The error, M(û)−M(ûh) satisfies the following inequality

|M(û)−M(ûh)| ≤
∫
I

∑
K∈Tn

ChhK |R(ûh)|K · |Dφ̂|K

+

∫
I

∑
K∈Tn

|V is(û;πhφ̂)K |dt+ h.o.t.,

(3.2.1)

where hK is the meshsize, h.o.t. is higher order terms, Th = {K} is a fixed
mesh with mesh size hK(x) < 1 and elements K, where, for w ∈ V h,
V is(û;w)K is stabilization terms in the finite element discretization.

In our computation we use Ch = 1
8 , which can be motivated by a simple

analysis on reference elements. Further, we denote by S =
∫
I
|Dφ̂|Kdt a

stability factor of the dual problem. The stability factor measures output
sensitivity of the quantity of interest with respect to numerical errors. The
a posteriori error estimate is expressed in terms of computed solutions of
the primal and dual problems. If the quantity |hKR(ûh)| decreases by mesh
refinement and the stability weight |Dφ̂|K is of moderate size, then the error
in the target functional is computable.

Paper V discusses stability issues of the dual solution for a 2D flow around
a circular cylinder for high Reynolds numbers for different Mach numbers. We
test the following Mach numbers: M = 0.2, 0.4, 0.6, 0.8, 1.4, 2.0, corresponding
to subsonic, transonic and supersonic inlets. We observe that for these Mach
numbers the dual solution of a drag functional blows up in the numerical

34



3.3. An Adaptive Algorithm

computations, and we discuss the fact that such blowup for 3D computation
of incompressible Navier-Stokes equations is not observed.

3.3 An Adaptive Algorithm

Once the a posteriori error estimate is obtained, the next step is to use the
error indicator in (3.2.1) to improve the numerical approximation. In the
simplest adaptive algorithms, the mesh Th remains constant until the final
time t̂. For the fixed mesh, the primal problem is solved forward and the
dual problem is solved backward in time. Then the mesh is refined/coarsened
according to the error indicator. Then the whole cycle is repeated until some
criteria is satisfied:

Algorithm 3.3.1. Given some tolerance TOL and initial coarse mesh T 0
h .

Starting with time k = 0, do the following adaptive loop:
1. Compute the finite element approximation ûh on the current mesh T k

h .
2. Compute the approximate dual solution, φ̂h, on the same mesh.
3. Compute the error indicator defined in (3.2.1), if |M(û) −M(ûh)| <

TOL, then STOP.
4. Refine elements in T k

h with the largest error indicator to get mesh T k+1
h .

5. Set k = k + 1 and go to 1.

3.4 Numerical Examples

Here we consider subsonic flow past a Naca 0012 airfoil. The equation of the
upper and lower surfaces of the Naca 0012 airfoil is defined as the follows:

y(x) = ± t

0.2
l

(
0.2969

√
x

l
− 0.126

(x
l

)
− 0.3516

(x
l

)2

+ 0.2843
(x
l

)3

− 0.1015
(x
l

)4
)
,

(3.4.1)

where x ∈ [0, l], l ≈ 1.00893 is the chord length and t = 12 · 0.01 · l is a
maximum thickness of the airfoil, see Figure 3.1.

We solve the primal and dual problem of the compressible Euler equations
for drag and lift as a target functionals. The entropy viscosity method pre-
sented in Paper I is used to solve the primal problem. The parameters used for
the entropy viscosity stabilization in the computation of the primal problem
are: CFL number 0.5, Prandtl numbers P = 0.1 and Pρ = 0.1, the parameter
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3. Error analysis for finite element methods

Figure 3.1. Naca 0012 airfoil: geometry.

of the first order viscosity is Cmax = 0.2 and that of the entropy viscosity is
CE = 1.0. For the dual problem we use a residual based viscosity stabilization
with: CFL number 0.5, Cmax = 0.1, and CE = 0.25. The initial condition of
the problem is ρ = 1.4, p = 1, u = M = 0.8 and the angle of attack is chosen
to be α = 1.25. The coarsest mesh consists of 1114 nodes and 2136 cells. The
averaging window of the computation of the target functionals is chosen as
t ∈ [80, 120], meaning that the primal problem is solved up to t = 120, and
thereafter the adjoint problem is solved backward in time back to t = 80. The
total error is then estimated, 10% of cells with the largest error contributions
are refined, and the process is then repeated.

This problem is known for it’s stationary solution consisting of shocks
on both upper and lower surfaces of the airfoil, see for example [71, 72]. We
present the results of the problem in the following figures. Figure 3.5 shows the
solution of Algorithm 3.3.1 after 11 adaptive iterations. The Mach number
is plotted in the figure. We observe the same stationary solution as in the
related references. Dual solutions for drag and lift forces are plotted in the
lower left and right plots, respectively.

Since we start with a coarse mesh, the mesh does not represent the surfaces
of the airfoil accurately, see Figure 3.3 upper and lower-left plots. In order to
decrease the geometry error, we project new points from the mesh refinement
onto the original geometry, see Figure 3.3 lower-right plot. The finest meshes
from the adaptive algorithm are presented in Figure 3.4. Refinements are
strongly localized to the area with the largest error indicators.

Figure 3.5 shows the convergence results of the adaptive algorithm. We
plot the values of the corresponding target functionals from each adaptive
iteration together with the reference drag 0.022 and lift 0.344. We observe
convergence of the algorithm already after six adaptive iterations. The values
of the total error of the target functional is also presented. As the mesh gets
finer, the total error approaches zero.
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3.4. Numerical Examples

Figure 3.2. Naca 0012 airfoil: Mach number upper, x-component of dual momen-
tum for the drag lower-left, and for the lift lower-right. Solutions obtained from the
finest mesh with 10622 nodes, 20931 cells for the drag, and with 8567 nodes, 16837
cells for the lift.
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Figure 3.3. Naca 0012 airfoil: The initial mesh with 1114 nodes and 2136 cells,
and the zoom of the finest mesh close to the leading edge.
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Figure 3.4. Naca 0012 airfoil: The finest mesh for the drag and lift functionals.
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Figure 3.5. Naca 0012 airfoil: The values of the drag, top-left, and lift, top-right,
coefficients from each adaptive iterations. The reference values, 0.022 and 0.344
respectively, are plotted in dashes. Corresponding error estimates as function of
number of nodes are plotted below.
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Chapter 4

Turbulence Simulation

The stabilized adaptive finite element method described in the chapters above
offers an alternative approach to turbulence. With respect to a quantity of
interest, the method adapts the mesh automatically based on a posteriori
error estimation. Flow features are resolved which have large influence on
the quantity of interest, while other small scale features remain unresolved
with the stabilization acting as a subgrid model. Therefore, the adaptive
method can be characterized as a DNS/LES method, since a part of the flow is
resolved as a DNS (Direct Numerical Simulation) and the rest of the flow is left
unresolved in a LES (Large Eddy Simulation). For example to compute mean
value output for flow past a body, the method uses LES in the wake and DNS
to capture separation and shocks. LES where the numerical method acts as
subgrid model is called Implicit LES, see e.g. [73]. Adaptive mesh refinement
based on rigorous error estimation significantly minimizes the computational
cost of the simulation for turbulent flow. The dual problem shows sensitivity
with respect to the output, which is taken into account automatically in the
adaptive algorithm.

Adaptive DNS/LES was developed and successfully applied to incompress-
ible flow by Hoffman and Johnson [74, 75, 76, 67, 77, 78, 79, 80, 81], which
are also referred to as a General Galerkin (G2) finite element method. For a
detailed analysis see [82].

4.1 Adaptive DNS/LES for compressible flows

In this thesis we study the extension of Adaptive DNS/LES to turbulent
compressible flow. For low Mach numbers, the flow is characterized as in-

41



4. Turbulence Simulation

compressible since the effect of compressibility is negligible. However, when
the Mach number increases the flow becomes very complex: including tur-
bulent wakes, bow shocks, rarefaction waves, discontinuities, shock wake in-
teraction, expansion and compression of supersonics regions, and transition
to subsonic/supersonic flow. To resolve all these features by the numerical
method is impossible for inviscid or slightly viscous flows. We can see in the
above presented results in section 3.4 that the adaptive method focuses com-
putational resources to regions that have high influence on the quantity of
interest in the computation, thereby minimizing the computational cost.

The detailed discussion of the Adaptive DNS/LES method for compressible
flow can be found in Papers III, IV, V and VI. Overall, Adaptive DNS/LES
may open new possibilities for computational compressible turbulence.

4.2 Numerical Example

To illustrate some steps of the Adaptive DNS/LES, let us consider a subsonic
M = 0.1 flow with Reynold’s number Re = 22000 around a square cylinder,
of diameter 0.0065 centered at (0, 0, 0) inside a box of size [−0.05, 0.15] ×
[−0.026, 0.026] × [0, 0.026], see Figure 4.1. The initial mesh has 26524 nodes
and 139264 cells. We show results after 3 iterations of Algorithm 3.3.1, where
the mesh has 48773 nodes and 255761 cells.

The slip boundary condition is used at the surfaces of the square cylinder
and the walls. The characteristic boundary conditions are used at the inlet and
outlet. After each time-step the values at the inflow boundary are corrected to
have ρ = 1.4, p = 1, u = 0.1. The upper plot of Figure 4.1 shows the contours
of the magnitude of the vorticity and a colormap of the magnitude of the
velocity. In the middle we plot the contours of the x-component of the dual
momentum. The target functional of this problem is the drag force acting
on the cylinder. After each step of Algorithm 3.3.1, the 10% of cells with
the largest error contributions are marked for h-refinement. The lowest plot
of Figure 4.1 shows the marked cells. As we can see, the refinement pattern
of the algorithm does not follow the von Karman vortex street, instead it is
localized to the area close to the cylinder. When we continue the steps until
convergence for a given tolerance, some features of the flow will be resolved
in a DNS, which have the highest contribution to the drag force. The rest is
left unresolved in a LES.
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4.2. Numerical Example

Figure 4.1. Adaptive DNS/LES for subsonic M = 0.1 flow around a square cylin-
der: vorticity contours together with the colormap of velocity magnitude at the top,
contours and colormap of the x-component of the dual momentum in the middle,
and 10% of the cells with the highest error contribution to the drag force at the
bottom.
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4.3 Summary of Paper VI

Paper VI combines the mathematical and computational results of the earlier
papers to present an adaptive method for turbulent compressible flow. The
stabilization of the equations is done by a residual based artificial viscosity
presented in Paper II. We show that the artificial viscosity acts as a numerical
stabilization, as shock-capturing and as turbulence capturing for large eddy
simulation (LES) of turbulent flow. The adaptive method resolves parts of
the flow indicated by the a posteriori error estimates, but leaves shocks and
turbulence under-resolved in a LES. In the paper we review various approaches
to LES for compressible turbulent flow, and we describe our approach and its
similarities with existing methods. We simulate a 2D problem to show the
performance of the stabilization and sharpness in shock capturing. Then we
solve 3D problems: compressible flow around a circular cylinder and a sphere,
for different Mach numbers. In the paper we use the drag coefficient as a
target functional. We compare our results with experimental data, which is
available in the literature.
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Chapter 5

Conclusion and future direction

In this thesis we have developed three main contributions: a new high or-
der stabilized method; a posteriori error estimates for time dependent com-
pressible flows; and an adaptive DNS/LES approach for computing turbulent
compressible flow.

Stabilized methods: the entropy viscosity method is extended in a more
systematic way into the finite element framework; a residual based artificial
viscosity method, is obtained by dropping least-square terms in the SD, GLS,
SUPG methods, where the convergence for implicit schemes is proved for
scalar conservation law in two space dimensions.

A posteriori error estimation: adjoint based a posteriori error estimates of
target functionals are proved for time dependent compressible Euler/Navier-
Stokes equations in 2D and 3D, using two approaches: primitive variables and
conservation variables. Issues of stability of the computed dual solution in 2D
for flow past a cylinder are investigated.

Adaptive DNS/LES is extended to simulate compressible turbulent flow.
Realistic problems for different Mach numbers are solved and compared with
experimental data.

The future work involves studying stability issues of the dual problem,
parallelization and large scale turbulence computations.
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[58] Babuška I, Suri M. The p and h-p versions of the finite element method,
basic principles and properties. SIAM Rev. December 1994; 36:578–632,
doi:10.1137/1036141.

[59] Johnson C, Szepessy A. Adaptive finite element methods for conservation
laws based on a posteriori error estimates. Communications on Pure and
Applied Mathematics ; 48:199–234, doi:10.1002/cpa.3160480302.

[60] Johnson C. Adaptive Finite Element Methods for Conservation Laws.
Advanced Numerical Approximation of Nonlinear Hyperbolic Equations,
Springer Lecture Notes in Mathematics, Springer Verlag, 1998; 269–323.

[61] Hartmann R. Adaptive FE Methods for Conservation Equations. Hy-
perbolic Problems: theory, numerics, applications: eighth international
conference in Magdeburg, February, March 2000, International series
of numerical mathematics, vol. 141, Freistühler H, Warnecke G (eds.),
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