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Sammanfattning

För att riskvärdera en obligationsportfölj kan man anta att utgivarnas avkastning på

tillgångar följer en multivariat normalfördelning. Vi undersöker hur felskattningar i kor-

relationerna mellan dessa avkastningar påverkar olika riskmått, under förutsättningen att

CreditMetrics ramverk används för att modellera portföljers beteenden. Monte Carlo-

simuleringar utförs på två olika portföljer, med lång respektive kort duration. Korrela-

tionsstrukturerna ändras både systematiskt och slumpmässigt och vi utför simuleringar

där oberoende och nära perfekt korrelation antas föreligga var för sig. Vi observerar att

slumpmässiga förändringar i korrelationerna ger nära oförändrade riskmått, vilket tyder

på robusthet hos CreditMetrics som ramverk. Systematiskt ökade korrelationer mellan alla

utgivare medför högre volatiliteter och Value-at-risks. Påverkan på volatiliteterna är dock

liten, medan skillnaderna hos alla Value-at-Risks är större. Det sistnämnda illustrerar

ett behov av större kapitalbu�ertar, något som till synes inte påvisas av volatilitetsmåt-

tet. Man kan därmed dra slutsatsen att volatiliteten inte är ett optimalt riskmått för

kreditportföljer, samt att noggranna uppskattningar av korrelationerna är viktiga för att

bestämma lämpliga kapitalbu�ertar.



Abstract

To determine risk of a bond portfolio one might assume that the obligors' asset returns

follow a multivariate normal distribution with certain correlations. We investigate how

errors in the estimates of these correlations a�ect portfolio risk measures, where the

CreditMetrics framework is used to model portfolio behavior. Monte Carlo simulations

are carried out on two sample portfolios, with long and short durations respectively. The

correlation structures are altered both systematically and randomly and we also perform

simulations assuming independence and near perfect correlations. When the correlations

are changed at random we �nd that the risk measures remain almost unaltered, which

indicates robustness of the CreditMetrics framework. Increased asset return correlations

across all obligors lead to higher volatilities and Value-at-Risks. The e�ect on the volatili-

ties are small, whereas the Value-at-Risks di�er to a greater extent. This re�ects the need

for greater capital bu�ers, which is not recognized by the volatility measure. One can

thus conclude that the volatility is not an optimal risk measure for credit portfolios and

that accurate correlation estimates are important in order to determine suitable capital

bu�ers.
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1 INTRODUCTION

1 Introduction

We study CreditMetrics, a framework for evaluating risk of credit portfolios. It was

developed by J.P. Morgan in the 1990s and is now widely used by businesses across the

world. The framework assesses a risk measure, such as the Value-at-Risk, to a given credit

portfolio, which in our case will consist of coupon paying bonds only.

In the CreditMetrics model, asset returns of credit obligors are assumed to have normal

distributions and certain correlations. Our purpose is to investigate how errors in these

asset return correlations a�ect the �nal risk measure. The topic of correlations has been

widely debated both in media and among industry professionals since the outbreak of the

�nancial crisis in 2007, where the correlations among U.S. house prices were misjudged

[5]. We seek to determine how such errors a�ect risk measures and in turn investment

decisions.

We begin with a brief explanation of a few �nancial concepts, which is followed by

an overview of some mathematical tools that we use. We then proceed to an in-depth

description of the model that is used within the CreditMetrics framework. Knowledge of

the model is obviously important in order to grasp what is outlined next. We perform

Monte Carlo simulations on two investment grade bond portfolios, where we will vary the

correlations between the obligors' asset returns. Monte Carlo simulation is a favorable

method when portfolios are large and also allows us to compute risk measures that are

di�cult to compute analytically.

1.1 Financial Background

1.1.1 Interest Rates

Interest rates can have di�erent compounding frequencies, and the e�ect of an annual

interest rate of r on an investment A depends largely on how many times per annuum

the interest rate is compounded. The terminal value of an amount A invested for n years

when the interest rate is compounded once per year is

A(1 + r)n. (1.1)

A compounding frequency of m times per year yields the terminal value

A
(

1 +
r

m

)mn
. (1.2)

Taking the limit m → ∞ yields the terminal value of the investment when the interest

rate is continuously compounded, and the result is

lim
m→∞

A
(

1 +
r

m

)mn
= Aern. (1.3)

All interest rates in this text will be measured with continuous compounding.

A few words also need to be said on implied forward rates, which are future interest

rates that are implied by the current structure of interest rates. If an investment A is put

on a bank account for a period t1, then withdrawn and invested for another period t2− t1

3



1 INTRODUCTION

on a similar bank account, this should yield the same return as that of a strategy where

the money was not withdrawn in the �rst place. It thus holds that

Aer1t1erf (t2−t1) = Aer2t2 , (1.4)

where rf is the forward rate between t1 and t2. An explicit expression for the forward

rate rf is thus

rf =
r2t2 − r1t1
t2 − t1

. (1.5)

This derivation can also be found in [7].

1.1.2 Bonds and Bond Pricing

A bond is a debt security where the issuer of debt (i.e. borrower of money) is obliged

to pay the holder of the bond interest, or coupon payments, at �xed dates. When the

bond matures, the principal, or face value, should be repaid. A bond with no coupon

payments is called a zero-coupon bond. The theoretical price of a bond is the discounted

present value of all future cash �ows, including the principal. The discount rate for a cash

�ow that occurs n years in the future is the n-year zero rate, which is the rate of interest

earned on an investment that starts today and lasts for n-years. Suppose you own a bond

with face value V that matures in n years. If the coupon rate is r per year, compounded

annually, then the theoretical price of the bond is

P = rV (e−r1 + e−2r2 + · · ·+ e−nrn) + V e−nrn , (1.6)

where ri, i ∈ {1, 2, . . . , n}, is the zero rate for an i-year investment.
The bond's yield to maturity y is the discount rate that satis�es the following equation:

P = rV (e−y + e−2y + · · ·+ e−ny) + V e−ny, (1.7)

where P is calculated from (1.6). The yield to maturity can therefore be thought of as

some kind of average of the zero rates.

The duration of a bond measures the price sensitivity of the bond with respect to

changes in the yield to maturity. It is equal to

n∑
i=1

ti
Cie

yti∑n
i=1Cie

yti
, (1.8)

where Ci denotes a cash �ow that can be either a coupon payment or repayment of the

principal. Note that we have used general times ti instead of years in this expression.

1.1.3 Credit Ratings and Default Recovery Rates

When a bond is considered a risky investment, i.e. that the issuer might not be able

to repay the principal, the holder generally demands a higher yield compared to that of

a bond with (almost) no risk. Rating agencies give each obligor a credit rating, which
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1 INTRODUCTION

purpose is to re�ect the amount of risk attached to the obligors' bonds. A high yield

is therefore connected to a low credit rating, and vice versa. The most famous rating

agencies are Standard & Poor's (S&P), Moody's and Fitch, where we will use the rating

system provided by S&P. Table 1.1 summarizes the credit ratings in the S&P rating

system.

AAA

Investment
Grade

AA
A
BBB
BB

Non-Investment
Grade

B
CCC
CC
C
D Default

Table 1.1: The various credit ratings in the rating system provided by S&P.
Investment grade bonds are seen as relatively safe investments, whereas non-
investment grade bonds (or junk bonds) generally are much riskier.

The probability of default, i.e. that the issuer cannot ful�l its obligations, has in general an

inversely proportional relationship to the credit rating. In the case of default, bond holders

rarely get paid the entire principal amount. The recovery rate depends on the seniority

of the debt, which refers to the order of repayment in the case of default. Table 1.2 shows

the means and standard deviations of the recovery rates for the di�erent seniority classes.

Seniority Class Mean (%) Standard Deviation (%)
Senior Secured 53.80 26.86
Senior Unsecured 51.13 25.45
Senior Subordinated 38.52 23.81
Subordinated 32.74 20.18
Junior Subordinated 17.09 10.90

Table 1.2: Mean recovery rates by seniority class�in percentage of face
value�together with the standard deviations of the recovery rates. These
can also be found in [1].

1.1.4 Risk Measures

There are several ways in which risk can be measured and we will focus on two of these:

the volatility and the Value-at-Risk. The volatility is simply the standard deviation of a

portfolio and is de�ned as

σ =
√
E[(X − E[X])2], (1.9)
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1 INTRODUCTION

where X is the portfolio value at the time horizon. The Value-at-Risk, or VaR, is a

percentile measure that with a con�dence level α ∈ (0, 1) is given by the smallest number

l such that the probability that the loss L exceeds l is not larger than (1 − α). In other

words,

VaRα = inf{l ∈ R : P (L > l) ≤ 1− α}. (1.10)

1.2 Mathematical Preliminary

1.2.1 Markov Chains

De�nition 1 (Stochastic process). A stochastic process is a collection of random variables

{X(t); t ∈ T}, where T is the index set of the process. All random variables X(t) are

de�ned on the same probability space (Ω,F ,P).

If the set T is discrete, we have a discrete-time stochastic process. Such a process may

simply be viewed as a sequence of random variables.

De�nition 2 (Markov chain). The discrete-time stochastic process {Xn;n ∈ N}, where
each Xn may assume states in a state space S is a Markov chain i�

P (Xn+1 = in+1|X0 = i0, X1 = i1, . . . , Xn = in) = P (Xn+1 = in+1|Xn = in)

for all n and all states i0, i1, . . . , in+1.

This is theMarkov property�that the future depends only on the present, not on the past.

We may think of a Markov chain as something starting in one state, then in each step

moving to a new (possibly the same) state. Due to the Markov property, the distribution

of future states depends only on the current state.

De�nition 3 (Transition probabilities). The transition probabilities pij in a time-homogeneous

Markov chain are de�ned by

pij = P (Xn = j|Xn−1 = i) i, j ∈ S,

i.e. pij is the probability of moving from i to j in one time step.

De�nition 4 (Transition matrix). The transition matrix P is the matrix (pij)i,j∈S of

transition probabilities

P =


p11 p12 p13 · · ·
p21 p22 p23 · · ·
p31 p32 p33 · · ·
...

...
...

. . .

 .

By p
(n)
ij , we mean the probability of moving from i to j in n time steps.

De�nition 5 (Transition matrix of order n). The transition matrix of order n is the

6



1 INTRODUCTION

matrix (p
(n)
ij )i,j∈S of transition probabilities

P(n) =


p
(n)
11 p

(n)
12 p

(n)
13 · · ·

p
(n)
21 p

(n)
22 p

(n)
23 · · ·

p
(n)
31 p

(n)
32 p

(n)
33 · · ·

...
...

...
. . .

 .

For n = 0, we de�ne p
(0)
ij = 1 if i = j and p

(0)
ij = 0 if i 6= j. We get P(0) = I.

De�nition 6 (Starting distribution). The starting distribution is the distribution of X0

and, with p
(n)
k = P (Xn = k), is given by

p(0) = (p
(0)
1 , p

(0)
2 , p

(0)
3 , . . . ).

The distribution of Xn is given by

p(n) = (p
(n)
1 , p

(n)
2 , p

(n)
3 , . . . ).

From [3, p. 13] we have four important results. Especially useful is (iv), which enables us

to obtain a future distribution of states from the current distribution together with the

transition matrix.

Theorem 1.

(i) p
(m+n)
ij =

∑
k∈S p

(m)
ik p

(n)
kj .

(ii) P(m+n) = P(m)P(n).
(iii) P(n) = Pn.
(iv) p(n) = p(0)P(n).

1.2.2 The Multivariate Normal Distribution

The multivariate normal distribution (or multivariate Gaussian distribution) is a gener-

alization of the one-dimensional univariate normal distribution. The distribution is used

in the CreditMetrics framework. Proofs for all theorems can be found in [4].

De�nition 7 (n-dimensional random variable). An n-dimensional random variable or

vector X is a measurable function from the probability space Ω to Rn, that is,

X : Ω→ Rn.

The concept of measurability is beyond the scope of this text and will not be considered

further. In order to de�ne the multivariate normal distribution we �rst need to introduce

the mean vector µ and the covariance matrix Λ. The correlation coe�cient ρ will also be

de�ned.

De�nition 8 (Mean vector). The mean vector of X is µ = E[X], the components of

which are µi = E[Xi] ∀ i = 1, 2, . . . , n.

7



1 INTRODUCTION

De�nition 9 (Covariance matrix). The covariance matrix of X is Λ = E[(X− µ)(X−
µ)′], whose elements are λij = E[(Xi − µi)(Xj − µj)] ∀ i, ∀ j = 1, 2, . . . , n.

De�nition 10 (Correlation coe�cient). The correlation coe�cient ρX,Y between two ran-

dom variables X and Y is de�ned as ρX,Y =
λij

σXσY
, where σX , σY are the standard devia-

tions of X and Y .

De�nition 11 (Multivariate normal random variable). The random n-vector X is normal

i�, for every n-vector a, the (one-dimensional) random variable a′X is normal. The

notation X ∈ N(µ,Λ) is used to denote that X has a (multivariate) normal distribution

with mean vector µ and covariance matrix Λ.

This de�nition has a few interesting implications, which are summarized in Theorem 2.

Theorem 2. Suppose that X ∈ N(µ,Λ), then the following three properties hold.

(i) Every component of X is normal.
(ii) X1 +X2 + · · ·+Xn is normal.
(iii) Every marginal distribution is normal.

Knowledge of these properties together with Theorems 3 and 4 is su�cient in order to

understand the argumentation in the sections where the multivariate normal distribution

is involved.

Theorem 3. Every covariance matrix is nonnegative-de�nite.

Theorem 4. Let X be a normal random vector. The components of X are independent

i� they are uncorrelated.

We will use Φn(x1, x2, . . . , xn,µ,Λ) and φn(x1, x2, . . . , xn,µ,Λ) to denote the distribution

function and the probability density function of a multivariate normal random variable.

1.2.3 Copula Functions

Given a joint distribution of random variables one can derive the marginal distributions

among the random variables. It is of great interest to do the converse, that is to specify a

joint distribution with given marginal distributions. The general problem has no unique

solution, but a copula function nevertheless gives us a solution.

De�nition 12 (Copula function). Given n uniform random variables U1, U2, . . . , Un, the

joint distribution function C, de�ned as

C(u1, u2, . . . , un) = P (U1 ≤ u1, U2 ≤ u2, . . . , Un ≤ un),

can also be called a copula function.

If we are now given a set of univariate marginal distribution functions F1(x1), F2(x2), . . . , Fn(xn)

and apply our copula function on these, we get what follows [8, p. 12]:

C(F1(x1), F2(x2), . . . , Fn(xn)) =

= P (U1 ≤ F1(x1), U2 ≤ F2(x2), . . . , Un ≤ Fn(xn)) =

= P (F−11 (U1) ≤ x1, F
−1
2 (U2) ≤ x2, . . . , F

−1
n (Un) ≤ xn) =

= P (X1 ≤ x1, X2 ≤ x2, . . . , Xn ≤ xn) = F (x1, x2, . . . , xn). (1.11)

8



1 INTRODUCTION

Also, the marginal distribution of Xi is [8, p. 13]

C(F1(∞), F2(∞), . . . , Fi(xi), . . . , Fn(∞))

= P (X1 ≤ ∞, X2 ≤ ∞, . . . , Xi ≤ xi, . . . , Xn ≤ ∞) = P (Xi ≤ xi)

= Fi(xi). (1.12)

We have now established that if given a set of univariate marginal distribution functions

we can link them with a multivariate distribution function using a copula function, and

that the resulting marginal distributions indeed are the ones we initially started out with.

The converse was proven by Sklar and is often referred to as Sklar's theorem.

Theorem 5 ([9, p. 46]). Let H be an n-dimensional distribution function with one-

dimensional marginal distributions F1, F2, . . . , Fn. Then there exists an n-copula C such

that for (x1, x2, . . . , xn) ∈ Rn,

H(x1, x2, . . . , xn) = C(F1(x1), F2(x2), . . . , Fn(xn)).

If F1, F2, . . . , Fn are all continuous, then C is unique.

There exist a lot of di�erent copulas, but the one we will use in the following is the

bivariate Gaussian copula:

C(u, v, ρ) = Φ2(Φ
−1(u),Φ−1(v),0, ρ), −1 ≤ ρ ≤ 1, (1.13)

where Φ2 is the bivariate normal distribution function with expectation vector 0 and

correlation coe�cient ρ. Φ−1 is the inverse of a univariate standard normal distribution

function.

1.2.4 The Beta Distribution

De�nition 13 (Beta distributed random variable). A random variable X is beta dis-

tributed with parameters a > 0 and b > 0 i� its probability density function is

f(x) =
Γ(a+ b)

Γ(a)Γ(b)
xa−1(1− x)b−1, 0 < x < 1,

where Γ(x) is the gamma function.

We will use X ∈ β(a, b) to denote a beta distributed random variable X. The expected

value and variance of X are

E[X] =
a

a+ b
(1.14)

Var[X] =
ab

(a+ b)2(a+ b+ 1)
. (1.15)

In our applications, it will hold that a > 1 and b > 1 and the distributions can then be

thought of as generalizations of a uniform random variable over the interval 0 < x < 1.

9



2 THE MODEL

2 The Model

A complete documentation of the CreditMetrics framework is found in [10]. For a given

bond portfolio, the framework produces risk measures taking into account the obligors'

credit qualities and the correlation between the obligors' asset returns.

2.1 Risk Horizon

When applying the CreditMetrics framework, one has to decide on a risk horizon, i.e. a

period of time for which we want our risk measures to apply. When applying Markov

chains, each step will correspond to one risk horizon.

2.2 Credit Rating Transitions

Consider a portfolio of n assets, each asset issued by one of m ≤ n obligors. A rating

institute has assigned one of its p credit ratings to each obligor. At the end of the risk

horizon the credit rating may either remain unchanged, be up- or downgraded or the

obligor might default. It is an intuitive realization that the new distribution of the credit

rating may only depend on the current rating and thus the rating transitions translates

to a Markov chain in accordance with De�nition 2.

As states we have the p ratings and the state where the obligor has defaulted, so we

have the (p + 1) × (p + 1) transition matrix P. If we label the states S1, S2, . . . , Sp and

Sd, the deterministic starting distribution for an obligor in state i ("the i'th rating") is:

p(0) =
(S1 Si Sp Sd

0 · · · 1 · · · 0 0
)
. (2.1)

With Theorem 1, we have the distribution at the risk horizon as p(0)P, or in this case

simply the i'th row of P.

2.3 Recovery Rates

The recovery rate R of a bond is stochastic with a distribution over the interval [0, 1]. In

CreditMetrics, the recovery rate is assumed to be beta distributed where the parameters

a and b are dependent on the seniority of the bond. Given the values of the means and

standard deviations in Table 1.2 we can for each seniority class solve for a and b. This is

pictured in Table 2.1, and to illustrate the di�erences between seniority classes the beta

distributions are plotted in Figure 2.1.

10



2 THE MODEL

Seniority Class a b
Senior Secured 1.32 1.13
Senior Unsecured 1.46 1.40
Senior Subordinated 1.22 1.95
Subordinated 1.44 2.96
Junior Subordinated 1.87 9.06

Table 2.1: The parameters a and b for the beta distributions of the di�erent
seniority classes.

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.5

1

1.5

2

2.5

3

3.5

4

4.5

 ← Junior Subordinated

 ← Subordinated

 ↑ Senior Subordinated

 ↓ Senior Unsecured
 ↓ Senior Secured

Figure 2.1: Plot of the beta distributions for varying seniorities.

2.4 Expected Asset Values and Standard Deviations at the

Risk Horizon

At the risk horizon t1, a bond with face value V starting in the state (i.e. has the credit

rating) Sj and that pays a coupon rV at every ti may assume the values V1, V2, . . . , Vp, RV ,

where

Vi = rV (e−r
Si
f,t1,t2

(t2−t1) + · · ·+ e−r
Si
f,t1,tn

(tn−t1))

+ V e−r
Si
f,t1,tn

(tn−t1) (2.2)

and R ∈ β(a, b) is the beta distributed recovery rate. rSi
f,tk,tl

is the implied forward rate

for a bond in state Si between time tk and tl.
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We now have a random variable Y which takes values Ω = {V1, V2, . . . , Vp, RV } and
probability measure p(0)P. Since R is a continuous random variable we are dealing with

a mixed random variable, and the expected value of the bond at the risk horizon is thus

E[Y ] =

p∑
i=1

(p(0)P)iVi + (p(0)P)dV

∫ 1

0

xfR(x)dx =

=

p∑
i=1

(p(0)P)iVi + (p(0)P)dV E[R], (2.3)

where fR(x) is the probability density function of R. It is also of interest to calculate the

standard deviation of Y . The variance of Y is given by

Var[Y ] = E[Y 2]− E[Y ]2 =

p∑
i=1

(p(0)P)iV
2
i + (p(0)P)dV

2

∫ 1

0

x2fR(x)dx

−
[ p∑
i=1

(p(0)P)iVi + (p(0)P)dV E[R]

]2
=

p∑
i=1

(p(0)P)iV
2
i

+ (p(0)P)dV
2(Var[R] + E[R]2)−

[ p∑
i=1

(p(0)P)iVi

]2
− 2(p(0)P)dV E[R]

p∑
i=1

(p(0)P)iVi − (p(0)P)2dV
2E[R]2 =

=

p∑
i=1

(p(0)P)iV
2
i −

[ p∑
i=1

(p(0)P)iVi

]2
− 2(p(0)P)dV E[R]

p∑
i=1

(p(0)P)iVi

+
(
(p(0)P)d − (p(0)P)2d

)
V 2E[R]2 + (p(0)P)dV

2Var[R]. (2.4)

2.5 Analytic Calculation of Expected Portfolio Value and

Standard Deviation

For an arbitrary portfolio we may at least in theory analytically obtain its expected value

and standard deviation. However as the portfolio grows large, a simulation approach will

be preferred due to greater speed. Also more useful risk measures may only be obtained

numerically�so in the end the interesting results will be produced by (Monte-Carlo)

simulation. Nevertheless it is still enlightening to demonstrate the analytic approach.

With n assets in our portfolio and the expected values µ1, µ2, . . . , µn of their valuations

at the risk horizon, the expected value of the entire portfolio becomes

µp = µ1 + µ2 + · · ·+ µn. (2.5)

The standard deviation σp is given by

σ2
p =

n∑
i=1

σ2
i + 2

n−1∑
i=1

n∑
j=i+1

λij. (2.6)
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The covariance terms are related to the standard deviations σij of the corresponding sums

Vi + Vj,

σ2
ij = σ2

i + 2λij + σ2
j . (2.7)

This gives the alternative expression

σ2
p =

n−1∑
i=1

n∑
j=i+1

σ2
ij − (n− 2)

n∑
i=1

σ2
i . (2.8)

So we may obtain the standard deviation for the entire portfolio by knowing the standard

deviations of the individual asset values as well as the standard deviations of their pairwise

sums.

2.6 Pairwise Asset Correlations and Joint Transition

Probabilities

There are several di�erent ways to quantify how the rating transitions of the obligors

co-vary. The RiskMetrics Group [10, p. 83] presents some approaches, but the one used

in practice and the one we will apply is the asset value model.

The �rst assumption is that relative changes in an obligor's asset value are normally

distributed with mean µ and standard deviation σ. These relative changes are the asset

value returns which we denote with A. We model a mapping from asset value return

intervals to credit ratings.

Formally with the d = p+1 states S1, S2, . . . , Sd corresponding to credit ratings ordered

after descending credit quality�the state Sd being default�and with d − 1 asset value

return thresholds Z2, . . . , Zd the state S as a function of asset value return A is

S(A) =


S1 A ≥ Z2

Sn Zn+1 ≤ A < Zn (n = 3, 4, . . . , d− 1)

Sd A < Zd

. (2.9)

The RiskMetrics Group [10, p. 88] gives an example of such a function for the S&P rating

system.

Since A ∈ N(µ, σ) we may calculate the probability function for S,

P (S = Sn) =


1− Φ(Z2−µ

σ
) n = 1

Φ(Zn−µ
σ

)− Φ(Zn+1−µ
σ

) n = 2, 3, . . . , d− 1

Φ(Zd−µ
σ

) n = d

, (2.10)

but from the transition matrix P these probabilities are already known. With p(0) as in

De�nition 6, we then have for an obligor in state Si,

(p(0)P)n = P (S = Sn) n = 1, 2, . . . , d. (2.11)

For n = d, the equation may be solved, expressing Zd in terms of µ and σ. Then for
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n = d − 1 we may solve for Zd−1, then for Zd−2 and so on, until all Zn are explicitly

de�ned. We have now described the underlying process which we assume drives rating

changes. For a pair of obligors, their asset value returns are correlated with correlation

coe�cient ρ. The next assumption is that for every pair of obligors, their joint changes

in credit ratings are bivariate normally distributed. The covariance matrix is

Λ =

(
σ2
a ρσaσb

ρσaσb σ2
b

)
, (2.12)

where σa, σb are the standard deviations for the two obligors a, b's respective asset value

returns.

We de�ne Z1 = ∞ and Zd+1 = −∞. To compute the joint probability that at the

horizon a, b are in state Si and Sj respectively we have

P (Sa = Si, Sb = Sj) =

∫ Za,i

Za,i+1

∫ Zb,j

Zb,j+1

φ2(Aa, Ab,µ,Λ)dAadAb. (2.13)

Performing this calculation for all combinations of states produces a joint transition prob-

ability matrix, for an example see [10, p. 90].

In fact, the result will be no di�erent if we assume that A ∈ N(0, 1). Since the

threshold values Zn are independent of the correlation we can put

Λ =

(
σ2
a 0

0 σ2
b

)
(2.14)

in the following proof:

P (Sa = Si, Sb = Sj) =

∫ Za,i

Za,i+1

∫ Zb,j

Zb,j+1

φ2(Aa, Ab,µ,Λ)dAadAb =

=

∫ Za,i

Za,i+1

φ(Aa, µa, σa)dAa

∫ Zb,j

Zb,j+1

φ(Ab, µb, σb)dAb =

=

(
Φ
(Za,i − µa

σa

)
− Φ

(Za,i+1 − µa
σa

))(
Φ
(Zb,j − µb

σb

)
− Φ

(Zb,j+1 − µb
σb

))
. (2.15)

For Ai ∈ N(µi, σi), Zn will be of the form Zn = kσi + µi, where k is a scalar. If

Ai ∈ N(0, 1), it holds that Z ′n = k. It therefore holds that

P (Sa = Si,Sb = Sj) =
(
Φ(ka,i)− Φ(ka,i+1)

)(
Φ(kb,j)− Φ(kb,j+1)

)
=

=

∫ ka,i

ka,i+1

φ(Aa, 0, 1)dAa

∫ kb,j

kb,j+1

φ(Ab, 0, 1)dAb =

=

∫ Z′
a,i

Z′
a,i+1

φ(Aa, 0, 1)dAa

∫ Z′
b,j

Z′
b,j+1

φ(Ab, 0, 1)dAb =

=

∫ Z′
a,i

Z′
a,i+1

∫ Z′
b,j

Z′
b,j+1

φ2(Aa, Ab,0, I)dAadAb. (2.16)
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Therefore, we can always assume that Ai ∈ N(0, 1) and use the threshold values Z ′n
instead of Zn.

Having obtained the joint transition probability matrix it is a simple matter to calcu-

late the standard deviation for all pairs of assets issued by the two obligors. Repeating

the procedure for all pairs of obligors we obtain all standard deviations needed in (2.8).

2.7 Using Copula Functions to Determine Default

Correlations

The joint probability that both a and b default is

P (Sa = Sd, Sb = Sd) =

∫ Za,d

−∞

∫ Zb,d

−∞
φ2(Aa, Ab,0,Λ)dAadAb =

= Φ2(Za,d, Zb,d,0,Λ) = Φ2(Za,d, Zb,d,0, ρ), (2.17)

where ρ is the correlation coe�cient derived from Λ. It also holds that

Za,d = Φ−1
(
(p(0)P)a,d

)
(2.18)

Zb,d = Φ−1
(
(p(0)P)b,d

)
, (2.19)

and it is therefore true that

P (Sa = Sd, Sb = Sd) = Φ2

(
Φ−1

(
(p(0)P)a,d

)
,Φ−1

(
(p(0)P)b,d

)
,0, ρ

)
=

= C
(
(p(0)P)a,d, (p

(0)P)b,d, ρ
)
, (2.20)

where C is the bivariate Gaussian copula. Copula functions can therefore be used to assert

the joint default probabilities of certain bonds. If we put P (Sa = Sd, Sb = Sd) = Pa,b and

(p(0)P)i,d = Pi , the default correlation between a and b is now given by

ρD =
Pa,b − PaPb√

Pa(1− Pa)Pb(1− Pb)
, (2.21)

where ρD should not be confused with the asset return correlation ρa,b between a and b.

2.8 Asset Return Correlations

In both the analytical and the simulation approach, the pairwise asset return correlations

between each pair of obligors are needed. With m obligors, we need the m ×m matrix

with the pairwise correlations.

The approach for obtaining numerical values for each ρij between obligors i and j

is described in full in [10, p. 92]. In short, from data providers we obtain the equity

correlations between di�erent industries and countries. For example we may be able

to use a provided value for the correlation between Swedish banking and �nance and

British electronics. If an obligor has interests in multiple industries and/or countries, the

correlation coe�cient will be a weighted value between these.
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The obtained correlations are good estimates at best. Though they probably look

very much alike, we have no evidence that equity correlations unaltered translate into

asset return correlations. Furthermore, data is not readily available for all conceivable

obligors and one may for example have to resort to using a correlation only between

countries instead of between speci�c industries. The correlation coe�cients may thus be

quite rough estimates and we have good reasons to study how errors in these a�ect the

CreditMetrics output.

2.9 Simulation Approach

A simulation approach obviously lacks the precision of an analytic calculation but has

other advantages. We may obtain any risk measure, in particular the Value-at-Risk.

Also, for large portfolios the analytic approach is too slow to be used in practice.

Solving (2.11) for all states we have the asset value return thresholds for all obligors

in our portfolio. Since we have assumed that asset returns follow a standard normal

distribution we now generate scenarios from a multivariate normal distribution. We thus

need the covariance matrix Λ, but since the standard deviation σ = 1 for all individual

asset returns this is equal to the correlation matrix.

The correlation matrices are determined by us, since our aim is to test how errors in

the estimates of these correlations a�ect the �nal risk measure. Having picked suitable

correlation matrices we make sure that they are positive de�nite by testing if all eigen-

values are greater than zero. The asset returns are then generated by the multivariate

normal distribution, which in turn, via the asset value return thresholds, determine the

credit ratings of the obligors at the risk horizon. The value of the portfolio is now easily

obtained by discounting future cash �ows with suitable forward rates. This procedure is

then repeated a number of times, and we thus obtain several portfolio values. Through

these values we can determine the desired risk measures.
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3 Portfolios and Credit Ratings

3.1 Sample Portfolios

We have used two di�erent portfolios in the Monte Carlo simulations. The initial credit

ratings will not di�er much among the constituent bonds, and the bonds will all be in

the investment grade subset of states, as pictured in Table 1.1. What will di�er between

the two portfolios is their durations, where the �rst will have a short duration, not much

longer than the risk horizon, and the other a quite long one. The coupon rate will always

be compounded annually and all bonds have separate obligors. Each bond has a credit

rating, a face value, a maturity and a seniority. The bonds in the short and long duration

portfolios are described in Tables 3.1 and 3.2 respectively.

Bond
Credit
Rating

Face Value Coupon Rate
Maturity
(years)

Seniority

1 AAA 2500000 0.05 3 Senior Secured
2 A 1000000 0.04 2 Senior Subordinated
3 A 4000000 0.04 2 Subordinated
4 BBB 9000000 0.06 3 Senior Secured
5 AAA 1500000 0.02 4 Senior Unsecured
6 AA 700000 0.02 2 Junior Subordinated
7 BBB 5000000 0.05 3 Senior Unsecured
8 A 3000000 0.07 2 Senior Secured
9 BBB 6000000 0.02 2 Junior Subordinated
10 AAA 500000 0.06 4 Senior Subordinated
11 A 2000000 0.08 2 Subordinated
12 AA 4000000 0.03 3 Senior Unsecured
13 A 3000000 0.01 3 Junior Subordinated
14 BBB 1500000 0.02 2 Senior Secured
15 AA 1000000 0.03 2 Subordinated
16 A 1000000 0.05 2 Senior Secured
17 A 2000000 0.04 3 Senior Subordinated
18 BBB 2500000 0.02 3 Senior Secured
19 AAA 2000000 0.06 2 Subordinated
20 AA 1000000 0.01 2 Senior Unsecured

Table 3.1: The bonds in the short duration portfolio.
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Bond
Credit
Rating

Face Value Coupon Rate
Maturity
(years)

Seniority

1 AAA 2500000 0.05 9 Senior Secured
2 A 1000000 0.04 10 Senior Subordinated
3 A 4000000 0.04 7 Subordinated
4 BBB 9000000 0.06 9 Senior Secured
5 AAA 1500000 0.02 8 Senior Unsecured
6 AA 700000 0.02 10 Junior Subordinated
7 BBB 5000000 0.05 8 Senior Unsecured
8 A 3000000 0.07 8 Senior Secured
9 BBB 6000000 0.02 7 Junior Subordinated
10 AAA 500000 0.06 9 Senior Subordinated
11 A 2000000 0.08 9 Subordinated
12 AA 4000000 0.03 8 Senior Unsecured
13 A 3000000 0.01 10 Junior Subordinated
14 BBB 1500000 0.02 9 Senior Secured
15 AA 1000000 0.03 9 Subordinated
16 A 1000000 0.05 10 Senior Secured
17 A 2000000 0.04 8 Senior Subordinated
18 BBB 2500000 0.02 7 Senior Secured
19 AAA 2000000 0.06 8 Subordinated
20 AA 1000000 0.01 8 Senior Unsecured

Table 3.2: The bonds in the long duration portfolio.

3.2 Credit Ratings

3.2.1 Transition Matrices

The general transition matrix that will be used is provided by the original CreditMetrics

document [10, p. 76]:

P =



AAA AA A BBB BB B CCC D

AAA 87.73 10.93 0.45 0.63 0.12 0.10 0.02 0.02

AA 0.84 88.22 7.47 2.16 1.11 0.13 0.05 0.02

A 0.27 1.59 89.04 7.40 1.48 0.13 0.06 0.03

BBB 1.84 1.89 5.00 84.21 6.51 0.32 0.16 0.07

BB 0.08 2.91 3.29 5.53 74.68 8.05 4.14 1.32

B 0.21 0.36 9.25 8.29 2.31 63.87 10.13 5.58

CCC 0.06 0.25 1.85 2.06 12.34 24.86 39.98 18.60

D 0 0 0 0 0 0 0 100


,

where the transition probabilities are given as percentages and the risk horizon is one

year. The probabilities were estimated using cumulative default rates and historical data

of credit rating transitions. We will use this matrix to model the behavior of every obligor

and the transition probabilities are therefore the same across all obligors, given an equal

credit rating.
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3.2.2 The Term Structure of Interest Rates

To determine the market values of our portfolios we need a current zero-rate structure.

The rates in Table 3.3 are in part provided by [2], in which there is a collection of average

interest rate spreads over treasuries for bonds in the industrial sector. Di�erent credit

ratings are accounted for and the period from which the data is taken is 1992-1996. For

the rating categories BB, B and CCC we have come up with the zero rates ourselves, but

the rates are set to follow the term structure in [2]. Our AAA-rated bonds are assumed

to carry the same risk as treasuries.

Maturity
(years)

AAA AA A BBB BB B CCC

1 5.106 5.531 5.672 6.135 6.731 7.025 10.113
2 5.265 5.657 5.801 6.287 6.961 7.341 10.451
3 5.616 6.012 6.196 6.686 7.135 7.596 10.793
4 5.916 6.322 6.522 6.988 7.382 7.714 10.982
5 6.150 6.565 6.773 7.212 7.579 7.935 11.266
6 6.326 6.749 6.960 7.375 7.833 8.104 11.493
7 6.461 6.890 7.103 7.500 7.965 8.253 11.610
8 6.565 6.999 7.214 7.595 8.104 8.396 11.822
9 6.647 7.085 7.300 7.669 8.192 8.478 11.934
10 6.713 7.154 7.370 7.729 8.251 8.563 12.021

Table 3.3: The term structure of zero rates for di�erent credit ratings (%).

To value each bond at the risk horizon we need a forward rate structure for every credit

rating Si. The forward rates in Table 3.4 are implied forward rates derived from the zero

rates in Table 3.3.

Period
(years)

AAA AA A BBB BB B CCC

1�2 5.424 5.783 5.930 6.439 7.191 7.657 10.789
1�3 5.871 6.252 6.458 6.962 7.337 7.882 11.133
1�4 6.186 6.586 6.805 7.272 7.599 7.944 11.272
1�5 6.411 6.824 7.048 7.481 7.791 8.163 11.554
1�6 6.570 6.993 7.218 7.623 8.053 8.320 11.769
1�7 6.687 7.117 7.342 7.728 8.171 8.458 11.860
1�8 6.773 7.209 7.434 7.804 8.300 8.592 12.066
1�9 6.840 7.279 7.504 7.861 8.375 8.660 12.162
1�10 6.891 7.334 7.559 7.906 8.412 8.734 12.233

Table 3.4: The implied forward rates derived from the current term structure
of zero rates (%).
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4 Portfolio Simulations

With the data from Section 3 as input we perform several simulations with our two sample

portfolios. In Section 4.1 we outline results from, �rst when the obligors' asset returns are

independent, then when they have a near perfect correlation. This is done to give estimates

of the extreme values of the risk measures for the two portfolios. In Section 4.2 we start

out with the correlation structure found in [10, p. 122] (for reference also provided in

Appendix A) and then systematically change the asset return correlations. It is interesting

to investigate how much the risk measures are a�ected by an m% systematic error across

all correlations. We proceed in Section 4.3 by investigating how random correlation errors

a�ect the risk measures, and this is in a sense a test of the robustness of the CreditMetrics

framework. Because asset return correlations are very hard to estimate, errors with zero

mean and �nite standard deviation should be rather common. It is therefore of interest

that such errors do not a�ect the risk measures substantially.

4.1 Extreme Correlation Structures

4.1.1 Assuming Independence

In the simulations we generated 100000 scenarios for each portfolio, and a summary of

the risk measures for the two portfolios is found in Table 4.1.

Volatility VaR0.90 VaR0.95 VaR0.99

261916 -989592 -946602 -640784

(a) Short duration portfolio

Volatility VaR0.90 VaR0.95 VaR0.99

299696 -222525 -116335 408022

(b) Long duration portfolio

Table 4.1: Risk measures for the two portfolios under the assumption that
all asset returns are independent.

The mean values of the portfolios were 6.56 · 107 and 5.52 · 107 respectively, and since

these are independent of the correlation structure they will by the law of large numbers

approximately hold for every simulation carried out hereafter. We have estimated the

volatility using the sample standard deviation s, de�ned as

s =

√√√√ 1

n− 1

n∑
i=1

(x− x̄)2, (4.1)

where xi denotes a generated scenario, n the number of generated scenarios. The VaR

is computed using the current market value as a benchmark, and a negative VaR simply

means that the portfolio appreciates with a high probability.

The risk measures di�er signi�cantly across the two portfolios, where the long duration

portfolio has a higher volatility and considerably higher VaRs than the short duration
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portfolio. This is intuitive since a long duration implies a higher sensitivity to interest

rate �uctuations. Even at this early stage it therefore becomes evident that a solid risk

management framework is increasingly important when the portfolio duration prolongs.

The di�erences between the portfolios are pictured in Figures 4.1 and 4.2. The fat tails

illustrate how default events asymmetrically lower the portfolio value, which is most

evident in Figure 4.2b due to the higher VaRs.
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(a) Short duration portfolio
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(b) Long duration portfolio

Figure 4.1: Plots of future portfolio values assuming uncorrelated asset re-
turns.
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(a) Short duration portfolio
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(b) Long duration portfolio

Figure 4.2: Plots of the bottom 5% of future portfolio values assuming
uncorrelated asset returns.
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4.1.2 Assuming Near Perfect Correlation

In this section we discuss outcomes when the asset returns are assumed to be almost

perfectly correlated. Volatilities and VaRs are presented in Table 4.2 and comparisons

with Table 4.1 lead to a few interesting observations. It is no surprise that higher asset

return correlations lead to riskier portfolios. However, the levels of sophistication of the

di�erent risk measures should be discussed. As seen in Figure 4.4 the tails are now

considerably longer and it is therefore questionable if the volatility captures the entire

risk. For example, the volatility of the long duration portfolio increases by a factor of

2.5 whereas VaR0.99 increases fourfold. The VaR, unlike the volatility, therefore seems to

capture the worst case scenarios, equivalent to one or several defaults, to a good extent.

It is also noticeable that even when every correlation is close to one all VaR percentiles

are still negative for the short duration portfolio. It is thus highly unlikely that the port-

folio depreciates over the course of one year, and from a loss minimizing perspective the

accuracy of the correlation estimates become less important for such portfolios. However,

one might be interested in securing a certain pro�t and in that case these measures are

just as relevant.

Volatility VaR0.90 VaR0.95 VaR0.99

732860 -940772 -667138 -354838

(a) Short duration portfolio

Volatility VaR0.90 VaR0.95 VaR0.99

787615 -76239 785383 1655110

(b) Long duration portfolio

Table 4.2: Risk measures for the two portfolios under the assumption that
all asset returns have a near perfect correlation.
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(a) Short duration portfolio
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(b) Long duration portfolio

Figure 4.3: Plots of future portfolio values assuming almost perfectly corre-
lated asset returns.
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(a) Short duration portfolio
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Figure 4.4: Plots of the bottom 5% of future portfolio values assuming almost
perfectly correlated asset returns.

4.2 Systematic Correlation Errors

To investigate how a systematic error in the estimation of correlations would a�ect the

output, we alter the correlation matrix found in [10, p. 122]. We perform simulations

where each (non-diagonal) correlation is multiplied by factors 0.6, 0.8, 1, 1.2 and 1.4

respectively. The obtained risk measures are presented in Table 4.3.

4.2.1 Implications for the Volatility

We note that all volatilities, as expected, lie between the boundaries given by the extreme

correlation structures discussed above. Furthermore, the volatilities for neither the short

nor the long duration portfolio are a�ected much by increasing or decreasing the correla-

tions. Since the di�erence in volatilities, especially for the short portfolio, are relatively

small we calculate 90 % con�dence intervals for these, using "jackkni�ng" as described in

[10, p. 149]. The intervals are in Table 4.4. Since these sometimes overlap, we cannot

strictly speaking and with 90 % con�dence always say how the volatilities relate to each

other. However, with the prior knowledge that volatility should increase with increas-

ing correlation we do not see the need for more precision and simply conclude that the

volatility is not considerably a�ected by our systematic errors.

23



4 PORTFOLIO SIMULATIONS

Correlation
multiplier

Volatility VaR0.90 VaR0.95 VaR0.99

0.6 273310 -978301 -919720 -547275
0.8 279649 -974389 -910491 -534083
1.0 282653 -971499 -904061 -527478
1.2 295600 -967392 -896577 -530970
1.4 309557 -965169 -888658 -511869

(a) Short duration portfolio

Correlation
multiplier

Volatility VaR0.90 VaR0.95 VaR0.99

0.6 333404 -175867 -25845 579178
0.8 357180 -156570 4894 623089
1.0 368172 -150421 28395 681096
1.2 393427 -133607 58674 804804
1.4 397715 -124505 79624 850668

(b) Long duration portfolio

Table 4.3: Risk measures for the two portfolios when the asset return corre-
lations are systematically changed.

Correlation
multiplier

Lower
boundary

Upper
Boundary

0.6 259687 286932
0.8 265564 293734
1.0 266898 298408
1.2 279744 311455
1.4 293478 325635

(a) Short duration

Correlation
multiplier

Lower
boundary

Upper
Boundary

0.6 325376 341431
0.8 348474 365886
1.0 359225 377118
1.2 385001 401852
1.4 389694 408428

(b) Long duration

Table 4.4: 90% con�dence intervals for the volatilities.

4.2.2 Implications for the Value-at-Risk

Unlike the volatility, where the di�erences when changing correlation structures were

quite small, the Value-at-Risk measures di�er signi�cantly in some cases. This is due

to the longer tails of the portfolio value distributions, caused by a higher frequency of

default events, which in turn is a consequence of the higher correlations. The e�ect when

the correlations are lowered is the opposite, an intuitive realization. For example, if

the correlations are misjudged and the true correlations are factor 1.4 greater than the

estimates, the VaR0.99 is underestimated by

850668− 681096 = 169572, (4.2)

which means that the true VaR0.99 is about 25 % greater than the estimate. The VaR may

be interpreted as a capital bu�er that should protect the portfolio in the event of loss, and
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4 PORTFOLIO SIMULATIONS

a 25 % underestimate of this bu�er should be regarded as a signi�cant event. The higher

correlations therefore a�ect the required capital bu�er substantially, a fact that was not

captured by the volatility.

This discussion further concludes that the volatility is not a preferable risk measure

when the portfolio value distribution cannot be assumed normal. Systematic correlation

errors do not a�ect the volatilities much, as outlined in Section 4.2.1, and unlike the VaR

the need for greater capital bu�ers is not recognized. Altered correlations may thus a�ect

the portfolio to a much greater extent than what is predicted by the volatility.

4.3 Random Correlation Errors

Modeling random errors in the correlations is not as easy as it sounds. While it may be

tempting to treat each pairwise correlation as independent and approximately normally

distributed around its true value, that would not be a realistic model. Some correlation

matrices produced by such a distribution would not be positive de�nite and thus cannot

be covariance matrices. (This would in fact be true for any distribution with enough

width.) This problem could be solved by the methods in [6] but the model would still

miss one important thing: the correlation errors might not be independent.

When testing against random errors we are not very interested in the actual modelling

of the errors. We simply concern ourselves with what would happen if we instead of

systematic errors have samples from a random error distribution with mean 0. That is,

we perform simulations where we to each non-diagonal entry in our correlation matrix

add values drawn from a normal distribution with mean 0 and some standard deviation

σ. The obtained risk measures are presented in Tables 4.5a and 4.5b.

σ Volatility VaR0.90 VaR0.95 VaR0.99

0.05 300582 -969720 -899808 -499283
0.07 288738 -972416 -905417 -553152
0.09 285718 -969672 -896627 -531489

(a) Short duration

σ Volatility VaR0.90 VaR0.95 VaR0.99

0.05 367579 -150761 25087 708384
0.07 365395 -151042 22558 678118
0.09 370769 -144734 30384 747453

(b) Long duration

Table 4.5: Risk measures for the portfolios when values drawn from a nor-
mal distribution with mean 0 and standard deviation σ are added to each
correlation.

Because we want to keep the correlation matrix positive de�nite, we keep the standard de-

viations low. No surprises are found in the results from the few simulations we performed.

All risk measures compare similarly to those for when the correlations were unchanged.

One might argue that simulations for a model allowing larger errors are needed, but we
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4 PORTFOLIO SIMULATIONS

see no need for that. Since random errors arise in both directions, the output should lie

between the outputs from when we have some systematic errors. So as long as we can

quantify the error margin due to these systematic errors, and that margin is acceptable,

we need not worry about random errors.
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5 Conclusions

We have applied the CreditMetrics model on two sample portfolios consisting of invest-

ment grade bonds. The bonds of the two portfolios di�ered only in duration, where the

bonds of the short portfolio had a maturity considerably closer to the risk horizon. To

investigate how errors in the estimates of asset return correlations would a�ect the output

of the model, we have performed simulations with di�erent correlation matrices.

Consistently, we saw that the long duration portfolio was more sensitive to errors than

the short portfolio. This came as no surprise since the long duration portfolio carries

higher risk due to its relatively greater sensitivity to �uctuations in interest rates. We

note that the bigger risk, the more important to take into account the e�ect of correlation

errors�a somewhat obvious conclusion. Also, we note that the volatility measure is not

optimal when the distribution of future portfolio values cannot be assumed normal, and

percentile measures such as the VaR might therefore be preferred.

For the extreme cases of no correlation and perfect correlation respectively, the output

di�ered considerably. When choosing correlations in between these, the volatilities did not

vary as much as one could expect, which further strengthens the idea that the volatility is

not an optimal risk measure for credit portfolios. The VaRs however di�ered to a greater

extent, which re�ects the need for greater capital bu�ers when asset return correlations

increase. It therefore becomes more important to accurately estimate the asset return

correlations than what the volatilities might imply. In the case of random correlation

errors the risk measures remained almost unaltered, which indicated robustness of the

CreditMetrics framework.

Our approach was not general in that we only tested two speci�c sample portfolios.

The results would probably look the same for other investment grade portfolios carrying

similar risks and where the obligors have a similar mix of correlations. For any portfolio,

one might perform the same tests as we have done to see how sensitive the output is to

correlation errors. In particular, when dealing with riskier assets, i.e. non investment

grade bonds, estimating default correlations might be of more importance�performing

the same tests in that case might be interesting. Also, it might be interesting to expand the

model and simulate the yield curves from some distribution, instead of using deterministic

interest rates. Increasing spreads are likely to be correlated with downgrades of obligors,

something that might have a signi�cant e�ect on the results.
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A THE CREDITMETRICS CORRELATION MATRIX

A The CreditMetrics Correlation Matrix

For reference, we provide the correlation matrix used in Section 4. The original matrix

was provided in [10, p. 122].
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B CREDITMETRICS IMPLEMENTATION

B CreditMetrics Implementation

For the simulations, the CreditMetrics framework was implemented in C++, using the

standard and boost libraries. Online documentation (with more detail) and sources, as

well as sources for the executeable used to perform the simulations will be made available

on http://www.f.kth.se/∼alundste. The implementation is not perfected, for example

exception throwing has not been implemented.

B.1 CreditMetrics Namespace Reference

An implementation of the CreditMetrics framework.

Namespaces

• namespace global

Global variables for the CreditMetrics implementation.

• namespace utils

Convenience methods for the CreditMetrics implementation.

Classes

• class BasicDataConnection

Basic data connection interface.

• class Bond

Bond class.

• class CreditRating

Credit rating class.

• class DynamicDataConnection

Dynamic data connection interface.

• class Model

An implementation of the CreditMetrics framework.

• class Obligor

Obligor class.

• class Portfolio

Portfolio class.

• class Seniority

Seniority class.

• class SeniorityWithBetaDist

Seniority with a beta distributed recovery rate in case of default of bond's obligor.
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B CREDITMETRICS IMPLEMENTATION

Typedefs

• typedef double ValueType

Monetary value.

• typedef double RateType

Interest rates, recovery rates etc.

• typedef double ProbabilityType

Probabilities, but also correlations etc.

• typedef long IdType

ID of bonds, obligors, portfolios etc.

• typedef boost::mt19937 RandomGeneratorType

Random generator.

B.2 CreditMetrics::global Namespace Reference

Global variables for the CreditMetrics implementation.

Variables

• boost::uniform_01 gUniformDist01

Uniform distribution on [0, 1].

• RandomGeneratorType gRandomGenerator

Random generator.

• boost::variate_generator< RandomGeneratorType, boost::uniform_01<> > gUni-

form01Generator

Uniform [0, 1] random generator.

B.3 CreditMetrics::utils Namespace Reference

Convenience methods for the CreditMetrics implementation.

Functions

• template<typename T >

std::string toString (T t)

• template<typename T1 , typename T2 >

std::pair< T2, T1 > reversePair (std::pair< T1, T2 > p)
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B.4 CreditMetrics::BasicDataConnection Class Reference

Basic data connection interface.

#include <BasicDataConnection.h>

Inheritance diagram for CreditMetrics::BasicDataConnection:

CreditMetrics::BasicDataConnection

CreditMetrics::DynamicDataConnection

Public Types

• typedef std::map< IdType, std::string > PortfolioListingType

Container type for string listing of the portfolios.

Public Member Functions

• virtual ProbabilityType correlation (IdType obligor1, IdType obligor2) const =0

Gets the correlation between obligor1 and obligor 2.

• virtual const Portfolio ∗ portfolio (IdType id)=0
Gets the portfolio with the speci�ed ID from this connection.

• virtual PortfolioListingType portfolioListing () const =0

List the portfolios accessible via this connection.

B.5 CreditMetrics::Bond Class Reference

Bond class.

#include <Bond.h>

Public Member Functions

• Bond (IdType id, ValueType faceValue, unsigned int maturity, RateType coupon-

Rate, const Seniority &seniority, const Obligor &obligor)

Constructs a Bond object.

• IdType id () const

Gets the ID of the bond.

• ValueType faceValue () const

Gets the face value of the bond.

• unsigned int maturity () const

Gets the maturity of the bond.

• RateType couponRate () const

Gets the coupon rate of the bond.
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• const Seniority & seniority () const

Gets the seniority of the bond.

• const Obligor & obligor () const

Gets the obligor of the bond.

• std::string toString () const

Get a string representation of the bond.

B.6 CreditMetrics::CreditRating Class Reference

Credit rating class.

#include <CreditRating.h>

Public Types

• typedef std::map< const CreditRating ∗, ProbabilityType > TransitionProbabiliti-

esType

Container for the transition probabilities from this credit rating.

Public Member Functions

• CreditRating (IdType id, const std::string &name, unsigned int rank, const Rate-

Type zeroRates[ ], size_t periods, ProbabilityType defaultProbability)

Constructs a CreditRating object.

• CreditRating (const CreditRating &from, IdType id=-1)

Constructs a CreditRating object as a copy of the provided CreditRating object.

• ∼CreditRating ()
Destructs a CreditRating object.

• CreditRating & operator= (const CreditRating &from)

Assignment operator.

• bool addTransitionProbability (const CreditRating ∗rCreditRating, ProbabilityType
p)

Adds the transition probability to the speci�ed credit rating.

• IdType id () const

Gets the ID of the credit rating.

• std::string name () const

Gets the name of the credit rating.

• unsigned int rank () const

Gets the rank of the credit rating.

• const TransitionProbabilitiesType & transitionProbabilities () const

Gets the transition probabilities of the credit rating.

• ProbabilityType defaultProbability () const
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Gets the default probability of the credit rating.

• RateType zeroRate (unsigned int period) const

Get the zero rate for the speci�ed period.

• std::string toString () const

Gets a string representation of the credit rating.

• bool validZeroRates () const

Checks if the zero rates are valid.

• bool validTransitionProbabilities () const

Checks if the transition probabilities are valid.

B.7 CreditMetrics::DynamicDataConnection Class Reference

Dynamic data connection interface.

#include <DynamicDataConnection.h>

Inheritance diagram for CreditMetrics::DynamicDataConnection:

CreditMetrics::DynamicDataConnection

CreditMetrics::BasicDataConnection

Public Types

• typedef std::map< IdType, std::string > CreditRatingListingType

Container type for string listing of the credit ratings.

• typedef std::map< IdType, std::string > SeniorityListingType

Container type for string listing of the seniorities.

• typedef std::map< IdType, std::string > ObligorListingType

Container type for string listing of the obligors.

• typedef std::map< IdType, std::string > BondListingType

Container type for string listing of the bonds.

Public Member Functions

• virtual IdType addCreditRating (const std::string &name, unsigned int rank, const

RateType zeroRates[ ], size_t periods, ProbabilityType defaultProbability) const

=0

Add a credit rating.

• virtual IdType addObligor (const std::string &name, IdType creditRating) const

=0

Add an obligor.
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• virtual IdType addSeniorityWithBetaDist (const std::string &name, double alpha,

double beta) const =0

Add a seniority with a beta distributed recovery rate.

• virtual IdType addBond (IdType obligorId, IdType seniorityId, ValueType face-

Value, unsigned int maturity, RateType couponRate) const =0

Add a bond.

• virtual IdType addPortfolio (const std::string &name) const =0

Add a portfolio.

• virtual void addBondToPortfolio (IdType portfolio, IdType bond)=0

Add the bond with the speci�ed ID to the portfolio with the speci�ed ID.

• virtual void removeBondFromPortfolio (IdType portfolio, IdType bond)=0

Remove the bond with the speci�ed ID from the portfolio with the speci�ed ID.

• virtual void addTransitionProbability (IdType fromCreditRating, IdType toCredi-

tRating, ProbabilityType transitionProbability)=0

Add a transition probability between the credit ratings with the speci�ed ID's.

• virtual void modifyCreditRating (IdType id, const std::string &name, unsigned int

rank, const RateType zeroRates[ ], size_t periods, ProbabilityType defaultProba-

bility) const =0

Modify the credit rating with the speci�ed ID.

• virtual void modifyObligor (IdType id, const std::string &name, IdType creditRat-

ing) const =0

Modify the obligor with the speci�ed ID.

• virtual void modifySeniorityWithBetaDist (IdType id, const std::string &name,

double alpha, double beta) const =0

Modify the seniority with beta distributed recovery rate with the speci�ed ID.

• virtual void modifyBond (IdType id, IdType obligorId, IdType seniorityId, Value-

Type faceValue, unsigned int maturity, RateType couponRate) const =0

Modify the bond with the speci�ed ID.

• virtual void modifyPortfolio (IdType id, const std::string &name) const =0

Modify the portfolio with the speci�ed ID.

• virtual CreditRatingListingType creditRatingListing () const =0

List the credit ratings accessible via this connection.

• virtual SeniorityListingType seniorityListing () const =0

List the seniorities accessible via this connection.

• virtual ObligorListingType obligorListing () const =0

List the obligors accessible via this connection.

• virtual BondListingType bondListing () const =0

List the bonds accessible via this connection.
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B.8 CreditMetrics::Model Class Reference

An implementation of the CreditMetrics framework.

#include <Model.h>

Public Member Functions

• Model (BasicDataConnection &conn, double ∗(∗multiNormalSample)(int dimen-

sion, int points, double covarianceMatrix[ ]))

Constructs a Model object.

• ValueType marketValue (IdType portfolio) const

Analytically calculates the current market value for the portfolio with the provided ID.

• ValueType expectedValue (IdType portfolio) const

Analytically calculates the expected value one period ahead in time for the portfolio with

the provided ID.

• void absoluteRiskMeasuresMonteCarlo (IdType portfolio, unsigned int scenarios,

ValueType &rMean, ValueType &rVolatility, ValueType &rValueAtRisk1pct, Val-

ueType &rValueAtRisk5pct, ValueType &rValueAtRisk10pct, unsigned int ∗pCurrentScenario=0,
std::ostream ∗pOut=0) const

Performs a Monte Carlo simulation on the portfolio with the provided ID.

B.9 CreditMetrics::Obligor Class Reference

Obligor class.

#include <Obligor.h>

Public Member Functions

• Obligor (IdType id, const CreditRating ∗pCreditRating, const std::string &name="")

Constructs an Obligor object.

• IdType id () const

Gets the ID of the obligor.

• std::string name () const

Gets the name of the obligor.

• const CreditRating & creditRating () const

Gets the credit rating of the obligor.

B.10 CreditMetrics::Portfolio Class Reference

Portfolio class.

#include <Portfolio.h>
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Public Types

• typedef std::set< const Bond ∗ > BondsType

The container type for the bonds in the portfolio.

Public Member Functions

• Portfolio (IdType id, const std::string &name)

Constructs a Portfolio object.

• IdType id () const

Gets the ID of the portfolio.

• std::string name () const

Gets the name of the portfolio.

• const BondsType & bonds () const

Gets the bonds of the portfolio.

• bool addBond (const Bond &bond)

Adds a bond to the portfolio.

• std::string toString () const

Get a string representation of the portfolio.

B.11 CreditMetrics::Seniority Class Reference

Seniority class.

#include <Seniority.h>

Inheritance diagram for CreditMetrics::Seniority:

CreditMetrics::Seniority

CreditMetrics::SeniorityWithBetaDist

Public Member Functions

• Seniority (IdType id, const std::string &name)

Constructs a Seniority object.

• virtual ∼Seniority ()

Virtual destructor.

• IdType id () const

Gets the ID of the seniority.

• std::string name () const

Gets the name of the seniority.

• virtual RateType expectedRecoveryRate () const =0
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Gets the expected recovery rate from defaulted bonds with this seniority.

• virtual RateType varianceRecoveryRate () const =0

Gets the variance of the recovery rate from defaulted bonds with this seniority.

• virtual RateType generateRecoveryRate () const =0

Generates a recovery rate from the recovery rate distribution of the seniority.

B.12 CreditMetrics::SeniorityWithBetaDist Class Reference

Seniority with a beta distributed recovery rate in case of default of bond's obligor.

#include <SeniorityWithBetaDist.h>

Inheritance diagram for CreditMetrics::SeniorityWithBetaDist:

CreditMetrics::SeniorityWithBetaDist

CreditMetrics::Seniority

Public Member Functions

• SeniorityWithBetaDist (IdType id, const std::string &name, double alpha, double

beta)

Constructs a SeniorityWithBetaDist object.

• virtual RateType expectedRecoveryRate () const

Gets the expected value of this seniority's beta distributed recovery rate.

• virtual RateType varianceRecoveryRate () const

Gets the variance of this seniority's beta distributed recovery rate.

• virtual RateType generateRecoveryRate () const

Generates a recovery rate from this seniority's beta distribution.
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