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Abstract

Today and future wireless networks are facing one of their greatest limiting factors:
interference. This is due to the unprecedented increase in the number of connected
devices. Therefore, in order to meet the ever increasing demand for data rate and
quality of services, more advanced techniques than what we have today are required
to deal with interference. This thesis takes a step towards interference management
in multiuser wireless systems by means of relaying and cooperation. We study four
fundamental building blocks in network information theory, propose new coding
schemes, and derive limits on the capacity regions.

The first problem we consider is the one-sided interference channel with bidi-
rectional and rate-limited receiver cooperation. We propose a coding scheme that
tailors two versions of superposition coding with classical relaying protocols. The
proposed scheme unifies and recovers previous results for the unidirectional coop-
eration, yet in simpler forms. Analytical and numerical results confirm the benefits
of cooperation and illuminate the ideas behind the coding strategy.

The second problem generalizes the first one by allowing the existence of both
crossover links in the channel. We propose a coding scheme for this channel by
extending noisy network coding to encompass rate-splitting at the encoders. The
achievable rate region is shown to be the same as a region achieved by explicit
binning. As a corollary, we prove that noisy network coding achieves the capacity
region of the Gaussian channel within 1 bit, under strong interference. Our result
is among the first to show constant-gap optimality of noisy network coding for a
multiple-unicast problem, and to demonstrate equivalence in terms of achievable
rates of two different coding approaches for a noisy interference network.

We follow up by introducing a dedicated relay into the interference channel
which simultaneously helps both receivers. For this third problem, the interference
channel with a relay, we propose new coding schemes based on layered codes for
long- and short-message quantize-forward techniques. The short-message schemes
show improvements in the achievable rates compared to other known coding tech-
niques, especially when the channel is asymmetric, while relaxing the excessive delay
issue of the long-message scheme. The analysis also reveals the trade-off between
achievable rates, encoding and decoding delays, and complexity.

In the fourth problem, we propose a new model for cooperative communication,
the interfering relay channels, which consists of two neighboring relay channels
inducing interference to each other. Each relay, by utilizing a finite-capacity and
noise-free link to its own receiver, helps the receiver decode the desired message.
We characterize the exact and approximate capacity region and sum-capacity for
various classes of channels. The established results generalize and unify several
known results for the relay and interference channels.

The methods and results shown in this thesis aim at providing insight into
potential techniques for cooperative interference management in real-world systems.
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Chapter 1

Introduction

W
ireless communication is characterized by two main features: the broad-
cast and the superposition of signals. The former means a signal sent by
a node in a network can be heard by its neighboring nodes, who share the

same resources such as time and frequency. The latter means signals from different
sources are linearly added at a particular destination. These two characteristics
create the main challenge in wireless communications: mitigating the additive in-
terference. One obvious strategy to mitigate interference is letting a transmitter
increase the transmit power so that the intended receiver can distinguish its de-
sired signal from the undesired signals or interference. This approach, however, has
two main drawbacks. First, each transmitter has a power constraint. One cannot
increase the transmit power as much as one wants to, not to mention the diffi-
culty in designing the transmitter when the power range is too large. Second, in
a multi-node network, increasing the transmit power at a node will increase the
interference at other nodes. To draw an analogy, imagine a party where multiple
dialogs take place at the same time, if a person raises his voice then the people
around him are disturbed and they may react by raising their voices as well. In
the worst case this may lead to a situation where everybody shouts but nobody
understands anything. That said, the strategy of raising the transmit power is not
advisable in a multiuser communication network. Another strategy is to allow the
nodes to alternately utilize the whole resource, resulting in what is often called
orthogonal schemes due to the fact that the communication of different members
do not interfere with each other. For example, each transmitter can transmit in one
time slot while the other transmitters remain silent, or each transmitter can use a
different frequency band. It is easy to see that this strategy works but in a very
inefficient way because the whole resource is occupied by only one member while
it can possibly be shared among multiple members. Fortunately, the interference is
fundamentally different from the thermal noise present in the receivers. Being the
signals sent by the transmitters, the interference often has certain structure that
can be exploited to combat the interference itself. One of the most natural and
efficient way to combat interference is allowing the nodes in a network to help each

1



2 Introduction

other to either cancel, reduce, or forward the interference. In so doing each receiver
either receives less interference or has more information about the interference to
better mitigate it. This general idea of cooperative interference management, a spe-
cial kind of so-called cooperative communication, has recently gained great interest
from the information theory, communication theory, and signal processing research
communities.

The main driving force for cooperative communication comes from the mobile
and wireless industry. The second and third generation (2G and 3G) cellular systems
heavily rely on a macro-centric network planning process and orthogonal schemes to
avoid interference. The base stations have similar configurations and power levels,
and are located according to a planned layout to maximize the network coverage
and minimize the interference to each other. Each base station serves roughly the
same number of mobile terminals and with similar characteristics of data flows. This
homogeneous network design, however, is no longer efficient enough to meet the de-
mand of the networks of today and the future. In the world of the so-called internet
of things, not only more bandwidth but also more advanced techniques are required
to catch up with the unprecedented increase in data traffic, the mobility of nodes,
and higher quality of services. In this way cooperative communication has started
making its way to current and future mobile and wireless systems. For example,
in the evolution to the fourth generation (4G) wireless cellular networks, the new
concept of Coordinated Multi-Point transmission and reception (CoMP) has been
widely accepted by both industry and academia [MF11a, LKL+12]. CoMP is the
general terminology for techniques that allow multiple points, e.g., base stations and
mobile terminals, to jointly transmit/receive and process signals. As a result, CoMP
helps realize potential multiantenna gains and allows a better control of intra-cell
and inter-cell interference. A proven effect of CoMP is the improved throughput
of cell-edge users as well as of the whole system. Similarly, Heterogeneous Net-
works (HetNet) is being considered the key enabler for a flexible and cost-effective
method of providing uniform high speed connections to all users. Instead of having
only large macro cells as in traditional homogeneous networks, heterogeneous net-
works also consist of smaller pico and femto cells and the use of low-power relay
nodes, as depicted in Fig. 1.1. This brings about numerous benefits: more flexi-
ble network deployment, better network coverage, increased data rates, improved
cell-edge users experience. In particular, having small cells allows for the range ex-
pansion in LTE-Advanced systems [Qua11,OS12]. Beside great advantages, mixed
networks like HetNet pose very challenging requirements for coordinating different
nodes and controlling interference. Efforts have been made by the industry and led
to the discussion and standardization of intercell interference coordination (ICIC)
and enhanced ICIC techniques by 3GPP [LPGDlR+11]. However these techniques
are mainly based on scheduling and power control schemes. Different scenarios for
CoMP have also been proposed to include HetNet [LKL+12]. Note that in HetNet
and CoMP the role of backhaul links is particularly important. These are the links
that connect the macro/pico/femto base stations with each other and with the core
network. The backhauls can be high-speed optical links, consumer’s broadband con-
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Core Network

IP Network
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Relay
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Figure 1.1: Heterogeneous network in LTE-Advanced, adapted from Fig. 2 in
[Qua11].

nections, or wireless links like the relay backhaul in Fig. 1.1. The wireless backhaul
is also expected to be crucial in mmWave small cells in the 5G networks. Another
example is an European Union’s project aiming at 5G wireless cellular standards,
the Mobile and Wireless Communications Enablers for the 2020 Information Soci-
ety (METIS) [MET]. This project is presently looking at practical implementation
of cooperative communications, collaborating base stations, interference coordina-
tion, massive MIMO, direct device-to-device1 (D2D) communication. All of these
are related to interference management.

Despite the aforementioned endeavours, a thorough understanding of coopera-
tive interference management is still lacking, especially in the physical layer. This
thesis follows a fundamental approach to improve our understanding of the most
important problems. We are not looking at practical schemes, instead we employ
simple and abstract models of “small pieces” of a general wireless network. In so
doing we strive to develop new coding theorems, characterize the information the-
oretic bounds of cooperation in noisy interference networks. The obtained insight
will in turn provide guidelines for the design of coding schemes and protocols for
real-world systems.

Fig. 1.2 provides a pictorial summary of the network topologies that are inves-
tigated in this thesis.

1.1 Organization and Contributions of the Thesis

We will start in Chapter 2 with some fundamental concepts that are useful for read-
ing the remaining chapters. The reader who is familiar with network information

1This is being introduced into LTE Direct of Qualcomm and has been proposed to be part of
LTE Standard (3GPPR12).
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Figure 1.2: Channel models studied in this thesis. Black circles denote senders and
receivers, hollow circles denote relays. Bold links with capacity C1, C2 are noise-free
orthogonal links. M1 and M2 are the sent messages, M̂1 and M̂2 are the respective
decoded messages.
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theory can skip this chapter. Chapter 3 studies an asymmetric form of the inter-
ference channel, whose receivers can mutually help each other through dedicated
cooperation links. In Chapter 4 we consider the full interference channel with co-
operating receivers. Chapter 5 studies the interference channel with an extra relay.
Chapter 6 studies the interfering relay channels or the interference channel with
two relays, which is closely related to the problems in Chapter 4 and Chapter 5.
The content and contributions of each chapter are summarized as follows.

1.1.1 Chapter 2

In chapter 2 we introduce some basic concepts of network information theory as
well as fundamental network models, focusing on the interference channel and the
relay channel. These models and their coding concepts are the building components
of the more complex setups that we study in the subsequent chapters.

1.1.2 Chapter 3

In this chapter we propose a new coding protocol for the one-sided or Z-interference
channel with orthogonal cooperation links at the receivers’ side. The protocol com-
bines rate-splitting and superposition encoding techniques with the conventional
decode-forward and compress-forward strategies. It is shown that such a careful
design of codebooks and coding scheme, which is obtained from the intuition of su-
perposition coding, can considerably reduce the complexity of the analysis. Analyt-
ical and numerical results show that the proposed scheme, although not universally
optimal, can achieve the capacity region or sum-capacity exactly or asymptotically
in certain scenarios. Various limits of sum-capacity gain due to cooperation are also
explored.

The material in this chapter has been published in part in

• [DOS13b] H. T. Do, T. J. Oechtering, and M. Skoglund, “On Asymmetric
Interference Channels with Cooperating Receivers,” IEEE Transactions on
Communications, vol. 61, no. 2, pp. 554-563, Feb. 2013.

Shorter versions also appeared in

• [DOS10b] H. T. Do, T. J. Oechtering, and M. Skoglund, “The Gaussian Z-
interference channel with rate-constrained conferencing decoders,” in Proc.
of IEEE International Conference on Communications (ICC). Cape Town,
South Africa, May 2010.

• [DOS09] H. T. Do, T. J. Oechtering, and M. Skoglund, “An achievable rate
region for the Gaussian Z-interference channel with conferencing,” in Proc.
of the 47th Annual Allerton Conference on Communication, Control, and
Computing. Monticello, IL, USA, Sep.-Oct. 2009.
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1.1.3 Chapter 4

This chapter studies a more complete version of the model in Chapter 3, in the sense
that both receivers are affected by the interference from the undesired transmitter.
We propose a new coding protocol for the discrete memoryless channel. The cod-
ing scheme is built upon common-private rate-splitting and superposition coding
at the transmitters, noisy network coding, and non-unique joint decoding at the
receivers. As a case study the general achievable region leads to an inner bound for
the Gaussian interference channel whose receivers cooperate through rate-limited
orthogonal channels. We show that noisy network coding achieves within 1 bit to
the capacity region when the interference is strong, and achieves within 1 bit to the
capacity region of the Gaussian compound multiple access channel with conferenc-
ing decoders, regardless of channel parameters. To the best of our knowledge the
study in this chapter, whose results appeared in [DOS11b], is the first to explore the
benefit of noisy network coding for an interference network. Moreover, our result
is the first to show that NNC can achieve a constant gap for a multiple unicast
channel. We are also the first to show the equivalence between noisy network cod-
ing and quantize-bin-forward in terms of achievable rates for a interference network
with orthogonal components. Finally, some results in this chapter are instrumental
to the analysis in later chapters.

The material in this chapter has been published in part in

• [DOS11b] H. T. Do, T. J. Oechtering, and M. Skoglund, “Noisy Network
Coding Approach to the Interference Channel with Receiver Cooperation,”
in Proc. of the 49th Annual Allerton Conference on Communication, Control,
and Computing. Monticello, IL, USA, Sep.-Oct. 2011.

1.1.4 Chapter 5

We continue the evolution in network topology by considering an interference chan-
nel with a dedicated relay node that can help both receivers at the same time, i.e.,
the interference channel with a relay. We develop three new coding schemes for
this channel model. Our schemes are based on long- and short-message quantize-
forward and having layered codes. We show that having layers is a key factor to
increase the achievable rates, especially when the channel is asymmetric. Analyzing
and comparing the proposed coding schemes reveals different trade-offs between
encoding/decoding delays, achievable rates, and complexity. The results in this
chapter provide more comprehensive understanding of different coding strategies
for interference channel with a relay.

The material in this chapter is based on

• [DOS13c] H. T. Do, T. J. Oechtering, and M. Skoglund, “Layered Coding for
the Interference Channel With a Relay,” submitted to IEEE Transactions on
Information Theory, 2013.

Main ideas and shorter versions also appeared in



1.1. Organization and Contributions of the Thesis 7

• [DOS13a] H. T. Do, T. J. Oechtering, and M. Skoglund, “Layered Coding
Strategies for the Interference Channel With a Relay,” invited talk at Infor-
mation Theory and Applications Workshop (ITA). San Diego, CA, USA, Feb.
2013.

• [DOS12b] H. T. Do, T. J. Oechtering, and M. Skoglund, “A new inner bound
for the interference relay channel,” in Proc. of the 46th Annual Conference on
Information Sciences and Systems (CISS). Princeton, NJ, USA, Mar. 2012.
(Invited paper).

• [DOS12a] H. T. Do, T. J. Oechtering, and M. Skoglund, “Layered Quantize-
Forward for the Two-Way Relay Channel,” in Proc. IEEE International Sym-
posium on Information Theory (ISIT). Boston, MA, USA, Jul. 2012.

1.1.5 Chapter 6

This chapter explores a model that is highly suitable for heterogeneous wireless
access networks. In particular, we introduce and study a model in which two relay
channels interfere with each other. Each channel has one relay which is designed
to help its own receiver via a noise-free finite-capacity link. The receivers, however,
are still interfered by signals from the neighboring transmitters. We name this new
model the interfering relay channels (IRC). We derive inner and outer bounds for
achievable rates and show that they coincide for new discrete memoryless classes of
channels. The results generalize and unify several known cases involving interference
and relay channels. Next, we study various Gaussian counterparts and characterize
the capacity region and sum-capacity for those channels to within a constant gap.
Our study extends the optimality of extended hash-forward or quantize-bin-forward
to new classes of channels with interference. This has an important engineering
implication because such a simple coding technique, where no decoding is required
at intermediate nodes, is generally preferable in practical systems.

The material in this chapter is based on

• [DOSV13c] H. T. Do, T. J. Oechtering, M. Skoglund, and M. Vu, “Interfering
Relay Channels,” submitted to IEEE Transactions on Information Theory,
2013.

Shorter versions also appeared or will appear in

• [DOSV13a] H. T. Do, T. J. Oechtering, M. Skoglund, and M. Vu, “Capacity
Region of a Class of Interfering Relay Channels,” in Proc. IEEE Information
Theory Workshop. Seville, Spain, Sep. 2013.

• [DOSV13b] H. T. Do, T. J. Oechtering, M. Skoglund, and M. Vu, “Gaussian
Interfering Relay Channels,” in Proc. 47th Asilomar Conference on Signals,
Systems and Computers. Pacific Grove, CA, USA, Nov. 2013.
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Contributions Outside the Scope of the Thesis

Besides the contributions listed above, the author of this thesis has also contributed
to some other topics, which are published in the papers listed below. For the con-
sistency of the thesis structure, these contributions are not covered in the thesis.

• [DOS11a] H. T. Do, T. J. Oechtering, and M. Skoglund, “Bounds on the
Capacity Region of the Z Channel,” in Proc. of IEEE Information Theory
Workshop (ITW). Paraty, Brazil, Oct. 2011.

• [DOS10a] H. T. Do, T. J. Oechtering, and M. Skoglund, “Coding for the Z
Channel With a Digital Relay Link,” in Proc. of IEEE Information Theory
Workshop (ITW). Dublin, Ireland, Sep. 2010.

• [ODS10a] T. J. Oechtering, H. T. Do, and M. Skoglund, “Achievable Rates for
Embedded Bidirectional Relaying in a Cellular Downlink,” in Proc. of IEEE
International Conference on Communications (ICC). Cape Town, South Afri-
-ca, May 2010.

• [ODS10b] T. J. Oechtering, H. T. Do, and M. Skoglund, “Capacity-Achieving
Coding for Cellular Downlink with Bidirectional Communication,” in Proc. of
Int. ITG Conference on Source and Channel Coding. Siegen, Germany, Jan.
2010.

1.2 Copyright Notice

As detailed in Section 1.1, parts of the material presented in this thesis are based on
the works co-authored by the thesis’s writer, which have been previously published
in or submitted to journals and conferences held by or sponsored by the Institute
of Electrical and Electronics Engineers (IEEE). IEEE holds the copyright of the
published papers and will hold the copyright of the submitted papers if they are
accepted. Material is reused in this thesis with permission.

1.3 Notation and Abbreviations

Throughout this thesis we follow the notation of the book by El Gamal and Kim
[EK11]. In particular, we use T (n)

ǫ to denote the set of ǫ−typical n−sequences
as defined in [EK11, Chap. 2]. The set of random variables based on which the
typical sequences are defined is omitted if it can be straightforwardly deduced from
the context. We use [1 : 2r] to denote the set {1, 2, . . . , 2⌈r⌉}, where ⌈r⌉ is the
smallest integer ≥ r. We define C(x) = 1

2 log(1 + x) except in Chapter 4 where
C(x) = log(1 + x). (x)+ denotes max(0, x) for a real number x. All logarithms in
this thesis are to the base 2, unless explicitly specified otherwise. a := b means a
equals b by definition, X ← Y means “substitute X by Y ” or “Y replaces X”. In
all coding theorems we reserve the random variable Q for the time-sharing variable,
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with a finite support setQ having cardinality |Q|. The cardinality ofQ can generally
(but not always) be upper bounded by applying the support lemma [CK81, Lemma
3.4, pp. 310]. Random variables are written in capital letters while their realizations
are written in lower-case letters. Superscript n indicates a vector of length n. As
such, Xn denotes random vector (X1, X2, . . . , Xn) and xn denotes a realization of
Xn. For brevity, we also use boldface letters for vectors, e.g, x is an alternative
for xn. Tx and Rx are used as shorthand notation for transmitter and receiver,
respectively. 1 denotes a vector whose elements are all 1’s.
The next two tables summarize the notation and abbreviations used in the thesis.

Notation

log Logarithm to the base 2

P(E) Probability of an event E

H(X) Entropy of discrete random variable X

H(X, Y ) Joint entropy of discrete random variables X and Y

H(Y |X) Conditional entropy of discrete random variable Y given X

h(X) Differential entropy of continuous random variable X

h(X, Y ) Joint differential entropy of continuous random variables X and Y

h(Y |X) Conditional differential entropy of continuous random variable Y

given X

I(X ; Y ) Mutual information between random variables X and Y

Ik Identity matrix of dimension k

HT Transpose of matrix H
H† Conjugate transpose of matrix H

N (µ, σ2) Gaussian distribution with mean µ and variance σ2

CN (µ, σ2) Circularly symmetric complex Gaussian distribution with mean µ

and variance σ2

pX(x) Probability mass function of discrete random variable X

fX(x) Probability density function of continuous random variable X

Pe Probability of error

Conv(S) Convex hull of set S
|S| Cardinality of set S

(x)+ max(x, 0)

[i : j] Set of integers {i, i + 1, . . . , j}, i < j.
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Abbreviations

AWGN Additive white Gaussian noise

BC Broadcast channel

CF Compress-forward

DF Decode-forward

DMC Discrete memoryless channel

DMN Discrete memoryless network

DoF Degrees of freedom

GCF Generalized compress-forward

GDoF Generalized degrees of freedom

GIC-ORC Gaussian interference channel with orthogonal receiver cooperation

GHF Generalized hash-forward

IC Interference channel

ICIC Intercell interference coordination

IC-IIR IC with an in-band reception/in-band transmission relay

IC-IOR IC with an in-band reception/out-of-band transmission relay

ICR Interference channel with a relay

i.i.d. Independent and identically distributed

INR Interference-to-noise ratio

IRC Interfering relay channels

LNNC Layered noisy network coding

LTE Long Term Evolution

LQF Layered quantize-forward

LQF-FW Layered quantize-forward with forward sliding window decoding

LQF-BW Layered quantize-forward with backward decoding

MAC Multiple-access channel

MIMO Multiple-input multiple-output

NNC Noisy network coding

pdf Probability density function

pmf Probability mass function

RC Relay channel

SC Simultaneous coding

SNR Signal-to-noise ratio

SPC Superposition coding

ZIC Z-interference channel



Chapter 2

Background

T
his chapter introduces some fundamental concepts and network topologies
that serve as a background to study the problems in the subsequent chap-
ters. We will start out with definitions of basic information measures. We

then describe the general discrete memoryless network (DMN), move on with an
introduction to the interference channel (IC) and the relay channel (RC), and con-
clude with some extensions of the interference and relay channels.

2.1 Definitions

The two most important concepts in information theory are entropy and mutual
information. In the following we define these quantities.

Definition 2.1 (Entropy). Let X be a discrete random variable with finite alpha-
bet X and a probability mass function (pmf) pX(x). The entropy of X , denoted by
H(X), is defined as

H(X) = −
∑

x∈X

pX(x) log pX(x). (2.1)

The unit of H(X) depends on the base of the logarithm. H(X) is measured in bits
if the logarithm is to the base 2, and is measured in nats if the logarithm is to the
base e.

Definition 2.2 (Conditional entropy). Let X and Y be two discrete random vari-
ables with finite alphabets X and Y, and a joint pmf pXY (x, y). The conditional
entropy of Y given X , denoted by H(Y |X), is defined as

H(Y |X) = −
∑

x∈X

∑

y∈Y

pXY (x, y) logY |X p(y|x). (2.2)

Definition 2.3 (Mutual information, discrete case). Let X and Y be two discrete
random variables with finite alphabets X , Y and joint pmf pXY (x, y). The mutual

11
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information between X and Y , denoted by I(X ; Y ), is defined as

I(X ; Y ) =
∑

x∈X

∑

y∈Y

pXY (x, y) log
pXY (x, y)

pX(x)pY (y)
, (2.3)

where pX(x) and pY (y) are the marginal pmf of X and Y , respectively.

The following definitions apply to continuous random variables.

Definition 2.4 (Differential entropy). Let X be a continuous random variable
with the probability density function (pdf) fX(x). The differential entropy of X ,
denoted by h(X), is defined as

h(X) = −
∫

SX

fX(x) log fX(x)dx, (2.4)

where SX is the support of X .

Definition 2.5 (Conditional differential entropy). Let X and Y be continuous
random variables with joint pdf fXY (x, y). The conditional differential entropy of
X given Y , denoted by h(X |Y ), is defined as

h(X |Y ) = −
∫

SXY

fXY (x, y) log fX|Y (x|y)dxdy, (2.5)

where SXY is the support of (X, Y ).

Definition 2.6 (Mutual information, continuous case). Let X and Y be continuous
random variables with joint pdf fXY (x, y). The mutual information between X and
Y , denoted by I(X ; Y ), is defined as

I(X ; Y ) =

∫

SXY

fXY (x, y) log
fXY (x, y)

fX(x)fY (y)
dxdy, (2.6)

where SXY is the support of (X, Y ), and fX(x) and fY (y) are the marginal pdf’s
of X and Y , respectively1.

From the definitions it is clear that

I(X ; Y ) = H(X)−H(X |Y ) = H(Y )−H(Y |X) (2.7)

for discrete random variables, and

I(X ; Y ) = h(X)− h(X |Y ) = h(Y )− h(Y |X) (2.8)

for continuous random variables.
1For general random variables, the mutual information is defined as

I(X; Y ) =

∫

SXY

(

log
dPXY

d(PX × PY )

)

dPXY ,

where PXY , PX , and PY are the probability measures of (X, Y ), X, and Y , respectively. dPXY

d(PX ×PY )

denotes the Radon-Nikodym derivative of the joint probability measure PXY with respect to the
product measure PX × PY [Gra09, Yeu08]. Furthermore, we define H(X) = I(X; X).
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(X1, Y1)

(Xj , Yj)

(Xk, Yk)(XN , YN ) . . .

. . .

p(y1, y2, . . . , yN |x1, x2, . . . , xN )

Figure 2.1: Discrete memoryless network.

2.2 Discrete Memoryless Networks

The classical approach of information theory to communications is to characterize
real-world scenarios by the use of mathematical models which allow us to gain in-
sight, to establish different limits of communication, and to develop coding schemes
that can be transferred back to the original problems. From this point of view, any
multiple-node communication problem can be modeled by a graph as depicted in
Fig. 2.1. In this N -node network, each node wants to send a message to one or many
other nodes. Assume node k ∈ {1, 2, . . . , N} wants to send a message Mk, drawn
from a message set Mk, to a set of nodes Dk ⊆ {1, 2, . . . , N}. A random input
symbol at node k is denoted by Xk, drawn from a finite input alphabet Xk, and a
random output symbol Yk is distributed over a finite alphabet Yk. The input-output
relation is governed by the conditional probability distribution

pY1,Y2,...,YN |X1,X2,...,XN
(y1, y2, . . . , yN |x1, x2, . . . , xN ). (2.9)

The discrete networks considered in this thesis are stationary (or time-invariant)
and memoryless, in the sense that

p(y1i, . . . , yNi|m1, . . . , mN , xi
1, . . . , xi

N , yi−1
1 , . . . , yi−1

N )

= pY1,...,YN |X1,...,XN
(y1i, . . . , yNi|x1i, . . . , xNi), (2.10)
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Encoder Decoder
M M̂X Y

p(y|x)

Figure 2.2: Point-to-point discrete memoryless channel.

for any positive integer i, often used to denote the time index. mk, k ∈ {1, 2, . . . , N},
is a particular message selected from the set Mk. The stationary and memoryless
assumptions allow us to focus on the channel conditional probability distribution
in (2.9), often shortened as p(y1, . . . , yN |x1, . . . , xN ), for our analysis.

A (2nR1 , 2nR2 , . . . , 2nRN , n) code for the DMC consists of

• N message sets: Mk = {1, . . . , 2nRk}, k ∈ {1, 2, . . . , N},

• a set of encoders where encoder k ∈ {1, 2, . . . , N} produces an input symbol
xki ∈ Xk from a message mk ∈Mk and a past received sequence yi−1

k ∈ Yi−1
k

for i ∈ {1, 2, . . . , n},

• a set of decoders where decoder j, j ∈ Dk, puts out an estimate m̂jk ∈ Mk

from its own message mj ∈ Mj and its received n-sequence yn
j ∈ Yn

j .

Assuming that (M1, M2, . . . , MN) is uniformly distributed overM1×M2×. . .×Mk,
the average error probability of the code (2nR1 , 2nR2 , . . . , 2nRN , n) is defined as:

P (n)
e = P{M̂jk 6= Mk for some k ∈ {1, 2, . . . , N}, j ∈ Dk}. (2.11)

A rate vector (R1, R2, . . . , RN ) is said to be achievable if there exists a sequence of
(2nR1 , 2nR2 , . . . , 2nRN , n) codes, indexed by n, such that the average error probabil-

ity P
(n)
e can be made arbitrarily small when n is sufficiently large. It is common to

write P
(n)
e → 0 as n→∞. In later chapters of this thesis, we will define the codes

under consideration in connection to each problem we study, making the treatment
more concrete and easier to follow.

An N -dimensional region R is called an achievable rate region for the DMN if
every point in that region is achievable. The capacity region C of a DMN is the clo-
sure of the set of achievable rate vectors, and the sum-capacity Csum of the DMN
is defined as Csum = max{∑N

k=1 Rk : (R1, R2, . . . , RN ) ∈ C }. Due to the time-
sharing argument [CT06, Chap. 15], the capacity region of any DMN is a convex
set. The fundamental problem of network information theory is to characterize the
capacity region of discrete memoryless networks and their continuous counterparts.
The common method of doing so is to demonstrate an inner bound, i.e., an achiev-
able rate region, and an outer bound to the capacity region, and show that the two
bounds meet.

A special case of the DMN is the point-to-point channel, depicted in Fig. 2.2.
For this channel, achievable rate vectors and the capacity region reduce to scalar
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Z ∼ N (0, σ2)

X Y

Figure 2.3: Gaussian point-to-point channel.

values, called achievable rates and the capacity, respectively. The capacity of a
discrete memoryless point-to-point channel is the supremum of all achievable rates
over that channel. It is well known that the capacity of a discrete memoryless point-
to-point channel with channel input X , channel output Y , and having no feedback,
is given by [CT06]:

C = max
p(x)

I(X ; Y ), (2.12)

where I(X ; Y ) is the mutual information between the random variables X and Y .
The general network topology in Fig. 2.1 is universal in the sense that it can

describe any communication network. However, finding the capacity region of such
a general network is a prohibitively difficult task. In the network information theory
literature, there are a number of realizations of the topology in Fig. 2.1 that are
considered fundamental problems. They are the multiple access channel (MAC),
the broadcast channel (BC), the interference channel (IC), and the relay channel
(RC). These four problems have been subject to research for the past some 40 years.
Surprisingly, only the capacity region of the MAC has been fully characterized in
single-letter form [Ahl71, Lia72]. The capacity regions of the last three problems
are generally unknown, except for some special cases. In this thesis we will mainly
investigate the extension of the interference channel and the relay channel. There-
fore we will briefly introduce fundamental concepts of these channels in the next
sections. More thorough treatments can be found in textbooks [CT06,EK11].

2.3 Gaussian Networks

The preceding section introduces the DMN and the coding problem for the DMN.
There we assume that the channel input and output alphabets of the DMN are fi-
nite sets. In many real-world problems, however, the input and output of a channel
do not take discrete values, but rather continuous ones. The most common model
that is widely studied in information theory and communication theory is the Gaus-
sian network. In a Gaussian network, the signals sent by a transmitter, after being
scaled by the channel gain between the transmitter and the receiver, are corrupted
by additive white Gaussian noise (AWGN). In the special case of only one transmit-
ter and one receiver, the network reduces to the Gaussian point-to-point channel
depicted Fig. 2.3, which is the counterpart of the discrete memoryless channel in
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Figure 2.4: Discrete memoryless interference channel.

Fig. 2.2. The capacity of this channel is given by the famous Shannon’s formula

C = log(1 + SNR), (2.13)

where SNR is the signal-to-noise ratio.
Recall that for the discrete memoryless networks we assume the input and out-

put alphabets are finite sets. All the random variables in coding theorems are
therefore discrete random variables and we can define entropy for the variables as
in Section 2.1. On the other hand, for continuous channels, the random variables
often have densities, and there we use the notion of differential entropy. The en-
tropy and differential entropy have different meanings and properties, especially the
entropy is always nonnegative while the differential entropy can be negative. More
importantly, a number of proofs in network information theory rely on the concept
of strong typicality [Ber78,Yeu08] or robust typicality [OR01,EK11], which are only
well defined for discrete random variables. That said, there are many results that
hold for the DMN but not necessarily hold for the Gaussian networks. Luckily, many
results regarding achievable rates in (network) information theory are expressed in
a manner which involves mutual information, which is the difference between two
entropy quantities or two differential entropy quantities, as shown in Section 2.1.
This allows us to generalize coding theorems for a DMN to its Gaussian network
counterpart. The most common method of doing so is the method of discretization,
which is done by first discretizing the channel inputs and outputs of the Gaussian
channel, then apply the coding theorem for the resulting discrete channel, and by
taking proper limits one can show that the mutual information of the discretized
channel will converge to that of the original continuous channel when the quantiza-
tion gets finer and finer. The details can be found in [Gal68] [EK11, Sec. 3.4.1]. In
this thesis we will also apply this technique to several problems, without detailed
derivations.

2.4 Interference Channel

The interference channel is a channel consisting of two sender-receiver pairs and
each receiver is interested in decoding only the messages sent by its pairing sender.
However, due to the nature of the transmission medium, each receiver also receives
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Figure 2.5: Gaussian interference channel. hij , i, j ∈ {1, 2}, denote channel gains;
Z1 and Z2 denote additive Gaussian noises.

signals from the unpairing sender. The discrete memoryless interference channel is
illustrated in Fig. 2.4 and the Gaussian channel in Fig. 2.5.

The interference channel was first studied by Ahlswede in [Ahl74], where the
first inner and outer bounds are established. So far the most well-known achiev-
able rate region for the interference channel is due to Han and Kobayashi [HK81].
To achieve this rate region each transmitter employs the so called common-private
rate-splitting technique [Car78]: Each message is split into two parts, called com-
mon message and private message. The purpose of doing so is to allow each receiver
to decode the undesired common message, thereby effectively reduces the interfer-
ence on its desired messages. Specifically, each receiver in [HK81] jointly decodes
its desired common and private messages and the undesired common message com-
ing from the interfering transmitter. The resulting achievable region consists of a
dozen of inequalities and bears the polymatroidal structure [HK81]. About 25 years
later, Chong et al. [CMGE08] have observed that the common message need not
be decoded correctly at the unintended receiver. They also propose a superposi-
tion coding scheme based on the scheme of [Ber73], which results in a simplified
expression of the Han-Kobayashi rate region. In Chapter 3 we will discuss more
on this issue. In 2008 Etkin et al. [ETW08] have shown that the Han-Kobayashi
scheme with a smart power allocation strategy achieves the capacity region of the
Gaussian interference channel within 1 bit, regardless of channel parameters. In
Chapter 6 we will apply the intuition developed by Etkin et al. to the power allo-
cation part of our coding schemes. The capacity region of the interference channel
is unknown in general. Some special cases where the capacity regions are known
include: Gaussian IC with very strong interference [Car75], Gaussian IC with strong
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Figure 2.6: Discrete memoryless relay channel.

interference [Sat81,HK81], discrete memoryless IC with strong interference [CE87],
to name a few. In all these cases, the Han-Kobayashi coding scheme is shown to be
capacity achieving.

There are also works on interference channels with more than two users. For
obvious reasons, finding the capacity region of the multiuser IC is very difficult. It
has been shown that a direct generalization of the Han-Kobayashi scheme does not
achieve the capacity region of the Gaussian interference channel [BPT10]. A more
crude approach is to instead look at the degrees of freedom of the channels, that is,
focus on characterizing the behavior of sum rates at high signal-to-noise ratio. This
research topic has recently created a large body of works focusing on the so called
interference alignment technique [MAMK08,CJ08]. We do not cover this technique
in the current thesis.

It has been long known that obtaining a good outer bound for the capacity
region of the interference channel is very difficult. The most well-known approach
to obtain an outer bound for the IC is the genie-aided technique [EC82,Kra04]. In
this technique we assume a genie helps the decoders by giving them certain side
information such as a clean version or a noisy version of the signal sent by one of
the transmitters, or the signal that the other receiver receives. Obviously this side
information cannot be harmful because the receivers can always choose not to use
it. Therefore, any outer bound on the capacity region of the genie-aided channel
is also an outer bound on the capacity region of the original channel. However, to
obtain a tight outer bound the genie should be smart to give useful but not too
much side information. Moreover, the genie-aided channel should have some nice
properties so that the outer bound is computable. The success of having useful and
smart genies have been instrumental in obtaining the most important advances in
the research of the Gaussian IC [ETW08, SKC09, MK09, AV09], namely the sum-
capacity in the noisy interference regime. In this thesis we will make use of this
bounding technique to derive outer bounds in Chapter 3 and Chapter 6.
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Figure 2.7: Gaussian relay channel. h12, h13, h23 denote channel gains; Z2 and Z3

denote additive Gaussian noises.

2.5 Relay Channel

The relay channel is a network consisting of 3 nodes: one sender, one receiver, and
one helper which is called the relay. Fig. 2.6 depicts the discrete memoryless relay
channel and Fig. 2.7 depicts the Gaussian channel. The relay channel was first in-
troduced by van der Meulen in [Meu71]. In 1979, Cover and El Gamal published
a seminal paper on coding theorems for the relay channel [CE79]. In the paper,
the authors proposed two coding schemes which are now widely known as decode-
forward (DF) and compress-forward (CF). Using these coding schemes and the
cut-set upper bound, the authors established the capacity of several types of chan-
nels: the physically degraded relay channel, the reversely degraded relay channel,
and the relay channel with feedback. In Chapter 3 we will propose a coding scheme
based on a combination of these two classical relaying schemes. The capacity of the
semideterministic discrete memoryless relay channel was found by El Gamal and
Aref [EA82]. In the last ten years, the research on the relay channel have undergone
tremendous developments, and the capacity of several types of relay channels such
as the discrete memoryless and Gaussian relay channels with orthogonal sender
components [EZ05], a class of semideterministic relay channels [CK07,Kim08], ca-
pacity of the primitive relay channel with oblivious relaying [SES10] have been
characterized. However, the capacity of the general relay channel is still unknown.

In recent years, the research on relay channels has also extended to relay net-
works, in which there are multiple relays. Such great efforts have led to new
coding schemes for the relay networks, most notably the quantize-map-forward
(QMF) [ADT11] and noisy network coding (NNC) [LKEC11] schemes. Especially
it has been shown that NNC achieves the capacity region of the Gaussian multicast
relay networks within a constant gap [LKEC11].
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Figure 2.8: Gaussian interference channel with a relay. hij , i, j ∈ {1, 2, 3}, denote
channel gains; Z1, Z2, and Z3 denote additive Gaussian noises.

2.6 Interference-Relay Networks

For decades the problems of interference channel and relay channel have been
studied separately, mostly focusing on finding the capacity region of each chan-
nel. The recent advances of wireless communication have led to the incorpora-
tion of relay nodes into wireless networks. Naturally, this has pushed forward the
study of using relays not only to increase the network throughput but also to
mitigate interference. The early stage of this research direction can be catego-
rized into two main topics: the first one studies interference channels with co-
operating transmitters and/or receivers, and the second one studies interference
channels with one or many relays. The former topic is marked with the results
in [ZY12, PV11b, PV11a, WT11b, WT11a] in which various bounds on different
classes of channels are proposed and the capacity region or the sum-capacity were
characterized to within constant gap. In Chapter 3 and Chapter 4 we will investi-
gate new coding techniques for two channels of this type. The research on the latter
topic was initiated by a paper by Sahin et al. [SE07], where a dedicated relay node is
added to the two-user interference channel in order to help the communication of all
parties. This channel, depicted in Fig. 2.8, is often called interference relay channel
or interference channel with a relay, and it can be categorized into different classes
depending on how the relay uses the channel’s resources. In the last few years there
have been a large body of works on the interference channel with a relay, which
can be found in [SES09,MDG08,MDG09,SSE11a,SES10,SSE11b,SES11,CS12]. We
will study the interference channel with a relay in Chapter 5 of this thesis, and in
Chapter 6 we will introduce and study a new channel model of this kind, the inter-
fering relay channels. In general, the research on interference-relay networks still
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have many open problems to solve since even the capacity region of each individual
channel is unknown. However, the obtained results so far have shown that using
relays to mitigate interference is a natural and beneficial approach. The subsequent
chapters of this thesis will further illuminate this conclusion.





Chapter 3

Interference Channels With Cooperating

Receivers: Asymmetric Case

T
his chapter studies a model for communications in wireless networks sup-
ported by designated cooperation links. In particular, a 2-user Gaussian
one-sided interference channel with two rate-limited and orthogonal commu-

nication links between the receivers is considered. A communication protocol for the
channel is proposed, which combines rate-splitting and two versions of superposition
encoding techniques with the conventional decode-forward and compress-forward
strategies. It is shown that a careful design of codebooks and coding scheme, which
is obtained from the intuition of superposition coding, can reduce the complexity of
the strategy and simplify the analysis. Analytical and numerical results show that
the proposed scheme, although not universally optimal, can achieve the capacity
region or sum-capacity exactly or asymptotically in certain scenarios. Various limits
of sum-capacity gain due to cooperation are also discussed.

3.1 Introduction

A one-sided interference channel [Sat81] is a communication model with two pairs
of transmitter-receiver, where only one receiver is affected by interference. In this
chapter, we extend the model by allowing the two receivers to cooperate through
designated cooperation links, which neither interfere with each other nor with the
main channel. We call this channel the Asymmetric Interference Channel with Re-
ceiver Cooperation (AIC-RC).

As a subclass of the classical 2-user interference channels introduced in Chap-
ter 2, the one-sided interference channel has been a subject of study for many years.
On the one hand, this channel model is motivated by relevant situations in wireless
and wireline networks where the interference/crosstalk to one receiver is blocked or
is made negligible by barriers or by distance. One such example is when a mobile ter-
minal in a cellular network is located at the cell edge, as shown in [SSPS09]. Another
situation is when there exists a barrier between one transmitter and one receiver

23
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Figure 3.1: Gaussian asymmetric interference channel with orthogonal receiver co-
operation. The cooperation links are noise-free with finite capacities C12 and C21.

in satellite (line of sight) communication. On the other hand, the existing work on
the one-sided interference channel has helped shed light on the general interference
channel. This is because removing one interference link leads to an upper bound
on the capacity region of the Gaussian interference channel [Kra04] while knowing
how to mitigate the remaining interference provides insight into how to construct
codes to approach the capacity. Despite its simpler structure compared to the gen-
eral interference channel, the capacity region of the one-sided interference channel
is still unknown in general. Only limited results have been obtained for the capacity
region and the sum-capacity or maximum throughput [Sas04]. Recently, sparked by
advances in cooperative communication, especially in terms of new results for the
relay channel, the study of interference channels with some forms of cooperation
has drawn increasing interest. For example, the interference channel with coopera-
tive transmitters has been thoroughly studied in [HM06,NJGM07,PV11b,WT11b],
while [HM06, SGP+09, SSPS09, PV11a, WT11a] study the cooperation at the re-
ceivers’ side. The cooperation can occur either in the same spectral resource with
the main channel, namely in-band cooperation [HM06, PV11a], or in a spectral
resource orthogonal to the main channel, namely orthogonal or out-of-band cooper-
ation [SGP+09,WT11a].

In the present chapter, we consider the Gaussian one-sided interference chan-
nel in which both receivers can exchange information over rate-limited coopera-
tion links. We focus on cooperation links modeled as orthogonal spectral resources
which are reserved for the purpose of cooperation, i.e., out-of-band cooperation.
As motivated in Chapter 1, these links correspond to backhauls in heterogeneous
networks (HetNet) and play crucial roles in Coordinated Multipoint transmission
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and reception (CoMP) techniques. For example, the base stations in HetNet can
be connected by high-speed optical backhauls or by microwave channels whose
rates are pre-allocated and guaranteed. Another scenario is direct device-to-device
communication, in which wireless receiving nodes are close enough to be able to
establish reliable cooperation links. From a network perspective, the channel under
consideration can be regarded as an element in Wyner’s asymmetric cellular model
or Wyner’s soft-handoff model for multi-cell communications in wireless cellular
networks, see [Wyn94, SSPS09, SW11, GMFC09, MF11b, GHH+10] and references
therein.

The main results of this chapter are summarized as follows: We propose a com-
munication scheme which is built upon the coding techniques for: i) the interference
channel, i.e., rate-splitting technique; ii) the broadcast channel, i.e., superposition
coding; and iii) for the relay channel, i.e., compress-forward and decode-forward.
It is shown that by careful design of codebooks and encoding/decoding strategies,
the analysis of achievable rates can be simplified. Our achievable region recovers
previously known results for no cooperation and for unidirectional cooperation as
special cases, yet in simpler forms. We present an outer bound to the capacity re-
gion of the channel and use it to show the optimality of our coding scheme in a
certain scenario as well as to characterize the possible sum-rate gain due to coop-
eration. We provide analytical and numerical analysis for the achievable sum-rate
of our proposed scheme. Throughout the chapter we discuss the intuition behind
our proposed scheme and results.

The channel model studied in this chapter is related to those studied in [SSPS09],
[WT11a], and [ZY12]. Reference [SSPS09] considers a cascade of many one-sided
interference channels with cooperation links as a model for multicell communica-
tion, and shows the impact of codebook information, decoding delay, and network
planning on the performance of multicell decoding. Unlike [SSPS09], we concen-
trate on designing a coding scheme for a single channel. Reference [ZY12] con-
siders the Z-interference channel with a unidirectional cooperation link between
the receivers and proposes coding schemes based on classical compress-forward
and decode-forward [CE79]. Our channel model is on the one hand a generaliza-
tion of, but on the other hand fundamentally different from those of [ZY12], in
the sense that the cooperation in our model is inherently bidirectional. Therefore,
while [ZY12] studies two channels with unidirectional cooperation separately, we
focus on designing a two-round coding scheme. By doing so, our work not only
can recover the achievability results of [ZY12] but also provides new insight into
how to efficiently construct codebooks to exploit to the two-way cooperation (Sec-
tions 3.3.3, 3.4). [WT11a] studies the general 2-user Gaussian interference channel
with limited receiver cooperation, where a two-round conferencing scheme based
on two-layer superposition coding with fixed power allocation and quantize-bin-
forward relaying is shown to obtain an approximate characterization of the capacity
region to within a constant gap. In this chapter, we develop a new coding scheme
based on simultaneous coding, three-layered superposition coding, and Cover-El
Gamal [CE79] decode-forward/compress-forward relaying. To gain more insight into
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the benefit of cooperation, we perform asymptotic analysis in various “high SNR”
scenarios in Sections 3.5.1, 3.5.2, 3.5.3.

The rest of the chapter is structured as follows: Section 3.2 describes the channel
model. In Section 3.3 we propose a new coding scheme for the channel. The resulting
achievable rate region and an outer bound to the capacity region are presented in
Section 3.4. Analysis and numerical examples on the rate region and asymptotic
sum-rate are presented in Section 3.5. Section 3.6 summarizes the results and draws
some conclusions. For readability, some proofs are relegated to the appendices at
the end of the chapter.

3.2 Problem Formulation

3.2.1 Channel Model

Consider a discrete-time memoryless channel as depicted in Fig. 3.1, which is a
one-sided interference channel with additive white Gaussian noise (AWGN) at each
receiver. At time t, transmitter i puts out an input symbol xi[t] ∈ R to the channel,
aiming at the corresponding receiver i, i ∈ {1, 2}. Due to the nature of the chan-
nel, the signal from Transmitter 2 causes interference to Receiver 1 while Receiver
2 is free of interference. The noise components z1[t] and z2[t] at the receivers are
realizations of independent real-valued additive white Gaussian random processes
with variance 1. h11, h21, and h22 denote real-valued channel gains between the
transmitters and the receivers, which are assumed to be fixed during each trans-
mission and are known to the transmitters and the receivers. The received signals
at Receivers 1 and 2 at time t are given by

y1[t] = h11x1[t] + h21x2[t] + z1[t]

y2[t] = h22x2[t] + z2[t].

The two receivers can communicate over noiseless cooperation links having finite
capacities of C12 and C21, and do not interfere with the main channel. The coop-
eration signal sent by a receiver at time t depends on the signals it has received
from the transmitters and from the other receiver up to time t − 1. As noted in
Section 3.1, we call this model the Asymmetric Interference Channel with Receiver
Cooperation (AIC-RC).

We assume average power constraints at the two transmitters, i.e., 1
n

∑n
t=1 x2

i [t] ≤
Pi, i ∈ {1, 2}, where n is the codeword length. By scaling the channel gains we can
assume without loss of generality that P1 = P2 = 1 and define the following signal-
to-noise ratios (SNR) and interference-to-noise ratio (INR):

SNR1 := h2
11, SNR2 := h2

22, INR := h2
21. (3.1)

In this chapter we follow standard definitions of codes, achievable rate, and capacity
region as introduced in Chapter 2. The content in Section 3.3 also hinges on the
random coding argument presented in textbook [CT06]. Finally, we define x̄ := 1−x
for 0 ≤ x ≤ 1.
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3.3 A Coding Scheme

3.3.1 Outline of the Coding Scheme

We define the cooperation protocol as follows: The interfered receiver (receiver
Y1 or Rx1 in Fig. 3.1) partially decodes its desired message, then initiates the
cooperation by sending a description of its received signal to the interference-free
receiver (Rx2). Rx2 then decodes its desired message with the helping information
from Rx1 and sends back some helping information to Rx1. Finally, Rx1 decodes
the remaining part of its desired message. One motivation for this protocol is that:
Since Rx1 suffers from interference while Rx2 does not, it is natural for Rx1 to start
the cooperation. However, the intuition obtained from the current communication
protocol can also be applied to the case when Rx2 starts the cooperation.

The encoding and decoding processes, and the cooperation protocol are pre-
sented in the following, with the help of Fig. 3.2.

3.3.2 Details of the Coding Scheme

In what follows we present the details of the coding scheme, more intuitive expla-
nations can be found in Section 3.3.3.

Codebook construction. Let mi, i ∈ {1, 2}, denotes the message to be sent
from Txi. Tx1 splits its message into two parts: m1 = (m1c, m1p), m1c ∈ [1 :
2nR1c ], m1p ∈ [1 : 2nR1p ], R1c + R1p = R1. Tx2 splits its message into three parts:
m2 = (m2c, m2p, m20), m2c ∈ [1 : 2nR2c ], m2p ∈ [1 : 2nR2p ], m20 ∈ [1 : 2nR20 ].
R2c + R2p + R20 = R2. We call m2c, m2p the common message and private message
of Tx2. m20 is called the cooperative common1 message since it can be decoded by
Rx1 with the help from Rx2.
Codebook for Transmitter 1. Randomly and independently generate 2nR1c sequences
w1(m1c), m1c ∈ [1 : 2nR1c ], each according to

∏n
i=1 pW1 (w1i), where W1 ∼ N (0, P1c),

P1c = α for 0 ≤ α ≤ 1. Randomly and independently generate 2nR1p sequences
u1(m1p), m1p ∈ [1 : 2nR1p ], each according to

∏n
i=1 pU1 (u1i), where U1 ∼ N (0, P1p),

P1p = 1− α = ᾱ.
Codebook for Transmitter 2. Randomly and independently generate 2nR2c sequences
w2(m2c), m2c ∈ [1 : 2nR2c ], each according to

∏n
i=1 pW2 (w2i), W2 ∼ N (0, P2c),

P2c = β. For each w2(m2c), randomly and independently generate 2nR20 sequences
v2(m20, m2c), each according to

∏n
i=1 pV2|W2

(v2i|w2i) where V2 = W2 + S, S ∼
N (0, γ) and independent of everything else. For each w2(m2c) and v2(m20, m2c),
randomly and independently generate 2nR2p sequences x2(m2p, m20, m2c), each
according to the distribution

∏n
i=1 pX2|V2,W2

(x2i|v2i, w2i) where X2 = V2 + Q,
Q ∼ N (0, η) and independent of everything else. The parameters β, γ, η are chosen
to satisfy 0 ≤ β, γ, η ≤ 1 and β + γ + η = 1.
Partition 2nR2c indices m2c ∈ [1 : 2nR2c ] into 2nλC12 equal-size bins, 0 ≤ λ ≤ 1 to

1This resembles the cooperative public message in [PV11a].
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Figure 3.2: Parameters for codebook design at the transmitters. Tx1 constructs an
SC code of two components (W1 and U1). Tx2 constructs a 3-layer SPC code (W2,
V2, X2). α and 1−α are powers for common and private parts at Tx1, respectively.
β, γ, and 1−β−γ are powers for common, cooperative common, and private parts
at Tx2, respectively.

be specified later. Partition 2nR20 indices m20 ∈ [1 : 2nR20 ] into 2nC21 equal-size
bins.
Codebook for Receiver 1. Randomly and independently generate 2n(λ̄C12+I(Ȳ1;Ŷ1))

sequences ŷ1 according to
∏n

i=1 p
Ŷ1

(ŷ1i) where the random variables Ȳ1 and Ŷ1

have the following distributions:

Ȳ1 = h11U1 + h21X2 + θh21W2 + Z1

Ŷ1 = Ȳ1 + Zq,

where Zq ∼ N (0, Nq), independent of everything else. Variance Nq and parameter
θ ∈ R will be specified later. The reason for choosing this structure of (Ȳ1, Ŷ1) is ex-

plained in the decoding stage 1 below. Finally, partition 2n(λ̄C12+I(Ȳ1;Ŷ1)) sequences
ŷ1 into 2nλ̄C12 equal-size bins.

All codebooks are revealed to all nodes before the transmission and the nodes agree
on the transmission strategy.

Encoding. To send a message pair (m1, m2) = ((m1p, m1c), (m2p, m20, m2c)), Tx1
transmits x1(m1p, m1c) = w1(m1c) + u1(m1p), Tx2 transmits x2(m2p, m20, m2c).
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The received signals at the receivers are given by:

y1 = h11x1 + h21x2 + z1

= h11w1 + h11u1 + h21x2 + z1

y2 = h22x2 + z2.

Decoding. The decoding procedure consists of the following 3 stages.
Decoding stage 1: Rx1 decodes the “common” messages jointly. Precisely, Decoder 1
looks for a unique (m1c, m2c) pair such that (w1(m1c), w2(m2c)) is jointly typical2

with the received sequence y1. The decoding is therefore equivalent to the decoding
of the multiple access channel (MAC) with channel inputs w1, w2 and channel
output y1. The achievable rates are given by [CT06, Chapter 15]:

R1c ≤ I(W1; Y1|W2) (3.2)

R2c ≤ I(W2; Y1|W1) (3.3)

R1c + R2c ≤ I(W1, W2; Y1). (3.4)

Upon successfully decoding m1c and m2c, Rx1 subtracts h11w1(m1c) and adds
θh21w2 to y1, θ ∈ R, to obtain

ȳ1 := y1 − h11w1 + θh21w2

= h11u1 + h21(x2 + θw2) + z1,

and uses a vector quantizer to quantize ȳ1 into ŷ1. Note that here we adopt the
technique of introducing the parameter θ of [ZY12] into ȳ1 to take advantage of w2

as side information when decoding v2 and x2 at Rx2.
Next, ŷ1 is conveyed to Rx2 by using the Wyner-Ziv source coding technique

[WZ76]. As such, Rx1 uses part of the rate of the cooperation link 1-2, namely
λ̄C12, to convey the corresponding bin index of ŷ1 to Rx2. The necessary condition
for that purpose is given by [CE79, Eq. (76b)], namely λ̄C12 ≥ I(Ŷ1; Ȳ1|Y2), where
the mutual information term depends on the quantization distortion Nq. We choose
to use the smallest rate required, i.e.,

λ̄C12 = I(Ŷ1; Ȳ1|Y2), (3.5)

to maximally utilize the cooperation link and choose the quantization distortion Nq

accordingly. The remaining rate of the cooperation link, namely λC12, is used to
send the index of the bin that contains codeword w2, thereby helping Rx2 decode
w2. This explains the design of codebooks in the codebook construction part.

Decoding stage 2: Upon receiving the bin index of ŷ1 via the cooperation link
from Rx1 and using its own received sequence y2, Rx2 can recover ŷ1 as in clas-
sical compress-forward [CE79]. As a result, ŷ1 is utilized as an additional chan-
nel output when decoding Rx2’s desired messages. Specifically, Decoder 2 looks

2We assume the decoders use the joint typicality decoding rule, whose details can be found in
textbook [CT06].
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for a unique triple (m2c, m20, m2p) such that the corresponding codeword triple
(w2(m2c), v2(m20, m2c), x2(m2p, m20, m2c)) is jointly typical with (y2, ŷ1) and w2

lies in the bin whose index is specified by the cooperative message from Rx1. Com-
bining the superposition encoding in [CMGE08] with the decode-forward scheme
for the multiple-access relay channel in [SKM04] the following rates are achievable:

R2p ≤ I(X2; Y2, Ŷ1|W2, V2) (3.6)

R2p + R20 ≤ I(V2, X2; Y2, Ŷ1|W2) (3.7)

R2c + R2p + R20 ≤ I(W2, V2, X2; Y2, Ŷ1) + λC12. (3.8)

Intuitively, constraint (3.6) follows from the event where the codewords conveying
correct (m2c, m20) and wrong m2p satisfy the decoding rule. Similarly, (3.7) cor-
responds to correct m2c and wrong (m20, m2p), and (3.8) corresponds to wrong
(m2c, m20, m2p). Note that the rate increase by λC21 in (3.8) is due to the fact that
the decoder can restrict the searching set for codeword w2 to the bin whose index
is sent to Rx2 at the rate of λC12. After correctly decoding (m2c, m20, m2p), Rx2
looks for the bin index of m20 and sends this index to Rx1 via the cooperation link
C21.

Decoding stage 3: Rx1 decodes m1p with the help from Rx2. Specifically, Rx1 looks
for a unique m1p such that (u1(m1p), v2) is jointly typical with y1 for some v2 whose
message m20 matches the bin index given from Rx2, and given the fact that w1

and w2 are already known to Decoder 1 from the first decoding stage. Accordingly,
the following rates are achievable [CMGE08,SKM04]:

R1p ≤ I(U1; Y1|W1, W2, V2) (3.9)

R1p + R20 ≤ I(U1, V2; Y1|W1, W2) + C21. (3.10)

These constraints can be similarly explained as those in (3.6)–(3.8). Again, the rate
enhancement by C21 is due to the fact that the decoder can restrict the searching
set for the codeword v2 to the bin whose index is received from Rx2. Also note that
since v2 is not required to be decoded correctly at Rx1, i.e., non-unique decoding
is employed, there is no constraint on the rate R20.

3.3.3 Comments on the Encoding/Decoding Strategy

Our coding scheme is developed based on a careful combination of simultane-
ous coding (SC) (at Tx1), superposition coding (SPC) (at Tx2), and non-unique
decoding at the receivers.3 Both SC and SPC originate from the idea of cod-

3By SC we mean that to send messages M1 and M2 a transmitter generates one codebook
for each Mi using a codebook-generating random variable Qi, i = 1, 2, and Q1 is independent
of Q2. On the other hand, in SPC, codewords for M1 are generated first (as cloud centers), and
conditioning on each of them the codewords for both M1 and M2 are generated (as satellites
around the centers). In the current problem, independent random variables W1 and U1 are used
for SC of m1c and m1p at Tx1 while correlated random variables W2, V2, X2 are used for SPC at
Tx2, cf. Fig. 3.2.
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ing for broadcast channel by Cover in [Cov72]. Cover himself constructed an SC
code [Cov72], while a SPC code was first proposed by Bergman [Ber73] for the
degraded broadcast channel. These two schemes achieve the same rate regions for
several classes of channels, such as the degraded broadcast channels. Very recently,
however, Wang et al. [WcBK13] have shown that SC generally achieves larger rate
regions than SPC for broadcast channels, under maximum likelihood decoding. Han
and Kobayashi [HK81] used SC for the interference channel, which achieves the best
inner bound to date. Chong et al. showed in [CMGE08] that the same rate region as
the Han-Kobayashi region [HK81] can be achieved by SPC. As we will see later, the
interplay between SC and SPC in our scheme considerably simplifies the decoding
procedures as well as the analysis. The method we use to generate the codebooks
can be intuitively justified as follows:

• The codebook for message m1 is generated using SC because it allows Decoder
1 to decode and then subtract the sequence w1 from the received sequence
y1. Doing so reduces the noise in the quantization signal sent to Rx2.

• The codebook for message m2 is generated using SPC because it helps reduce
the number of constraints for the decoding stages (see Remark 3.1). Regarding
the order of encoding for the sub-messages: Since the common part m2c is
decoded first, it is natural to encode m2c into the coarsest layer (W2, the
cloud centers in SPC). Next, since Decoder 1 is interested in decoding m20

only, while it already knows m2c, the cooperative common part m20 should be
encoded to the second coarsest layer (the inner satellite V2 in our notation).
Finally, the outer most layer is for the private part.

Remark 3.1. One obvious advantage of SPC over SC at Tx2 is that if one used
SC decoding, stage 2 would be equivalent to a MAC with 3 inputs, whose capacity
region has 7 inequalities [CT06]. Thanks to SPC, the number of inequalities are re-
duced to 3 as seen in (3.6)–(3.8), which considerably simplifies the Fourier-Motzkin
elimination later, cf. Appendix 3.D. In a related work, SC was used in [ZY12] for
unidirectional cooperations. It turns out that SPC is also helpful if one uses it for
the unidirectional cooperation, cf. Remark 3.2 and Remark 3.3.

3.4 Inner and Outer Bound to the Capacity Region

In this section we state the achievable rate region of the scheme in Section 3.3 and
an outer bound to the capacity region of the channel. The proofs are relegated to
the appendices.

Theorem 3.4.1. Let S be the set of real-valued vectors s = (α, β, γ, η, λ, θ) such
that 0 ≤ α, β, γ, η, λ ≤ 1 and β + γ + η = 1. Denote by R(s) the set of nonnegative
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rate pairs (R1, R2) satisfying the following constraints:

R1 ≤ C
(

αSNR1

1 + ᾱSNR1 + β̄INR

)

+ C
(

ᾱSNR1

1 + ηINR

)

(3.11)

R2 ≤ C
(

(1 + 2θβ + θ2β)INR + θ2ββ̄SNR2INR
(1 + SNR2)(1 + Nq + ᾱSNR1)

)

+ C (SNR2) + λC12 (3.12)

R2 ≤ C
(

βINR
1 + ᾱSNR1 + β̄INR

)

+ C
(

β̄SNR2

)

+ C
(

β̄INR
(1 + β̄SNR2)(1 + Nq + ᾱSNR1)

)

(3.13)

R2 ≤ C (ηSNR2) + C
(

βINR
1 + ᾱSNR1 + β̄INR

)

+ C
(

ᾱSNR1 + γINR
1 + ηINR

)

+ C21

+ C
(

ηINR
(1 + ηSNR2)(1 + Nq + ᾱSNR1)

)

(3.14)

R1 + R2 ≤ C (ηSNR2) + C
(

αSNR1 + βINR
1 + ᾱSNR1 + β̄INR

)

+ C
(

ᾱSNR1 + γINR
1 + ηINR

)

+ C21

+ C
(

ηINR
(1 + ηSNR2)(1 + Nq + ᾱSNR1)

)

(3.15)

R1 + R2 ≤ C
(

β̄INR
(1 + β̄SNR2)(1 + Nq + ᾱSNR1)

)

+ C
(

ᾱSNR1

1 + ηINR

)

+ C
(

β̄SNR2

)

+ C
(

αSNR1 + βINR
1 + ᾱSNR1 + β̄INR

)

, (3.16)

where

Nq =
1 + ᾱSNR1

22λ̄C12 − 1
+

(1 + 2θβ + θ2β + θ2ββ̄SNR2)INR
(22λ̄C12 − 1)(1 + SNR2)

. (3.17)

The set

R := Co

(

⋃

s∈S

R(s)

)

(3.18)

is achievable for the Gaussian AIC-RC, where Co(·) is the convex-hull operator.

Proof. See Appendix 3.A.

Theorem 3.4.1 presents an achievable rate region in its most general form, in-
volving multiple parameters. In subsequent sections, we will conduct analysis on
some special cases. In each case, the chosen value of each parameter will illuminate
the idea behind the coding strategy.
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Remark 3.2. We can obtain an achievable rate region for the channel with a
unidirectional cooperation link from Rx2 to Rx1, call it R2→1(η), by setting C12 =
0, α = 0, β = 0, and replacing γ by η̄ inR(s). After canceling redundant inequalities
we have R2→1(η) given by the nonnegative pairs (R1, R2) satisfying

R1 ≤ C
(

SNR1

1 + ηINR

)

(3.19)

R2 ≤ C(SNR2) (3.20)

R1 + R2 ≤ C(ηSNR2) + C
(

SNR1 + η̄INR
1 + ηINR

)

+ C21, (3.21)

where η ∈ [0, 1]. Note that an achievable region, call it T2→1(η), using SC was
proposed in [ZY12, Eq. (8)] for the same channel configuration. T2→1(η) is given
by the nonnegative pairs (R1, R2) satisfying

R1 ≤ C
(

SNR1

1 + ηINR

)

(3.22)

R2 ≤ C(SNR2) (3.23)

R2 ≤ C(ηSNR2) + C
(

η̄INR
1 + ηINR

)

+ C21 (3.24)

R1 + R2 ≤ C(ηSNR2) + C
(

SNR1 + η̄INR
1 + ηINR

)

+ C21. (3.25)

Comparing (3.19)–(3.21) with (3.22)–(3.25) we can easily see that R2→1(η) ⊇
T2→1(η) for a fixed power parameter η. The reason for this lies in the advan-
tage of SPC over SC, which can be seen as follows: If one uses SPC instead of
SC there will not be the second condition in [ZY12, Eq. (6)]. Furthermore, from
Rx2’s viewpoint that condition is unnecessary because Rx2 is only interested in the
whole rate of m2. Similarly, the second constraint [ZY12, Eq. (7)] is not needed
since Rx1 is not required to decode the common message of user 2 correctly. One
would expect that

⋃

0≤η≤1R2→1(η) ⊇ ⋃0≤η≤1 T2→1(η). However, it turns out that
⋃

0≤η≤1R2→1(η) =
⋃

0≤η≤1 T2→1(η), i.e., (3.24) is redundant when taking the union
of T2→1(η) over η ∈ [0, 1]. To see that, suppose that an achievable rate pair (R1, R2)
satisfies (3.22), (3.23) , and (3.25), but not (3.24), i.e.,

R2 > C(ηSNR2) + C
(

η̄INR
1 + ηINR

)

+ C21. (3.26)

Now, from (3.26) and (3.25) we have

R1 ≤ C(ηSNR2) + C
(

SNR1 + η̄INR
1 + ηINR

)

+ C21

− C(ηSNR2)− C
(

η̄INR
1 + ηINR

)

− C21
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= C
(

SNR1

1 + ηINR

)

, (3.27)

which is tighter than (3.22). Combining (3.23) with (3.27) we see that the achievable
rate pair (R1, R2) must at least satisfy

R1 ≤ C
(

SNR1

1 + INR

)

(3.28)

R2 ≤ C(SNR2). (3.29)

However, this is achievable by setting η = 1 in (3.22)–(3.25). Therefore (3.24) is not
needed in characterizing

⋃

0≤η≤1 T2→1(η). This in turn shows that
⋃

0≤η≤1R2→1(η)
=
⋃

0≤η≤1 T2→1(η). We note that this result is analogous to the equivalence be-
tween the two regions in [CMGE08] and [HK81] for the interference channel, cf.
Section 3.3.3.

Remark 3.3. Similarly, we can obtain an achievable rate region R1→2(η) for the
channel with a unidirectional cooperation link from Rx1 to Rx2 by setting α = 1,
γ = 0, C21 = 0. We can also show that our achievable region is identical to the
achievable rate region for the same channel in [ZY12, Eq. (33)]. Again, note that
the second condition in [ZY12, Eq. (70)] is not needed if one uses SPC instead of
SC.

Next, we state an outer bound for the capacity region:

Theorem 3.4.2. The set of nonnegative rate pairs (R1, R2) satisfying the following
constraints constitute an outer bound for the capacity region of the Gaussian AIC-
RC:

R1 ≤ C(SNR1) (3.30)

R2 ≤ min
{

C(SNR2 + INR), C(SNR2) + C12

}

(3.31)

R1 + R2 ≤ min
{

C(SNR1 + SNR2 + INR + SNR1SNR2),

C (SNR1 + INR) + C
(

SNR2

1 + INR

)

+ C21

}

. (3.32)

Proof. The proof follows the bounding techniques for the interference channel,
namely cut-set bound and genie-aided bound [ETW08, AV09]. Details are pre-
sented in Appendix 3.B. Note that this bound coincides with the outer bound
in [WT11a, Lemma 5.1] for the current channel model.

3.5 Capacity and Sum-rate Analysis

Computing the achievable rate region in Theorem 3.4.1 involves the optimization
over all vectors s ∈ S, resulting in a non-convex optimization problem. Thus, in
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order to gain insight into the benefit of cooperation and to quantify the performance
of our scheme, we will conduct some exact and asymptotic analysis on the capacity
region and sum-capacity of the channel in this section.

Theorem 3.4.1 and Theorem 3.4.2 yield the following lower and upper bound
on the sum-capacity of the channel:

Corollary 3.5.1. The sum-capacity Csum of the Gaussian AIC-RC is bounded by

Rac ≤ Csum ≤ Rup (3.33)

where Rac and Rup are defined in (3.34) and (3.38), respectively.

Rac := min{Rac1, Rac2, Rac3}, (3.34)

where

Rac1 = C
(

αSNR1 + βINR
1 + ᾱSNR1 + β̄INR

)

+ C
(

ᾱSNR1

1 + ηINR

)

+ C
(

β̄INR
(1 + β̄SNR2)(1 + Nq + ᾱSNR1)

)

+ C
(

β̄SNR2

)

(3.35)

Rac2 = C
(

αSNR1 + βINR
1 + ᾱSNR1 + β̄INR

)

+ C
(

ᾱSNR1 + γINR
1 + ηINR

)

+ C
(

ηINR
(1 + ηSNR2)(1 + Nq + ᾱSNR1)

)

+ C (ηSNR2) + C21 (3.36)

Rac3 = C
(

αSNR1

1 + ᾱSNR1 + β̄INR

)

+ C
(

ᾱSNR1

1 + ηINR

)

+ C
(

INR
(1 + SNR2)(1 + Nq + ᾱSNR1)

)

+ C (SNR2) + λC12. (3.37)

for some (α, β, γ, η, λ, 0) ∈ S where S is defined in Theorem 3.4.1.

Rup := min{Rup1, Rup2, Rup3}, (3.38)

where

Rup1 = C(SNR1 + SNR2 + INR + SNR1SNR2) (3.39)

Rup2 = C(SNR1 + INR) + C
(

SNR2

1 + INR

)

+ C21 (3.40)

Rup3 = C(SNR1) + C(SNR2) + C12. (3.41)

Proof. Rac is derived from Theorem 3.4.1. For simplicity of analysis we set θ = 0.
Rac1 and Rac2 come from (3.16) and (3.15), respectively. Rac3 comes from sum-
ming (3.11) and (3.12). The sums of (3.11) and (3.13), and of (3.11) and (3.14)
are not active. Rup1 and Rup2 come from (3.32), and Rup3 is obtained by sum-
ming (3.30) and the second term in (3.31) (the sum of (3.30) and the first term
in (3.31) is redundant due to (3.39)).
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Let us first recapitulate the sum-capacity of the channel in Fig. 3.1 without
cooperation, i.e., when C12 = C21 = 0.

Lemma 3.1 (Theorem 2 in [Sas04]). The sum-capacity of the Gaussian one-sided
interference channel without cooperation is given by

C0
sum =















C(SNR2) + C
(

SNR1

1+INR

)

if 0 ≤ INR < SNR2,

C(INR + SNR1) if SNR2 ≤ INR < SNR∗
2,

C(SNR1) + C(SNR2) if SNR∗
2 ≤ INR,

where
SNR∗

2 := SNR2(1 + SNR1). (3.42)

It can be shown that by setting C12 = C21 = 0, i.e., no cooperation link, and
by setting α, β, γ, η in Corollary 3.5.1 at certain values, we can recover the sum-
capacity in Lemma 3.1. For example, by choosing α = 1, β = γ = 0, η = 1 we
have

Rac1 = Rac2 = Rac3 = C(SNR2) + C
(

SNR1

1 + INR

)

= C0
sum if 0 ≤ INR < SNR2. (3.43)

This setting is consistent with the conclusions in [Sas04, ETW08, AV09] that, for
the interference channel without cooperation, when the interference is weak (INR <
SNR2), it is sum-rate optimal to set the whole message at Tx2 to be private (η = 1).
Furthermore, treating interference as noise at Rx1 (α = 1, β = 0) is optimal.

3.5.1 Limit of Sum-capacity Gain Due to Cooperation

From Lemma 3.1 and the outer bound on sum-capacity in Corollary 3.5.1 we can
quantify the limit of the sum-capacity gain due to cooperation in the strong inter-
ference regime (INR ≥ SNR2) as follows:

Corollary 3.5.2. The sum-capacity gain due to cooperation is bounded above as
follows

Csum − C0
sum ≤

{

C21 + 1
2 if SNR2 ≤ INR < SNR∗

2

C12 if SNR∗
2 ≤ INR,

where SNR∗
2 is defined in (3.42).

Proof. We have Csum − C0
sum ≤ Rup − C0

sum where Rup is defined in (3.38). By
comparing Rup2 in (3.40) and Rup3 in (3.41) with C0

sum in Lemma 3.1 we complete
the proof.

The bounded gains in Corollary 3.5.2 can be roughly explained as follows:
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• When INR > SNR∗
2 the interference caused by Tx2 to Rx1 is so strong that

the side information that Rx2 can send to Rx1 via the C21 link does not help
Rx1 learn more about the interference, and is therefore useless. In that case,
the gain in cooperation depends only on the link C12.

• When SNR2 ≤ INR < SNR∗
2, the cross link is strong but not too strong.

Therefore, both Rx1 and Rx2 can send useful information to each other via
cooperation links. Of the two receivers, Rx2 can utilize the cooperation link
C21 more efficiently (possibly after being helped by Rx1) by giving Rx1 side
information about the interference that Tx2 causes to Rx1. Therefore, the
sum-rate gain due to Rx2 → Rx1 cooperation is upper bounded by C21 bits
while the rate gain in the other direction is upper bounded by 1/2 bit as
derived above. Note that these upper bounds may not be achievable.

Next, we bound the asymptotic sum-capacity gain due to cooperation when
the noise powers vanish while the transmit powers and the channel gains remain
unchanged, or when the transmit powers go to infinity while the noise powers and
the channel gains remain unchanged. This regime is called high-SNR or interference-
limited or low-noise regime [HM06,ZY12].

Corollary 3.5.3. Let us define the high-SNR regime to be the asymptotics where
SNR1 →∞, SNR2 →∞ while the ratios INR

SNR1
and INR

SNR2
are finite and kept fixed. For

the Gaussian AIC-RC, in the high-SNR regime, weak interference (INR < SNR2),
and finite C21, the sum-capacity gain due to cooperation is bounded by: Csum −
C0

sum ≤ C21 + c, where 0 < c < 0.5 depends only on the ratio INR

SNR2
.

Proof. See Appendix 3.C.

The result in Corollary 3.5.3 can be explained as follows: When the channel is in
the high SNR regime, and the interference link is weaker than the direct link, Rx2
can easily decode its desired message, making the cooperation from Rx1 be little
help (maximum 0.5 bit, depending on how strong the interference is). In contrast,
the interference at Rx1 is very high and Rx1 substantially benefits from the side
information from Rx2. As a result, the upper bound on the sum-capacity gain
depends on C21 but C12. In this case, it is more advisable to invest on link C21

rather than on link C12. Corollary 3.5.3 also shows that having link C21 with finite
rate does not help increase the degrees of freedom or multiplexing gain [ZT03] of
the channel. For the asymptotic behavior of the system when C12 and C21 also grow
to infinity, we refer the readers to [WT11a], where the sum-capacity was analyzed
in terms of generalized degrees of freedom for symmetric channels.

The bounded gain in sum-capacity is confirmed by numerical examples in Fig. 3.3,
and Fig. 3.4. In these examples, we use exhaustive search to find parameters that
give the best performance. One can see that in both figures the sum-rate upper
bound with cooperation has the same slope as the sum-capacity without cooper-
ation. In Fig. 3.3 and Fig. 3.4 we observe that in mid-SNR regime the achievable



38 Interference Channels With Cooperating Receivers: Asymmetric Case

−5 0 5 10 15 20 25 30 35 40
0

1

2

3

4

5

6

7

8

9

10

11

SNR [dB]

S
u

m
 r

a
te

 [
b

it
s
/1

D
]

C
12

 =5, C
21

 =3, SNR
2
 =SNR, SNR

1
=SNR, INR=0.3*SNR

 

 

Sum capacity w/o cooperation

Upper bound

Achievable sum rate λ=0.6

Achievable sum rate λ=0

Figure 3.3: Sum-rate bounds for weak interference link (INR < SNR2). λ denotes
the fraction of the cooperation link C12 used for decode-forward.

sum-rates corresponding to different rate allocations on link C12 are very close to
the upper bound. They maintain constant gaps to the upper bound at high SNR,
and significantly better than the sum-capacity without cooperation. This result
holds for both weak interference link, i.e., INR < SNR2 and strong interference link,
i.e., INR > SNR2.

3.5.2 Optimality of Unidirectional Cooperation

Capacity Region Optimality

The following theorem shows that the capacity region of the channel can be achieved
under special conditions.

Theorem 3.5.1. If the channel parameters satisfy the following condition:

0 ≤ C12 ≤
1

2
log

(

1 + SNR1 + INR
(1 + SNR1)(1 + SNR2)

)

, (3.44)

the capacity region of the Gaussian AIC-RC can be achieved, which is given by the
set of all nonnegative rate pairs (R1, R2) satisfying

R1 ≤ C(SNR1) (3.45)

R2 ≤ C(SNR2) + C12. (3.46)
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Figure 3.4: Sum-rate bounds for strong interference link (INR > SNR2). λ denotes
the fraction of the cooperation link C12 used for decode-forward.

Proof. Choosing λ = 1, α = 1, β = 1, γ = η = 0 for R(s) in Theorem 3.4.1, and
removing inactive constraints, we have

R1 ≤ C(SNR1) (3.47)

R2 ≤ C(SNR2) + C12 (3.48)

R2 ≤ C(INR) (3.49)

R1 + R2 ≤ C(SNR1 + INR), (3.50)

where (3.48) follows from (3.12) and the fact that Nq = ∞. Under the condition
given in (3.44), one can verify that (3.49) is redundant due to (3.48), and (3.50)
is redundant due to (3.47) and (3.48). Accordingly, the achievable rate region re-
duces to the rectangle defined by (3.47) and (3.48), which are the same as (3.45)
and (3.46), and meet the outer bound given in Theorem 3.4.2.

Note that in this case the capacity region is achieved regardless of the value
of C21, which means unidirectional cooperation is optimal. The reason for this is
that, the interference caused by Tx2 to Rx1 is so strong that Rx1 can fully decode
its desired message as well as the interference without rate loss (note that (3.44)
implies INR > (1 + SNR1)SNR2, that is, the channel is in a very strong interference
regime). Furthermore, in this case joint decoding and successive decoding at Rx1
are both optimal. To see that, let us set α = 0, β = 1, λ = 1 in Theorem 3.4.1,
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i.e., Rx1 decodes only x2 in decoding stage 1. It is not difficult to show that the
inner bound will also reduce to the capacity region above. What happens is that
after decoding x2, Rx1 can subtract x2 from the received sequence and decodes x1

without interference.

Asymptotic Sum-capacity Optimality

Clearly, the sum-capacity of the channel is also achieved in the aforementioned
scenario of Theorem 3.5.1. Let us now perform an asymptotic analysis on the sum-
rate for this case. Let SNR1 be fixed, INR and SNR2 go to ∞ while their ratio is
kept fixed, i.e., INR

SNR2
= k. This describes the cases when the transmit power at

Tx1 is fixed and the transmit power at Tx2 increases to very high values while the
channel gains remain unchanged. Theorem 3.5.1 implies that Csum is achieved for
any C21 ≥ 0 if

C12 <
1

2
log

(

kSNR2

(1 + SNR1)SNR2

)

=
1

2
log

(

k

1 + SNR1

)

, (3.51)

provided that k
1+SNR1

≥ 1. To take an example, consider k = 10, SNR1 = 1 dB,
and C12 = 1 bit, which satisfy (3.51). Numerical examples for C21 = 0.5 bit and
C21 = 8 bits are given in Fig. 3.5. We see that when SNR2 gets large enough
the condition in (3.44) reduces to (3.51) and the achievable sum-rates converge
to the upper bound, regardless of the value of C21. Furthermore, since SNR∗

2 =
SNR2(1 + SNR1) ≤ INR and Csum = Rup = Rup3 at high SNR, the gap between
the upper and lower curves equal to C12 = 1 bit at high SNR, as can be seen from
Corollary 3.5.2 and Theorem 3.5.1.

Remark 3.4. In order to show a constant gap to the capacity region, [WT11a]
uses different coding strategies for different channel parameter regimes, namely the
Weak Interference [WT11a, Section V-C], the Mixed Interference [WT11a, Section
V-D], and the Strong Interference [WT11a, Section V-E] regimes. Let us consider
our channel model when INR ≥ SNR2, which corresponds to the Mixed Interference
regime. For this scenario, the two-round scheme in [WT11a] starts from Rx2, i.e.
2→ 1→ 2, while our scheme starts from Rx1. By [WT11a, Lemma 5.8] their achiev-
able region is within 0.75 bits of the capacity region universally. On the contrary,
our scheme can achieve the capacity region under a condition, cf. Theorem 3.5.1.
Moreover, we show that under such a condition unidirectional cooperation from
Rx1 to Rx2 is enough, which apparently does not apply to their 2→ 1→ 2 scheme.
We, however, emphasize that the way [WT11a] chooses the parameters is not nec-
essarily always optimal, but rather to guarantee a constant gap universally over all
channel parameters. Optimizing the parameters in [WT11a] is a very challenging
task.
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Figure 3.5: Asymptotic sum-rate optimality of unidirectional cooperation. As shown
in Section 3.5.2, the value of C21 does not affect achievable sum-rates, which con-
verge to the upper bound at high SNR.

3.5.3 Asymptotic Sum-rate When One Cooperation Link Has
Infinite Capacity

We now shift our focus to the asymptotic achievable sum-rate when the cooperation
links have large capacities. Since the cooperation is bidirectional, if both cooperation
links have infinite capacities we can consider the pair (Rx1 and Rx2) as one virtual
receiver. Accordingly, the original channel is equivalent to a multiple access channel
with two single-antenna senders and one 2-antenna receiver. The sum-capacity can
be readily computed and is equal to Rup1 in (3.39) above. In the following corollary
we characterize a sufficient condition on C21 so that when C12 goes to infinity we
achieve the sum-capacity.

Corollary 3.5.4. Let Rac(C12, C21) denote the maximum achievable sum-rate for
our coding scheme. We have

Rac(∞, C21) = Rac(∞,∞)

= Csum

= C(SNR1 + SNR2 + INR + SNR1SNR2)
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whenever

C21 ≥ C
(

SNR2(1 + SNR1)

1 + SNR1 + INR

)

. (3.52)

Proof. Let C12 → ∞, 0 < λ < 1 in (3.17) we have Nq = 0. Furthermore, we set
α = 0, β = 0, γ = 1, η = 0 in Corollary 3.5.1 to obtain

Rac1 = C(SNR1 + SNR2 + INR + SNR1SNR2), (3.53)

Rac2 = C(SNR1 + INR) + C21, (3.54)

Rac3 →∞ as C12 →∞. (3.55)

Condition (3.52) implies Rac = Rac1, which in turn equals the upper bound Rup1

in (3.39). Obviously, the sum-capacity Csum is achieved in this case.

In this case no compression is needed at the first decoding stage at Rx1. One
can map directly the received sequence at Rx1 to the cooperative codewords sent on
the cooperative link C12. This makes sense since the link C12 has infinite capacity.
We also observe that the whole message at Rx2 is set to be the cooperative common
message (γ = 1), i.e., Rx1 first performs hash-forward [CK07], Rx2 decodes its
desired message then performs bin-forward, finally Rx1 decodes its messages with
side information from Rx2.

Remark 3.5. A somewhat similar but more difficult problem was posed by Cover
in [Cov87] for the primitive relay channel [Kim07], namely finding the critical value
C0 of the noiseless relay link such that C(C0) first equals C(∞) where C(C0) is the
supremum of the achievable rates for given C0. To the best of our knowledge, the
problem is still unsolved [Kim07].

3.6 Chapter Conclusion

We proposed a coding scheme for an asymmetric interference channel with or-
thogonal cooperation links. Our approach is motivated by intuition obtained from
simultaneous coding, superposition coding, and non-unique decoding. The result-
ing achievable rate region is shown to be optimal under certain conditions. The
analysis illuminates the intuition behind the properties of the system, providing
useful insight into the system design process, e.g., in certain cases it is better to
invest more on a particular cooperation link than the other. We also note that
what was learned from studying the proposed coding scheme is applicable to the
case where the cooperation is initiated at Rx2. To be comprehensive, we remark
that there might be some other considerations of the cooperation protocol, e.g.,
multiple-round conferencing [SSS10]. However, such protocols are either very com-
plicated for the channel model under consideration or do not provide much intuition
and are therefore beyond the scope of our study.
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Appendices for Chapter 3

3.A Proof of Theorem 3.4.1

Let us define the right hand sides of the 8 inequalities (3.2)–(3.4), (3.6)–(3.8), and
(3.9)–(3.10) as I1, . . . , I8, respectively. Note that by rate-splitting encoding we have
R1 = R1c + R1p, R2 = R2c + R2p + R20. By applying the Fourier-Motzkin elimina-
tion [DT97] to the aforementioned 8 inequalities (see details in Appendix 3.D), we
obtain the following constraints on achievable rate pairs (R1, R2):

R1 ≤ I1 + I7 (3.56)

R2 ≤ min{I6, I2 + I5, I2 + I4 + I8} (3.57)

R1 + R2 ≤ min{I4 + I3 + I8, I5 + I3 + I7}. (3.58)

It should be emphasized that thanks to the careful combination of SPC and SC,
the number of inequalities during the elimination is minimized. The region R(s) is
obtained by evaluating the constraints in (3.56)–(3.58) with Gaussian input distri-
butions, some details are presented in the sequel.

Recall that PW1 = α, PU1 = ᾱ, PW2 = β, PS = γ, PQ = η. We first calculate
the rate to send bin indices of ŷ1 to the receiver 2, which is given in (3.5):

λ̄C12 = I(Ŷ1; Ȳ1|Y2) = h(Ŷ1|Y2)− h(Ŷ1|Ȳ1, Y2)

=
1

2
log
(

2πeσ2
Ŷ1|Y2

)

− 1

2
log (2πeNq) , (3.59)

where we used Ŷ1 = Ȳ1 + Zq and the independence of Gaussian random variables.
The next step is calculating the conditional variance σ2

Ŷ1|Y2
. We have:

Ŷ1 = h11U1 + h21X2 + θh21W2 + Z1 + Zq

Y2 = h22X2 + Z2.

Let Σ denote the covariance of random variables, we have:

ΣŶ1
= h2

11PU1 + h2
21P2 + (2θ + θ2)h2

21PW2 + 1 + Nq

= ᾱSNR1 + (1 + 2θβ + θ2β)INR + 1 + Nq

ΣŶ1Y2
= h21h22P2 + θh21h22PW2

= h21h22(1 + θβ)

ΣY2 = h2
22P2 + 1

= SNR2 + 1.

As a result,

σ2
Ŷ1|Y2

= ΣŶ1
− ΣŶ1Y2

Σ−1
Y2

ΣY2Ŷ1

= 1 + Nq + ᾱSNR1 +
(1 + 2θβ + θ2β)INR + θ2ββ̄SNR2INR

1 + SNR2
. (3.60)
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Inserting (3.60) into (3.59) and solve for Nq we obtain Nq as given in (3.17).

Following the same routine and using Nq, we can calculate the mutual information
terms I1, . . . , I8 as follows. Keep in mind that Y1 = h11U1 +h11W1 +h21W2 +h21S+
h21Q + Z1 we have

I1 = I(W1; Y1|W2)

= h(Y1|W2)− h(Y1|W2, W2)

=
1

2
log

(

1 +
h2

11PW1

1 + h2
11PU1 + h2

21(PS + PQ)

)

=
1

2
log

(

1 +
αSNR1

1 + ᾱSNR1 + (γ + η)INR

)

=
1

2
log

(

1 +
αSNR1

1 + ᾱSNR1 + β̄INR

)

. (3.61)

In a similar manner, we obtain

I2 = I(W2; Y1|W1)

=
1

2
log

(

1 +
βINR

1 + ᾱSNR1 + β̄INR

)

(3.62)

I3 = I(W1, W2; Y1)

=
1

2
log

(

1 +
αSNR1 + βINR

1 + ᾱSNR1 + β̄INR

)

(3.63)

I4 = I(X2; Y2, Ŷ1|W2, V2)

=
1

2
log (1 + ηSNR2) +

1

2
log

(

1 +
ηINR

(1 + ηSNR2)(1 + Nq + ᾱSNR1)

)

(3.64)

I5 = I(V2, X2; Y2, Ŷ1|W2)

=
1

2
log
(

1 + β̄SNR2

)

+
1

2
log

(

1 +
β̄INR

(1 + β̄SNR2)(1 + Nq + ᾱSNR1)

)

(3.65)

I6 = I(W2, V2, X2; Y2, Ŷ1) + λC12

=
1

2
log (1 + SNR2) +

1

2
log

(

1 +
(1 + 2θβ + θ2β)INR + θ2ββ̄SNR2INR

(1 + SNR2)(1 + Nq + ᾱSNR1)

)

+ λC12

(3.66)

I7 = I(U1; Y1|W1, W2, V2)

=
1

2
log

(

1 +
ᾱSNR1

ηINR + 1

)

(3.67)

I8 = I(U1, V2; Y1|W1, W2) + C21

=
1

2
log

(

1 +
ᾱSNR1 + γINR

ηINR + 1

)

+ C21. (3.68)
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3.B Proof of Theorem 3.4.2

C12 C21

h11

h21

h22

X1

X2

Y1

Y2

Z1

Z2

(1)

(2)

(3)

(4)

Figure 3.6: Cut sets for the AIC-RC.

The proof follows standard bounding techniques for the interference channel,
namely cut-set bound and genie-aided bound [ETW08, AV09]. We first apply the
cut-set bound [CT06, Theorem 15.10.1] to our channel model, see Fig. 3.6. As such
any achievable rates pair (R1, R2) must satisfy the following constraints, where the
maximum are taken over joint probability distributions p(x1, x2):

• For cut (1): R1 ≤ max I(X1; Y1|X2).

• For cut (2): R2 ≤ max I(X2; Y1, Y2|X1).

• For cut (3): R1 + R2 ≤ max I(X1, X2; Y1, Y2) = max h(Y1, Y2)− h(Z1, Z2).

• For cut (4): R2 ≤ max I(X2; Y2) + C12.

Note that these bounds can be alternatively derived using Fano’s inequality as done
in [WT11a]. Using the chain rule of mutual information, the independence of noise
terms, and the fact that Gaussian distribution maximizes conditional differential
entropy given covariance constraints, see e.g. [AV09], we can show that all mutual
information terms in the 4 cuts are maximized by independent Gaussian random
variables X1 ∼ N (0, P1) and X2 ∼ N (0, P2). The resulting bounds are:

R1 ≤ C(SNR1) (3.69)

R2 ≤ C(SNR2 + INR) (3.70)

R1 + R2 ≤ C(SNR1 + SNR2 + INR + SNR1SNR2) (3.71)

R2 ≤ C(SNR2) + C12. (3.72)
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We observe that the above bounds do not depend on C21. In the following we
derive a genie-aided-type bound on the sum-rate that depends on C21. The idea is
to give Y n

1 to Rx2. Let V n
21 and V n

12 be output sequences of the cooperation links
at Rx1 and Rx2, respectively. By Fano’s inequality we have

n(R1 + R2 − ǫn)

≤ I(Xn
1 ; Y n

1 , V n
21) + I(Xn

2 ; Y n
2 , V n

12)

≤ I(Xn
1 ; Y n

1 ) + I(Xn
1 ; V n

21|Y n
1 ) + I(Xn

2 ; Y n
2 , V n

12, Y n
1 )

≤ I(Xn
1 ; Y n

1 ) + H(V n
21) + I(Xn

2 ; Y n
2 , Y n

1 ) (3.73)

≤ I(Xn
1 ; Y n

1 ) + nC21 + I(Xn
2 ; Y n

2 , Y n
1 |Xn

1 ) (3.74)

= h(Y n
1 )− h(Y n

1 |Xn
1 ) + nC21 + h(Y n

2 , Y n
1 |Xn

1 )− h(Y n
2 , Y n

1 |Xn
1 , Xn

2 )

= h(Y n
1 ) + nC21 + h(Y n

2 |Y n
1 , Xn

1 )− h(Zn
1 , Zn

2 )

= h(Y n
1 ) + nC21 + h(h22Xn

2 + Zn
2 |h21Xn

2 + Zn
1 )− 2h(Zn

1 ), (3.75)

where ǫn → 0 as n → ∞, (3.73) is due to Markov chain V n
12 − (Y n

1 , Y n
2 )−Xn

2 and
I(Xn

1 ; V n
21|Y n

1 ) ≤ H(V n
21). (3.74) follows because Xn

1 and Xn
2 are independent and

that conditioning reduces entropy. It was shown in [AV09] that the right hand side
of (3.75) is maximized by i.i.d. Gaussian inputs X1i and X2i, i = 1, . . . , n. Therefore
the conditional variance of h22X2 + Z2 given h21X2 + Z1 can be readily computed,
which leads to the following bound

n(R1 + R2 − ǫn)

≤ n

2
log
(

2πe(h2
11 + h2

21 + 1)
)

+ nC21 +
n

2
log

(

2πe

(

1 +
h2

22

h2
21 + 1

))

− n log(2πe)

= nC (SNR1 + INR) + nC
(

SNR2

1 + INR

)

+ nC21.

Divide both sides by n and let n → ∞ we obtain R1 + R2 ≤ C (SNR1 + INR) +

C
(

SNR2

1+INR

)

+ C21. Combining this constraint with (3.69)–(3.72) we complete the

proof.

3.C Proof of Corollary 3.5.3

Recall that we are assuming high SNR while the channel gains are fixed. Thus, let
INR = k1SNR1 = k2SNR2 for positive real numbers k1 and k2. In the limit of high
SNR and INR we have:

Csum − C0
sum ≤ Rup2 − C0

sum

= C(SNR1 + INR) + C
(

1

k2

)

+ C21 − C (SNR2)− C
(

1

k1

)

=
1

2
log





1 +
(

1
k1

+ 1
)

INR

1 + 1
k2

INR



+
1

2
log

(

1 + 1
k2

1 + 1
k1

)

+ C21
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→ C(k2) + C21 as INR→∞
:= c + C21,

which depends on the channel SNR only through the ratio between INR and SNR2.
Further, since INR < SNR2 we have k2 < 1 and c < 0.5.

3.D Fourier-Motzkin Elimination

Let us define the right hand sides of the 8 inequalities (3.2)–(3.4), (3.6)–(3.8), and
(3.9)–(3.10) as I1, . . . , I8, respectively. We have

R1c ≤ I1 (3.76)

R2c ≤ I2 (3.77)

R1c + R2c ≤ I3 (3.78)

R2p ≤ I4 (3.79)

R2p + R20 ≤ I5 (3.80)

R2c + R20 + R2p ≤ I6 (3.81)

R1p ≤ I7 (3.82)

R1p + R20 ≤ I8. (3.83)

Replacing R1p by R1−R1c, R2p by R2−R2c−R20, and imposing the non-negativity
on the partial rates we obtain the following inequalities:

R1c ≤ I1 (3.84)

R2c ≤ I2 (3.85)

R1c + R2c ≤ I3 (3.86)

R2 −R2c −R20 ≤ I4 (3.87)

R2 −R2c ≤ I5 (3.88)

R2 ≤ I6 (3.89)

R1 −R1c ≤ I7 (3.90)

R1 −R1c + R20 ≤ I8 (3.91)

−R1c ≤ 0 (3.92)

−R2c ≤ 0 (3.93)

−R20 ≤ 0 (3.94)

−R1 + R1c ≤ 0 (3.95)

−R2 + R2c + R20 ≤ 0. (3.96)
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Step 1: collecting the inequalities that contain R20 we have

R2 −R2c −R20 ≤ I4

−R20 ≤ 0

R1 −R1c + R20 ≤ I8

−R2 + R2c + R20 ≤ 0.

By summing up each inequality containing R20 with each inequality containing
−R20 we can eliminate R20 to obtain

R1 + R2 −R1c −R2c ≤ I4 + I8 (3.97)

0 ≤ I4 (3.98)

R1 −R1c ≤ I8 (3.99)

−R2 + R2c ≤ 0. (3.100)

Removing the redundant inequality (3.98) and combining with those inequalities
in (3.84)–(3.96) that do not contain R20 we have

R1c ≤ I1 (3.101)

R2c ≤ I2 (3.102)

R1c + R2c ≤ I3 (3.103)

R2 −R2c ≤ I5 (3.104)

R2 ≤ I6 (3.105)

R1 −R1c ≤ I7 (3.106)

−R1c ≤ 0 (3.107)

−R2c ≤ 0 (3.108)

−R1 + R1c ≤ 0 (3.109)

R1 + R2 −R1c −R2c ≤ I4 + I8 (3.110)

R1 −R1c ≤ I8 (3.111)

−R2 + R2c ≤ 0. (3.112)

Step 2: Following the same procedure, we collect the inequalities that contain
R2c and eliminate R2c to obtain

R1 −R1c ≤ I4 + I8 (3.113)

R1 + R2 −R1c ≤ I2 + I4 + I8 (3.114)

R1 + R2 ≤ I3 + I4 + I8 (3.115)

0 ≤ I5 (3.116)

R2 ≤ I2 + I5 (3.117)

R2 + R1c ≤ I3 + I5 (3.118)
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−R2 ≤ 0 (3.119)

0 ≤ I2 (3.120)

R1c ≤ I3. (3.121)

Removing the redundant inequalities (3.116) and (3.120), and combining with those
inequalities in (3.101)–(3.112) that do not contain R2c we have

R1c ≤ I1 (3.122)

R2 ≤ I6 (3.123)

R1 −R1c ≤ I7 (3.124)

−R1c ≤ 0 (3.125)

−R1 + R1c ≤ 0 (3.126)

R1 −R1c ≤ I8 (3.127)

R1 −R1c ≤ I4 + I8 (3.128)

R1 + R2 −R1c ≤ I2 + I4 + I8 (3.129)

R1 + R2 ≤ I3 + I4 + I8 (3.130)

R2 ≤ I2 + I5 (3.131)

R2 + R1c ≤ I3 + I5 (3.132)

−R2 ≤ 0 (3.133)

R1c ≤ I3. (3.134)

Observe that

• (3.130) is redundant due to (3.127) and the fact that I4 ≥ 0.

• (3.127) is redundant due to (3.124) and the fact that I7 ≤ I8.

• (3.134) is redundant due to (3.122) and the fact that I1 ≤ I3.

Hence we have

R1c ≤ I1 (3.135)

R2 ≤ I6 (3.136)

R1 −R1c ≤ I7 (3.137)

−R1c ≤ 0 (3.138)

−R1 + R1c ≤ 0 (3.139)

R1 + R2 −R1c ≤ I2 + I4 + I8 (3.140)

R1 + R2 ≤ I3 + I4 + I8 (3.141)

R2 ≤ I2 + I5 (3.142)

R2 + R1c ≤ I3 + I5 (3.143)

−R2 ≤ 0. (3.144)



50 Interference Channels With Cooperating Receivers: Asymmetric Case

Step 3: Next, by summing up each inequality containing R1c with each inequality
containing −R1c we can eliminate R1c and end up with the following inequalities

R1 + 2R2 ≤ I2 + I4 + I8 + I3 + I5 (3.145)

R1 + R2 ≤ I2 + I4 + I8 + I1 (3.146)

R2 ≤ I2 + I4 + I8 (3.147)

R1 + R2 ≤ I3 + I5 + I7 (3.148)

R1 ≤ I1 + I7 (3.149)

0 ≤ I7 (3.150)

R2 ≤ I3 + I5 (3.151)

0 ≤ I1 (3.152)

−R1 ≤ 0. (3.153)

Removing redundant inequalities (3.150) and (3.152), and combining with (3.136),
(3.141), (3.142), (3.144) we have

−R1 ≤ 0 (3.154)

R1 ≤ I1 + I7 (3.155)

−R2 ≤ 0 (3.156)

R2 ≤ I6 (3.157)

R2 ≤ I2 + I5 (3.158)

R2 ≤ I3 + I5 (3.159)

R2 ≤ I2 + I4 + I8 (3.160)

R1 + R2 ≤ I3 + I5 + I7 (3.161)

R1 + R2 ≤ I3 + I4 + I8 (3.162)

R1 + R2 ≤ I2 + I4 + I8 + I1 (3.163)

R1 + 2R2 ≤ I2 + I4 + I8 + I3 + I5. (3.164)

Note that

• (3.159) is redundant due to (3.158) and the fact that I2 ≤ I3.

• (3.163) is redundant due to (3.162) and the fact that I1 + I2 ≥ I3.

• (3.164) is redundant due to (3.158) and (3.162).

Therefore, the final achievable rates are characterized by the following inequal-
ities

R1 ≥ 0 (3.165)

R2 ≥ 0 (3.166)



3.D. Fourier-Motzkin Elimination 51

R1 ≤ I1 + I7 (3.167)

R2 ≤ I6 (3.168)

R2 ≤ I2 + I5 (3.169)

R2 ≤ I2 + I4 + I8 (3.170)

R1 + R2 ≤ I3 + I5 + I7 (3.171)

R1 + R2 ≤ I3 + I4 + I8. (3.172)





Chapter 4

Interference Channels With Cooperating

Receivers: Symmetric Case

I
n Chapter 3 we have explored a mechanism for receiver cooperation in asym-
metric interference channels. The coding scheme was built upon classical re-
laying protocols such as decode-forward and compress-forward. In contrast, the

present chapter will focus on studying cooperation in the full interference setup,
namely the interference channel with both crossover links. A new coding scheme is
proposed for the discrete memoryless channel. Similar to Chapter 3, the scheme
includes common-private rate-splitting and superposition coding at the transmit-
ters. As opposed to using a combination of CF and DF as in Chapter 3, noisy
network coding and non-unique joint decoding are employed at the receivers. As
an example, the general achievable region is extended to the Gaussian interference
channel whose receivers cooperate through noise-free and finite-capacity orthogo-
nal links. We show that the resulting inner bound is the same as the one-round
quantize-bin-forward inner bound established by Wang and Tse in [WT11a]. This
result indirectly shows that noisy network coding achieves within 1 bit/s/Hz of the
capacity region when the interference is strong, and achieves to within 1 bit/s/Hz
of the capacity region of the Gaussian compound multiple access channel with con-
ferencing decoders, regardless of channel parameters. The results in this chapter
are among the first in the field demonstrating the approximate optimality of noisy
network coding for a multi-unicast problem. Our results are also among the first to
show the equivalence, in terms of achievable rates, between noisy network coding
and some other coding schemes which are based on explicit binning or hashing.

4.1 Introduction

As introduced in Section 2.6 and demonstrated in Chapter 3, allowing transmit-
ters and/or receivers to cooperate is an important technique to achieve interference
mitigation. In the center of this technique are the relaying protocols used by trans-
mitters and/or receivers. Similar to what have been shown in Chapter 3, early works

53
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in this topic such as [HM06,NJGM07,MYK07,SGP+09,SSPS09,ZY12] are primar-
ily built on different combinations of the classical decode-forward and compress-
forward protocols. Recent advances in the research of relay networks, however, have
brought new possibilities. Notably, based on insight obtained from the linear deter-
ministic models, the references [PV11b,PV11a,WT11b,WT11a] have succeeded in
characterizing the sum-capacity or capacity region of some Gaussian interference
channels with cooperation up to a constant number of bits. In a different approach
to network information theory, Lim et al. have come up with the concept of noisy
network coding [LKEC11] (NNC), which combines existing coding techniques in a
novel way to yield single-letter characterization of achievable rates in multi-source
multi-destination discrete memoryless networks. NNC has been shown to achieve
better performance than previously known schemes in certain scenarios [LKEC11],
and promises to be a powerful tool in dealing with networks with multiple nodes
and multiple messages. As noted in [LKEC11], NNC effectively transforms a multi-
node network into an interference channel with some rate penalty. It is therefore
natural to develop a new coding strategy that covers both the coding techniques
for the traditional interference channel and NNC. In this chapter we realize such a
strategy for a fundamental network, the interference channel with receiver cooper-
ation. To quantify the goodness of our coding strategy, we evaluate its performance
for a class of Gaussian channels and compare it with the best known result.

The main results of this chapter can be summarized as follows: We generalize the
NNC approach to incorporate the traditional coding techniques for the interference
channel, namely the common-private rate-splitting [Car78, HK81], and the non-
unique decoding of common messages [CMGE08]. To the best of our knowledge
our coding scheme produces the first inner bound for the capacity region of the
discrete memoryless interference channel (DM-IC) with receiver cooperation. The
inner bound enjoys the generality of noisy network coding in dealing with multiple-
node networks. Accordingly we expect that the extended coding strategy will be
useful for related problems as well. As an example, we use our general region to
derive an inner bound on the capacity region of the Gaussian IC with rate-limited
conferencing decoders. We then show that this inner bound is identical to the
one-round inner bound by Wang and Tse in [WT11a], and it therefore achieves
one-bit gap to the capacity region when the interference is strong and one-bit gap
to the capacity region of the Gaussian compound multiple access channel with
conferencing decoder (CMAC-CD), which was studied in [SGP+09]. We also outline
possible extensions of our work.

The rest of the chapter is organized as follows: Section 4.2 introduces the dis-
crete memoryless network that we are working on, Section 4.3 states and proves an
inner bound for the capacity region. Section 4.4 studies the Gaussian interference
channel whose receivers cooperate by means of rate-limited orthogonal links, where
it is shown that the new inner bound is the same as the inner bound achieved by
quantize-bin-forward in [WT11a]. Final remarks and open problems are discussed
in Section 4.5. Some proofs are gathered in the appendices of this chapter.
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Figure 4.1: Interference channel with receiver cooperation.

Definition

In this chapter we will make use of the notion of the gap between an achievable
rate region and an outer bound or the capacity region of certain channels, whose
definition is given below.

Definition 4.1 (k-bit gap). Let S1 and S2 denote two sets of nonnegative rate pairs
(R1, R2). The set S1 is said to be within k bits of the set S2 if for any (R1, R2) ∈ S2

we have ((R1 − k)+, (R2 − k)+) ∈ S1.

4.2 Problem Formulation

Consider a discrete memoryless (DM) 4-node network as depicted in Fig. 4.1. This
network is characterized by a Cartesian product of finite input alphabets X1 ×
X2 ×X3 ×X4, finite output alphabets Y3 ×Y4, and a conditional probability mass
function p(y3, y4|x1, x2, x3, x4). Node 1 wants to send a message to node 3 and node
2 wants to send a message to node 4. The messages are denoted by M1 and M2,
independent of each other and uniformly distributed over their respective message
setsM1 andM2. Node 3 and node 4 can exchange information to help each other
decode their desired messages. A (2nR1 , 2nR2 , n) block code for this network consists
of

• message sets Mk = [1 : 2nRk ], k ∈ {1, 2};

• encoding functions Ψk :Mk → Xn
k , k ∈ {1, 2}, that assign an input sequence

Xn
k for message Mk; and encoding functions Ψk,i : Yi−1

k → Xk, k ∈ {3, 4},
that assign an input symbol Xki, i ∈ [1 : n], for Y i−1

k .

• decoding functions Φk : Yn
k → Mk−2, k ∈ {3, 4}, that put out an estimate

M̂k−2 for each received sequence Y n
k .

The average probability of error is defined as

P (n)
e = P{(M̂1, M̂2) 6= (M1, M2)}. (4.1)
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Achievable rate pairs and capacity region of the network are defined as in Section
2.2. We call the network depicted in Fig. 4.1 the interference channel with receiver
cooperation (IC-RC).

4.3 Inner Bound for the Interference Channel With
Receiver Cooperation

In this section we state and prove an achievable rate region for the discrete mem-
oryless interference channel with receiver cooperation. The main ingredients for
our coding strategy are: i) common-private rate-splitting [Car78, HK81], ii) noisy
network coding [LKEC11] iii) non-uniquely joint decoding of common messages
[CMGE08]. First we state the main result.

Theorem 4.3.1. The set RIC−RC of nonnegative rate pairs (R1, R2) given below
is achievable for the discrete memoryless interference channel with receiver cooper-
ation:

R1 < min{I1 + (I0 − r4)+, I2} (4.2)

R2 < min{I ′
1 + (I ′

0 − r3)+, I ′
2} (4.3)

R1 + R2 < min{I5 + (I0 − r4)+, I6}+ min{I ′
3 + (I ′

0 − r3)+, I ′
4} (4.4)

R1 + R2 < min{I3 + (I0 − r4)+, I4}+ min{I ′
5 + (I ′

0 − r3)+, I ′
6} (4.5)

R1 + R2 < min{I7 + (I0 − r4)+, I8}+ min{I ′
7 + (I ′

0 − r3)+, I ′
8} (4.6)

2R1 + R2 < min{I5 + (I0 − r4)+, I6}+ min{I3 + (I0 − r4)+, I4}
+ min{I ′

7 + (I ′
0 − r3)+, I ′

8} (4.7)

R1 + 2R2 < min{I7 + (I0 − r4)+, I8}+ min{I ′
5 + (I ′

0 − r3)+, I ′
6}

+ min{I ′
3 + (I ′

0 − r3)+, I ′
4}, (4.8)

for some distribution of the form

p(q)p(u1, x1|q)p(u2, x2|q)p(x3|q)p(x4|q)p(ŷ3|x3, y3, q)p(ŷ4|x4, y4, q)

· p(y3, y4|x1, x2, x3, x4), (4.9)

where p(y3, y4|x1, x2, x3, x4) is set by the channel, and

r3 = I(Y3; Ŷ3|X3, Q) (4.10)

r4 = I(Y4; Ŷ4|X4, Q) (4.11)

I0 = I(X4, Ŷ4; X1, U2, X3, Y3|Q) (4.12)

I1 = I(X1; Y3|U2, X3, Q) (4.13)

I2 = I(X1; Ŷ4, Y3|U2, X3, X4, Q) (4.14)

I3 = I(X1, U2; Y3|X3, Q) (4.15)
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I4 = I(X1, U2; Ŷ4, Y3|X3, X4, Q) (4.16)

I5 = I(X1; Y3|U1, U2, X3, Q) (4.17)

I6 = I(X1; Ŷ4, Y3|U1, U2, X3, X4, Q) (4.18)

I7 = I(X1, U2; Y3|U1, X3, Q) (4.19)

I8 = I(X1, U2; Ŷ4, Y3|U1, X3, X4, Q), (4.20)

and I ′
k’s are obtained from Ik’s, k ∈ [0 : 8], by swapping indices 1 ↔ 2 and 3 ↔ 4

in the mutual information terms. Q is drawn from some finite alphabet Q.

Remark 4.1. The achievable rate region presented above has a similar form as the
new characterization of the Han-Kobayashi region [CMGE08] for the interference
channel without cooperation, namely the set of 7 constraints on the rates. It can be
readily shown that by setting X3 = X4 = Ŷ3 = Ŷ4 = ∅ the region RIC−RC reduces
to the region in [CMGE08].

Remark 4.2. It is also straightforward to show that if one sets U1 = X1, U2 =
X2, i.e., the whole message is set to be the common, one will recover the results
in [LKEC11, Theorem 2] applying to the current channel model. On the other hand,
if one sets U1 = ∅, U2 = ∅, i.e., the whole message is set to be the private, one will
recover the results in [LKEC11, Theorem 3] for the current channel model.

The rest of this section is dedicated to the proof of Theorem 4.3.1.

Proof. The transmission of each message takes place in b blocks. We use subscript j
to index the blocks. We consider time-sharing random variable Q = const, the proof
for general Q can be done by the coded time-sharing technique in [EK11, Sec. 4.5.3].
For a message pair (m1, m2) that nodes 1 and 2 want to send, split the messages
as follows: m1 = (m1c, m1p), m2 = (m2c, m2p). Fix the distribution

p(u1, x1)p(u2, x2)p(x3)p(x4)p(ŷ3|x3, y3)p(ŷ4|x4, y4).

Codebook generation. For each j ∈ [1 : b] and for k ∈ {1, 2} randomly and indepen-
dently generate 2nbRkc sequences ukj(mkc), mkc ∈ [1 : 2nbRkc ], each according to the
distribution

∏n
i=1 pUk

(uk,(j−1)n+i). For each ukj(mkc), randomly and conditionally
independently generate 2nbRkp sequences xkj(mkp, mkc), mkp ∈ [1 : 2nbRkp ], each
according to

n
∏

i=1

pXk|Uk
(xk,(j−1)n+i|uk,(j−1)n+i(mkc)).

For each j ∈ [1 : b] and for t ∈ {3, 4} randomly and independently generate 2nR̂t

sequences xtj(lt,j−1), lt,j−1 ∈ [1 : 2nR̂t ], each according to
∏n

i=1 pXt
(xt,(j−1)n+i); for

each xtj(lt,j−1), randomly and conditionally independently generate 2nR̂t sequences

ŷtj(lt,j |lt,j−1), lt,j ∈ [1 : 2nR̂t ], each according to
n
∏

i=1

pŶt|Xt
(ŷt,(j−1)n+i|xt,(j−1)n+i(lt,j−1)).
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The above procedure defines the codebook for block j:

Cj = {u1j(m1c), x1j(m1p, m1c), u2j(m2c), x2j(m2p, m2c),

x3j(l3,j−1), ŷ3j(l3,j |l3,j−1), x4j(l4,j−1), ŷ4j(l4,j |l4,j−1)} .

Encoding. To send messages m1 = (m1c, m1p), m2 = (m2c, m2p) in block j node 1
sends x1j(m1p, m1c), node 2 sends x2j(m2p, m2c). Upon receiving ykj at the end of
block j, node k ∈ {3, 4} looks for an index lk,j such that

(ŷkj(lkj |lk,j−1), xkj(lk,j−1), ykj) ∈ T (n)
ǫ′ (4.21)

with initialization lk0 := 1. If there is more than one such index, choose the smallest
one. If there is no such index, choose an arbitrary index at random uniformly from
[1 : 2nR̂k ]. Each node k ∈ {3, 4} transmits xkj(lk,j−1) in block j.

Decoding. Let ǫ > ǫ′. At the end of block b, decoder 3 looks for a unique index pair
(m̂1c, m̂1p) such that there exist some m̂2c ∈ [1 : 2nbR2c ], l̂4,j ∈ [1 : 2nR̂4 ], l̂3,j = l3,j

satisfying
(

u1j(m̂1c), x1j(m̂1p, m̂1c), u2j(m̂2c), x3j(l̂3,j−1), ŷ3j(l̂3,j |l̂3,j−1),

x4j(l̂4,j−1), ŷ4j(l̂4,j |l̂4,j−1), y3j

)

∈ T (n)
ǫ (4.22)

for all j ∈ [1 : b].
Similarly for decoder 4.

Error analysis. We perform the analysis for node 3, the analysis for node 4 can
be done similarly. Let M1c, M1p, M2c, M2p denote the messages sent by nodes 1
and 2, and let L3,j, L4,j denote the indices chosen by node 3 and node 4 in block
j ∈ [1 : b], respectively. The decoder of node 3 makes an error only if one of the
following events occurs:

E30 =

b
⋃

j=1

{

(

X3j(L3,j−1), Ŷ3j(l3,j|L3,j−1), Y3j

)

6∈ T (n)
ǫ′ for all l3,j ∈ [1 : 2nR̂3 ]

}

E40 =

b
⋃

j=1

{

(

X4j(L4,j−1), Ŷ4j(l4,j|L4,j−1), Y4j

)

6∈ T (n)
ǫ′ for all l4,j ∈ [1 : 2nR̂4 ]

}

E31 =
{

(

U1j(M1c), X1j(M1p, M1c), U2j(M2c), X3j(L3,j−1), Ŷ3j(L3,j|L3,j−1),

X4j(L4,j−1), Ŷ4j(L4,j|L4,j−1), Y3j

)

6∈ T (n)
ǫ , for some j ∈ [1 : b]

}

E32 =
{

(

U1j(m1c), X1j(m1p, m1c), U2j(m2c), X3j(L3,j−1), Ŷ3j(L3,j |L3,j−1),

X4j(l4,j−1), Ŷ4j(l4,j |l4,j−1), Y3j

)

∈ T (n)
ǫ , for all j ∈ [1 : b], for some
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(m1c, m1p) 6= (M1c, M1p), m2c ∈ [1 : 2nbR2c ], l4,j−1, l4,j ∈ [1 : 2nR̂4 ]
}

.

The events E30 and E40 mean node 3 or 4 fails to perform the quantization, re-
spectively. The event E31 means the correct codewords are not jointly typical with
the received sequence at node 3 for some block j ∈ [1 : b]. The event E32 means
some wrong codewords in the codebook of transmitter 1 satisfy the decoding rule
at node 3 and therefore can be mistaken as the correct codewords. Hence the error
probability can be bounded by

P(E3) ≤ P(E30 ∪ E40) + P(E31 ∩ Ec
30 ∩ Ec

40) + P(E32). (4.23)

By the covering lemma [EK11, Lemma 3.3] P(E30)→ 0 and P(E40)→ 0 as n→∞
if

R̂3 > I(Y3; Ŷ3|X3) and R̂4 > I(Y4; Ŷ4|X4). (4.24)

By the Markov lemma [EK11, Lemma 12.1] P(E31∩Ec
30∩Ec

40)→ 0 as n→∞. What
remains is bounding P(E32) in (4.23). Let us define the following event:

E3,m1c,m1p,m2c
=
{

(

U1j(m1c), X1j(m1p, m1c), U2j(m2c), X3j(L3,j−1),

Ŷ3j(L3,j |L3,j−1), X4j(l4,j−1), Ŷ4j(l4,j |l4,j−1), Y3j

)

∈ T (n)
ǫ ,

for all j ∈ [1 : b], for some l4,j−1, l4,j ∈ [1 : 2nR̂4 ]
}

.

Due to symmetry of codebooks and for notational brevity we can further assume
that (M1c, M1p, M2c, M2p) = (1, 1, 1, 1). Then we can split the event E32 as follows

E32 =
⋃

(m1c,m1p) 6=(1,1),m2c

E3,m1c,m1p,m2c

= E1
3 ∪ E2

3 ∪ E3
3 ∪ E4

3 ,

where

E1
3 :=

⋃

m1c 6=1,m1p,m2c=1

E3,m1c,m1p,m2c
(4.25)

E2
3 :=

⋃

m1c 6=1,m1p,m2c 6=1

E3,m1c,m1p,m2c
(4.26)

E3
3 :=

⋃

m1c=1,m1p 6=1,m2c=1

E3,m1c,m1p,m2c
(4.27)

E4
3 :=

⋃

m1c=1,m1p 6=1,m2c 6=1

E3,m1c,m1p,m2c
. (4.28)

By the union of events bound we have

P(E32) ≤
4
∑

i=1

P(E i
3). (4.29)
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Table 4.1: Error events. “x” stands for “ 6= 1”, “-” stands for “don’t care”.

Case m1c m1p m2c l3,j−1 l4,j−1

1. x - 1 1 x

2. x - 1 1 1

3. x - x 1 x

4. x - x 1 1

5. 1 x 1 1 x

6. 1 x 1 1 1

7. 1 x x 1 x

8. 1 x x 1 1

In the sequel we bound P(E1
3 ), other P(E i

3)’s are bounded similarly.
Again, due to the symmetry of codebook generation and for notational simplicity
we can further assume that (L1, . . . , Lb) = (1, . . . , 1), where Lj := (L3,j , L4,j). For
each j ∈ [1 : b], m1 = (m1c, m1p) ∈ [1 : 2nbR1c ] × [1 : 2nbR1p ], m2c ∈ [1 : 2nbR2c ],

l4,j, l4,j−1 ∈ [1 : 2nR̂4 ], and l3,j−1, l3,j ∈ [1 : 2nR̂3 ], define the event

Aj(m1, m2c, lj
4,j−1) :=

{

(

U1j(m1c), X1j(m1p, m1c), U2j(m2c), X3j(1),

Ŷ3j(1|1), X4j(l4,j−1), Ŷ4j(l4,j |l4,j−1), Y3j

)

∈ T (n)
ǫ

}

.

(4.30)

To support the analysis we form Table 4.1, which shows combinations of indices
that result in certain error events.
Bounding P(E1

3 ). Let us define the set

S31 := {(m1c, m1p, m2c) ∈ [1 : 2nbR1c ]×[1 : 2nbR1p ]×[1 : 2nbR2c ] : m1c 6= 1, m2c = 1},
then

P(E1
3 ) = P

(

∪S31 ∪lb
4,1
∩b

j=1Aj(m1, m2c, lj
4,j−1)

)

≤
∑

S31

∑

lb
4,1

P(∩b
j=1Aj(m1, m2c, lj

4,j−1)) (4.31)

=
∑

S31

∑

lb
4,1

b
∏

j=1

P(Aj(m1, m2c, lj
4,j−1)) (4.32)

≤
∑

S31

∑

lb
4,1

b
∏

j=2

P(Aj(m1, m2c, lj
4,j−1)), (4.33)
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where (4.31) follows from the union of events bound, (4.32) follows from the fact
that codebooks in different blocks are generated independently and the channel is
memoryless. Let b1 and b2 denote the number of l4’s in the sequence lb−1

4,1 corre-
sponding to case 1 and case 2 in Table 4.1, respectively. We have

∑

lb
4,1

b
∏

j=2

P(Aj(m1, m2c, lj
4,j−1))

=
∑

l4,b

∑

l
b−1
4,1

b
∏

j=2

P(Aj(m1, m2c, lj
4,j−1))

≤
∑

l4,b

∑

lb−1
4,1

2−n(b1(I1+I0)+b2I2−(b−1)δ(ǫ)) (4.34)

≤
∑

l4,b

∑

b1,b2:
b1+b2=b−1

(

b− 1

b1

)

2nb1R̂42−n(b1(I1+I0)+b2I2−(b−1)δ(ǫ)) (4.35)

=
∑

b1,b2:
b1+b2=b−1

(

b− 1

b1

)

∑

l4,b

2nb1R̂4 2−n(b1(I1+I0)+b2I2−(b−1)δ(ǫ))

≤ 2b−12nR̂42−n(b−1)(min{(I1+I0)−R̂4,I2}−δ(ǫ)), (4.36)

where (4.34) and the mutual information terms I0, I1, and I2 (as given in (4.12)–
(4.14)) are derived in Appendix 4.A. The binomial coefficient

(

b−1
b1

)

in (4.35) repre-
sents the number of combinations in which b1 out of b− 1 positions are filled with
l4 6= 1. Corresponding to each combination we have (2nR̂4 − 1)b < 2nbR̂4 different
ways of enumerating the indices. Combining (4.33) and (4.36) we have:

P(E1
3 ) ≤

∑

S31

2b−12nR̂42−n(b−1)(min{(I1+I0)−R̂4,I2}−δ(ǫ))

≤ 2nb(R1c+R1p)2b−12nR̂42−n(b−1)(min{(I1+I0)−R̂4,I2}−δ(ǫ)).

Therefore, P(E1
3 )→ 0 as n→∞ if

R1c + R1p <
b− 1

b

(

min{(I1 + I0)− R̂4, I2} − δ(ǫ)
)

− 1

b
R̂4,

where δ(ǫ) → 0 as ǫ → 0. Accordingly, P (E1
3 ) can be made arbitrarily small as

n→∞ and b→∞ if

R1c + R1p < min{I1 + I0 − R̂4, I2} − δ(ǫ). (4.37)

On the other hand, using an alternative method of bounding P (E1
3 ) similar to

[WT11a, Eqn. (29)] (details are given in Appendix 4.B) we can show that P (E1
3 )

can be made arbitrarily small as n→∞ and b→∞ if

R1c + R1p < min{I1, I2} − δ(ǫ). (4.38)
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Combining (4.37) and (4.38) we conclude that P (E1
3 ) vanishes as n→∞ and b→∞

if
R1c + R1p < min{I1 + (I0 − R̂4)+, I2} − δ(ǫ). (4.39)

Similarly we can show that P (E2
3 )→ 0 as n→∞ and b→∞ if

R1c + R1p + R2c < min{I3 + (I0 − R̂4)+, I4} − δ(ǫ), (4.40)

P (E3
3 )→ 0 as n→∞ and b→∞ if

R1p < min{I5 + (I0 − R̂4)+, I6} − δ(ǫ), (4.41)

and P (E4
3 )→ 0 as n→∞ and b→∞ if

R1p + R2c < min{I7 + (I0 − R̂4)+, I8} − δ(ǫ). (4.42)

By i) collecting the constraints (4.39)–(4.42) and (4.24), ii) swapping indices 1↔ 2
and 3 ↔ 4 to obtain similar constraints for node 4, iii) applying the union of
events bound (cf.(4.29)), iv) applying the Fourier-Motzkin elimination to the re-
sulting constraints, and finally v) removing redundant constraints, we conclude that
P(E3)→ 0 and P(E4)→ 0 as n→∞ and b→∞ if conditions in Theorem 4.3.1 are
satisfied. The details of the step v) are given in Appendix 4.C. The random coding
argument ensures the existence of a good code which achieves the stated rate pairs
(R1, R2)’s.

4.4 Gaussian IC With Orthogonal Cooperation Links

In this section we focus on investigating the performance of our coding strategy
for a certain class of Gaussian channels. Consider the channel depicted in Fig. 4.2.
This is a Gaussian IC with two cooperation links at the receiver side, having finite
capacities C12 and C21, and not interfering with each other as well as with the
Gaussian IC. Note that this model is similar to the channel studied in Chapter 3
in terms of orthogonal cooperation links. The Gaussian IC in in Fig. 4.2 was first
studied in [WT11a] where it was called the interference channel with conferencing
decoders, and an approximate characterization of the capacity region was found.
Such a channel model is highly relevant in practice, for example it can model the
uplink of a wireless system where the receiving stations are interconnected via
backhaul links, or via dedicated links operating at different frequency bands.

Let us define the channel model in Fig. 4.2 in more detail. The transmitters are
nodes 1 and 2, each has an average power constraint

1

N

N
∑

i=1

|xk(i)|2 ≤ Pk, k ∈ {1, 2}, (4.43)

where N is the block length and i is the discrete time index. The channel gains h13,
h14, h23, h24 are complex values. Noise Z3 and Z4 are independent of each other
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Figure 4.2: Gaussian IC with orthogonal cooperation links (GIC-ORC).

and of the transmitted signals, identically distributed over time with distribution
Zk ∼ CN (0, Nk), k ∈ {3, 4}. For the remaining part of this chapter we consider the
normalized system where P1 = P2 = N3 = N4 = 1, i.e., all transmit powers and
noise variances are normalized to 1. We define the received signal-to-noise ratios
(SNR’s) and interference-to-noise ratios (INR’s) as follows:

SNR1 := |h13|2, INR2 := |h14|2,

SNR2 := |h24|2, INR1 := |h23|2.

Since our coding strategy involves the common-private rate-splitting technique, we
also define the following quantities

SNR1p := |h13|2P1p, INR2p := |h14|2P1p

SNR2p := |h24|2P2p, INR1p := |h23|2P2p,

where 0 ≤ Pkp ≤ 1, k ∈ {1, 2}, can be considered as the power used to transmit
the private message mkp at node k. More details about the definitions of Pkp are
presented in Appendix 4.D. For brevity we refer to this channel model as GIC-ORC.
The next theorem states an achievable rate region for the GIC-ORC.

Theorem 4.4.1 (Achievable region GIC-ORC). The following rate region is achiev-
able for the GIC-ORC

R2 = Co





⋃

P1p,P2p:0≤P1p,P2p≤1

R2(P1p, P2p)



 (4.44)
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where R2(P1p, P2p) is the set of nonnegative rate pairs (R1, R2) satisfying

R1 < min{c1, c2} (4.45)

R2 < min{c′
1, c′

2} (4.46)

R1 + R2 < min{c5, c6}+ min{c′
3, c′

4} (4.47)

R1 + R2 < min{c3, c4}+ min{c′
5, c′

6} (4.48)

R1 + R2 < min{c7, c8}+ min{c′
7, c′

8} (4.49)

2R1 + R2 < min{c5, c6}+ min{c3, c4}+ min{c′
7, c′

8} (4.50)

R1 + 2R2 < min{c7, c8}+ min{c′
5, c′

6}+ min{c′
3, c′

4}, (4.51)

with

c1 = log

(

SNR1 + INR1p + 1

INR1p + 1

)

+ (C21 − ξ)+ (4.52)

c2 = log





(1+σ2
4)(1+SNR1+INR1p)+INR2+SNR2p

+|h14h23−h13h24|2P2p

(1 + σ2
4)(1 + INR1p) + SNR2p



 (4.53)

c3 = log

(

1 + SNR1 + INR1

INR1p + 1

)

+ (C21 − ξ)+ (4.54)

c4 = log





(1+σ2
4)(1+SNR1+INR1)+INR2+SNR2

+|h14h23−h13h24|2

(1 + σ2
4)(1 + INR1p) + SNR2p



 (4.55)

c5 = log

(

1 + SNR1p + INR1p

INR1p + 1

)

+ (C21 − ξ)+ (4.56)

c6 = log





(1+σ2
4)(1+SNR1p+INR1p)+INR2p+SNR2p

+|h14h23−h13h24|2P1pP2p

(1 + σ2
4)(1 + INR1p) + SNR2p



 (4.57)

c7 = log

(

1 + SNR1p + INR1

INR1p + 1

)

+ (C21 − ξ)+ (4.58)

c8 = log





(1+σ2
4)(1+SNR1p+INR1)+INR2p+SNR2

+|h14h23−h13h24|2P1p

(1 + σ2
4)(1 + INR1p) + SNR2p



 (4.59)

ξ = log

(

1 +
1

σ2
4

+
SNR2p

(INR1p + 1)σ2
4

)

, (4.60)

and c′
k’s are obtained from ck’s, k ∈ [1 : 8], by swapping indices 1↔ 2 and 3↔ 4 in

the expressions of the corresponding ck’s and ξ. σ2
3 , σ2

4 are nonnegative quantities
to be optimized.

Proof. The proof is provided in Appendix 4.D. The idea is to evaluate the con-
straints in (4.2)–(4.8) with Gaussian inputs, with proper modifications to take into
account the orthogonal cooperation links.
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Remark 4.3. In [WT11a] it was shown that a wise choice of σ2
4 makes the “rate

loss” ξ to be bounded above by 1 bit, which helps characterize the capacity region of
the channel within a constant gap. We will discuss this in more detail in Chapter 6.

The following theorem states an interesting result about the relation between
different coding techniques for the Gaussian interference channel with orthogonal
receiver cooperation.

Theorem 4.4.2. The achievable rate region in Theorem 4.4.1 is the same as the
achievable rate region achieved by the one-round quantize-bin-forward in [WT11a,
Theorem 5.10].

Proof. The proof consists of two steps: 1) specializing the rate constraints in (4.39)–
(4.42) (before Fourier-Motzkin elimination) to the Gaussian channel with orthogo-
nal cooperation links, and 2) showing that the resulting constraints in step 1 are the
same as the constraints at the bottom of [WT11a, pp. 2924]. Details are presented
in Appendix 4.E.

We notice that the authors of [RV11] also find a similar relation between noisy
network coding and quantize-bin-forward for relay networks with single source or
single destination. As a consequence of Theorem 4.4.2, we have the following corol-
lary.

Corollary 4.4.1. Noisy network coding achieves within 1 bit/s/Hz of the capacity
region of the GIC-ORC in the strong interference regime, i.e., INR1 ≥ SNR2 and
INR2 ≥ SNR1.

Proof. The proof is the same as the proof of [WT11a, Lemma 5.11].

In the strong interference regime the whole message at each transmitter (node
1 and node 2) is set to be the common message, i.e., U1 = X1, U2 = X2 and
R1p = R2p = 0. Therefore, no superposition coding is involved and the rate region
recovers [LKEC11, Theorem 2].

Since our achievable rate region is only equivalent to that of the one-round
conferencing protocol in [WT11a], while it was shown in [WT11a] that a two-round
conferencing protocol is needed to achieve the capacity region within a constant
gap in weak and mixed interference regimes, we expect that a more involved use of
noisy network coding is needed to achieve a constant gap to the capacity region in
those regimes.

A physically closely related channel model to the interference channel with re-
ceiver cooperation is the compound multiple access channel (MAC) with confer-
encing decoders studied in [SGP+09]. Thanks to Theorem 4.4.2 we can state the
following result regarding the capacity region of the Gaussian version of such a
“sibling” channel.
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Corollary 4.4.2. Noisy network coding achieves within 1 bit/s/Hz of the capacity
region of the Gaussian compound MAC with conferencing decoders1, regardless of
channel parameters.

Proof. The proof follows from the proof of [WT11a, Theorem 5.15], namely com-
paring the achievable rates with the cut-set outer bounds. Note that in this case
all constraints in [WT11a, Eq. 25] are needed due to the fact that messages from
both transmitters are required to be decoded correctly by both receivers.

4.5 Chapter Conclusion

In this chapter we develop a new inner bound for the capacity region of the discrete
memoryless two-user interference channel with receiver cooperation, and an inner
bound for the Gaussian interference channel with orthogonal conference links at
the receivers. The latter is shown to be the same as the one-round quantize-bin-
forward inner bound specially designed for the channel in [WT11a], which achieves
the capacity region within 1 bit when the cross links are strong. To the best of
our knowledge, the result in this chapter was the first to show the equivalence of
noisy network coding and a scheme based on explicit binning for a multiple-unicast
problem, in terms of achievable rates. In the next two chapters this relation will be
further examined. We note that our general inner bound can also be extended to
other classes of interference channels with receiver cooperation. To take an example,
it might be interesting to see how our inner bound performs in comparison with the
inner and outer bounds for the Gaussian interference channel with non-orthogonal
(in-band) receiver cooperation, which was studied by Prabhakaran and Viswanath
in [PV11a]. More work can also be done with respect to the class of channels
studied in Section 4.4, for example considering a multi-round conferencing protocol
and optimizing the quantization distortion. Finally, it may be interesting to extend
our work to more complex network models such as K-user interference network,
cascaded interference network [MDFT11].

1As defined in [SGP+09].
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Appendices for Chapter 4

4.A Proof of (4.34)

In this appendix we prove (4.34) and derive I0 and I1. The other terms I2, . . . , I8 in
Theorem 4.3.1 can be derived similarly. First note that in bounding P(E1

3 ), which
is defined in (4.25), there are two types of events corresponding to cases 1 and 2 in
Table 4.1. Now look at case 1 we have that in this case

(

U1j(m1c), X1j(m1), X4j(l4,j−1), Ŷ4j(l4j |l4,j−1)
)

∼
n
∏

i=1

pU1,X1(u1,(j−1)n+i, x1,(j−1)n+i)pŶ4,X4
(ŷ4,(j−1)n+i, x4,(j−1)n+i)

is independent of
(

U2j(1), X3j(1), Ŷ3(1|1), Y3j

)

.

Hence, we can upper bound the probability of the event Aj(m1, m2c, lj
4,j−1), defined

in (4.30), as follows:

P(Aj(m1, m2c, lj
4,j−1))

=
∑

(u1,x1,u2,x3,ŷ3,x4,ŷ4,y3)∈T
(n)

ǫ

p(u1, x1, u2, x3, ŷ3, x4, ŷ4, y3)

=
∑

(u2,x3,ŷ3,y3)∈T
(n)

ǫ

p(u2, x3, ŷ3, y3)

·
∑

(u1,x1)∈T
(n)

ǫ (U1,X1|u2,x3,ŷ3,y3)

p(u1, x1)

·
∑

(x4,ŷ4)∈T
(n)

ǫ (X4,Ŷ4|u1,x1,u2,x3,ŷ3,y3)

p(x4, ŷ4)

≤
∑

(u2,x3,ŷ3,y3)∈T
(n)

ǫ

p(u2, x3, ŷ3, y3)2−n(κ−δ(ǫ))

≤ 2−n(κ−δ(ǫ)),

where we used the properties of jointly typical sequence [EK11, Sec. 2.5]:

p(u1, x1) ≤ 2−n(H(U1,X1)−δ1(ǫ)),

|T (n)
ǫ (U1, X1|u2, x3, ŷ3, y3) | ≤ 2n(H(U1,X1|U2,X3,Ŷ3,Y3)+δ2(ǫ)),
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where δ(ǫ), δ1(ǫ), δ2(ǫ) go to 0 as ǫ→ 0, to derive κ. κ is given by

κ = I(U1, X1; U2, X3, Ŷ3, Y3) + I(X4, Ŷ4; U1, X1, U2, X3, Ŷ3, Y3)

(a)
= I(X1; Y3|U2, X3) + I(X4, Ŷ4; X1, U2, X3, Y3)

= I1 + I0,

where we defined I1 = I(X1; Y3|U2, X3), I0 = I(X4, Ŷ4; X1, U2, X3, Y3). (a) is due
to Markov chains Ŷ3− (X3, Y3)− (X4, Ŷ4, X1, U2) and U1−X1− (U2, X3, Y3). Other
mutual information terms can be derived in the same way, in particular

I2 = I(X1; Ŷ4, Y3|U2, X3, X4). (4.61)

4.B Alternative Bound for P(E1
3 )

For each (m1p, m1c, m2c) ∈ S31 define

Ē :=
{

(

U1j(m1c), X1j(m1p, m1c), U2j(m2c), X3j(L3,j−1), Ŷ3j(L3,j|L3,j−1),

X4j(l4,j−1), Ŷ4j(l4,j |l4,j−1), Y3j

)

∈ T (n)
ǫ ,

∀j ∈ [1 : b], for some l4,j−1, l4,j ∈ [1 : 2nR̂4 ]
}

.

By the union of events bound we have

P(E1
3 ) ≤

∑

S31

P(Ē). (4.62)

Now for each fixed (m1p, m1c, m2c) ∈ S31,

• Let Ω1 ⊆ [2 : b] denote the set of indices of blocks j’s such that in each block
there exists some compression index l4,j−1 6= 1 satisfying the joint typicality,
namely the event Aj(m1, m2c, lj

4,j−1), which is defined in (4.30), occurs.

• Let Ω2 ⊆ [2 : b] denote the set of blocks j’s such that in each block only the
correct compression index l4,j−1 = 1 satisfying the joint typicality.

Furthermore for each fixed (m1p, m1c, m2c) ∈ S31 and for each j ∈ [2 : b] we define
the following events:

H1(j) :=
{

∃ l4,j−1 6= 1 and some l4,j ,
(

U1j(m1c), X1j(m1p, m1c), U2j(m2c),

X3j(L3,j−1), Ŷ3j(L3,j |L3,j−1), X4j(l4,j−1), Ŷ4j(l4,j|l4,j−1), Y3j

)

∈ T (n)
ǫ

}

and

H2(j) :=
{

l4,j−1 = 1 and some l4,j ,
(

U1j(m1c), X1j(m1p, m1c), U2j(m2c),

X3j(L3,j−1), Ŷ3j(L3,j |L3,j−1), X4j(l4,j−1), Ŷ4j(l4,j |l4,j−1), Y3j

)

∈ T (n)
ǫ

}

.
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Ignoring block 1 where the indices are predefined, and since the codebooks are
independently generated and the channel is memoryless we have

P(Ē) ≤
∑

Ω1⊆[2:b]

∏

k∈Ω1

P(H1(k))
∏

k∈Ω2,

Ω2=[2:b]\Ω1

P(H2(k)). (4.63)

We now bound P(H1(k)) and P(H2(k)). Keep in mind that the joint typicality of the
sequences below are considered with respect to the fact that (m1p, m1c, m2c) ∈ S31.

P(H1(k)) =
∑

(u1,x1,u2,x3,ŷ3,y3)∈T
(n)

ǫ

p(u1, x1, u2, x3, ŷ3, y3)

× P
{

∃ l4,k−1 6= 1 and some l4,k,

(

u1, x1, u2, x3, ŷ3, y3, X4k(l4,k−1), Ŷ4k(l4,k|l4,k−1)
)

∈ T (n)
ǫ |

U2k = u1, X1k = x1, U2k = u2, X3k = x3, Y3k = y3

}

≤
∑

(u1,x1,u2,x3,ŷ3,y3)∈T
(n)

ǫ

p(u1, x1, u2, x3, ŷ3, y3)

≤ 2−n(I1−δ(ǫ1)), (4.64)

where the last inequality and I1 = I(X1; Y3|U2, X3) are derived by the same tech-
nique as in Appendix 4.A. The bounding of P(H2(k)) can be done similarly, leading
to

P(H2(k)) ≤ 2−n(I2−δ(ǫ2)), (4.65)

where I2 is given in (4.61). Let b1 and b2 denote the cardinalities of Ω1 and
Ω2 in (4.63), respectively. Inserting (4.64) and (4.65) into (4.63), then substitut-
ing (4.63) into (4.62) we obtain

P(E1
3 ) ≤

∑

S31

∑

b1,b2:
b1+b2=b−1

(

b− 1

b1

)

2−n((b1I1+b2I2)−δ(ǫ))

≤
∑

S31

2b−12−n(b−1)(min{I1,I2}−δ(ǫ))

≤ 2nb(R1p+R1c)2b−12−n(b−1)(min{I1,I2}−δ(ǫ)).

Therefore we conclude that with b and n sufficiently large we can make P(E1
3 )

arbitrarily small if

R1c + R1p < min{I1, I2} − δ(ǫ). (4.66)
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4.C Removing Redundant Constraints

After the Fourier-Motzkin elimination procedure, similarly to Appendix 3.D, and by
removing some trivially redundant constraints we obtain the following constraints
on R1, R2:

R1 < min{I1 + (I0 − r4)+, I2} (4.67a)

R1 < min{I5 + (I0 − r4)+, I6}+ min{I ′
7 + (I ′

0 − r3)+, I ′
8} (4.67b)

R2 < min{I ′
1 + (I ′

0 − r3)+, I ′
2} (4.67c)

R2 < min{I ′
5 + (I ′

0 − r3)+, I ′
6}+ min{I7 + (I0 − r4)+, I8} (4.67d)

R1 + R2 < min{I5 + (I0 − r4)+, I6}+ min{I ′
3 + (I ′

0 − r3)+, I ′
4} (4.67e)

R1 + R2 < min{I ′
5 + (I ′

0 − r3)+, I ′
6}+ min{I3 + (I0 − r4)+, I4} (4.67f)

R1 + R2 < min{I7 + (I0 − r4)+, I8}+ min{I ′
7 + (I ′

0 − r3)+, I ′
8} (4.67g)

2R1 + R2 < min{I5 + (I0 − r4)+, I6}+ min{I3 + (I0 − r4)+, I4}
+ min{I ′

7 + (I ′
0 − r3)+, I ′

8} (4.67h)

R1 + 2R2 < min{I7 + (I0 − r4)+, I8}+ min{I ′
5 + (I ′

0 − r3)+, I ′
6}

+ min{I ′
3 + (I ′

0 − r3)+, I ′
4} (4.67i)

In the following we will prove that (4.67b) and (4.67d) are redundant when we
take the union of the above region over all distributions of the form (4.9). Due to
symmetry, it suffices to prove the redundancy of (4.67b). First we need a lemma
whose proof is straightforward.

Lemma 4.1. For nonnegative real numbers a, b, c satisfying b ≥ c, we have

min{a, b} −min{a, c} = min{(a− c)+, b− c}. (4.68)

Now, suppose a rate pair (R1, R2) satisfies (4.67) except the constraint in
(4.67b), i.e.,

R1 ≥ min{I5 + (I0 − r4)+, I6}+ min{I ′
7 + (I ′

0 − r3)+, I ′
8}. (4.69)

From (4.67e) and (4.69) we have

R2 < min{I ′
3 + (I ′

0 − r3)+, I ′
4} −min{I ′

7 + (I ′
0 − r3)+, I ′

8}
= I ′

3 − I ′
7 + min{(I ′

0 − r3)+, I ′
4 − I ′

3} −min{(I ′
0 − r3)+, I ′

8 − I ′
7}. (4.70)

Using the fact that (U1, X1), (U2, X2), X3, X4 are mutually independent given Q we
can easily show that

I ′
8 − I ′

7 = I(X2, U1; X3, Ŷ3|U2, X4, Y4, Q)

I ′
4 − I ′

3 − (I ′
8 − I ′

7) = I(U2; X3, Ŷ3|X4, Y4, Q) ≥ 0.



4.C. Removing Redundant Constraints 71

Therefore, we can apply Lemma 4.1 to (4.70) to get

R2 < I ′
3 − I ′

7 + min
{(

(I ′
0 − r3)+ − (I ′

8 − I ′
7)
)+

, I ′
4 − I ′

3 − (I ′
8 − I ′

7)
}

= I(U2; Y4|X4, Q) + min

{

(

I ′
0 − r3 − I(X2, U1; X3, Ŷ3|U2, X4, Y4, Q)

)+
,

I(U2; X3, Ŷ3|X4, Y4, Q)

}

= min

{

I(U2; Y4|X4, Q) +
(

I(X3, Ŷ3; U2, X4, Y4|Q)− r3

)+
,

I(U2; X3, Ŷ3, Y4|X4, Q)

}

. (4.71)

From (4.67h) and (4.69) we have

R1 + R2 < min{I3 + (I0 − r4)+, I4}. (4.72)

In summary, if a rate pair (R1, R2) violates (4.67b) it must satisfy the following
three conditions, which come from (4.67a), (4.71), and (4.72)

R1 < min{I1 + (I0 − r4)+, I2} (4.73a)

R2 < min

{

I(U2; Y4|X4, Q) +
(

I(X3, Ŷ3; U2, X4, Y4|Q)− r3

)+
,

I(U2; Ŷ3, Y4|X3, X4, Q)

}

(4.73b)

R1 + R2 < min{I3 + (I0 − r4)+, I4}, (4.73c)

and some other constraints (that emerge from the combination of constraints in
(4.67) and (4.69)).

Our next step is to show that any rate pair (R1, R2) that satisfies (4.73) is
achievable by a special case of the joint distribution in (4.9), in which U1 = ∅. To
see that, let us set U1 = ∅ and calculate the mutual information terms in Theorem
4.3.1, now denoted by Īi and Ī ′

i for i ∈ {0, 1, . . . , 8}. Simple calculations give

Ī0 = I0

Ī5 = Ī1 = I1

Ī6 = Ī2 = I2

Ī7 = Ī3 = I3

Ī8 = Ī4 = I4

Ī ′
0 = I(X3, Ŷ3; X2, X4, Y4|Q)

Ī ′
3 = Ī ′

1 = I(X2; Y4|X4, Q)

Ī ′
4 = Ī ′

2 = I(X2; Ŷ3, Y4|X3, X4, Q)

Ī ′
7 = Ī ′

5 = I(X2; Y4|U2, X4, Q)

Ī ′
8 = Ī ′

6 = I(X2; Ŷ3, Y4|U2, X3, X4, Q).
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As a result, the rate constraints in (4.67) reduce to

R1 < min{I1 + (I0 − r4)+, I2} (4.75a)

R2 < min{Ī ′
1 + (Ī ′

0 − r3)+, Ī ′
2}

= min

{

I(X2; Y4|X4, Q) +
(

I(X3, Ŷ3; X2, X4, Y4|Q)− r3

)+
,

I(X2; Ŷ3, Y4|X3, X4, Q)

}

(4.75b)

R1 + R2 < min{I3 + (I0 − r4)+, I4}+ min{Ī ′
5 + (Ī ′

0 − r3)+, Ī ′
6}. (4.75c)

Finally, we notice that the RHS’s in (4.75) are greater than or equal to the cor-
responding RHS’s in (4.73) due to Markov chains U2 − (X2, X4, Q) − Y4, U2 −
(X2, X4, Y4, Q)− (X3, Ŷ3), and U2− (X2, X3, X4, Q)− (Ŷ3, Y4). Hence, any rate pair
(R1, R2) violating (4.67b) can be achieved by setting U1 = ∅ in the joint distribu-
tion (4.9). By symmetry, any rate pair (R1, R2) violating (4.67d) can be achieved
by setting U2 = ∅ in the joint distribution. That means we can ignore (4.67b) and
(4.67d) when taking the union of the rates in (4.67) over all distributions of the
form (4.9). This gives rise to Theorem 4.3.1.

4.D Proof of Theorem 4.4.1

For this channel we use the codebooks which are generated as in Section 4.3 where
the random variables used to generate codebooks have the following distributions:

• For node k, k ∈ {1, 2}, Uk ∼ CN (0, Pkc), and the conditional distribution
pXk|Uk

is such that Xk = Uk + Vk where Vk ∼ CN (0, Pkp) and independent
of everything else, Pkc + Pkp = Pk.

• The received signal at node k, k ∈ {3, 4}, from nodes 1 and 2 is given by

Yka = h1kX1 + h2kX2 + Zk, (4.76)

where the subscript a stands for the analog part.

• For node k, k ∈ {3, 4}, the quantization codebooks are generated by random
variables whose distributions satisfy

Ŷk = Yka + Ẑk (4.77)

where Ẑk ∼ CN (0, σ2
k), independent of everything else.

• With these codebooks we can adapt the general achievable region in Theo-
rem 4.3.1 to the current channel as follows: Let Yk = (Yka, Yko), k ∈ {3, 4},
where the subscript o stands for orthogonal part, which is obtained through
the conferencing links. The orthogonal links can be modeled as channels
with X3, X4 mutually independent of X1, X2, Ŷ3, Ŷ4, and I(X3; Y4o) = C12,
I(X4; Y3o) = C21.
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As a result,

r3 = I(Y3; Ŷ3|X3) = h(Ŷ3|X3)− h(Ŷ3|Y3, X3)

= h(Ŷ3)− h(Ŷ3|Y3a)

= I(Ŷ3; Y3a).

Similarly, r4 = I(Ŷ4; Y4a). By letting Q = ∅ and evaluating the mutual information
terms with the above codebooks we obtain the rates as stated in Theorem 4.4.1.

4.E Proof of Theorem 4.4.2

First recall that from (4.39) and (4.24) we have

R1c + R1p < min{I1 + (I0 − r4)+, I2}, (4.78)

where

r4 = I(Y4; Ŷ4|X4, Q)

I0 = I(X4, Ŷ4; X1, U2, X3, Y3, Q)

I1 = I(X1; Y3|U2, X3, Q)

I2 = I(X1; Ŷ4, Y3|U2, X3, X4, Q)

For the GIC-ORC we follow the procedures presented in Appendix 4.D to calculate
the mutual information terms. Accordingly

r4 = I(Ŷ4; Y4a)

I0 = I(X4, Ŷ4; X1, U2, X3, Y3)

= I(X4; Y3o) + I(Ŷ4; X1, U2, Y3a)

= C21 + I(Ŷ4; X1, U2, Y3a)

I1 = I(X1; Y3|U2, X3)

= I(X1; Y3a|U2).

Defining ξ := r4−I(Ŷ4; X1, U2, Y3a) (this is the same as ξ in (4.60) as shown below),
we have

I0 − r4 = C21 − ξ. (4.79)

Now

ξ = r4 − I(Ŷ4; X1, U2, Y3a)

= I(Ŷ4; Y4a)− I(Ŷ4; X1, U2, Y3a)

= h(Ŷ4|X1, U2, Y3a)− h(Ŷ4|Y4a)
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= h(h24V2 + Z4 + Ẑ4|h23V2 + Z3)− h(Ẑ4)

= log

(

1 +
1

σ2
4

+
SNR2p

(INR1p + 1)σ2
4

)

. (4.80)

Similarly we have

I2 = I(X1; Ŷ4, Y3|U2, X3, X4)

= I(X1; Ŷ4, Y3a|U2). (4.81)

Substituting (4.79), (4.80) into (4.78) we obtain

R1c + R1p < min
{

I(X1; Y3a|U2) +
(

C21 − ξ
)+

, I(X1; Ŷ4, Y3a|U2)
}

, (4.82)

which is identical to the constraint on R1c + R1p at the bottom of [WT11a, pp.
2924] because ξ in (4.80) is equal to ξ1 in [WT11a, Eq. (14)].

Similarly we can show that (4.40), (4.41), and (4.42) are identical to the corre-
sponding constraints at the bottom of [WT11a, pp. 2924].



Chapter 5

Interference Channels With a Relay

S
o far we have studied the interference channels where the receivers can also act
as relays to help each other decode their desired messages. As pointed out in
Section 2.6, there is another form of cooperation for the interference channel,

in which a dedicated relay node is employed to concurrently help both the receivers,
often called interference channel with a relay (ICR). For this type of channels, we
ask the following question: How can the relay help the receivers if the channel
qualities of the receivers are much different? In this chapter, we seek an answer to
the question by studying the impact of layered coding on the achievable rate regions.
Specifically, we propose three layered schemes for the discrete memoryless ICR: The
first approach is inspired by the layered noisy network coding (LNNC) scheme, as
proposed by Lim et al. for the two-way relay channel; the second and the third
approaches rely on simpler encoding and decoding processes, which we term layered
quantize-forward (LQF). The performance of the proposed protocols is investigated
for two classes of channels with Gaussian noise: the interference channel with in-
band relay reception/out-of-band relay transmission and the interference with in-
band relay reception/in-band relay transmission. For the former class of channels,
it is shown that the achievable rates of the first scheme are the same as the rates
achieved by the generalized hash-forward scheme with two-stage binning, thereby
indirectly showing that LNNC can achieve a constant gap to the capacity region
under certain conditions on the channel parameters. For the latter class of channels,
numerical examples show that the achievable sum-rate of the proposed schemes can
be significantly improved when compared with other single-layer compress-forward
schemes. The obtained results show that having layered codes at the relay can be
very beneficial for the ICR. We also identify the trade-off between achievable rates,
coding delay, and complexity.

5.1 Introduction

Consider the channel depicted in Fig. 5.1, that is, a two-user interference channel
with an extra relay acting as a common helper to assist the communication. Specif-

75
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X1

X2

Y1

Y2

X3Y3

p(y1, y2, y3|x1, x2, x3)

Tx1

Tx2

Rx1

Rx2

M1

M2

M̂1

M̂2

Relay

Figure 5.1: Discrete memoryless interference channel with a relay (DM-ICR). Tx
stands for transmitter, Rx stands for receiver. Transmitter k wants to send a mes-
sage Mk to receiver k, k ∈ {1, 2}. Xk’s denote channel inputs, Yk’s denote channel
outputs, k ∈ {1, 2, 3}.

ically, transmitter k wants to send a message Mk to receiver k, k ∈ {1, 2}. The
relay receives signals from both transmitters and conveys the received information,
in different forms for different protocols, so as to help the destinations recover their
desired messages. As introduced in Chapter 2, the model in Fig. 5.1 is a special case
of a general noisy network with multiple unicast traffics, and was first introduced
in explicit form by Sahin and Erkip in [SE07]. From a macro point of view, this
interference channel with a relay is an important model since it can be considered
as a building block for larger multiuser communication networks.

In the Gaussian scenario, depending on how the relay uses the available spec-
tral resources to send and receive signals we can distinguish four types of ICR’s as
follows [SES09]: in-band relay reception/in-band relay transmission, in-band relay
reception/out-of-band relay transmission, out-of-band relay reception/in-band relay
transmission, and out-of-band relay reception/out-of-band relay transmission. Sub-
stantial previous work has been devoted to analyzing the capacity region of the ICR
since its introduction. Early inner and outer bounds are reported in [SE07,MDG08,
MDG09,LCTZ+10], and more recent results on the capacity region and generalized
of degrees of freedom appear in [TY11,SSE11b,SES11,SSE11a,CS12,TY12,ZY13].

The ICR is an intermixture of several fundamental problems in network infor-
mation theory such as the interference channel, the relay channel, and the problem
of coding with side information. Accordingly, various strategies based on known
coding techniques for the constituent problems have been proposed for the ICR.
In terms of relaying protocol there are a number of strategies based on amplify-
forward [LCTZ+10], decode-forward (DF) [CS12], functional decode-forward [CS12],
compress-forward (CF) [TY11] and CF’s extensions such as generalized compress-
forward (GCF) [TY11, CS12], generalized hash-forward (GHF) [RY10], noisy net-



5.1. Introduction 77

work coding (NNC) [LKEC11], lattice coding [TY11]. Some of the aforementioned
relaying strategies have also been employed for a closely related setup in [GSG+10].
For the Gaussian IC with in-band relay reception/in-band relay transmission, Tian
and Yener show in [TY11] that GCF can outperform GHF and approach NNC
closely in certain cases. Zhou and Yu show in [ZY13] that a scheme based on GHF
can achieve a constant gap to the capacity region of the Gaussian ICR with orthog-
onal relay links to the receivers, provided that the transmitter-relay links are not
infinitely stronger than the interference links. However, the capacity region of the
ICR is still far from being established.

In this chapter we look for new insight into the problem by studying the benefit
of adapting the relaying protocol to handle potential disparities in channel quality
and/or the available side information at the receivers. Specifically, on one hand we
want to emphasize the benefit of having multiple layers at the relay, on the other
hand we aim at developing novel coding schemes which can possibly achieve the
best known performance with reduced delay and complexity. We will show that
these two targets can be achieved by the following program, which also represents
the main results of the chapter:

• We first develop a coding scheme for the discrete memoryless channel (DM-
ICR) which extends the layered noisy network coding (LNNC) protocol, pro-
posed by Lim et al. [LKEC10] for the two-way relay channel, to the ICR.

• Noisy network coding has been shown to achieve the highest rates among vari-
ants of CF [LKEC11], but is also known for being the most complex of the
CF-oriented schemes. In order to reduce the complexity and delay of our first
approach, we proceed to design two new schemes for the DM-ICR, which en-
code shorter messages and decode in a block-by-block manner. We name these
two schemes layered quantize-forward with forward sliding window decoding
(LQF-FW) and layered quantize-forward with backward decoding (LQF-BW).

• We then extend our results to Gaussian channels and show that for the Gaus-
sian IC with in-band relay reception/out-of-band relay transmission (IC-IOR),
our first scheme achieves the same rate region as generalized hash-forward
with two-stage binning [ZY13], leading to a corollary that LNNC achieves a
constant gap to the capacity region of the Gaussian IC-IOR under certain
channel parameter conditions. For the Gaussian IC with an in-band relay
reception/in-band relay transmission (IC-IIR), numerical examples show that
LNNC and LQF-BW universally outperform other compress-forward schemes
in terms of achievable sum-rate, while LQF-FW is the runner up when the
channel gains to the receivers are asymmetric.

• We compare and reveal the trade-off among different performance metrics of
the proposed schemes, namely achievable rates, encoding and decoding delay
and complexity.
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Base Station

Base Station

BS1 BS2

MS1

MS2

µBS

Figure 5.2: Downlink cellular network with a cell-edge micro base station (µBS). In
this simplified model, macro base station BSi talks to its intended mobile station
MSi, i = 1, 2, µBS acts as a relay for both cells. The dotted lines illustrates
interference from the base stations to the unintended mobile terminals.

• The main components of our schemes include: (i) rate-splitting and super-
position coding at the transmitters, (ii) layered compress-forward relaying at
the relay, and (iii) joint decoding at the destinations with non-unique de-
coding of undesired messages. Our achievable regions are first established for
the general DM-ICR. One benefit of this generality is that later on it can be
adapted to different classes of channel such as Gaussian channels, channels
with orthogonal links, as will be detailed in Sections 5.5 and 5.6.

A motivating scenario for the methods we consider is depicted in Fig. 5.2. Here
a micro base station is deployed to assist two macro base stations to communicate
with their designated mobile nodes. Due to the multi-path nature of the wireless
medium and the mobility of the nodes, the quality of the channel as experienced
by different mobile nodes is in general quite different, even if they are located at
equal distances from the micro base station. Accordingly, it is necessary for the
relay to employ a sophisticated coding strategy so that it can maximally help the
communications in both cells. Technically, our coding strategies are motivated by
the benefits of two-layer relaying for the two-way relay channel as demonstrated
in [GTN08] and [LKEC10], as well as the multi-layer coding approach for fading
channels (the broadcast approach) by Steiner et al. in [SSS07]. Approaches based on
layered quantize-forward like those studied in the current work were first considered
in the context of the two-way relay channel in one of our work [DOS12a].

We note that in order to emphasize the benefits of employing multiple-layer
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quantization at the relay, we restrict the discussion and comparison to different
CF-oriented schemes, i.e., we do not explore decode-forward, structured codes, or
hybrid digital-analog schemes.

The chapter is organized as follows: Section 5.2 formulates the problem and
introduces the preliminaries of the coding schemes. Section 5.3 presents our pro-
posed three inner bounds to the capacity region of the discrete memoryless ICR.
Section 5.4 compares the performance as well as the delay and complexity of the
three coding schemes. Section 5.5 and 5.6 extend our results to two classes of Gaus-
sian memoryless channels: the IC with in-band relay reception/out-of-band relay
transmission and the IC with in-band relay reception/in-band relay transmission,
and evaluate the performance of our schemes. Finally, Section 5.7 concludes the
chapter. Proofs are given in the appendices.

Terminology

Adopting the classification put forth by Kramer and Hou in [KH11], we use compress-
forward as a generic term for relaying strategies in which a relay converts its received
signal into compressed form, in the lossy sense and with or without binning, and
then forwards it to the next hop in the network. Quantize-forward refers to the
specific sub-class of compress-forward wherein the relay does not employ binning.

5.2 Channel Model and Preliminaries

5.2.1 Channel Model

The discrete memoryless ICR, depicted in Fig. 5.1, consists of 2 sender–receiver
pairs whose finite alphabets are denoted by (Xk,Yk), k ∈ {1, 2}, a relay with finite
input and output alphabets X3 and Y3, and a conditional probability mass function
(pmf) p(y1, y2, y3|x1, x2, x3). The channel is memoryless and time invariant in the
sense that

p(y1i, y2i, y3i|m1, m2,xi
1, xi

2, xi
3, yi−1

1 , yi−1
2 , yi−1

3 )

= pY1,Y2,Y3|X1,X2,X3
(y1i, y2i, y3i|x1i, x2i, x3i)

for all i. Therefore we can focus on pY1,Y2,Y3|X1,X2,X3
(y1, y2, y3|x1, x2, x3), and we

will drop the subscripts in the probability distributions whenever it is clear from
the context. A (2nR1 , 2nR2 , n) code, where n denotes the codeword length, for this
channel consists of two message sets Mk = [1 : 2nRk ], two encoding functions
fk : Mk → Xn

k , relaying functions ri : Yi−1
3 → X3, i ∈ [1 : n], and two decoding

functions gk : Yn
k → Mk, k ∈ {1, 2}. fk assigns a sequence Xn

k to each message
Mk, ri maps Y i−1

3 to a symbol X3i for all i ∈ [1 : n], and gk puts out an estimate
M̂k from a received sequence Y n

k . The average probability of error is defined as

P (n)
e = P

{

(M̂1, M̂2) 6= (M1, M2)
}

. (5.1)
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Achievable rate pairs and the capacity region of the channel are defined as in Section
2.1.

5.2.2 Long-message Versus Short-message Signaling

In the relay channel literature it is common to consider signaling over b blocks, each
consisting of n channel uses, see for example [CE79]. However, there are two main
techniques to encode over these b blocks. The first is when the transmitter sends
a different message in each block, corresponding to the classical approach widely
used in many works since the seminal work of [CE79], see [KGG05] for additional
references. In the second protocol, which appears in [ADT11] and [LKEC11], the
transmitter repeatedly encodes and sends the same message over b blocks, with
codebooks in different blocks generated independently. Both techniques imply that
when b is sufficiently large, certain rates are achievable. A comparison of the perfor-
mance of these two basic principles for relay networks can be found in [WXar,HK12].
In the present work we adapt the terminology in [KH11] which refers to the first
technique as short-message encoding and to the second technique as long-message
encoding. In particular, our first coding scheme uses long-message encoding while
the second and third scheme use short-message encoding. More on this topic can
be found in Section 5.4.

5.2.3 Overview of the Relaying Protocol

The central ingredients in our coding schemes are the common-private rate-splitting
[Car78,HK81] at the transmitters and a two-layer quantization process at the relay,
which allows a better adaptation to the disparity of the receivers’ channel quality.
We study communication over b blocks, each built from n channel uses. Our three
coding schemes share the same features at the relay as follows [LKEC10]: For each
block, the relay generates two quantization codebooks, whose codewords are de-
noted by ỹ3 and ŷ3, respectively. The indices of these quantization codewords are
conveyed to the receivers by a superposition channel code [Cov72, Ber73], whose
codewords are denoted by v (the cloud center) and x3 (the satellite), respectively.
This method of constructing codebooks implicitly defines two layers for quantiza-
tion: a coarse layer whose index is conveyed in v and the fine layer whose index
is conveyed in x3. One of the receivers uses both layers in decoding its desired
messages, while the other uses only the coarse layer. Fig. 5.3 illustrates how the
codebook for block j at the relay is generated. In Fig. 5.3, kj−1 denotes the quan-
tization index of the coarse layer while lj−1 denotes the quantization index of the
fine layer, both indices are sent by the relay in block j, j ∈ [1 : b]. Also note that
each quantization codeword is indexed by indices related to two consecutive blocks
(j and j + 1), so that each decoder can combine the signals from the transmit-
ters and from the relay, which is one-block delayed, in the decoding process. This
method of having “overlapping‘” indices follows the idea of block-Markov encoding
and decoding for the relay channel, put forth by Cover and El Gamal in [CE79].
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ỹ3j(kj , kj−1)

ŷ3j(lj , kj , lj−1, kj−1)

vj(kj−1)

x3j(lj−1, kj−1)

lj−1

kj−1

lj

kj

Channel code Quantization code

Coarse layer

Fine layer

Figure 5.3: Generation of codewords for block j at the relay. kj , kj−1 ∈ [1 : 2nR̃];

lj, lj−1 ∈ [1 : 2nR̂]. The arrows illustrate how a codeword is conditionally gener-
ated given another codeword, e.g., ỹ3j(kj , kj−1) is generated i.i.d. conditionally on
vj(kj−1).

Codebooks in different blocks are generated independently. At the end of each
block, the relay finds two new quantization indices such that the corresponding
quantization codewords and the relay’s transmitted codewords are jointly typical
with the relay’s received sequence. This is the quantization or the covering process.
The relay then sends the newly found quantization indices in the next block via
its channel code. Note that unlike in classical compress-forward [CE79], Wyner-Ziv
binning is not used here.

5.2.4 Common Distribution and Mutual Information Terms

Before delving into the details of achievable rate regions, let us define a family of
joint distributions and some mutual information terms that will appear repeatedly
in this chapter.

Definition 5.1 (General distribution). Let P denote the set of probability distri-
butions P (·) that factor as

P (q, u1, u2, x1, x2, v, x3, y1, y2, y3, ŷ3, ỹ3) =

p(q)p(u1, x1|q)p(u2, x2|q)p(x3, v|q)p(ŷ3, ỹ3|v, x3, y3, q)p(y1, y2, y3|x1, x2, x3), (5.2)

where p(y1, y2, y3|x1, x2, x3) is set by the channel in Fig. 5.1.

In the above definition and in the remaining parts of this chapter, random
variable Ui represents the common message sent by transmitter i, which can also
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be decoded by receiver j, i, j ∈ {1, 2}, i 6= j. V, X3, Ỹ3, Ŷ3 represent the codebook
generating random variables, as described in Section 5.2.3. Q represents the time-
sharing random variable.

Definition 5.2. For a given joint distribution P ∈ P , define the following mutual
information terms:

r̃ := I(Ỹ3; X3, Y3|V, Q) (5.3)

r̂ := I(Ŷ3; Y3|X3, V, Ỹ3, Q) (5.4)

a := I(Ỹ3; U1, X2, X3, Y2|V, Q) (5.5)

b := I(Ŷ3; U1, X2, Y2|V, X3, Ỹ3, Q) (5.6)

c := I(Ỹ3; U2, X1, Y1|V, Q). (5.7)

As an interpretation of the above mutual information terms, r̃ and r̂ represent
the minimum covering rates such that the quantization succeeds with high proba-
bility at the relay. a, b are the amounts of mutual information that two quantization
layers contribute to the achievable rates at decoder 2, assuming that receiver 2 uses
both layers for decoding. c is the amount of mutual information that the coarse
quantization layer contributes to the achievable rates at decoder 1. The overall rate
regions will include the other case, where the roles of the decoders are exchanged.

5.3 Achievability for the Discrete Memoryless ICR

In this section we present three inner bounds for the capacity region of the DM-
ICR. We start out with a region based on noisy network coding, proceeding with
a region achieved by quantize-forward with forward sliding window decoding and
conclude with a region obtained by quantize-forward with backward decoding.

5.3.1 Achievability Based on Layered Noisy Network Coding

Our first inner bound is achieved by a coding scheme which is built upon combining
the common-private rate-splitting technique [Car78,HK81] of the interference chan-
nel with the recently developed noisy network coding (NNC) technique [LKEC11]
for relay networks. In particular, our scheme extends the layered NNC for the two-
way relay channel proposed by Lim et al. in [LKEC10]. The new ingredients are
the rate-splitting part and the non-unique decoding of the undesired messages. This
achievable region will also serve as a benchmark for our other achievable regions
that follow later.

Definition 5.3. Consider the set P in Definition 5.1. For a fixed joint distribution
P ∈ P , define RLNNC

1 (P ) as the set of rate pairs (R1, R2) = (R1c +R1p, R2c +R2p)



5.3. Achievability for the Discrete Memoryless ICR 83

such that

R1c, R1p, R2c, R2p ≥ 0 (5.8)

R1c + R2c + R2p < I(U1, X2, V, X3; Y2|Q) + a + b− r̃ − r̂ (5.9a)

R1c + R2c + R2p < I(U1, X2, X3; Y2, Ỹ3|V, Q) + b− r̂ (5.9b)

R1c + R2c + R2p < I(U1, X2; Ỹ3, Ŷ3, Y2|V, X3, Q) (5.9c)

R1c + R2p < I(U1, X2, V, X3; Y2|U2, Q) + a + b− r̃ − r̂ (5.10a)

R1c + R2p < I(U1, X2, X3; Ỹ3, Y2|V, U2, Q) + b− r̂ (5.10b)

R1c + R2p < I(U1, X2; Ỹ3, Ŷ3, Y2|U2, V, X3, Q) (5.10c)

R2c + R2p < I(X2, V, X3; Y2|U1, Q) + a + b− r̃ − r̂ (5.11a)

R2c + R2p < I(X2, X3; Ỹ3, Y2|U1, V, Q) + b− r̂ (5.11b)

R2c + R2p < I(X2; Ỹ3, Ŷ3, Y2|U1, V, X3, Q) (5.11c)

R2p < I(X2, V, X3; Y2|U1, U2, Q) + a + b− r̃ − r̂ (5.12a)

R2p < I(X2, X3; Ỹ3, Y2|U1, U2, V, Q) + b− r̂ (5.12b)

R2p < I(X2; Ỹ3, Ŷ3, Y2|U1, U2, V, X3, Q) (5.12c)

R2c + R1c + R1p < I(U2, X1, V ; Y1|Q) + c− r̃ (5.13a)

R2c + R1c + R1p < I(U2, X1; Y1, Ỹ3|V, Q) (5.13b)

R2c + R1p < I(U2, X1, V ; Y1|U1, Q) + c− r̃ (5.14a)

R2c + R1p < I(U2, X1; Ỹ3, Y1|V, U1, Q) (5.14b)

R1c + R1p < I(X1, V ; Y1|U2, Q) + c− r̃ (5.15a)

R1c + R1p < I(X1; Ỹ3, Y1|U2, V, Q) (5.15b)

R1p < I(X1, V ; Y1|U2, U1, Q) + c− r̃ (5.16a)

R1p < I(X1; Ỹ3, Y1|U2, U1, V, Q), (5.16b)

where r̃, r̂, a, b, c are specified in Definition 5.2. Furthermore, define RLNNC
2 (P ) by

exchanging indices 1↔ 2 in every term of RLNNC
1 (P ).

Theorem 5.3.1 (Inner bound - layered NNC). For the discrete memoryless inter-
ference channel with a relay, any rate pair (R1, R2) in the set

RLNNC = Co

(

⋃

P ∈P

RLNNC
1 (P ) ∪RLNNC

2 (P )

)

(5.17)

is achievable.

Proof. The detailed proof is presented in Appendix 5.A. The main idea is as follows.
Each encoder i performs rate-splitting of its nbRi-bit long message, i ∈ {1, 2}, and
encodes this message b times using b independently generated codebooks, each for
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one block. The relay’s codebook and operation in each block are as described in
Section 5.2.3. At the end of the bth block, each receiver jointly decodes its desired
message, the common message of the interfering transmitter (non-uniquely), and
the quantization indices (non-uniquely), over all b blocks. One of the two receivers
will use both quantization layers in decoding while the other one uses only the
coarse layer. The error analysis shows that as n and b go to infinity there exists a
code with vanishing error probability, so that the rates specified in Definition 5.3
are achievable.

We can perform Fourier–Motzkin elimination to obtain a region in terms of R1 and
R2. We keep the region in the current form for the ease of comparing with other
achievable regions later.

Remark 5.1. The reader may recognize that the rate region in Definition 5.3 has
a similar form to that of the interference channel in [CMGE08]. Namely the rates
at decoder i includes 3 types of constraints: on Rip, Ric + Rip, Rjc + Rip, and
Ric + Rip + Rjc, i, j ∈ {1, 2}, i 6= j. The difference from that of [CMGE08] is that,
due to the participation of the relay, each type of constraint now has more than one
inequality. Further, since RLNNC

1 (P ) is obtained by assuming that receiver 2 uses
two quantization layers for decoding while receiver 1 uses only the coarse layer, each
type of constraints at decoder 2 has more inequalities than at decoder 1, e.g., (5.9)
versus (5.13). RLNNC

2 (P ) is obtained by exchanging the roles of the receivers.

Remark 5.2. By tuning the rate-splitting at the transmitter we can obtain two
extremal achievable regions: rate region when the receivers treat interference as
noise (by setting Ui = ∅) and rate region when the receivers decode interference (by
setting Ui = Xi). Further, by removing one layer of quantization, i.e., removing X3

and Ŷ3, we can recover rate regions achieved by noisy network coding in [LKEC11,
Theorem 3] and [LKEC11, Theorem 2] when applying to the ICR, respectively.
On the other hand, if we remove all parameters related to the relay we recover the
famous Han-Kobayashi rate region [CMGE08] for the two-user interference channel.

Remark 5.3. The above achievable rates are derived from bounding the probabil-
ities of error using the technique of [LKEC11] (noisy network coding). However, as
we have seen in Appendix 4.B, one can bound the error probability in an alternative
way, which may help improve the achievable rates. For the sake of presentation, we
only provide the expressions obtained from NNC-style of error analysis [LKEC11]
in Theorem 1. We will partially introduce the alternative characterization in the
proof of Theorem 5.5.1.

In Section 5.5 we will indirectly show that the achievable rates in Theorem 5.3.1,
when applied to a class of Gaussian channels and under certain conditions, are
within a constant gap to the capacity region of the channel. The sum-rate perfor-
mance for another class of Gaussian channels will be illustrated in Section 5.6.
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5.3.2 Layered Quantize-Forward With Sliding Window
Decoding

As mentioned in the outlined proof of Theorem 5.3.1, the key techniques used in
noisy network coding are: (i) repetitively encoding the same long message over
b blocks (by independently generated codebooks), and (ii) jointly decoding over
all the blocks. As can be deduced from Section 5.2.2, the size of the message set
grows exponentially in b in the case of long-message encoding, while it does not
depend on b for short-message encoding. Further, waiting till the end of b blocks and
decoding jointly over all blocks cause large delay and complexity. Therefore, our first
coding scheme may not be suitable for delay-sensitive applications and/or for low-
complexity hardware implementation. In order to reduce the coding delay as well as
the complexity, in this section we take one step backward to the classical compress-
forward [CE79], by employing short-message encoding and sliding window decoding
in a block-by-block fashion. However, unlike [CE79, Theorem 6], the decoders will
decode the quantization indices and message indices simultaneously. The detailed
proof is presented in Appendix 5.B. Here we state the achievable rates and explain
the main ideas.

Definition 5.4. Let P1 denote a subset of pmf’s in P that satisfies

r̃ + r̂ < I(V, X3; Y2|Q) + a + b (5.18a)

r̂ < I(X3; Y2|V, Q) + b (5.18b)

r̃ < I(V ; Y1|Q) + c, (5.18c)

where a, b, c, r̃, r̂ are given in Definition 5.2. For a fixed P ∈ P1, define RF W
1 (P ) to

be the set of rate pairs (R1, R2) = (R1c + R1p, R2c + R2p) such that

R1c, R1p, R2c, R2p ≥ 0 (5.19)

R1c + R2c + R2p < I(U1, X2, V, X3; Y2|Q) + a + b− r̃ − r̂ (5.20a)

R1c + R2c + R2p < I(X3; Y2|V, Q) + I(U1, X2; Ỹ3, Y2|V, X3, Q) + b− r̂ (5.20b)

R1c + R2c + R2p < I(U1, X2; Ŷ3, Ỹ3, Y2|V, X3, Q) (5.20c)

R1c + R2p < I(V, X3; Y2|Q) + I(U1, X2; Y2|U2, V, X3, Q) + a + b− r̃ − r̂
(5.21a)

R1c + R2p < I(X3; Y2|V, Q) + I(U1, X2; Ỹ3, Y2|U2, V, X3, Q) + b− r̂
(5.21b)

R1c + R2p < I(U1, X2; Ỹ3, Ŷ3, Y2|U2, V, X3, Q) (5.21c)

R1c < I(V, X3; Y2|Q) + I(U1; Y2|X2, V, X3, Q) + a + b− r̃ − r̂
(5.22a)

R1c < I(X3; Y2|V, Q) + I(U1; Ỹ3, Y2|X2, V, X3, Q) + b− r̂ (5.22b)

R2c + R2p < I(V, X3; Y2|Q) + I(X2; Y2|U1, V, X3, Q) + a + b− r̃ − r̂
(5.23a)
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R2c + R2p < I(X3; Y2|V, Q) + I(X2; Ỹ3, Y2|U1, V, X3, Q) + b− r̂ (5.23b)

R2c + R2p < I(X2; Ỹ3, Ŷ3, Y2|U1, V, X3, Q) (5.23c)

R2p < I(V, X3; Y2|Q) + I(X2; Y2|U1, U2, V, X3, Q) + a + b− r̃ − r̂
(5.24a)

R2p < I(X3; Y2|V, Q) + I(X2; Ỹ3, Y2|U1, U2, V, X3, Q) + b− r̂
(5.24b)

R2p < I(X2; Ỹ3, Ŷ3, Y2|U1, U2, V, X3, Q) (5.24c)

R2c + R1c + R1p < I(U2, X1, V ; Y1|Q) + c− r̃ (5.25a)

R2c + R1c + R1p < I(U2, X1; Ỹ3, Y1|V, Q) (5.25b)

R2c + R1p < I(V ; Y1|Q) + I(U2, X1; Y1|U1, V, Q) + c− r̃ (5.26a)

R2c + R1p < I(U2, X1; Ỹ3, Y1|U1, V, Q) (5.26b)

R2c < I(V ; Y1|Q) + I(U2; Y1|X1, V, Q) + c− r̃ (5.27)

R1c + R1p < I(V ; Y1|Q) + I(X1; Y1|U2, V, Q) + c− r̃ (5.28a)

R1c + R1p < I(X1; Ỹ3, Y1|U2, V, Q) (5.28b)

R1p < I(V ; Y1|Q) + I(X1; Y1|U1, U2, V, Q) + c− r̃ (5.29a)

R1p < I(X1; Ỹ3, Y1|U1, U2, V, Q). (5.29b)

Furthermore, defineRF W
2 (P ) by exchanging indices 1↔ 2 in every term ofRF W

1 (P ).

Theorem 5.3.2 (Inner bound, sliding window decoding). For the discrete memo-
ryless interference channel with a relay, any rate pair (R1, R2) in the set

RF W = Co

(

⋃

P ∈P1

RF W
1 (P ) ∪RF W

2 (P )

)

(5.30)

is achievable.

Proof. The detailed proof is relegated to Appendix 5.B. We outline the scheme here.
A long nbRi-bits message mi, i ∈ {1, 2} is evenly split into b parts, each consisting
of nRi bits. These messages are sent over b + 1 blocks, each consists of n channel
uses. As b gets large the rate loss is negligible. Furthermore, the message in each
block is split into a pair of common and private messages. The relay’s codebook
and operation in each block are as described in Section 5.2.3. At the end of block
j + 1, j ∈ [1 : b], each receiver resolves its desired message by checking two joint
typicality conditions of two groups of sequences as follows. Group 1 consists of
codewords from block j’s codebook: the ones that conveys the receiver’s desired
common and private messages, the one that conveys the common message from the
interfering transmitter, the quantization codewords and channel codewords of the
relay in block j, and the receiver’s received sequence in block j. Group 2 consists
of codewords from block j + 1’s codebook, which includes the channel codewords
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of the relay in block j + 1 and the receiver’s received sequence in block j + 1.
The indices associated with those sequences must be unique, except for the index
of the common message of the interfering transmitter (in group 1). Moreover, the
quantization indices involving in both typicality checks must be the same, to ensure
that the indices found in block j match the ones sent by the relay in block j + 1.
Similarly to the scheme in Section 5.3.1, one of the receivers uses both quantization
layers while the other uses only the coarse layer.

Remark 5.4. The careful reader may notice that the rate constraints in (5.20)–
(5.29) have a very similar form to those in (5.9)–(5.16), except for the extra con-
straints in (5.22) and (5.27). These constraints, together with the conditions in (5.18),
appear due to the requirement that the quantization indices are to be decoded
uniquely, which is in contrast to the scheme in Section 5.3.1 where this uniqueness
is not required. While in the classical 3-node relay channel [CE79] this uniqueness
does not incur any loss on the achievable region [KH11, ZV11], it does reduce the
achievable rates for the ICR as will be shown in Section 5.4.

5.3.3 Layered Quantize-Forward With Backward Decoding

So far we have presented two coding schemes which differ in the encoding and
decoding processes. The first scheme has long encoding and decoding delay while
the second results in shorter encoding and decoding delay. We will now describe
a coding scheme suitable for applications which are not delay-critical, potentially
achieving higher rates than forward sliding window decoding. Let us retain the
encoding and relaying processes of the LQF-FW and modify the decoding process
by letting the receivers wait until having received b + 1 blocks, and then start
decoding backward block-by-block [Wil82, Ch. 7]. Then the following rate region is
achievable.

Definition 5.5. Let P2 denote a subset of pmf’s in P that satisfies

r̃ + r̂ < I(V, X3; Y2|U1, X2, Q) + a + b (5.31a)

r̂ < I(X3; Y2, Ỹ3|U1, X2, V, Q) + b (5.31b)

r̃ < I(V ; Y1|U2, X1, Q) + c, (5.31c)

where r̃, r̂, a, b, c are defined in Definition 5.2. For a fixed P ∈ P2, define RBW
1 (P )

to be the set of rate pairs (R1, R2) = (R1c + R1p, R2c + R2p) such that

R1c, R1p, R2c, R2p ≥ 0 (5.32)

R1c + R2c + R2p < I(U1, X2, V, X3; Y2|Q) + a + b− r̃ − r̂ (5.33a)

R1c + R2c + R2p < I(U1, X2, X3; Ỹ3, Y2|V, Q) + b− r̂ (5.33b)

R1c + R2c + R2p < I(U1, X2; Ŷ3, Ỹ3, Y2|V, X3, Q) (5.33c)

R1c + R2p < I(U1, X2, V, X3; Y2|U2, Q) + a + b− r̃ − r̂ (5.34a)
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R1c + R2p < I(U1, X2, X3; Ỹ3, Y2|U2, V, Q) + b− r̂ (5.34b)

R1c + R2p < I(U1, X2; Ỹ3, Ŷ3, Y2|U2, V, X3, Q) (5.34c)

R1c < I(U1, V, X3; Y2|X2, Q) + a + b− r̃ − r̂ (5.35a)

R1c < I(U1, X3; Ỹ3, Y2|X2, V, Q) + b− r̂ (5.35b)

R2c + R2p < I(X2, V, X3; Y2|U1, Q) + a + b− r̃ − r̂ (5.36a)

R2c + R2p < I(X2, X3; Ỹ3, Y2|U1, V, Q) + b− r̂ (5.36b)

R2c + R2p < I(X2; Ỹ3, Ŷ3, Y2|U1, V, X3, Q) (5.36c)

R2p < I(X2, V, X3; Y2|U1, U2, Q) + a + b− r̃ − r̂ (5.37a)

R2p < I(X2, X3; Ỹ3, Y2|U1, U2, V, Q) + b− r̂ (5.37b)

R2p < I(X2; Ỹ3, Ŷ3, Y2|U1, U2, V, X3, Q) (5.37c)

R2c + R1c + R1p < I(U2, X1, V ; Y1|Q) + c− r̃ (5.38a)

R2c + R1c + R1p < I(U2, X1; Ỹ3, Y1|V, Q) (5.38b)

R2c + R1p < I(U2, X1, V ; Y1|U1, Q) + c− r̃ (5.39a)

R2c + R1p < I(U2, X1; Ỹ3, Y1|U1, V, Q) (5.39b)

R2c < I(U2, V ; Y1|X1, Q) + c− r̃ (5.40)

R1c + R1p < I(X1, V ; Y1|U2, Q) + c− r̃ (5.41a)

R1c + R1p < I(X1; Ỹ3, Y1|U2, V, Q) (5.41b)

R1p < I(X1, V ; Y1|U1, U2, Q) + c− r̃ (5.42a)

R1p < I(X1; Ỹ3, Y1|U1, U2, V, Q). (5.42b)

Furthermore, defineRBW
2 (P ) by exchanging indices 1↔ 2 in every term ofRBW

1 (P ).

Theorem 5.3.3 (Inner bound - backward decoding). For the discrete memoryless
interference channel with a relay, any rate pair (R1, R2) in the set

RBW = Co

(

⋃

P ∈P2

RBW
1 (P ) ∪RBW

2 (P )

)

(5.43)

is achievable.

Proof. The detailed proof is presented in Appendix 5.C. Here we outline the proof:
The codebook generation, encoding and relaying processes are the same as in LQF-
FW. The key difference lies in the decoding process. Specifically, after receiving the
signals from all b + 1 blocks, each destination starts decoding backwardly block-
by-block. In block j, each receiver resolves its desired message by checking the
joint typicality of the following sequences from the codebooks for block j: the code-
words conveying the receiver’s desired common and private messages, the codeword
conveying the common message from the interfering transmitter, the quantization
codewords and channel codewords of the relay, and the received sequence of the
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receiver in block j. The indices associated with those sequences must be unique,
except for the index of the common message of the interfering transmitter. In the
same manner as in LNNC and LQF-FW schemes, one of the receivers uses both
quantization layers while the other uses only the coarse layer, resulting in two dif-
ferent regions RBW

1 and RBW
2 .

Remark 5.5. Similarly to Remark 5.4, we notice that the achievable rates by
LQF-BW has some extra conditions compared with the achievable rates by LNNC,
in (5.35) and (5.40). These extra conditions, together with (5.31), appear due to
the unique decodability of the quantization indices in LQF-BW scheme, while in
LNNC this uniqueness is not required.

5.4 Comparison of Rate Regions

In this section we compare the three achievable rate regions in Theorem 5.3.1,
Theorem 5.3.2, and Theorem 5.3.3. This will help identify the impact of differ-
ent elements in the coding strategies on the achievable regions. First, it is rather
straightforward to see that:

Proposition 5.4.1. We have

RF W ⊆ RBW ⊆ RLNNC , (5.44)

namely the rate regions achieved by layered noisy network coding includes the region
achieved by layered quantize-forward with backward decoding, which in turn includes
the region achieved by layered quantize-forward with forward sliding window decod-
ing.

Proof. First note that since (U1, X1), (U2, X2), (V, X3) are mutually independent,
the right hand sides of (5.31) are smaller than those of (5.18). Hence, P1 ⊆ P2.
One can also verify that for a fixed distribution, the constraints in (5.33)–(5.42) are
looser than the respective constraints in (5.20)–(5.29), i.e., RF W

1 (P ) ⊆ RBW
1 (P ).

Accordingly, the first inclusion in (5.44) is proved. Numerical examples in Sec-
tion 5.6.1 will show that this inclusion is strict for the Gaussian IC with an in-band
relay.

On the other hand, we observe that RBW
1 (P ) contains all the rate constraints

of RLNNC
1 (P ), plus three additional constraints in (5.35), and (5.40). Moreover, P2

is a subset of P . Therefore, the second inclusion in (5.44) is established.

Remark 5.6. The first inclusion (5.44) can be explained by the fact that in LQF-
FW there are two separate joint typicalities that need to be checked in each decoding
step, to make sure that the quantization indices that the decoder is choosing for
block j is actually the ones that are sent by the relay in block j + 1. In contrast,
since such indices are known “non-causally” in LQF-BW, only one joint typicality
check is needed. This produces looser constraints on the rates, at the price of higher
delay.
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Table 5.1: Comparison of coding schemes

Scheme
Achievable
rate region

Encoding Delay Decoding delay
Decoding
complexity

LNNC Largest Linear in b Exponential in b Highest

LQF-BW 2nd largest Does not depend on b Linear in b < LNNC

LQF-FW Smallest Does not depend on b Does not depend on b = LQF-BW

As discussed in the beginning of Section 5.3.2, long-message encoding leads to
exponentially larger message sets compared to short-message encoding, which in
turn induces heavily increased encoding and decoding complexity since the number
of table lookups at the encoder and the number of joint typicality tests at the de-
coder scale with the size of the message sets. If the number of lookups/tests that can
be performed per unit time is fixed, the growth of the size of the message sets will
also lead to correspondingly larger encoding and decoding delays. Moreover, from
the description of our coding schemes we can see that both LNNC and LQF-BW
have much larger decoding delay than LQF-FW due to the fact that the decoders
need to wait until the end of b blocks. The decoding complexity of the LQF-BW
scheme appears lower than that of LQF-FW since the former requires only one
joint typicality test in its decoding rule while the latter requires two joint typicality
tests. However, a closer look reveals that the number of codewords that a particular
decoder needs to go through during the joint typicality test are the same for both
schemes, e.g., (5.60) vs. (5.66). Hence, the two schemes have essentially the same
decoding complexity, which is lower than that of LNNC. As a result we have the
following Table 5.1, which shows the trade-off of various performance metrics of
our proposed schemes.

5.5 Gaussian IC With In-band Relay
Reception/Out-of-band Relay Transmission

With the general achievable regions in hand, we now proceed to studying a class of
Gaussian channels and show that our first coding scheme, based on rate-splitting
and LNNC, performs as well as a scheme which uses explicit binning at the relay,
which achieves a constant gap to the capacity region under certain conditions.

Consider the ICR with AWGN noise at the relay and at the two receivers. Sup-
pose that the relay and the receivers are connected by noiseless relay links with
rates C1 and C2, respectively. Following the classification in [SES09] we call this
channel the Gaussian IC with in-band relay reception/out-of-band relay transmis-
sion, or Gaussian IC-IOR for brevity. In [ZY13] it was shown that for the Gaussian
IC-IOR with a “weak” relay, the GHF coding scheme [RY10] can be extended to
achieve the capacity region within a bounded gap, whose value depends on the ra-
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tios between the transmitter-relay links and interference links and is constant for
a given channel. We now show that for the Gaussian IC-IOR our coding scheme
achieves the same rates as in [ZY13].

Theorem 5.5.1. For the Gaussian IC-IOR the rate region achieved by our first
coding scheme (Theorem 5.3.1) is the same as the rate region achieved by an ex-
tension of GHF in [ZY13, Theorem 2].

Proof. The proof consists of the following steps and is presented in detail in Ap-
pendix 5.D: i) Introduce an alternative expression of the achievable rates, ii) De-
scribe the quantization method and specialize the achievable rate region in The-
orem 5.3.1 to the Gaussian IC-IOR, and show that the resulting rate constraints
equal the corresponding ones in [ZY13, Theorem 2].

We note that a similar observation has been made in a recent work for the
interference channel with a shared out-of-band relay of limited rate [RHZ+13]. As
a direct consequence of Theorem 5.5.1 we have the following result:

Corollary 5.5.1. For the Gaussian IC-IOR, let hkr denote the channel gain be-
tween transmitter k and the relay, k ∈ {1, 2}, and hij , i, j ∈ {1, 2}, i 6= j, denotes
the channel gain between transmitter i and receiver j. Our coding scheme based
on LNNC (Theorem 5.3.1) achieves a constant gap to the capacity region of the
Gaussian IC-IOR if

max

{ |h1r|2
|h12|2

,
|h2r|2
|h21|2

}

= ρ <∞. (5.45)

Further, the gap is given by

δ =
1

2
log

(

2 +
ρ +

√

ρ2 + 16ρ + 16

2

)

. (5.46)

Proof. This corollary follows directly from Theorem 5.5.1 above and [ZY13, Theo-
rem 3].

Remark 5.7. It has been pointed out in [LKEC11,KH11] that noisy network cod-
ing is closely related to the quantize-map-forward (QMF) protocol introduced by
Avestimehr et al. [ADT11] for relay networks. However, both these schemes do not
employ binning. In contrast, in Theorem 4.4.2 we have shown that NNC achieves
the same rates as quantize-bin-forward for the interference channel with orthogo-
nal receiver cooperation. Theorem 5.5.1 further shows that NNC achieves the same
rates as GHF, which also uses binning, for the IC-IOR. The reason for the same
achievable rates achieved by noisy network coding, quantize-bin-forward, and gen-
eralized hash-forward in such channels can be attributed to the implicit binning
effect that NNC has on those channels, see for example [RHZ+13]. Theorems 4.4.2
and 5.5.1, therefore, have drawn an interesting connection among different coding
strategies for some interference networks with orthogonal components. It also shows
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that noisy network coding, which is known to be nearly optimal for multicast Gaus-
sian relay networks [LKEC11], can be combined with the rate-splitting technique
often used for interference channels, to achieve good performance in interference
networks with relays.

Another consequence of Theorem 5.5.1 is that it allows us to do the GDoF
analysis for NNC for the Gaussian IC-IOR based on an outer bound established
in [ZY13]. The details are the same as in [ZY13, Corollary 2].

5.6 Gaussian IC With an In-Band Relay

Let us now consider the discrete-time memoryless Gaussian IC with an in-band
reception/in-band transmission relay. Hereafter we call it IC with an in-band relay
or IC-IIR for brevity. The received signals of the Gaussian IC-IIR are given by

Y1 = h11X1 + h21X2 + h31X3 + Z1 (5.47)

Y2 = h12X1 + h22X2 + h32X3 + Z2 (5.48)

Y3 = h13X1 + h23X2 + Z3, (5.49)

where Z1, Z2, Z3 are i.i.d.∼ N (0, 1). The channel gains hij , i, j ∈ {1, 2, 3}, i 6= j,
are known to all nodes. Transmitter k, k ∈ {1, 2}, has an average power constraint
Pk. The relay has an average power constraint P3.

In what follows we will apply the achievable schemes in Section 5.3 for the
discrete memoryless ICR to the Gaussian channel. Such extension can be fulfilled
by the discretization procedure as introduced in Section 2.3. Next, we choose Xi

be i.i.d. ∼ N (0, Pi) for i ∈ {1, 2}, V ∼ N(0, αP3) for α ∈ [0, 1], X3 = V + W where
W ∼ N (0, (1 − α)P3), and X1, X2, V, W are mutually independent. Furthermore,
let Ŷ3 = Y3 + Ẑ3 and Ỹ3 = Ŷ3 + Z̃3 where Ẑ3 ∼ N (0, σ̂2) and Z̃3 ∼ N (0, σ̃2),
independent of everything else.

5.6.1 Numerical Examples

In this part we will compare the achievable sum-rate of our coding schemes with
other CF-based schemes as summarized in [TY11], namely compress-forward (CF)
[CE79], generalized compress-forward (GCF) [TY11], generalized hash-and-forward
(GHF) [RY10], noisy network coding (NNC) [LKEC11]. Moreover, the comparison
is performed at two extremes: The decoders decode interference and the decoders
treat interference as noise. More specifically, in the plots LNNC denotes the rate
from Theorem 5.3.1, LQF-FW denotes the rate from Theorem 5.3.2, LQF-BW
denotes the rate from Theorem 5.3.3, CF is from [TY11, Theorem 1], GCF is
from [TY11, Theorem 2], GHF is from [TY11, Eq.(17)–Eq.(22)], and NNC is from
[LKEC11, Theorems 2 and 3]. The expressions for the LNNC, LQF-FW, and LQF-
BW rates are given in Appendix 5.E. In these examples the exhaustive search
method is used to find the parameters α, σ̂2, and σ̃2 that maximize the sum-rates.
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Figure 5.4: Sum-rate for Gaussian ICR, receivers decode interference. h11 =
0.5, h12 = 2, h21 = 1, h22 = 0.5, h13 = 1, h23 = 2, P1 = P2 = P = 10, Pr =

√
P .

Fig. 5.4 shows the achievable sum-rates when interference is decoded at each
decoder. For illustration we choose the channel parameters following a geometric
model as follows: Channel gains between the relay and the receivers are given by
h31 = d−γ , h32 = (1 − d)−γ , where d ∈ (0, 1) is the location of the relay between
receivers 1 and 2, and γ = 3 is the path loss exponent. Other channel gains are
fixed and the underlying interference channel is in the strong interference regime,
i.e., |h12|2 ≥ |h11|2 and |h21|2 ≥ |h22|2, as shown in the figure. The LNNC sum-
rate is calculated from RLNNC

2 in Theorem 5.3.1, which is in favor of receiver 1
(receiver 1 uses two layers for decoding). We see that when the relay is close to
receiver 1, the layered coding schemes outperform those without layered codes. In
particular, when d is less than about 0.4, layered NNC outperforms NNC and other
schemes. Layered quantize-forward with backward decoding achieves the same sum-
rate as layered noisy network coding for all channel gains, demonstrating that we
can achieve the LNNC performance by a simpler coding scheme in certain cases.
Meanwhile, the forward decoding scheme LQF-FW is the runner up when the relay
is in the vicinity of node 1 (d is less than about 0.12). The fact that LQF-FW
even outperforms NNC without layering in that case suggests that having layered
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Figure 5.5: Sum-rate for Gaussian ICR, receivers treat interference as noise. h11 =
1, h12 = 0.2, h21 = 0.5, h22 = 1, h13 = 0.2, h23 = 2, h31 = 0.3, h32 = 3, P1 = P2 =
P, Pr = P 2.

codes can sometimes be more beneficial than the united coding over many blocks.
As d gets larger we expect that the disparity in effective channel gains of the
receivers diminishes, and the gain due to layered codes reduces. LNNC and LQF-
BW gradually converge to NNC. In this case having two-layer quantization is no
longer useful in improving the achievable sum-rate. Furthermore, we can see that
NNC, LNNC, LQF-FW, and LQF-BW, which are not restricted by the binning
process, achieve higher sum-rates than CF, GCF, GHF.

Fig. 5.5 compares achievable sum-rates of the schemes when interference is
treated as noise at each decoder. The channel parameters are detailed in the caption
and the underlying interference channel is in the weak interference regime. In this
plot we create the disparity in the channel quality to the receivers by varying the
transmit powers at the transmitters and the relay. The plot shows that when the
power of the transmitters and the relay are low or medium, the difference in quality
of the overall channels of the two receivers are significant enough so that layered re-
laying schemes achieve higher sum-rates than the non-layered schemes. In the high
SNR regime, however, the difference in channel qualities become negligible and
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LNNC, LQF-BW, LQF-FW, NNC, and GCF perform equally well. Similarly to the
numerical result in Fig. 5.4, we can also see that the layered scheme with backward
decoding achieves the same sum-rate as LNNC in all SNR regimes. The layered
scheme with forward sliding window decoding performs equally well as LNNC and
the backward decoding scheme for most SNR’s, except for certain mid-range SNR,
but still better than other non-layered schemes. GHF in this case achieves the least
sum-rate.

We also observe that both quantize-forward with forward sliding window de-
coding and backward decoding achieve higher sum-rate than traditional compress-
forward [CE79]. This is in contrast to the classical three-node relay channel, where
quantize-forward with sliding window decoding is shown [KH11] to achieve the same
rate as classical compress-forward.

With reference to Table 5.1, the above numerical results demonstrate that:
When the channel is asymmetric we can rank the importance of different factors
in obtaining highest achievable rates as follows: layering > long delay decoding >
high decoding complexity.

5.7 Chapter Conclusion

We propose new quantize-forward protocols for the discrete memoryless interference
channel with a relay. Our approaches rely on layered coding in order to better adapt
to the channel disparity experienced by the receivers. The schemes have different
levels of coding delay and complexity, but all show improved performance compared
with other non-layered compress-forward schemes when the channels to the receivers
are asymmetric. Moreover our schemes can be applied to different classes of ICRs,
without resorting to any specific binning scheme. Hence, our proposed protocols
provide new general tools for coding for the ICR. The results in this chapter suggest
that using layered cods at the relay is very beneficial for the ICR as well as for any
network wherein a relay is to serve multiple destinations at the same time. Further,
the obtained results also imply that using noisy network coding, when combined
with rate-splitting encoding, is sufficient to achieve a bounded gap to the capacity
region of some important multi-unicast networks (see also the result in Chapter 4).
Finally, our detailed analysis of the different approaches reveals trade-offs between
performance, delay and complexity.

As a final remark, the numerical examples in Section 5.6.1 have shown that
the LQF-BW scheme achieves the same sum-rate as that of LNNC in some special
cases. This suggests that one can further investigate whether they achieve the same
rate regions in general. One can consider taking advantage of the short-message
nature to improve the performance of LQF-FW and LQF-BW coding schemes. A
natural extension would be combining quantize-forward with decode-forward.
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Appendices for Chapter 5

5.A Proof of Theorem 5.3.1

In what follows we present the coding scheme that achieves the region RNNC
1 in

Theorem 5.3.1, the achievability of RNNC
2 follows by switching the roles of the re-

ceivers. The transmission of each message takes place in b blocks. We use subscript
j to index the blocks and subscript s to index the transmitters.

Codebook Generation. For a message pair (m1, m2) ∈ [1 : 2nbR1 ] × [1 : 2nbR2 ]
in the message sets of the two transmitters, split the messages as follows: m1 =
(m1c, m1p), m2 = (m2c, m2p), where msc ∈ [1 : 2nbRsc ], msp ∈ [1 : 2nbRsp ], and
Rsc + Rsp = Rs, s ∈ {1, 2}. For brevity we consider Q = ∅, general Q can be
introduced by the coded time-sharing technique [EK11, Sec. 4.5.3].
Fix the distribution p(u1, x1)p(u2, x2)p(v, x3)p(ŷ3, ỹ3|x3, y3, v).
Codebook generation for the transmitters. For each j ∈ [1 : b] and for s ∈ {1, 2}: Ran-
domly and independently generate 2nbRsc sequences usj(msc), msc ∈ [1 : 2nbRsc ],
each according to the distribution

∏n
i=1 pUs

(us,(j−1)n+i). For each usj(msc), ran-
domly and conditionally independently generate 2nbRsp sequences xsj(msc, msp),
msp ∈ [1 : 2nbRsp ], each according to

n
∏

i=1

pXs|Us
(xs,(j−1)n+i|us,(j−1)n+i(msc)).

Codebook generation for the relay. For each j ∈ [1 : b]: Randomly and inde-
pendently generate 2nR̃ sequences vj(kj−1), kj−1 ∈ [1 : 2nR̃], each according to
∏n

i=1 pV (v(j−1)n+i). For each kj−1, randomly and conditionally independently gen-

erate 2nR̂ sequences x3j(lj−1|kj−1), lj−1 ∈ [1 : 2nR̂], each according to

n
∏

i=1

pX3|V (x3,(j−1)n+i|v(j−1)n+i(kj−1)).

For each kj−1 ∈ [1 : 2nR̃], randomly and conditionally independently generate 2nR̃

sequences ỹ3j(kj |kj−1), kj ∈ [1 : 2nR̃], each according to

n
∏

i=1

pỸ3|V (ỹ3,(j−1)n+i|v(j−1)n+i(kj−1)).

For each kj , kj−1 and each lj−1, randomly and conditionally independently generate

2nR̂ sequences ŷ3j(lj |kj , lj−1, kj−1), lj ∈ [1 : 2nR̂], each according to

n
∏

i=1

pŶ3|Ỹ3,X3,V

(

ŷ3,(j−1)n+i|ỹ3,(j−1)n+i(kj |kj−1),x3,(j−1)n+i(lj−1|kj−1),

v(j−1)n+i(kj−1)
)

.
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All codebooks are revealed to all nodes before transmission.

Encoding. Let m1, m2 be the messages to be sent. In block j: Node 1 sends
x1j(m1c, m1p), node 2 sends x2j(m2c, m2p). Upon receiving y3j at the end of block
j, the relay looks for an index pair (kj , lj) such that

(

ŷ3j(lj |kj , lj−1, kj−1), ỹ3j(kj |kj−1), x3j(lj−1|kj−1), vj(kj−1), y3j

)

∈ T (n)
ǫ′ ,

where (l0, k0) = (1, 1) by convention. If there are more than one such index pair,
choose one of them uniformly at random. If there is no such index pair, choose an
arbitrary pair at random. The relay transmits x3(j+1)(lj |kj) in block j + 1.

Decoding. Let ǫ > ǫ′. At the end of block b, receiver 1 looks for a unique index
pair (m̂1c, m̂1p) such that

(

x1j(m̂1c, m̂1p), u1j(m̂1c), u2j(m̂2c),vj(k̂j−1), ỹ3j(k̂j |k̂j−1), y1j

)

∈ T (n)
ǫ

for all j ∈ [1 : b],

for some m̂2c ∈ [1 : 2nbR2c ], some k̂j−1, k̂j ∈ [1 : 2nR̃]. Receiver 2 looks for a unique
index pair (m̂2c, m̂2p) such that

(

x2j(m̂2c, m̂2p), u2j(m̂2c), u1j(m̂1c), vj(k̂j−1), x3j(l̂j−1|k̂j−1), ỹ3j(k̂j |k̂j−1),

ŷ3j(l̂j |k̂j , l̂j−1, k̂j−1), y2j

)

∈ T (n)
ǫ for all j ∈ [1 : b],

for some m̂1c ∈ [1 : 2nbR1c ], some k̂j−1, k̂j ∈ [1 : 2nR̃], and some l̂j−1, l̂j ∈ [1 : 2nR̂].

Error analysis. Let (M1c, M1p, M2c, M2p) denote the message indices sent by
transmitters 1 and 2. (Lj , Kj) denote the indices chosen by the relay at block
j, j ∈ [1 : b]. Let kb denote the sequence k1, k2, . . . , kb, and similarly for lb. We
define the following events

E0 :=

b
⋃

j=1

{(

Vj(Kj−1), X3j(Lj−1|Kj−1), Ỹ3j(kj |Kj−1), Ŷ3j(lj |kj , Lj−1, Kj−1),

Y3j

)

6∈ T (n)
ǫ′ for all (lj , kj)

}

,

E10 :=
{(

X1j(M1c, M1p), U1j(M1c), U2j(M2c), Vj(Kj−1), Ỹ3j(Kj |Kj−1), Y1j

)

6∈ T (n)
ǫ for some j ∈ [1 : b]

}

E11 :=
{(

X1j(m1c, m1p), U1j(m1c), U2j(m2c), Vj(kj−1), Ỹ3j(kj |kj−1), Y1j

)

∈ T (n)
ǫ

for all j ∈ [1 : b] for some (m1c, m1p) 6= (M1c, M1p), m2c ∈ [1 : 2nbR2c ], kb
}

E20 :=
{(

X2j(M2c, M2p), U2j(M2c), U1j(M1c), Vj(Kj−1), X3j(Lj−1|Kj−1),

Ỹ3j(Kj|Kj−1), Ŷ3j(Lj |Kj , Lj−1, Kj−1), Y2j

)

6∈ T (n)
ǫ for some j ∈ [1 : b]

}
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E21 :=
{(

X2j(m2c, m2p), U2j(m2c), U1j(m1c), Vj(kj−1), X3j(lj−1|kj−1),

Ỹ3j(kj |kj−1), Ŷ3j(lj |kj , lj−1, kj−1), Y2j

)

∈ T (n)
ǫ for all j ∈ [1 : b]

for some (m2c, m2p) 6= (M2c, M2p), m1c ∈ [1 : 2nbR1c ], kb, lb
}

.

Receiver 1 makes a decoding error only if one of the events E0, E10, E11 occurs.
Receiver 2 makes a decoding error only if one of the events E0, E20, E21 occurs.
Hence, we can bound the probability of error at the receivers as:

P(E1) ≤ P(E0) + P(Ec
0 ∩ E10) + P(E11)

P(E2) ≤ P(E0) + P(Ec
0 ∩ E20) + P(E21).

By [LKEC10, Lemma 1], which uses the same techniques as in [EK11, Appendix
8A], we have P(E0)→ 0 as n→∞ if

R̃ > I(Ỹ3; X3, Y3|V )− δ(ǫ′) (5.50a)

R̃ + R̂ > I(Ỹ3; X3, Y3|V ) + I(Ŷ3; Y3|X3, V, Ỹ3)− δ(ǫ′) (5.50b)

where δ(ǫ′)→ 0 as ǫ′ → 0.
By the conditional typicality lemma [EK11, Sec. 2.5] we have P(Ec

0 ∩ E10)→ 1 and
P(Ec

0 ∩E20)→ 0 as n→∞. Next we bound P(E21). The bounding of P(E11) follows
similarly. Let us define the following event:

E2,m2c,m2p,m1c
:=
{(

X2j(m2c, m2p), U2j(m2c), U1j(m1c), Vj(kj−1), X3j(lj−1|kj−1),

Ỹ3j(kj |kj−1), Ŷ3j(lj |kj , lj−1, kj−1), Y2j

)

∈ T (n)
ǫ

for all j ∈ [1 : b] and for some kb, lb
}

Assume without loss of generality that (M1c, M1p, M2c, M2p) = (1, 1, 1, 1). We can
split the event E21 as follows:

E21 =
⋃

(m2c,m2p) 6=(1,1),m1c

E2,m2c,m2p,m1c

= E1
2 ∪ E2

2 ∪ E3
2 ∪ E4

2 ,

where

E1
2 := ∪

m2c 6=1,m2p,m1c=1
E2,m2c,m2p,m1c

E2
2 := ∪

m2c 6=1,m2p,m1c 6=1
E2,m2c,m2p,m1c

E3
2 := ∪

m2c=1,m2p 6=1,m1c=1
E2,m2c,m2p,m1c

E4
2 := ∪

m2c=1,m2p 6=1,m1c 6=1
E2,m2c,m2p,m1c

.



5.A. Proof of Theorem 5.3.1 99

By the union bound we have

P(E21) ≤
4
∑

i=1

P(E i
2). (5.51)

In what follows we bound P(E1
2 ), other P(E i

2)’s are bounded similarly.
Again, due to the symmetry of codebook generation, for error analysis we can
assume (K1, . . . , Kb) = (1, . . . , 1) and (L1, . . . , Lb) = (1, . . . , 1), cf. [EK11, Ap-
pendix 11A]. For each j ∈ [1 : b], m2 = (m2c, m2p) ∈ [1 : 2nbR2c ] × [1 : 2nbR2p ],

m1c ∈ [1 : 2nbR1c ], kj , kj−1 ∈ [1 : 2nR̃], and lj−1, lj ∈ [1 : 2nR̂], define an event

Aj(m2, m1c, kj
j−1, lj

j−1) :=
{(

X2j(m2c, m2p), U2j(m2c), U1j(m1c), Vj(kj−1),

X3j(lj−1|kj−1), Ỹ3j(kj |kj−1), Ŷ3j(lj |kj , lj−1, kj−1), Y2j

)

∈ T (n)
ǫ

}

.
(5.52)

To support the analysis we form Table 5.2, which shows different combinations of
the message and quantization indices.
Bounding P(E1

2 ):

P(E1
2 ) = P

(

⋃

m2c 6=1,m2p,

m1c=1

⋃

lb,kb

b
⋂

j=1

Aj(m2, m1c, kj
j−1, lj

j−1)
)

≤
∑

m2c 6=1,m2p,

m1c=1

∑

lb,kb

P
(

b
⋂

j=1

Aj(m2, m1c, kj
j−1, lj

j−1)
)

(a1)
=

∑

m2c 6=1,m2p,

m1c=1

∑

lb,kb

b
∏

j=1

P
(

Aj(m2, m1c, kj
j−1, lj

j−1)
)

≤
∑

m2c 6=1,m2p,

m1c=1

∑

lb,kb

b
∏

j=2

P
(

Aj(m2, m1c, kj
j−1, lj

j−1)
)

, (5.53)

where (a1) is due to the independence of codebooks across blocks and the fact that
channel is memoryless. Let b1, b2, b3, and b4 denote the number of appearances of
(6= 1, 6= 1), (6= 1, 1), (1, 6= 1), and (1, 1) in the sequence of index pairs (kj , lj)b−1

j=1,
respectively. We have

∑

kb,lb

b
∏

j=2

P(Aj(m2, m1c, kj
j−1, lj

j−1))

=
∑

kb,lb

∑

kb−1,lb−1

b
∏

j=2

P(Aj(m2, m1c, kj
j−1, lj

j−1))



100 Interference Channels With a Relay

Table 5.2: Combinations of (m2c, m2p, m1c, kj−1, lj−1). The symbol ∗ corresponds
to an index not equal to 1, the symbol − corresponds to an index whose value
does not matter. Dotted lines separate cases inducing the same joint pmf of the
corresponding sequences.

Case m2c m2p m1c kj−1 lj−1

1. ∗ − 1 ∗ ∗
2. ∗ − 1 ∗ 1

3. ∗ − 1 1 ∗
4. ∗ − 1 1 1

5. ∗ − ∗ ∗ ∗
6. ∗ − ∗ ∗ 1

7. ∗ − ∗ 1 ∗
8. ∗ − ∗ 1 1

9. 1 ∗ 1 ∗ ∗
10. 1 ∗ 1 ∗ 1

11. 1 ∗ 1 1 ∗
12. 1 ∗ 1 1 1

13. 1 ∗ ∗ ∗ ∗
14. 1 ∗ ∗ ∗ 1

15. 1 ∗ ∗ 1 ∗
16. 1 ∗ ∗ 1 1

(a2)

≤
∑

kb,lb

∑

kb−1,lb−1

2−n(
∑

4

i=1
biIi−(b−1)δ(ǫ))

=
∑

kb,lb

∑

{b4
1:
∑4

i=1
bi=b−1}

(

b− 1

b1, . . . , b4

)

2nb1(R̂+R̃)2nb2R̃2nb3R̂2−n(
∑

4

i=1
biIi−(b−1)δ(ǫ))

=
∑

{b4
1:
∑4

i=1
bi=b−1}

(

b− 1

b1, . . . , b4

)

∑

kb,lb

2nb1(R̂+R̃)2nb2R̃2nb3R̂2−n(
∑4

i=1
biIi−(b−1)δ(ǫ))

≤ 4b−12n(R̃+R̂)2−n(b−1)(min{I1−R̂−R̃,I2−R̃,I3−R̂,I4}−δ(ǫ)), (5.54)

where in (a2) we use 4 upper bounds on P(Aj(m2, m1c, kj
j−1, lj

j−1)), corresponding
to Case 1 to Case 4 in Table 5.2. Ii, i = [1 : 4] are mutual information terms whose
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values are as follows:

I1 = I2 = I(X2, V, X3; Y2|U1) + I(Ỹ3; U1, Y2, X2, X3|V ) + I(Ŷ3; U1, Y2, X2|V, X3, Ỹ3)

I3 = I(X2, X3; Ỹ3, Y2|U1, V ) + I(Ŷ3; U1, Y2, X2|V, X3, Ỹ3)

I4 = I(X2; Ỹ3, Ŷ3, Y2|U1, V, X3).

The detailed upper bound for Case 1 and derivation of I1 are presented in Ap-
pendix 5.A.1. The multinomial coefficient

(

b−1
b1,...,b4

)

has a similar meaning as the
binomial coefficient in (4.35), which was explained accordingly.
From (5.53) and (5.54), and the fact that I1 = I2 we have

P(E1
2 ) ≤ 2nb(R2c+R2p)4b−12n(R̃+R̂)2−n(b−1)(min{I1−R̂−R̃,I3−R̂,I4}−δ(ǫ)). (5.55)

Therefore P(E1
2 )→ 0 as n→∞ and b→∞ if

R2c + R2p < min{I1 − R̂ − R̃, I3 − R̂, I4} − δ(ǫ). (5.56)

Combining with the lower bounds on R̃ and R̂ in (5.50) we obtain the rate con-
straints in (5.11).

In the same way we can derive the sufficient conditions for P(E2
2 ), P(E3

2 ), P(E4
2 ),

and therefore P(E21), to vanish as n and b → ∞. These conditions correspond to
the constraints on R2c + R2p + R1c in (5.9), R2p + R1c in (5.10), and R2p in (5.12).
As a result, P(E2)→ 0 as b, n→∞ if (5.9)–(5.12) are satisfied.

By swapping user indices (1↔ 2), ignoring lj−1, lj , and substituting X3j ← Vj ,
Ŷ3j ← Ỹ3j and R̂ = 0, we can show that P(E1)→ 0 as b, n→∞ provided that the
rate constraints in (5.13)–(5.16) are satisfied.

5.A.1 Bounding P(Aj(m2, m1c, tj
j−1, ljj−1)) for Case 1 in Table 5.2.

Here we bound P(Aj(m2, m1c, tj
j−1, lj

j−1)) for Case 1 in Table 5.2, which leads to
(5.54). For Case 1:

(

X2j(m2c, m2p), U2j(m2c), Vj(kj−1), X3j(lj−1|kj−1), Ỹ3j(kj |kj−1),

Ŷ3j(lj |kj , lj−1, kj−1)
)

∼
n
∏

i=1

pX2,U2(x2,(j−1)n+i, u2,(j−1)n+i)

· pX3,V (x3,(j−1)n+i, v(j−1)n+i)pỸ3|V (ỹ3,(j−1)n+i|v(j−1)n+i)

· pŶ3|Ỹ3,X3,V (ŷ3,(j−1)n+i|ỹ3,(j−1)n+i, x3,(j−1)n+i, v(j−1)n+i)
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is independent of (U1j(m1c), Y2j) (given Kj−1 = Kj = Lj−1 = Lj = 1). Hence, we
have

P
(

Aj(m2, m1c,kj
j−1, lj

j−1)
)

=
∑

(u1,u2,x2,v,x3,ỹ3,ŷ3,y2)∈T
(n)

ǫ

p(u1, u2, x2, v, x3, ỹ3, ŷ3, y2)

=
∑

(u1,y2)∈T
(n)

ǫ

p(u1, y2)
∑

(u2,x2)∈T
(n)

ǫ (U2,X2|u1,y2)

p(x2, u2)

·
∑

(v,x3)∈T
(n)

ǫ (V,X3|u1,y2,x2,u2)

p(v, x3)

·
∑

ỹ3∈T
(n)

ǫ (Ỹ3|u1,y2,x2,u2,v,x3)

p(ỹ3|v)

·
∑

ŷ3∈T
(n)

ǫ (Ŷ3|u1,y2,x2,u2,v,x3,ỹ3)

p(ŷ3|ỹ3, x3, v)

(a3)

≤
∑

(u1,y2)∈T
(n)

ǫ

p(u1, y2)2n(H(U2,X2|U1,Y2)+ǫ1)2−n(H(U2,X2)−ǫ2)

· 2n(H(V,X3|U2,X2,U1,Y2)+ǫ3)2−n(H(V,X3)−ǫ4)

· 2n(H(Ỹ3|V,X3,U2,X2,U1,Y2)+ǫ5)2−n(H(Ỹ3|V )−ǫ6)

· 2n(H(Ŷ3|Ỹ3,V,X3,U2,X2,U1,Y2)+ǫ7)2−n(H(Ŷ3|V,X3,Ỹ3)−ǫ8)

≤
∑

(u1,y2)∈T
(n)

ǫ

p(u1, y2)2−n(I1−δ(ǫ))

≤ 2−n(I1−δ(ǫ))

where in (a3) we use properties of jointly typical sequences [EK11, Sec. 2.5] and I1

is given below.

I1 = H(U2, X2)−H(U2, X2|U1, Y2) + H(V, X3)−H(V, X3|U2, X2, U1, Y2)

+ H(Ỹ3|V )−H(Ỹ3|V, X3, U2, X2, U1, Y2) + H(Ŷ3|V, X3, Ỹ3)

−H(Ŷ3|Ỹ3, V, X3, U2, X2, U1, Y2)

= I(U2, X2; U1, Y2) + I(V, X3; U2, X2, U1, Y2) + I(Ỹ3; U1, Y2, X2, X3|V )

+ I(Ŷ3; U1, Y2, X2|V, X3, Ỹ3)

= I(U2, X2; Y2|U1) + I(V, X3; Y2|U2, X2, U1) + I(Ỹ3; U1, Y2, X2, X3|V )

+ I(Ŷ3; U1, Y2, X2|V, X3, Ỹ3)

= I(X2, V, X3; Y2|U1) + I(Ỹ3; U1, Y2, X2, X3|V ) + I(Ŷ3; U1, Y2, X2|V, X3, Ỹ3).
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Similarly we can upper bound P(Aj(m2, m1c, tj
j−1, lj

j−1)) for cases 2–4 in Table 5.2
and obtaining other mutual information terms.

5.B Proof of Theorem 5.3.2

In what follows we present the coding scheme that achieves the regionRF W
1 in The-

orem 5.3.2, the achievability of RF W
2 follows by switching the roles of the receivers.

The proof uses standard techniques as can be found in [EK11], but here the code
at the relay has one an extra layer. The transmission of each message takes place
in b + 1 blocks. We use subscript j to index the blocks and subscript s to index the
transmitters.

Codebook generation. For s ∈ {1, 2}: Split a long message of nbRs bits into
b equal parts, each of nRs bits, index them as msj , j = [1 : b]. For each block
j ∈ [1 : b], split the message sent by transmitter s in that block as follows:
msj = (mscj , mspj), where mscj ∈ [1 : 2nRsc ], mspj ∈ [1 : 2nRsp ], Rsc + Rsp = Rs.
For brevity we consider Q = ∅, general Q can be introduced by the coded time-
sharing technique [EK11, Sec. 4.5.3].
Fix the distribution p(u1, x1)p(u2, x2)p(v, x3)p(ŷ3, ỹ3|v, x3, y3).
Codebook generation for the transmitters. For each j ∈ [1 : b] and s ∈ {1, 2}: Ran-
domly and independently generate 2nRsc sequences usj(mscj), mscj ∈ [1 : 2nRsc ],
each according to

∏n
i=1 pUs

(usj,i). For each usj(mscj), randomly and conditionally
independently generate 2nRsp sequences xsj(mscj , mspj), mspj ∈ [1 : 2nRsp ], each
according to

n
∏

i=1

pXs|Us
(xsj,i|usj,i(mscj)).

Codebook generation for the relay. For each j ∈ [1 : b]: Randomly and independently
generate 2nR̃ sequences vj(kj−1), kj−1 ∈ [1 : 2nR̃], each according to

∏n
i=1 pV (vj,i).

For each kj−1 ∈ [1 : 2nR̃], randomly and conditionally independently generate 2nR̂

sequences x3j(lj−1|kj−1), lj−1 ∈ [1 : 2nR̂], each according to

n
∏

i=1

pX3|V (x3j,i|vj,i(kj−1)).

For each kj−1 ∈ [1 : 2nR̃], randomly and conditionally independently generate 2nR̃

sequences ỹ3j(kj |kj−1), kj ∈ [1 : 2nR̃], each according to

n
∏

i=1

pỸ3|V (ỹ3j,i|vj,i(kj−1)).

For each (kj , lj−1, kj−1) ∈ [1 : 2nR̃]×[1 : 2nR̂]×[1 : 2nR̃], randomly and conditionally

independently generate 2nR̂ sequences ŷ3j(lj |kj , lj−1, kj−1), lj ∈ [1 : 2nR̂], each
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according to

n
∏

i=1

pŶ3|Ỹ3,X3,V (ŷ3j,i|ỹ3j,i(kj |kj−1), x3j,i(lj−1|kj−1), vj,i(kj−1)) (5.57)

All codebooks are revealed to all nodes before transmission.

Encoding. Let m1j , m2j be the messages to be sent in block j. In block j: Tx1
sends x1j(m1cj, m1pj), Tx2 sends x2j(m2cj , m2pj). Upon receiving y3j at the end
of block j, the relay looks for an index pair (lj , kj) such that

(ŷ3j(lj |kj , lj−1, kj−1), ỹ3j(kj |kj−1), x3j(lj−1|kj−1), vj(kj−1), y3j) ∈ T (n)
ǫ′ (5.58)

where (l0, k0) = (1, 1) by convention. If there are more than one such index pair,
choose one of them uniformly at random. If there is no such index pair, choose an
arbitrary pair at random. The relay transmits x3,j+1(lj |kj) in block j + 1.

Decoding. Let ǫ > ǫ′. Assume that Rx1 has decoded kj−1 correctly from the
previous decoding step. At the end of block j + 1, knowing both y1j and y1(j+1),

Rx1 looks for a unique index triple (m̂1c, m̂1p, k̂j) such that
(

x1j(m̂1c, m̂1p), u1j(m̂1c), u2j(m̂2c), vj(kj−1), ỹ3j(k̂j |kj−1), y1j

)

∈ T (n)
ǫ , (5.59a)

for some m̂2c ∈ [1 : 2nR2c ], and

(

vj+1(k̂j), y1(j+1)

)

∈ T (n)
ǫ . (5.59b)

Then decoder 1 declares (m1cj , m1pj) = (m̂1c, m̂1p). Otherwise it declares an error.
Assume that Rx2 has decoded kj−1 and lj−1 correctly from the previous decod-

ing step. At the end of block j + 1, knowing both y2j and y2(j+1), Rx2 looks for a

unique index tuple (m̂2c, m̂2p, k̂j , l̂j) such that
(

x2j(m̂2c, m̂2p), u2j(m̂2c), u1j(m̂1c), vj(kj−1), x3j(lj−1|kj−1), ỹ3j(k̂j |kj−1),

ŷ3j(l̂j |k̂j , lj−1, kj−1), y2j

)

∈ T (n)
ǫ (5.60a)

for some m̂1c ∈ [1 : 2nR1c ], and

(

vj+1(k̂j), x3(j+1)(l̂j |k̂j), y2(j+1)

)

∈ T (n)
ǫ . (5.60b)

Then decoder 2 declares (m2cj , m2pj) = (m̂2c, m̂2p). Otherwise it declares an error.
The encoding and decoding processes are illustrated in Table 5.3.
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ŷ
3

(b
+

1
)
(l

b
+

1
|k

b
+

1
,l

b
,k

b
)

X
3

v
1
(1

),
x

3
1
(1
|1

)
v

2
(k

1
),

x
3

2
(l

1
|k

1
)

..
.

v
b
+

1
(k

b
),

x
3

(b
+

1
)
(l

b
|k

b
)

Y
1

∅
m̂

1
c
1
,m̂

1
p

1
..

.
m̂

1
c
b
,m̂

1
p

b

Y
2

∅
m̂

2
c
1
,m̂

2
p

1
..

.
m̂

2
c
b
,m̂

2
p

b



106 Interference Channels With a Relay

Error analysis. Here we do error analysis for Rx2. Due to the symmetry of code-
book generation, sub-codebooks with respect to (lj , kj) have the same distribution.
Therefore, for the error analysis we can assume (Lj , Kj) = 1 is the index pair cho-
sen by the relay in block j, for all j ∈ [1 : b], cf. [EK11, Appendix 11A]. We also
assume (M1c, M1p, M2c, M2p) = 1 is the message tuple sent by the transmitters in
block j. Let us define the following events:

E0 :=

b
⋃

j=1

{(

Vj(1), X3j(1|1), Ỹ3j(kj |1), Ŷ3j(lj |kj , 1, 1), Y3j

)

6∈ T (n)
ǫ′ for all (lj , kj)

}

,

E2,j(m2c, m2p, m1c, l, k) :=
{(

X2j(m2c, m2p), U2j(m2c), U1j(m1c), Vj(1), X3j(1|1),

Ỹ3j(k|1), Ŷ3j(l|k, 1, 1), Y2j

)

∈ T (n)
ǫ

}

E2,j+1(l, k) :=
{(

vj+1(k), x3(j+1)(l|k), y2(j+1)

)

∈ T (n)
ǫ

}

.

Error probabilities of decoding at Rx2 at the end of block j + 1 is bounded by:

P(E2) ≤ P(E0) + P(Ec
2,j(1, 1, 1, 1, 1)∪ Ec

2,j+1(1, 1)|Ec
0)

+ P
(

⋃

(m2c,m2p,m1c,l,k) 6=(1,1,1,1,1)

E2,j(m2c, m2p, m1c, l, k) ∩ E2,j+1(l, k)
)

.

(5.61)

Similarly to Appendix 5.A we have P(E0)→ 0 as n→∞ if the conditions in (5.50)
are satisfied, namely

R̃ > I(Ỹ3; X3, Y3|V )− δ(ǫ′) (5.62a)

R̃ + R̂ > I(Ỹ3; X3, Y3|V ) + I(Ŷ3; Y3|X3, V, Ỹ3)− δ(ǫ′) (5.62b)

and P
(

Ec
2,j(1, 1, 1, 1, 1) ∪ Ec

2,j+1(1, 1)|Ec
0

)

→ 0 as n → ∞. Next we bound the last
term in (5.61), denote it by P(E2,j,(j+1)). To support the error analysis we form
Table 5.4, where each case corresponds to a decoding error event.

Let Aj := E2,j(m2c, m2p, m1c, lj , kj) ∩ E2,j+1(lj , kj). By the union of events
bound we have

P(E2,j,(j+1)) ≤
16
∑

i=1

P(E2i),

where E2i := ∪(m2c,m2p,m1c,lj ,kj)=Ii
Aj , and Ii is the index tuple corresponding to

Case i in Table 5.4, e.g, I5 = (6= 1, 1, 6= 1, 1, 6= 1). We can bound P(E21), which is
corresponding to Case 1 in Table 5.4, as follows:

P(E21) = P
(

∪m1c 6=1,m2c 6=1,m2p,kj 6=1,lj
Aj

)

(a)

≤
∑

m1c 6=1,m2c 6=1,m2p,kj 6=1,lj

P
(

E2,j(m2c, m2p, m1c, lj, kj) ∩ E2,j+1(lj , kj)
)
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(b)
=

∑

m1c 6=1,m2c 6=1,m2p,kj 6=1,lj

P(E2,j(m2c, m2p, m1c, lj , kj))P(E2,j+1(lj , kj))

≤ 2n(R1c+R2c+R2p+R̂+R̃)P(E2,j(m2c, m2p, m1c, lj, kj))P(E2,j+1(lj , kj)),
(5.63)

where (a) comes from the union of events bound, (b) due to the fact that the code-
books in different blocks are generated independently and channel is memoryless.
Applying the same bounding technique as in Appendix 5.A.1, and noticing the joint
pmf of the sequences corresponding to Case 1 in Table 5.4, we can show that

P(E2,j(m2c, m2p, m1c, lj , kj)) ≤ 2−n(I1.1−δ(ǫ)) and P(E2,j+1(lj , kj)) ≤ 2−n(I1.2−δ(ǫ))

where δ(ǫ)→ 0 as ǫ→ 0, and

I1.1 = I(U1, U2, X2; Y2|V, X3) + I(Ỹ3; U1, U2, X2, X3, Y2|V )

+ I(Ŷ3; U1, U2, X2, Y2|V, X3, Ỹ3)

I1.2 = I(V, X3; Y2).

Insert these results to (5.63) we conclude that P(E21)→ 0 as n→∞ if

R1c + R2c + R2p + R̂ + R̃ ≤ I1.1 + I1.2

= I(U1, U2, X2, V, X3; Y2) + I(Ỹ3; U1, U2, X2, X3, Y2|V )

+ I(Ŷ3; U1, U2, X2, Y2|V, X3, Ỹ3).

Combining this condition with the conditions in (5.62), and adding the time-sharing
random variable Q, we conclude P(E21) → 0 as n → ∞ if (5.20a) is satisfied.
Following the same procedure we can show that P(E2i)→ 0 as n→∞, for i = [2 :
16] if the conditions in (5.18.a.b) and (5.20.b)–(5.24) are satisfied, as specified in the
last column of Table 5.4. Note that the conditions in (5.22) and (5.18.a.b) are due
to the fact that Decoder 2 needs to decode the quantization indices uniquely, which
is in contrast to the non-unique decoding rule of our first coding scheme (based on
noisy network coding). Finally, by the union bound, we conclude that the decoding
error probability at Rx2 vanishes as n → ∞ if (5.18.a.b) and (5.20)–(5.24) are
satisfied.

By swapping user indices (1 ↔ 2), ignoring lj−1, lj , replacing X3j by Vj , Ŷ3j

by Ỹ3j , and setting R̂ = 0, it can be shown that the probability of decoding error
at Rx1 goes to 0 as n → ∞ provided that the rate constraints in (5.18.c) and
(5.25)–(5.29) are satisfied.

5.C Proof of Theorem 5.3.3

Codebook Generation and Encoding. Similar to the quantize-forward with
sliding window decoding scheme, the nodes use b + 1 blocks to send b different
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(ŷ
3
|v

,x
3
,ỹ
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messages. The codebook generation and encoding processes are the same as that
of Appendix 5.B. However, the backward decoding scheme requires an extra step
to initialize the decoding process at block b + 1 as follows [CMG07]: For each

codeword x3(l|k), (l, k) ∈ [1 : 2nR̂]× [1 : 2nR̃], generate a sequence y3 according to
the conditional distribution

(y3|x1(1), x2(1), x3(l|k)) ∼
n
∏

i=1

p(y3i|x1i(1, 1), x2i(1, 1), x3i(l|k))

Next, for the same x3(l|k) and y3, choose a pair of indices (l∗, k∗) such that

(ŷ3(l∗|k∗, l, k), ỹ3(k∗|k), x3(l|k), v(k), y3) ∈ T (n)
ǫ′ (5.64)

and swap the labeling (l∗, k∗) ↔ (1, 1) for ŷ3(l∗|k∗, l, k) and ỹ3(k∗|k) if such a
(l∗, k∗) can be found. Do nothing if no (l∗, k∗) is found. As before, such (l∗, k∗)
exists with high probability for sufficiently large n if the conditions in (5.50) are
satisfied.

Decoding. Assume that Decoder 1 has decoded kj correctly in block j + 1. For
block j Decoder 1 looks for a unique index triple (m̂1c, m̂1p, k̂j−1) such that

(

x1j(m̂1p, m̂1c), u1j(m̂1c), u2j(m̂2c), vj(k̂j−1), ỹ3j(kj |k̂j−1), y1j

)

∈ T (n)
ǫ , (5.65)

for some m̂2c ∈ [1 : 2nR2c ]. Then decoder 1 declares (m1cj , m1pj) = (m̂1c, m̂1p).
Otherwise it declares an error.

Assume that Decoder 2 has decoded lj , kj correctly in block j + 1. For block j

Decoder 2 looks for a unique index pair (m̂2c, m̂2p, k̂j−1, l̂j−1) such that

(

x2j(m̂2p, m̂2c), u2j(m̂2c), u1j(m̂1c), vj(k̂j−1), x3j(l̂j−1|k̂j−1), ỹ3j(kj |k̂j−1),

ŷ3j(lj |kj , l̂j−1, k̂j−1), y2j

)

∈ T (n)
ǫ (5.66)

for some m̂1c ∈ [1 : 2nR1c ]. Then Decoder 2 declares (m2cj , m2pj) = (m̂2c, m̂2p).
Otherwise it declares an error. Then encoding and decoding processes are illus-
trated in Table 5.5.

Error Analysis. The error analysis follows the same procedure as error analysis
for sliding window decoding in Appendix 5.B. The only difference compared with
Appendix 5.B is that each decoder is now required to check only one joint typicality
condition. We provide the list of error events at Decoder 2 in Table 5.6. It can be
shown that the error event corresponding to Case 1 in Table 5.6 has a vanishing
probability as n → ∞ if the condition in (5.33.a) is met. The other cases are
similarly analyzed, leading to the rate constraints in Definition 5.5.
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(ŷ

3
|v

,x
3
,ỹ
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,ỹ

3
)

(5
.3

5a
)

8
∗

1
1

1
∗

p
(u

2
,x

2
,v

,ỹ
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,ỹ

3
)

(5
.3

6a
)

10
1

∗
−

1
∗

p
(u

1
,v

,ỹ
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(ỹ
3
|v

)p
(ŷ
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,ỹ
3
,y

2
)p

(x
2
|u

2
)p

(x
3
|v

)p
(ŷ
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5.D Proof of Theorem 5.5.1

5.D.1 An Alternative Form of the Achievable Region

Recall that in Appendix 5.A we show that the probability of an error event at Rx2
vanishes as n goes to infinity as long as the conditions in (5.11) are satisfied, which
can be rewritten as follows (using the chain rule):

R2c + R2p < I(X2; Y2|U1, Q) + I(V, X3; Y2|U1, X2, Q) + a + b− r̃ − r̂ (5.67)

R2c + R2p < I(X2; Ỹ3, Y2|U1, V, Q) + I(X3; Ỹ3, Y2|U1, V, X2, Q) + b− r̂ (5.68)

R2c + R2p < I(X2; Ỹ3, Ŷ3, Y2|U1, V, X3, Q). (5.69)

On the other hand, by an alternative method of bounding the error probability as
shown in Appendix 4.B, one can show that the probability of decoding error at Rx2
vanishes as n goes to infinity if

R2c + R2p < I(X2; Y2|U1, Q) (5.70)

R2c + R2p < I(X2; Ỹ3, Y2|U1, V, Q) (5.71)

R2c + R2p < I(X2; Ỹ3, Ŷ3, Y2|U1, V, X3, Q). (5.72)

Combining (5.67) with (5.70), (5.68) with (5.71), and using (5.69) (or (5.72)) we
conclude that the error probability at Rx2 vanishes as n→∞ if

R2c + R2p < I(X2; Y2|U1, Q) +
(

I(V, X3; Y2|U1, X2, Q) + a + b− r̃ − r̂
)+

(5.73)

R2c + R2p < I(X2; Ỹ3, Y2|U1, V, Q) +
(

I(X3; Ỹ3, Y2|U1, V, X2, Q) + b− r̂
)+

(5.74)

R2c + R2p < I(X2; Ỹ3, Ŷ3, Y2|U1, V, X3, Q). (5.75)

Similar conclusions can be made on other constraints, cf. [DOS12b, Definition 1]1.
However, it suffices to focus on the constraints on R2c +R2p in the rest of the proof.

5.D.2 Extending Theorem 5.3.1 to the Gaussian IC-IOR

We use the same techniques as in [DOS11b] to extend the result in Theorem 5.3.1
to the Gaussian IC-IOR. Specifically, X1, X2 are Gaussian distributed and the
quantization codebook generating variables are chosen as follows: Ŷ3 = Y3 + Ẑ3,
Ỹ3 = Ŷ3 + Z̃3, where Ẑ3 ∼ N(0, σ̂2), Z̃3 ∼ N(0, σ̃2), independent of each other and
of everything else. Due to the nature of the channel, in the same way as done in
Appendix 4.D we can replace Yi by (Yia, Yid), i = 1, 2, where subscript a stands for
the analog part and d stands for the noiseless “digital” part. Note that in this case
we have a Markov chain

Ỹ3 − Ŷ3 − Y3 − (U1, X2, Y2a), (5.76)

1There were typos in the [DOS12b, Definition 1], where g in the terms related to J ′

i
should

read h.
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and I(V ; Y1d) = C1, I(X3; Y2d) = C2.
Inserting the above random variables to (5.73)–(5.75) and making use of (5.76)

we obtain:

R2c + R2p < I(X2; Y2a|U1, Q) +
(

∆R− I(Ỹ3; Y3|U1, X2, Y2a, Q)
)+

(5.77)

R2c + R2p < I(X2; Y2a, Ỹ3|U1, Q) +
(

∆R
)+

(5.78)

R2c + R2p < I(X2; Y2a|U1, Q) + I(X2; Ŷ3|U1, Y2a, Q), (5.79)

where ∆R := C2 + I(Ŷ3; U1, X2, Y2a|Ỹ3, Q)− I(Ŷ3; Y3|Ỹ3, Q). One can easily verify
that the right hand side (RHS) of (5.77) is smaller than RHS of (5.78), there-
fore (5.78) is redundant. Next,

∆R−I(Ỹ3; Y3|U1, X2, Y2a, Q)

= C2 + I(Ŷ3; U1, X2, Y2a|Ỹ3, Q)− I(Ŷ3; Y3|Ỹ3, Q)− I(Ỹ3; Y3|U1, X2, Y2a, Q)

= C2 −H(Ŷ3|U1, X2, Y2a, Ỹ3, Q) + H(Ŷ3|Y3, Ỹ3, Q)− I(Ỹ3; Y3|U1, X2, Y2a, Q)

(a)
= C2 − I(Ŷ3; Y3|U1, X2, Y2a, Ỹ3, Q)− I(Ỹ3; Y3|U1, X2, Y2a, Q)

= C2 − I(Ŷ3, Ỹ3; Y3|U1, X2, Y2a, Q)

(b)
= C2 − I(Ŷ3; Y3|U1, X2, Y2a, Q), (5.80)

where we use (5.76) in (a) and (b). Inserting (5.80) into (5.77) and combine the
result with (5.79) we have

R2c + R2p < I(X2; Y2a|U1, Q) + min

{

I(X2; Ŷ3|U1, Y2a, Q),
(

C2 − I(Ŷ3; Y3|U1, X2, Y2a, Q)
)+

}

. (5.81)

By the following substitutions of the random variables: Y2a ← Y2, U1 ← W1,
Ŷ3 ← Ŷ2r, Y3 ← Yr we can see that (5.81) is identical to the constraint on R2c +R2p

in [ZY13, Eq. (51)]. In the same way we can show that the remaining rate constraints
in Definition 5.3 and the corresponding rate constraints in [ZY13, Eqs. (46)–(53)]
are the same. Note that we also use the following substitutions of variables: Y1a ←
Y1, U2 ←W2, Ỹ3 ← Ŷ1r. Further, our rate region and that of [ZY13] are optimized
over the same joint distribution of random variables.

5.E Achievable Rates for Gaussian channels

In this section we present the achievable rates for the Gaussian channel given in
Section 5.6. We follow the procedure described in Section 5.6 to derive these rates.
For brevity we define and use the following quantities in the expressions of the
achievable rates:

SNR1 := h2
11P1, INR1 := h2

21P2, SNRr1 := h2
13P1, HNR1 := h2

31P3

SNR2 := h2
22P2, INR2 := h2

12P1, SNRr2 := h2
23P2, HNR2 := h2

32P3.
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5.E.1 Sliding Window Decoding, Treat Interference as Noise

Starting from Definition 5.4, we set Rkc = 0, Rkp = Rk, Uk = ∅ for k ∈ {1, 2}, i.e.,
setting the whole message at each transmitter to be private, to obtain an achievable
region for the discrete memoryless channel. Applying the procedure described in
Section 5.6 to the resulting rate region we obtain the following result.

For the Gaussian ICR, the following nonnegative rate pairs (R1, R2) can be achieved
by LQF-FW and treating interference as noise at the receivers:

R2 < C
(

SNR2 + HNR2

1 + INR2

)

− C
(

1

σ̂2
+

SNRr1

σ̂2(1 + INR2)

)

R2 < C
(

(σ̃2(1 + INR2) + (1 + σ̃2 + σ̂2)(SNR2 + ᾱHNR2)

(1 + σ̂2)(1 + INR2) + SNRr1

+

ᾱHNR2SNRr1

+(1+INR2+SNR2+ᾱHNR2)
(

SNRr2+(h13h22−h12h23)2P1P2

)

(

(1 + σ̂2)(1 + INR2) + SNRr1

)

(1 + INR2 + SNR2)







− C
(

σ̃2

σ̂2

)

R2 < C
(

(1 + σ̂2)SNR2 + SNRr2 + (h13h22 − h12h23)2P1P2

(1 + σ̂2)(1 + INR2) + SNRr1

)

R1 < C
(

SNR1 + αHNR1

1 + INR1 + ᾱHNR1

)

− C
(

1

σ̂2 + σ̃2
+

(1 + ᾱHNR1)SNRr2

(σ̂2 + σ̃2)(1 + INR1 + ᾱHNR1)

)

R1 < C
(

(1 + ᾱHNR1)SNRr1 + (1 + σ̂2 + σ̃2)SNR1 + (h13h21 − h11h23)2P1P2

(1 + ᾱHNR1)SNRr2 + (1 + σ̂2 + σ̃2)(1 + INR1 + ᾱHNR1)

)

for some α ∈ [0, 1] and nonnegative σ̂2 and σ̃2 such that:

σ̂2 + σ̃2 >

(

K + SNRr2(1 + ᾱHNR1)
)(

K + SNR1

)

αHNR1K

K = 1 + INR1 + ᾱHNR1

1 + INR2 + 1+INR2+SNRr1

σ̂2

1 + INR2 + 1+INR2+SNRr1

σ̂2+σ̃2

< 1 +
ᾱHNR2

1 + INR2 + SNR2

σ̂2 >
(1 + INR2 + SNRr1)(1 + INR2 + SNR2)

(1 + INR2)HNR2
.

5.E.2 Sliding Window Decoding, Decode Interference

On the other hand, by setting Rkp = 0, Rkc = Rk, Uk = Xk for k ∈ {1, 2} in Def-
inition 5.4, i.e., setting the whole message at each transmitter to be common, and
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applying the procedure described in Section 5.6, we obtain the following achievable
rate region.

For the Gaussian ICR, the following nonnegative rate pairs (R1, R2) can be achieved
by LQF-FW and decoding interference at the receivers:

R1 < C
(

αHNR1

1 + SNR1 + INR1 + ᾱHNR1

)

+ C
(

SNR1

1 + ᾱHNR1

)

− C
(

1

σ̂2 + σ̃2

)

R1 < C
(

SNR1

1 + ᾱHNR1
+

SNRr1

1 + σ̂2 + σ̃2

)

R1 < C
(

HNR2

1 + SNR2 + INR2

)

+ C (INR2)− C
(

1

σ̂2

)

R1 < C
(

ᾱHNR2

1 + SNR2 + INR2

)

+ C
(

INR2 +
SNRr1

1 + σ̂2 + σ̃2

)

− C
(

σ̃2

σ̂2(1 + σ̂2 + σ̃2)

)

R2 < C
(

HNR2

1 + SNR2 + INR2

)

+ C (SNR2)− C
(

1

σ̂2

)

R2 < C
(

ᾱHNR2

1 + SNR2 + INR2

)

+ C
(

SNR2 +
SNRr2

1 + σ̂2 + σ̃2

)

− C
(

σ̃2

σ̂2(1 + σ̂2 + σ̃2)

)

R2 < C
(

SNR2 +
SNRr2

1 + σ̂2

)

R2 < C
(

αHNR1

1 + SNR1 + INR1 + ᾱHNR1

)

+ C
(

INR1

1 + ᾱHNR1

)

− C
(

1

σ̂2 + σ̃2

)

R1 + R2 < C (SNR2 + INR2 + HNR2)− C
(

1

σ̂2

)

R1 + R2 < C
(

INR2 + SNR2 + ᾱHNR2 +

(SNRr1+SNRr2)(1+ᾱHNR2)
+(h13h22−h12h23)2P1P2

1 + σ̂2 + σ̃2

)

− C
(

σ̃2

σ̂2(1 + σ̂2 + σ̃2)

)

R1 + R2 < C
(

INR2 + SNR2 +
SNRr1 + SNRr2 + (h13h22 − h12h23)2P1P2

1 + σ̂2

)

R1 + R2 < C
(

SNR1 + INR1 + αHNR1

1 + ᾱHNR1

)

− C
(

1

σ̂2 + σ̃2

)
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R1 + R2 < C





(SNR1+INR1)(1+σ̂2+σ̃2)
+(SNRr1+SNRr2)(1+ᾱHNR1)+(h13h21−h23h11)2P1P2

(1 + ᾱHNR1)(1 + σ̂2 + σ̃2)





for some α ∈ [0, 1] and nonnegative σ̂2, σ̃2 such that

σ̂2 + σ̃2 >
1 + SNR1 + INR1 + ᾱHNR1

αHNR1

σ̃2

σ̂2(1 + σ̂2 + σ̃2)
<

ᾱHNR2

1 + SNR2 + INR2

σ̂2 >
1 + SNR2 + INR2

HNR2
.

5.E.3 Gaussian ICR - Backward Decoding, Treat Interference
As Noise

Similar to the sliding window decoding case, by setting Rkc = 0, Rkp = Rk, Uk = ∅
for k ∈ {1, 2} in Definition 5.5 and applying the procedure described in Section 5.6,
we obtain the following achievable rate region.

For the Gaussian ICR, the following nonnegative rate pairs (R1, R2) can be achieved
by LQF-BW and treating interference as noise at the receivers:

R2 < C
(

SNR2 + HNR2

1 + INR2

)

− C
(

1

σ̂2
+

SNRr1

σ̂2(1 + INR2)

)

R2 < C





σ̃2(1+INR2)+(1+σ̂2+σ̃2)(SNR2+ᾱHNR2)
+ᾱHNR2(SNRr1+SNRr2)+SNRr2+(h13h22−h12h23)2P1P2

(1 + σ̂2)(1 + INR2) + SNRr1



− C
(

σ̃2

σ̂2

)

R2 < C
(

(1 + σ̂2)SNR2 + SNRr2 + (h13h22 − h12h23)2P1P2

(1 + σ̂2)(1 + INR2) + SNRr1

)

R1 < C
(

SNR1 + αHNR1

1 + INR1 + ᾱHNR1

)

− C
(

1 + INR1 + ᾱHNR1 + (1 + ᾱHNR1)SNRr2

(σ̂2 + σ̃2)(1 + INR1 + ᾱHNR1)

)

R1 < C
(

(1 + ᾱHNR1)SNRr1 + (1 + σ̂2 + σ̃2)SNR1 + (h13h21 − h23h11)2P1P2

(1 + ᾱHNR1)SNRr2 + (1 + σ̂2 + σ̃2)(1 + INR1 + ᾱHNR1)

)

for some α ∈ [0, 1] and nonnegative σ̂2, σ̃2 such that

σ̂2 + σ̃2 >
1 + INR1 + ᾱHNR1 + (1 + ᾱHNR1)SNRr2

αHNR1

ᾱHNR2 >
1 + INR2 + SNRr1

σ̂2
− 1 + INR2 + SNRr1 + ᾱHNR2(1 + SNRr1)

σ̂2 + σ̃2

σ̂2 >
1 + INR2 + SNRr1

HNR2
.
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5.E.4 Gaussian ICR - Backward Decoding, Decode Interference

By setting Rkp = 0, Rkc = Rk, Uk = Xk for k ∈ {1, 2} in Definition 5.5 and apply-
ing the procedure described in Section 5.6, we obtain the following achievable rate
region.

For the Gaussian ICR, the following nonnegative rate pairs (R1, R2) can be achieved
by LQF-BW and decoding interference at the receivers:

R1 < C
(

SNR1 + αHNR1

1 + ᾱHNR1

)

− C
(

1

σ̂2 + σ̃2

)

R1 < C
(

SNR1

1 + ᾱHNR1
+

SNRr1

1 + σ̂2 + σ̃2

)

R1 < C(INR2 + HNR2)− C
(

1

σ̂2

)

R1 < C
(

INR2 + ᾱHNR2 +
SNRr1(1 + ᾱHNR2)

1 + σ̂2 + σ̃2

)

− C
(

σ̃2

σ̂2(1 + σ̂2 + σ̃2)

)

R2 < C(SNR2 + HNR2)− C
(

1

σ̂2

)

R2 < C
(

SNR2 + ᾱHNR2 +
SNRr2(1 + ᾱHNR2)

1 + σ̂2 + σ̃2

)

− C
(

σ̃2

σ̂2(1 + σ̂2 + σ̃2)

)

R2 < C
(

SNR2 +
SNRr2

1 + σ̂2

)

R2 < C
(

INR1 + αHNR1

1 + ᾱHNR1

)

− C
(

1

σ̂2 + σ̃2

)

R1 + R2 < C (SNR2 + INR2 + HNR2)− C
(

1

σ̂2

)

R1 + R2 < C
(

INR2 + SNR2 + ᾱHNR2 +

(SNRr1+SNRr2)(1+ᾱHNR2)
+(h13h22−h12h23)2P1P2

1 + σ̂2 + σ̃2

)

− C
(

σ̃2

σ̂2(1 + σ̂2 + σ̃2)

)

R1 + R2 < C
(

INR2 + SNR2 +
SNRr1 + SNRr2 + (h13h22 − h12h23)2P1P2

1 + σ̂2

)

R1 + R2 < C
(

SNR1 + INR1 + αHNR1

1 + ᾱHNR1

)

− C
(

1

σ̂2 + σ̃2

)

R1 + R2 < C





(SNR1+INR1)(1+σ̂2+σ̃2)+(SNRr1+SNRr2)(1+ᾱHNR1)
+(h13h21−h23h11)2P1P2

(1 + ᾱHNR1)(1 + σ̂2 + σ̃2)




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for some α ∈ [0, 1] and nonnegative σ̂2, σ̃2 such that

σ̂2 + σ̃2 >
1 + ᾱHNR1

αHNR1

σ̃2

σ̂2(1 + σ̂2 + σ̃2)
< ᾱHNR2

σ̂2 >
1

HNR2
.



Chapter 6

Interfering Relay Channels

I
n previous chapters, we have studied some mechanisms for managing interfer-
ence in interference networks with dedicated or non-dedicated relays. These
channel models have also been defined and studied in a number of previous

works in the literature. In this chapter we introduce and study a new channel
model in which two relay channels interfere with each other. Each relay in the
channel is connected to its intended receiver through a rate-limited and noise-free
link, forming a suitable model for the backhaul links in heterogeneous wireless ac-
cess networks, e.g., Fig. 1.1. Inner and outer bounds for achievable rates are derived
and shown to be tight for new discrete memoryless classes, which generalize and
unify several known cases involving interference and relay channels. Capacity region
and sum-capacity for multiple Gaussian scenarios are also characterized to within
a constant gap. The optimality of bin(or hash)-forward and its extensions for cer-
tain relay-interference networks found in this chapter has important engineering
implications for the design of future wireless networks.

6.1 Introduction

As introduced in Chapter 2, two of the fundamental building blocks of network
information theory are the interference channel (IC) and the relay channel (RC).
Despite the fact that the capacity of each channel is still unknown, the use of re-
laying in interference management has drawn considerable attention in research
and in wireless network design, as can be seen in the previous chapters and refer-
ences therein. In this chapter, we introduce a new channel model which accounts
for a particular interaction between interference and relay channels, and establish
the capacity region and approximate capacity region for several classes of these
channels.

Consider a network as illustrated in Fig. 6.1. In this model a relay channel con-
sisting of transmitter Tx1, relay R1, and receiver Rx1 interferes with a neighboring
relay channel consisting of transmitter Tx2, relay R2, and receiver Rx2. Specifically,
the signal sent by Txi is received by Rj and Rxj , for i, j ∈ {1, 2}, i 6= j. Further, each
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M1
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M̂1
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R1
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C2

Figure 6.1: Interfering relay channels. Dashed lines depict interference. Mi and M̂i,
i ∈ {1, 2}, denote a message and its estimate, respectively.

relay Ri is connected to receiver Rxi via a noiseless link of finite capacity Ci. From
the wireless communication perspective, this channel model is highly relevant for
heterogeneous networks, which is an important trend in current and future wireless
architectures. For example, Txi, Ri, and Rxi can respectively act as a mobile, a pico
base station, and the macro base station in a single cell of a cellular network. The
pico base station and the macro base station are connected over a finite-rate back-
haul link, cf. Fig. 1.1. Naturally, the communication in neighboring cells interfere
with each other.

From the information theory perspective, the channel in Fig. 6.1 is a generaliza-
tion of both the interference and relay channel models. One interesting feature of the
channel under consideration is that although each relay only connects to its intended
receiver, the function of each relay still includes relaying the intended signal and
forwarding the unintended signal (the interference). In this sense, it is similar to the
function of the relay in the interference channel with one relay as studied in Chap-
ter 5. Among the prior works, e.g., [MDG08,SES09,TY11,SES11,ZY13,RHZ+13],
our setup is most related to the work on the interference channel (IC) with a de-
graded broadcasting relay [ZY13]. Specifically, if R1 coincides with R2 in Fig. 6.1
we recover the channel studied in [ZY13]. It is also clear that one can interpret
the channel in Fig. 6.1 as one type of interference channel with two relays. In this
sense our channel is closely related to the interference channel with limited receiver
cooperation studied in Chapter 4 and in [WT11a], where each receiver also acts
as a relay. Specifically, in the special case when Ri coincides with receiver Rxj ,
i, j ∈ {1, 2}, i 6= j, we recover the channels in Fig. 4.2 and in [WT11a]. In subse-
quent sections we will further comment on the relationship between our work and
those of [ZY13] and [WT11a]. Yet from the relay channel viewpoint, the channel
in Fig. 6.1 is a generalization of the primitive relay channel, studied by Cover and
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Kim in [CK07]. The key difference from the channel in [CK07] is the presence of
interference, which certainly affects the coding strategies for the channel. In order
to emphasize the fact that each relay in our channel is meant to help only one
receiver, we call the network in Fig. 6.1 the interfering relay channels (IRC) rather
than interference channel with two relays.

In this chapter we study different classes of discrete memoryless and Gaussian
IRC. The main results are summarized as follows.

• We propose an inner bound for the capacity region of the discrete memoryless
IRC. The coding technique is based on rate-splitting at the transmitters and
quantize-bin-forward [WT11a] or extended hash1-forward [Kim07].

• We characterize the capacity region of a class of discrete memoryless channels,
namely the semideterministic IRC.

• We derive an outer bound for the Gaussian IRC and use it to show constant-
bit gap results for multiple scenarios: When the interference is strong, we
characterize the capacity region of the real-valued Gaussian IRC to within 1/2
bit. For the Gaussian IRC with high-capacity relay-receiver links, we charac-
terize the capacity region to within log(7) bits. For other regimes of channel
parameters, we show that the inner bound and outer bound are within a
bounded gap as long as the interference that each transmitter induces at the
neighboring relay is not unboundedly stronger than the interference induced
at the neighboring receiver. Moreover, for the Gaussian IRC in the so called
weak interference-relay regime, we characterize the sum-capacity to within 1
bit.

• We also study a closely related channel model, the compound multiple access
relay channel. We characterize capacity region of a class of the semideter-
ministic compound multiple access relay channel and the capacity region of a
class of Gaussian compound multiple access relay channels to within 1/2 bit.

The achievable scheme in this chapter is a combination of common-private rate-
splitting [Car78, HK81] and quantize-bin-forward [WT11a]. As noted earlier, re-
lated problems have also been studied by combining rate-splitting with generalized
hash-forward [RHZ+13,ZY13] or with noisy network coding [DOS11b,DOS12b]. By
focusing on the particular model of IRC and based on insight learned from proving
the inner bound, we are able to prove new capacity and approximate capacity re-
sults for discrete memoryless and Gaussian channels. For the discrete memoryless
channel, our results extend the optimality of hash-forward, which originally holds
for the semideterministic relay channel in [CK07,Kim08], to certain classes of relay
channels with interference. The established capacities also generalize and unify the

1Note that in the literature of relay channels, the term binning and hashing often have the
same meaning.
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capacity results of some relay and interference channels. One of the main techni-
cal contributions of this chapter is various outer bounds that help characterize the
exact or approximate capacity regions. Further, unlike [WT11a] and [ZY13] which
study only Gaussian channels, we study both discrete memoryless and Gaussian
channels in this chapter. The results of our study show that a “simple” combina-
tion of rate-splitting with the quantize-bin(or hash)-forward protocol is optimal or
nearly optimal for complex interference networks like the IRC. This has an im-
portant engineering implication because such a relaying scheme, which frees the
intermediate nodes from the decoding burden, is highly desired in real networks.

The chapter is organized as follows: Section 6.2 presents an achievable rate re-
gion for the discrete memoryless IRC. Section 6.3 characterizes the capacity region
of a class of discrete memoryless IRC and a class of discrete memoryless compound
multiple access relay channels. Section 6.4 studies the Gaussian IRC, wherein a
general outer bound to the capacity region is derived and used to show the ca-
pacity region or sum-capacity to within a constant number of bits for different
type of channels. This section also characterizes the capacity region of a class of
Gaussian compound multiple access relay channel to within a constant number of
bits. Conclusions are presented in Section 6.5 and long proofs are relegated to the
appendices.

In this chapter we will use the concept of k-bit gap to the capacity region, as
defined in Definition 4.1.

6.2 Discrete Memoryless IRC and a General Achievability

6.2.1 Problem Formulation

Refer again to the IRC depicted in Fig. 6.1. Transmitter Txi wants to send a message
Mi to receiver Rxi, i ∈ {1, 2}. Relay Ri helps receiver Rxi decode its desired message
by sending aiding signals via a noiseless link with finite capacity of Ci bits. The
channel is memoryless in the sense that

p(y1i, y2i, yr1i, yr2i|m1, m2, xi
1, xi

2) = pY1,Y2,Yr1,Yr2|X1,X2
(y1i, y2i, yr1i, yr2i|x1i, x2i).

(6.1)

A (2nR1 , 2nR2 , n) code, where n denotes the codeword length, for the discrete mem-
oryless IRC consists of the following elements, for each k ∈ {1, 2}:

1. a message set Mk = [1 : 2nRk ];

2. an encoding function fk : Mk → Xn
k that assigns a sequence xn

k to each
message mk ∈ Mk;

3. relaying functions rki : Yi−1
rk ×[1 : 2nCk ]i−1 → [1 : 2nCk ] that maps (yi−1

rk , vi−1
k )

to a symbol vki for all i ∈ [1 : n], where vki denotes the ith symbol sent via
the noiseless link of capacity Ck;
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4. a decoding function gk : Yn
k × [1 : 2nCk ]→Mk that produces an estimate m̂k

from a received sequence yn
k and an index from the set [1 : 2nCk ].

We assume that the message pair (M1, M2) is uniformly distributed overM1×M2.
The average probability of error is defined as

P (n)
e = P

{

(M̂1, M̂2) 6= (M1, M2)
}

. (6.2)

As usual, achievable rate pairs and the capacity region of the channel are defined
as in Section 2.1.

6.2.2 An Achievable Rate Region for the Discrete Memoryless
IRC

Motivation of the achievable scheme: As discussed in Section 6.1, each relay should
balance between relaying the useful signal and forwarding the interference, to help
its intended receiver decode the desired message and mitigate the interference. In
order to gain insight into possible coding strategies for the IRC, let us start with
the primitive relay channel, first studied in [CK07], which can be considered as a
component of the IRC. A primitive relay channel (PRC) is a 3-node relay channel
with a noiseless link between the relay and the receiver. In [CK07] and subsequent
papers [Kim08,Kim07] these authors have studied different relaying techniques for
the PRC such as decode-forward, compress-forward, and introduce a new technique
called hash-forward. This new technique was shown to be capacity achieving under
a condition on the relationship between the relay output, the transmitter input, and
the receiver output [CK07,Kim08]. For the general PRC, the hash-forward protocol
can be extended to include a quantization stage at the relay, an approach named
extended hash-forward (EHF) [Kim07]. Subsequently, for more complex channel
models with interference [WT11a,ZY13], it was shown that a combination of rate-
splitting at the transmitter with EHF (also called quantize-bin-forward in [WT11a])
or generalized hash-forward (GHF) can achieve to within a constant number of
bits to the capacity region of the respective channel. This fact, together with a
close relation between our channel model and those in [CK07,WT11a,ZY13], have
motivated us to propose a coding strategy based on those known techniques to our
current problem, which leads to the following inner bound.

Theorem 6.2.1 (Inner bound for DM-IRC). Let us define

a1 = I(X1; Y1|X1c, X2c, Q) (6.3)

a′
1 = I(X1; Y1, Ŷr1|X1c, X2c, Q) (6.4)

b1 = I(X1, X2c; Y1|X1c, Q) (6.5)

b′
1 = I(X1, X2c; Y1, Ŷr1|X1c, Q) (6.6)

c1 = I(X1; Y1|X2c, Q) (6.7)
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c′
1 = I(X1; Y1, Ŷr1|X2c, Q) (6.8)

d1 = I(X1, X2c; Y1|Q) (6.9)

d′
1 = I(X1, X2c; Y1, Ŷr1|Q) (6.10)

ξ1 = I(Ŷr1; Yr1|X1, X2c, Y1, Q), (6.11)

and define a2, a′
2, b2, b′

2, c2, c′
2, d2, d′

2, ξ2 by exchanging indices 1 ↔ 2 everywhere
in (6.3)–(6.11). Q is drawn from some finite set Q. Let P denote the collection of
joint distributions P of the form

p(q)p(x1, x1c|q)p(x2, x2c|q)p(ŷr1|yr1, q)p(ŷr2|yr2, q)p(y1, y2, yr1, yr2|x1, x2), (6.12)

where p(y1, y2, yr1, yr2|x1, x2) is set by the channel. For a fixed P ∈ P, let R(P )
denote the set of nonnegative rate pairs (R1, R2) satisfying

R1 < min{c1 + (C1 − ξ1)+, c′
1} (6.13)

R1 < min{a1 + (C1 − ξ1)+, a′
1}+ min{b2 + (C2 − ξ2)+, b′

2} (6.14)

R2 < min{c2 + (C2 − ξ2)+, c′
2} (6.15)

R2 < min{a2 + (C2 − ξ2)+, a′
2}+ min{b1 + (C1 − ξ1)+, b′

1} (6.16)

R1 + R2 < min{a1 + (C1 − ξ1)+, a′
1}+ min{d2 + (C2 − ξ2)+, d′

2} (6.17)

R1 + R2 < min{b1 + (C1 − ξ1)+, b′
1}+ min{b2 + (C2 − ξ2)+, b′

2} (6.18)

R1 + R2 < min{d1 + (C1 − ξ1)+, d′
1}+ min{a2 + (C2 − ξ2)+, a′

2} (6.19)

2R1 + R2 < min{a1 + (C1 − ξ1)+, a′
1}+ min{d1 + (C1 − ξ1)+, d′

1} (6.20)

+ min{b2 + (C2 − ξ2)+, b′
2} (6.21)

R1 + 2R2 < min{b1 + (C1 − ξ1)+, b′
1}+ min{a2 + (C2 − ξ2)+, a′

2} (6.22)

+ min{d2 + (C2 − ξ2)+, d′
2}. (6.23)

The convex hull of the set
⋃

P ∈P R(P ) is an achievable region for the IRC.

Proof. The detailed proof is given in Appendix 6.A. Here we give a sketch of
proof. Consider i, j ∈ {1, 2} and i 6= j. We employ common-private rate-splitting
[Car78,HK81] at the transmitters and extended hash-forward [Kim07] or quantize-
bin-forward [WT11a], at the relays as follows: Transmitter i splits its message mi

into a common part mic of rate Ric and a private part mip of rate Rip. A superpo-
sition codebook is generated, with codewords xn

ic(mic) and xn
i (mic, mip) generated

i.i.d. with distributions pXic
and pXi|Xic

, respectively. Relay i’s codebook has 2nR̂i

codewords ŷn
ri’s, each generated i.i.d. according to the marginal distribution pŶri

.

Each codeword in the quantization codebook is assigned to one of {1, . . . , 2nCi}
bins by a uniformly generated random mapping.

Encoding: Transmitter i sends out a codeword xn
i corresponding to its message

index. Relay i quantizes its received sequence yn
ri by choosing a quantization code-

word ŷn
ri jointly typical with yn

ri, and then sends out the corresponding bin index
to receiver i via the noiseless link of rate Ci.
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Decoding: Receiver i finds a unique message pair (mic, mip) such that the se-
quences xn

jc(mjc), xn
ic(mic), xn

i (mic, mip), ŷn
ri, and yn

i are jointly typical for some

mjc ∈ {1, . . . , 2Rjc} and some ŷn
ri whose bin index matches the index that receiver

i received from relay i, i 6= j.
As a result, we obtain the following constraints on the partial rates so that the

error probability vanishes when n→∞:

R1p < min{a1 + (C1 − ξ1)+, a′
1} (6.24)

R1p + R2c < min{b1 + (C1 − ξ1)+, b′
1} (6.25)

R1p + R1c < min{c1 + (C1 − ξ1)+, c′
1} (6.26)

R1p + R1c + R2c < min{d1 + (C1 − ξ1)+, d′
1} (6.27)

R2p < min{a2 + (C2 − ξ2)+, a′
2} (6.28)

R2p + R1c < min{b2 + (C2 − ξ2)+, b′
2} (6.29)

R2p + R2c < min{c2 + (C2 − ξ2)+, c′
2} (6.30)

R2p + R2c + R1c < min{d2 + (C2 − ξ2)+, d′
2}. (6.31)

Applying Fourier-Motzkin elimination to the above constraints and removing re-
dundant inequalities we obtain (6.13)–(6.23).

Remark 6.1. Following the same line of proofs as in Sections 4.B and 5.D, we can
show that the above region can also be achieved by noisy network coding [LKEC11],
which does not use explicit binning, and by generalized hash-forward [RY10]. How-
ever, for this type of channels which have noiseless links, we find it easier to gain in-
sight into the meaning of each term of the rate constraints if we employ the quantize-
bin-forward strategy, see Remark 6.2 below. Such insight is useful in establishing
approximate capacity results as will be shown in Section 6.4. Moreover, as shown in
Section 5.4, noisy network coding incurs higher delay and encoding/decoding com-
plexity than the coding schemes based on short-message like quantize-bin-forward.

Remark 6.2. Observe that each constraint in (6.24)–(6.31) is the minimum of two
terms, in the same way as one can see in Theorem 4.3.1. The second term corre-
sponds to the case when Ci, i ∈ {1, 2}, is large enough to convey the quantization
ŷn

ri correctly to receiver i. The first term corresponds to the case when the limited
Ci allows receiver i to identify only a list of candidates of ŷn

ri. In this case, ξi plays
the role of a “rate loss”, similar to ξi in Theorem 4.4.1 and in [WT11a], whose value
depends on the quantization distortion at the relay Ri. Further discussion on ξi can
be found in Section 6.4.

Remark 6.3. If we replace Yri (resp. Ŷri) in (6.3)–(6.11) by Yj (resp. Ŷj), for
i, j ∈ {1, 2}, i 6= j, and plug them into (6.24)–(6.31) we recover the achievable rates
for the interference channel with limited receiver cooperation, derived in (4.67) of
Chapter 4 and in [WT11a, bottom of page 2924] (one-round conferencing). This
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is because such replacements make the current channel model coincide with the
model studied in Chapter 4 and in the reference [WT11a].
On the other hand, by setting Ŷr1 = Ŷr2 = Ŷr in (6.3)–(6.11) and in the expressions
for a2, a′

2, b2, b′
2, c2, c′

2, d2, d′
2, ξ2 we recover the achievable rate region for the IC with

one degraded broadcasting relay in [ZY13].

6.3 Capacity Region of Some Classes of Discrete
Memoryless IRCs

In this section we characterize the capacity region of some classes of discrete mem-
oryless interfering relay channels. These channels have a common feature that the
output at the relay Ri is a function of the input at transmitter Txi and the out-
put at receiver Rxi. As such, our results extend the optimality of the hash-forward
scheme by Kim to more general settings than the one studied in [CK07]. In partic-
ular, the capacity results in this section generalize and unify the capacity regions
of a class of semideterministic relay channels [CK07, Kim08], the strong interfer-
ence channel [CE87], a class of deterministic interference channels [EC82], and
partially generalize the semideterministic interference channel with common infor-
mation [CM09].

6.3.1 Semideterministic IRC

Consider a semideterministic discrete memoryless IRC as depicted in Fig. 6.2. The
channel has the following properties:
(i): There exist deterministic functions t1(·), t2(·), f1(·, ·), f2(·, ·) (not necessary
invertible) such that:

(i.a): T1 = t1(X1), T2 = t2(X2),

(i.b): Yr1 = f1(X1, Y1), Yr2 = f2(X2, Y2).

(ii): Y1 depends only on X1 and T2, via the conditional distribution p(y1|x1, t2).
Similarly for Y2, X2, and T1.
(iii): For all positive integers N and all input distributions of the form

p(w)p(xN
1 |w)p(xN

2 |w),

the following conditions hold:

I(T N
1 ; Y N

2 , Y N
r2 |XN

2 , W ) ≥ I(T N
1 ; Y N

1 , Y N
r1 |XN

2 , W ) (6.32a)

I(T N
2 ; Y N

1 , Y N
r1 |XN

1 , W ) ≥ I(T N
2 ; Y N

2 , Y N
r2 |XN

1 , W ). (6.32b)

The main result of this section is in the following theorem.
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Figure 6.2: Semideterministic interfering relay channels.

Theorem 6.3.1. The capacity region of the semideterministic IRC is the union of
the set of nonnegative rate pairs (R1, R2) satisfying

R1 ≤ min{I(X1; Y1|T2, Q) + C1, I(X1; Y1, Yr1|T2, Q)} (6.33)

R2 ≤ min{I(X2; Y2|T1, Q) + C2, I(X2; Y2, Yr2|T1, Q)} (6.34)

R1 + R2 ≤ min{I(X1; Y1|T1, T2, Q) + C1, I(X1; Y1, Yr1|T1, T2, Q)}
+ min{I(X2, T1; Y2|Q) + C2, I(X2, T1; Y2, Yr2|Q)} (6.35)

R1 + R2 ≤ min{I(X1, T2; Y1|T1, Q) + C1, I(X1, T2; Y1, Yr1|T1, Q)}
+ min{I(X2, T1; Y2|T2, Q) + C2, I(X2, T1; Y2, Yr2|T2, Q)} (6.36)

R1 + R2 ≤ min{I(X1, T2; Y1|Q) + C1, I(X1, T2; Y1, Yr1|Q)}
+ min{I(X2; Y2|T1, T2, Q) + C2, I(X2; Y2, Yr2|T1, T2, Q)} (6.37)

2R1 + R2 ≤ min{I(X1; Y1|T1, T2, Q) + C1, I(X1; Y1, Yr1|T1, T2, Q)}
+ min{I(X1, T2; Y1|Q) + C1, I(X1, T2; Y1, Yr1|Q)}
+ min{I(X2, T1; Y2|T2, Q) + C2, I(X2, T1; Y2, Yr2|T2, Q)} (6.38)

R1 + 2R2 ≤ min{I(X1, T2; Y1|T1, Q) + C1, I(X1, T2; Y1, Yr1|T1, Q)}
+ min{I(X2; Y2|T1, T2, Q) + C2, I(X2; Y2, Yr2|T1, T2, Q)}
+ min{I(X2, T1; Y2|Q) + C2, I(X2, T1; Y2, Yr2|Q)} (6.39)

over all probability distributions of the form p(q)p(x1|q)p(x2|q), with |Q| ≤ 16.

Proof. The achievability and converse proofs are deferred to Appendix 6.B.

In the following we discuss some aspects of this capacity result.

Remark 6.4 (Deterministic IRC). Suppose we replace the conditional distribu-
tion p(y1|x1, t2) (resp. p(y2|x2, t1)) in Fig. 6.2 by some function y1(x1, t2) (resp.
y2(x2, t1)), and assume that there exist functions k1(·, ·) and k2(·, ·) such that
T2 = k1(X1, Y1) and T1 = k2(X2, Y2). Then it can be verified that the resulting
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deterministic IRC, depicted in Fig. 6.3, satisfies all the properties of the semideter-
ministic IRC in Fig. 6.2. Furthermore, one can show that the class of the former
channel is strictly included in the class of the latter channel. Hence, the capacity
region of the deterministic channel can be deduced from Theorem 6.3.1. What is
more, due to the existence of k1(·, ·) and k2(·, ·), the capacity region of the deter-
ministic IRC remains unchanged if we replace the condition yr1 = f1(x1, y1) (resp.
yr2 = f2(x2, y2)) by yr1 = f ′

1(x1, t2) (resp. yr2 = f ′
2(x2, t1)), for some functions

f ′
1(·, ·), f ′

2(·, ·). It is also easy to recognize that the deterministic IRC is in turn a
generalization of the El Gamal-Costa deterministic interference channel [EC82]. In
this sense the deterministic IRC includes the channel studied in [KLCS13], in which
the two relays coincide, as a special case.

Remark 6.5. Of the properties of the semideterministic IRC, attribute (i.b) is the
same as that of [CK07]. We want to emphasize that in our converse proof, properties
(i.b) and (ii) play crucial roles in single-letterizing mutual information terms. In
contrast, the converse for the deterministic IRC mentioned in Remark 6.4 can be
proven without using (i.b). As such, the semideterministic IRC can be considered
as a non-trivial generalization of the deterministic IRC of El Gamal-Costa type.

Remark 6.6. The property (iii) is based on a feature of the semideterministic
interference channel with common information [CM09]. We can interpret (6.32) as
a partially strong interference condition: Knowing XN

k , receiver k together with
relay k can deduce more information about one part of the message sent by trans-
mitter l (conveyed by T N

l ) than receiver l and relay l can, k, l ∈ {1, 2}, k 6= l.
In Appendix 6.B we show that choosing Tk to represent the common message of
transmitter k is capacity achieving. In the case when T N

k = XN
k , k ∈ {1, 2}, the

condition (6.32) is an immediate generalization of the strong interference chan-
nel [CE87]. The capacity region of the semideterministic strong IRC will be given
in Corollary 6.3.1 below.

Remark 6.7. We can easily obtain the capacity region of the semideterministic
IRC when only one transmitter causes interference to its unintended relay and
receiver, simply by setting T1 = ∅ or T2 = ∅ in Theorem 6.3.1. In a more extreme
case, when there is no interference in the channel, namely T1 = T2 = ∅, the capacity
region of the channel will reduce to the capacity region of two parallel deterministic
relay channels of the type in [CK07]:

R1 ≤ min{I(X1; Y1) + C1, I(X1; Y1, Yr1)} (6.40)

R2 ≤ min{I(X2; Y2) + C2, I(X2; Y2, Yr2)}. (6.41)

This is because in this case we are employing the capacity achieving hash-forward
coding technique [CK07] in two separate channels. The deterministic IRC in Re-
mark 6.4 does not have this property.

Next, let us consider a DM-IRC which satisfies the following conditions:
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Figure 6.3: Deterministic IRC of El Gamal-Costa type. Due to the the property that
T2 = k1(X1, Y1) and T1 = k2(X2, Y2), this channel has the same capacity region as
the channel where Yr1 = f ′

1(X1, T2) and Yr2 = f ′
2(X2, T1).

(i) Yr1 = f1(X1, Y1) and Yr2 = f2(X2, Y2) for some functions f1(·, ·) and f2(·, ·)
and,
(ii) The following conditions

I(X1; Y1, Yr1|X2, U) ≤ I(X1; Y2, Yr2|X2, U)

I(X2; Y2, Yr2|X1, U) ≤ I(X2; Y1, Yr1|X1, U)

hold for all input distributions of the form p(u, x1, x2) = p(u)p(x1|u)p(x2|u).
We call this channel the semideterministic strong IRC (SS-IRC). By the results
in [CM09,MYK05] we have the conditions in (6.32) hold. Consequently the SS-IRC
belongs to the class of the semideterministic IRC in Section 6.3.1. In particular, the
SS-IRC is the semideterministic IRC with T1 = X1 and T2 = X2. Therefore the
capacity region of the SS-IRC can be deduced from Theorem 6.3.1 as follows.

Corollary 6.3.1. The capacity region of the semideterministic strong IRC is formed
by the union of nonnegative rate pairs (R1, R2) satisfying

R1 ≤ min{I(X1; Y1|X2, Q) + C1, I(X1; Y1, Yr1|X2, Q)} (6.42)

R2 ≤ min{I(X2; Y2|X1, Q) + C2, I(X2; Y2, Yr2|X1, Q)} (6.43)

R1 + R2 ≤ min{I(X1, X2; Y1|Q) + C1, I(X1, X2; Y1, Yr1|Q)} (6.44)

R1 + R2 ≤ min{I(X1, X2; Y2|Q) + C2, I(X1, X2; Y2, Yr2|Q)}, (6.45)

over all probability distributions of the form p(q)p(x1|q)p(x2|q), with |Q| ≤ 8.
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6.3.2 Compound Semideterministic Multiple Access Relay
Channel

Recall that in the proof of achievability for the IRC in Section 6.2.2, each receiver
can decode (non-uniquely) the common message sent by the unpairing transmitter.
This motivates us to study a closely related setup, in which the message sent by a
transmitter is required to be decoded uniquely by both receivers. It turns out that
we can base the achievability for this new setup on the achievability of the IRC and
moreover, the achievability is tight, as shown in the sequel.

Consider the same physical channel as in Fig. 6.1, but each receiver is required to
decode both messages from the transmitters. We further assume that the following
relations Yr1 = f1(X1, Y1) and Yr2 = f2(X2, Y2) hold for some deterministic func-
tions f1(·, ·) and f2(·, ·). We call this channel compound semideterministic multiple
access relay channel (CS-MARC). Then we have.

Proposition 6.3.1. The capacity region of the deterministic CS-MARC is given
by the union of the nonnegative rate pairs (R1, R2) that satisfy

R1 ≤ min{I(X1; Y1|X2, Q) + C1, I(X1; Y1, Yr1|X2, Q)} (6.46)

R1 ≤ I(X1; Y2|X2, Q) (6.47)

R2 ≤ min{I(X2; Y2|X1, Q) + C2, I(X2; Y2, Yr2|X1, Q)} (6.48)

R2 ≤ I(X2; Y1|X1, Q) (6.49)

R1 + R2 ≤ min{I(X1, X2; Y1|Q) + C1, I(X1, X2; Y1, Yr1|Q)} (6.50)

R1 + R2 ≤ min{I(X1, X2; Y2|Q) + C2, I(X1, X2; Y2, Yr2|Q)} (6.51)

over all distributions of the form p(q)p(x1|q)p(x2|q), where |Q| ≤ 10.

Proof. The proof is presented in Appendix 6.C.

Remark 6.8. The CS-MARC is one of the generalizations of the primitive relay
channel studied by Cover and Kim in [CK07,Kim08]. Proposition 6.3.1 shows that
the hash-forward scheme is not only generalizable to a relay channel with multiple
primitive relays [Kim08], but also to the channel with one primitive relay and two
senders, while the output at the receiver is a function of the relay’s output and one
of the senders’ input.

By removing either Y1 and Yr1 or Y2 and Yr2 in Proposition 6.3.1 we can re-
cover the capacity region of a class of MARC with orthogonal receive components
established in [KS12].

6.4 Gaussian Interfering Relay Channels

The focus of this section is on the Gaussian IRC, depicted in Fig. 6.4. The received
signals at the receiver Rxi (denoted by Yi) and at the relay Ri (denoted by Yri),
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Figure 6.4: Gaussian interfering relay channels.

i ∈ {1, 2}, are given by

Y1 = h11X1 + h21X2 + Z1, (6.52)

Y2 = h12X1 + h22X2 + Z2, (6.53)

Yr1 = h1rX1 + h2cX2 + Zr1, (6.54)

Yr2 = h1cX1 + h2rX2 + Zr2. (6.55)

The noise processes Zi’s are independent and identically distributed ∼ N (0, 1), i ∈
{1, 2, r1, r2}. Without loss of generality we assume an average unit power constraint
at each transmitter, namely 1

n

∑n
i=1 |xi|2 ≤ 1, where n is the block length. For

simplicity we only consider real-valued channel gains and input/output symbols,
and assume that channel gains are known to all nodes in the network. For the
convenience of notation, we define the following quantities, which will be used
extensively hereafter:

SNR1 = h2
11, INR1 = h2

21, SNRr1 = h2
1r, INRr1 = h2

2c,

SNR2 = h2
22, INR2 = h2

12, SNRr2 = h2
2r, INRr2 = h2

1c,

η2
1 =

∣

∣

∣

∣

1− h1rh21

h2ch11

∣

∣

∣

∣

2

, η2
2 =

∣

∣

∣

∣

1− h2rh12

h1ch22

∣

∣

∣

∣

2

.

6.4.1 An Outer Bound to The Capacity Region

In the following we present an outer bound to the capacity region of the Gaussian
IRC.
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Theorem 6.4.1. The following set of nonnegative rate pairs (R1, R2) forms an
outer bound to the capacity region of the Gaussian IRC:

R1 ≤ min{C(SNR1) + C1, C(SNR1 + SNRr1)} (6.56)

R2 ≤ min{C(SNR2) + C2, C(SNR2 + SNRr2)} (6.57)

R1 + R2 ≤ C(SNR1 + INR1) + C
(

SNR2

1+INR1

)

+ C1 + C2 (6.58)

R1 + R2 ≤ C(SNR2 + INR2) + C
(

SNR1

1+INR2

)

+ C1 + C2 (6.59)

R1 + R2 ≤ C
(

INR1 + SNR1

1+INR2

)

+ C
(

INR2 + SNR2

1+INR1

)

+ C1 + C2 (6.60)

2R1 + R2 ≤ C(SNR1 + INR1) + C
(

INR2 + SNR2

1+INR1

)

+ C
(

SNR1

1+INR2

)

+ 2C1 + C2

(6.61)

R1 + R2 ≤ C
(

SNR1+SNRr1

1+INR2+INRr2

)

+ C(INR2 + SNRr2 + INRr2 + SNR2(1 + η2
2 INRr2))

(6.62)

R1 + R2 ≤ C
(

SNR2+SNRr2

1+INR1+INRr1

)

+ C(INR1 + SNRr1 + INRr1 + SNR1(1 + η2
1 INRr1))

(6.63)

R1 + R2 ≤ C
(

INR1 + INRr1 +
SNRr1+SNR1(1+η2

1 INRr1)
1+INR2+INRr2

)

+ C
(

INR2 + INRr2 +
SNRr2+SNR2(1+η2

2 INRr2)
1+INR1+INRr1

)

(6.64)

2R1 + R2 ≤ C
(

SNR1+SNRr1

1+INR2+INRr2

)

+ C
(

INR2 + INRr2 +
SNRr2+SNR2(1+η2

2 INRr2)
1+INR1+INRr1

)

+ C(INR1 + SNRr1 + INRr1 + SNR1(1 + η2
1 INRr1)) (6.65)

R1 + R2 ≤ C(SNR2(1 + η2
2 INRr2) + SNRr2 + INR2 + INRr2)

+ C
(

SNR1

1+INR2+INRr2

)

+ C1 (6.66)

R1 + R2 ≤ C
(

SNR2+SNRr2

1+INR1

)

+ C(SNR1 + INR1) + C1 (6.67)

R1 + R2 ≤ C
(

INR2 + INRr2 +
SNR2(1+η2

2 INRr2)+SNRr2

1+INR1

)

+ C
(

INR1 + SNR1

1+INR2+INRr2

)

+ C1 (6.68)

2R1 + R2 ≤ C(SNR1 + INR1) + C
(

SNR1

1+INR2+INRr2

)

+ C
(

INR2 + INRr2 +
SNR2(1+η2

2 INRr2)+SNRr2

1+INR1

)

+ 2C1 (6.69)

R1 + R2 ≤ C(SNR1(1 + η2
1 INRr1) + SNRr1 + INR1 + INRr1)

+ C
(

SNR2

1+INR1+INRr1

)

+ C2 (6.70)

R1 + R2 ≤ C(SNR2 + INR2) + C
(

SNR1+SNRr1

1+INR2

)

+ C2 (6.71)
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R1 + R2 ≤ C
(

INR1 + INRr1 +
SNR1(1+η2

1 INRr1)+SNRr1

1+INR2

)

+ C
(

INR2 + SNR2

1+INR1+INRr1

)

+ C2 (6.72)

2R1 + R2 ≤ C(SNR1(1 + η2
1 INRr1) + SNRr1 + INR1 + INRr1)

+ C
(

INR2 + SNR2

1+INR1+INRr1

)

+ C
(

SNR1+SNRr1

1+INR2

)

+ C2 (6.73)

2R1 + R2 ≤ C
(

SNR1+SNRr1

1+INR2

)

+ C(SNR1 + INR1) + C
(

INR2 + SNR2

1+INR1

)

+ C1 + C2

(6.74)

2R1 + R2 ≤ C
(

SNR1+SNRr1

1+INR2

)

+ C(SNR1 + INR1)

+ C
(

INR2 + INRr2 +
SNR2(1+η2

2 INRr2)+SNRr2

1+INR1

)

+ C1, (6.75)

together with 6 constraints on R1 + 2R2 obtained by exchanging indices 1 ↔ 2 in
the 6 constraints on 2R1 + R2.

Remark 6.9. By setting INRr1 = SNRr2 and INRr2 = SNRr1, which, in SNR and
INR sense, is similar to letting the two relays in Fig. 6.4 coincide, the above outer
bound reduces to the outer bound for the IC with one degraded broadcasting relay
in [ZY13].

Sketch of proof of the outer bound. The bounds are proven by first giving different
types of side information to the decoders (genie-aided bounds). We then leverage the
outer bounds for the multiple input multiple output IC (MIMO IC) established by
Telatar and Tse in [TT07], and the outer bound for the Gaussian MIMO IC [KV13]
(which is equivalent to [TT07] for the current channel) for the ease of calculation.
In fact, the outer bound in Theorem 6.4.1 is the intersection of 7 regions, each of
which corresponds to a group of constraints whose interpretations and outline of
proofs are given below. The detailed proofs are given in Appendix 6.D.

• Group 1: The bounds on individual rates in (6.56) and (6.57) are cut-set
bounds.

• Group 2: The bounds in (6.58)–(6.61) are obtained by first upper bounding the
sum-capacity gain due to the relays by C1 +C2. The remaining part is derived
by optimizing the bounds established in [TT07] or directly applying [KV13,
Lemma 1].

• Group 3: The bounds in (6.62)–(6.65) are genie-aided bounds. First we give
Y n

ri to decoder i, i ∈ {1, 2}, to turn the channel into a single input multiple
output (SIMO) IC with two antennas at each receiver. Then we apply the
bounds for MIMO IC in [TT07,KV13].

• Group 4: The bounds in (6.66)–(6.69) are genie-aided bounds. We upper
bound the sum-capacity gain due to relay R1 by C1 and give Yr2 to decoder
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2 to turn the channel into a SIMO IC. Then we apply the bounds for MIMO
IC in [TT07,KV13].

• Group 5: The bounds in (6.70)–(6.73) are similarly derived as the bounds in
Group 4, by symmetry.

• Group 6: The bound in (6.74): A genie gives (Y n
r1, Sn

1 , Xn
2 ) to one of the

two decoders 1, and give Sn
2 to decoder 2, where Sn

1 = h12Xn
1 + Zn

2 , Sn
2 =

h21Xn
2 +Zn

1 . We also bound the sum-capacity gain due to the relays by C1+C2.
The rest follows from the facts that conditioning does not increase entropy,
the chain rule, and that Gaussian distribution maximizes differential entropy
and conditional differential entropy subject to covariance constraint.

• Group 7: The bound in (6.75): A genie gives (Y n
r1, Sn

1 , Xn
2 ) to one of the two

decoders 1, and gives (Y n
r2, Sn

2 ) to decoder 2. We also bound the sum-capacity
gain due to one of the relays R1’s by C1.

6.4.2 Achievability

We can extend the inner bound for the DM-IRC in Theorem 6.2.1 to obtain an inner
bound for the Gaussian channel. Specifically, we choose the following method to
generate codebooks: First we set Q = const. Transmitter i, i ∈ {1, 2}, generates su-
perposition Gaussian codebooks Xn

ic(mic) and Xn
i (mic, mip) with Xic ∼ N (0, Pic)

and Xi = Xic + Xip, Xip ∼ N (0, Pip) and independent of Xic, Pip + Pic = Pi = 1.
The random variable used to generate the quantization codebook at relay Ri is
specified by: Ŷri = Yri + Zqi where Zqi ∼ N (0, ∆i), independent of everything else;
Yri is given in (6.54) or (6.55). The quantization distortion ∆i will be specified later,
depending on which interference regime the channel belongs to. We also define the
following quantities:

SNR1p = h2
11P1p, SNR2p = h2

22P2p, (6.76)

INR1p = h2
21P2p, INR2p = h2

12P1p, (6.77)

SNRr1p = h2
1rP1p, SNRr2p= h2

2rP2p, (6.78)

INRr1p = h2
2cP2p, INRr2p = h2

1cP1p. (6.79)

As demonstrated in [WT11a], the key parameters that determine the tightness
of the inner bound for the Gaussian IC with limited receiver cooperation are: (i)
power allocation for common and private messages at each transmitter, and (ii)
quantization distortion at each relay. Reference [WT11a] shows that the power al-
location rule of [ETW08] together with a new rule for designing the quantization
distortion achieve the capacity region within a constant gap. In the remaining sub-
sections of the current section, we will show the approximate optimality of such
rules for some classes of Gaussian IRC. Especially, the results in Subsection 6.4.6
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are obtained from the insight gained from the proof of the general achievability
in Theorem 6.2.1. Before that, in the next subsection we will show that a slightly
different method for allocating power achieves a bounded gap to the capacity region
of the Gaussian IRC under a mild condition.

6.4.3 Capacity Region Within a Bounded Gap

As mentioned in Remark 6.3, our achievable scheme parallels the one-round con-
ferencing scheme for the IC with conferencing decoders [WT11a]. Recall that in
[WT11a] it was shown that a two-round conferencing scheme is necessary to achieve
the capacity region within a constant number of bits, universally over the ensem-
ble of channels, in the weak and mixed interference regimes. Therefore, one should
expect that the achievability in Theorem 6.2.1 fails to attain a constant gap to the
capacity region in the weak and mixed interference regimes, universally over the
ensemble of the IRC. In this subsection, we instead look for a power allocation and
quantization scheme that can guarantee a gap that is constant for a given channel
and that can be bounded over all channels. In later subsections we will present
stronger results, similar to that in [WT11a], for certain interference regimes.

To begin with, instead of directly applying the power allocation and quantiza-
tion scheme of [WT11a], we use a similar strategy as in [ZY13], i.e., we fix the power
allocation and optimize the quantization distortion at each relay. Specifically, fol-
lowing the insight of [ETW08] and [WT11a], each transmitter allocates power to its
private message such that the corresponding interference induced at the unintended
receiver is below the noise level, i.e.,

P1p = min
{

1, 1/h2
12

}

, P2p = min
{

1, 1/h2
21

}

. (6.80)

∆i, i ∈ {1, 2}, is optimized accordingly to minimize the gap between inner and
outer bounds.

With the above choice of power allocation we have the following bounded-gap
result.

Theorem 6.4.2 (Bounded gap to the capacity region). For a given Gaussian IRC
satisfying

θ := max

{ |h1c|2
|h12|2

,
|h2c|2
|h21|2

}

<∞, (6.81)

the inner bound in Theorem 6.2.1, when extended to the Gaussian channel and
with the power allocation specified in (6.80), is within a bounded gap of the capacity
region. The gap is given by

δR = log
(

2 +
1

2
(θ +

√

θ2 + 16θ + 16)
)

bits, (6.82)

and is obtained with quantization distortion ∆1 = ∆2 = 1
4 (
√

θ2 + 16θ + 16− θ) at
both relays.
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Proof. See Appendix 6.E.

For a given channel, the established gap is a constant. The astute reader may
notice that this gap is similar to the gap derived in [ZY13, Theorem 3] for the
IC with a degraded broadcast relaying. However, our gap depends only on how
much interference each transmitter causes to the neighboring relay channel (via
parameter θ), not on the channel gain between the transmitter and its intended
relay. We emphasize that this is in contrast to [ZY13] where each interference-relay
link carries both desired signal (with respect to one receiver) and interference (with
respect to the other receiver).

Remark 6.10. This bounded gap result allows us to use the outer bound in The-
orem 6.4.1 to study the generalized degrees of freedom behavior of the channel, as
done in [WT11a,ZY13,CS12], although the definition and analysis are expected to
be more involved due to the more complex structure of the channel. However we
will only focus on non-asymptotic analysis in this work.

Remark 6.11. In [WT11a] the capacity region of the IC with conferencing re-
ceivers is characterized to within 2 bits for the complex-valued channel in the weak
interference regime. The achievable scheme is a two-round conferencing protocol.
In our channel model, however, the receivers do not talk to each other, therefore
the two-round protocol is not feasible. Accordingly the quantize-bin-forward scheme
does not guarantee a constant gap in the weak interference regime. This shows the
advantage of having receiver conferencing compared with having dedicated relays in
interference networks. For strong interference regime, however, we are able to show
that the quantize-bin-forward scheme is still optimal to within a constant gap, as
shown next.

6.4.4 Capacity Region Within 1/2 Bit For Strong Interference

Let us focus on a class of Gaussian IRC in the strong interference regime. Recall
that for the DM-IRC with strong interference in Section 6.3 we had the following
conditions:

I(X1; Y1, Yr1|X2) ≤ I(X1; Y2|X2)

I(X2; Y2, Yr2|X1) ≤ I(X2; Y1|X1).

We now consider the Gaussian counterpart. The Gaussian IRC is said to be in the
strong interference regime if

SNR1 + SNRr1 ≤ INR2

SNR2 + SNRr2 ≤ INR1.

LetRi
S−IRC denote the achievable region obtained by: specializing the general inner

bound in Theorem 6.2.1 to the Gaussian IRC, as specified in Section 6.4.2; setting
the whole message at each transmitter to be the common message, and setting the
quantization distortion at each relay to be 1. Then we have the following results.
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Proposition 6.4.1. Ri
S−IRC is within 1/2 bit to the capacity region of the Gaus-

sian IRC with strong interference.

Proof. The proof consists of deriving Ri
S−IRC and comparing it with the outer

bound in Theorem 6.4.1. Details are in Appendix 6.F.

6.4.5 Capacity Region Within 1/2 Bit for the Compound
Multiple Access Relay Channel

As can be seen in Section 6.3.2, the discrete memoryless compound MARC and the
discrete memoryless IRC with strong interference have a close relation. We are draw-
ing the same analogy here for the Gaussian channels. Consider the same physical
channel as the Gaussian IRC but each decoder is required to recover both messages.
We call this model the compound multiple access relay channel (C-MARC). Using
the cut-set bound we can establish the following outer bound to the capacity region
of the Gaussian C-MARC.

Lemma 6.1 (Outer Bound for the Gaussian C-MARC). The capacity region of
the Gaussian C-MARC is contained in the region Ro

C−MARC defined as the set of
nonnegative rate pairs (R1, R2) satisfying

R1 ≤ min{C(SNR1) + C1, C(SNR1 + SNRr1)} (6.83)

R1 ≤ min{C(INR2) + C2, C(INR2 + INRr2)} (6.84)

R2 ≤ min{C(SNR2) + C2, C(SNR2 + SNRr2)} (6.85)

R2 ≤ min{C(INR1) + C1, C(INR1 + INRr1)} (6.86)

R1 + R2 ≤ C(SNR1 + INR1) + C1 (6.87)

R1 + R2 ≤ C(SNR2 + INR2) + C2 (6.88)

R1 + R2 ≤ C(SNR1 + INR1 + SNRr1 + INRr1 + SNR1INR1η2
1) (6.89)

R1 + R2 ≤ C(SNR2 + INR2 + SNRr2 + INRr2 + SNR2INR2η2
2). (6.90)

We can derive an inner bound Ri
C−MARC for the Gaussian C-MARC from

Theorem 6.2.1 by assigning the whole message at each transmitter as the common
message and then follow the procedure in Section 6.4.2. ComparingRi

C−MARC with
Ro

C−MARC yields the following constant-gap result.

Proposition 6.4.2. The inner bound Ri
C−MARC for the Gaussian C-MARC is

within 1/2 bit of the capacity region of the channel.

Proof. See Appendix 6.G.

6.4.6 Capacity Region Within log(7) Bits for IRC With
High-Capacity Relay-Receiver Links

As we noted in Remark 6.2 in Section 6.2, each constraint in (6.24)–(6.31) is the
minimum of two terms. The second term corresponds to the situation when the
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noiseless link has a high enough rate to describe the quantization codeword precisely
to the receiver. This invokes a question of whether the coding strategy can guarantee
a constant gap to the capacity region of the Gaussian channel in such a situation.
The answer is positive, as will be shown next.

Definition 6.1 (IRC with high-capacity relay-receiver links). Consider the Gaus-
sian IRC as in Fig. 6.4, the channel is said to have high-capacity relay-receiver links
if the following conditions are satisfied:

C1 ≥
1

2
log





2(SNRr1+INRr1+SNR1INRr1η2
1)(1+INR1+INRr1)

+2(4+4INR1+6INRr1)(1+SNR1+INR1)

(4 + 4INR1 + 7INRr1)(1 + SNR1 + INR1)



 (6.91)

C2 ≥
1

2
log





2(SNRr2+INRr2+SNR2INRr2η2
2)(1+INR2+INRr2)

+2(4+4INR1+6INRr2)(1+SNR2+INR2)

(4 + 4INR2 + 7INRr2)(1 + SNR2 + INR2)



 . (6.92)

Proposition 6.4.3. For the Gaussian IRC with high-capacity relay-receiver links
the quantize-bin-forward scheme can achieve the capacity region within log(7) bits.

Proof. The detailed proof is given in Appendix 6.H. The proof also includes the
derivation of the high-capacity relay-receiver links condition as stated in Defini-
tion 6.1. The key elements of the proof are as follows:

• Choosing a quantization distortion at each relay such that the rate loss terms
ξ1, ξ2 are bounded so that one can characterize the conditions on C1, C2 for
the second terms in the min in the RHS of (6.24)–(6.31) to be active.

• Choosing the suitable outer bounds among the ones in Theorem 6.4.1.

• Choosing a proper power allocation scheme at the transmitters such that
the resulting achievable rates are within constant gaps to the corresponding
chosen outer bounds.

Note that in order to achieve the above goals we use the following intuition: In the
regime we are considering, we can think of receiver Rxi and relay Ri collectively as
a single receiver with output (Yi, Ŷri) for the inner bound and output (Yi, Yri) for
the outer bound.

6.4.7 Sum-capacity Within 1 Bit in the Weak
Interference-Relay Regime

In Section 6.4.4 we have seen that when the interference is strong, it is nearly
optimal to set the whole message at each transmitter to be common. A relevant
question is: When is it optimal or nearly optimal to treat interference as noise? In
this section we characterize the conditions under which one can achieve to within 1
bit of the sum-capacity of the Gaussian IRC by treating interference as noise, i.e.,
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by setting the whole message at each transmitter to be private. First, we need two
lemmas, whose proofs are both given in Appendix 6.I.

Lemma 6.2. For the Gaussian IRC, if

C1 ≤
1

2
log

(

1 +
1 + INR1 + INRr1 + SNRr1 + SNR1(1 + INRr1η2

1)

(1 + INRr1)(1 + SNR1 + INR1)

)

, (6.93a)

C2 ≤
1

2
log

(

1 +
1 + INR2 + INRr2 + SNRr2 + SNR2(1 + INRr2η2

2)

(1 + INRr2)(1 + SNR2 + INR2)

)

, (6.93b)

then the sum-capacity is lower bounded by

Cw
lb =

1

2
log

(

1 +
SNR1

1 + INR1

)

+

(

C1 −
1

2
log

(

1 +
1

1 + INRr1

(

1 +
INRr1

1 + INR1

)))+

+
1

2
log

(

1 +
SNR2

1 + INR2

)

+

(

C2 −
1

2
log

(

1 +
1

1 + INRr2

(

1 +
INRr2

1 + INR2

)))+

.

(6.94)

Further, Cw
lb is achieved by treating interference as noise at each decoder.

The next lemma establishes an upper bound on the sum-rate.

Lemma 6.3. For the Gaussian IRC that satisfies
√

INR1

SNR2
(1 + INR2) +

√

INR2

SNR1
(1 + INR1) ≤ 1, (6.95)

the sum-capacity is upper bounded by

Cw
ub =

1

2
log

(

1 +
SNR1

1 + INR1

)

+
1

2
log

(

1 +
SNR2

1 + INR2

)

+ C1 + C2. (6.96)

The above two lemmas lead us to the main result.

Proposition 6.4.4 (Sum-capacity within 1 bit). For the Gaussian IRC satisfy-
ing (6.93) and (6.95), called the weak interference-relay regime, the sum-capacity
Cw

sum is bounded by
Cw

ub − 1 ≤ Cw
sum ≤ Cw

ub, (6.97)

where Cw
ub is given in (6.96).

Proof. The proof follows directly from Lemma 6.2 and Lemma 6.3 and the fact that

1

2
log

(

1 +
1

1 + INRr1

(

1 +
INRr1

1 + INR1

))

≤ 1

2

1

2
log

(

1 +
1

1 + INRr2

(

1 +
INRr2

1 + INR2

))

≤ 1

2
.
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Figure 6.5: Sum-capacity upper and lower bounds in the weak interference-relay
regime.

Our characterization of the weak interference-relay regime can be considered as a
generalization of the one corresponding to the low-interference of noisy-interference
regime of the Gaussian IC [SKC09, MK09, AV09]. In particular, in the extreme
case of C1 = C2 = 0 the lower and upper bounds in (6.94) and (6.96) meet, and
therefore we recover the exact sum-capacity of the Gaussian interference channel in
the low-interference regime, established in [SKC09,MK09,AV09]. Proposition 6.4.4
shows that when the interference is weak and the capacities of the noiseless links
are limited, a very simple coding scheme, where each relay quantizes the received
signal and sends the bin index and each decoder treats the unintended signal as
noise, is approximately sum-capacity optimal. This is a reasonable setup in multicell
communication where the interference from the neighboring base stations is weak
and the intra-cell backhaul link between a pico base station and the macro base
station is capacity-limited.

Fig. 6.5 shows numerical examples for a Gaussian IRC under weak interference-
relay condition. The plots use the following channel parameters

(h11, h22, h12, h21, h1r, h2r, h1c, h2c) = α · (200, 150, 1, 1, 350, 330, 0.05, 0.05),

where α is a parameter called the channel scaling factor. We plot the achievable
sum-rate in (6.94), the sum-rate upper bound in (6.96) for different values of α and
C1, C2 that satisfy the conditions (6.93) and (6.95). We also plot the sum-capacity
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of the IC without relays. As expected, one can see that the gap between the sum-
rate upper bound and the lower bound (achievable sum-rate) is always less than
one bit for each fixed (C1, C2). When C1 and C2 decrease, the two bounds move
closer to the sum-capacity without relay. When C1 = C2 = 0 they both coincide
with the sum-capacity of the IC without relay.

6.5 Chapter Conclusion

We propose and study an important setup which covers relevant practical scenar-
ios such as the heterogenous wireless access networks. A general inner bound and
multiple outer bounds are derived and shown to be tight or approximately tight
for different classes of channels. The results generalize and unify the capacity re-
sults for a number of relay and interference channels. The obtained results improve
the understanding of the optimality of the hash-forward scheme and its extension,
when combined with the rate-splitting technique, for certain relay networks with
interference. This also suggests that the same type of schemes can be optimal for
more general multiple-unicast networks. Beside theoretical values, the results in this
chapter have a good engineering implication because the proposed coding scheme
can be implemented without requiring intermediate nodes in the network to decode
the messages.
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Appendices for Chapter 6

6.A Proof of Theorem 6.2.1

Codebook generation. Each message mk is split into a common part mkc and a
private part mkp: mk = (mkc, mkp), mkc ∈ [1 : 2nRkc ], mkp ∈ [1 : 2nRkp ].
Codebook for transmitter k, k ∈ {1, 2}: Randomly and independently generate 2nRkc

codewords xn
kc(mkc), each according to

∏n
i=1 pXkc

(xkci(mkc)). For each xn
kc(mkc),

randomly and conditionally independently generate 2nRkp codewords xn
k (mkc, mkp),

each according to
∏n

i=1 pXk|Xkc
(xki|xkci(mkc)).

Codebook for relay k, k ∈ {1, 2}: Independently generate 2nR̂k quantization code-
words ŷn

rk, each according to the distribution
∏n

i=1 pŶrk
(ŷrki), where the marginal

distribution pŶrk
is obtained by the marginalization of (6.12). Uniformly partition

the quantization codewords into 2nCk bins.

Encoding. Transmitter k sends out a codeword xn
k corresponding to its message

index mk = (mkc, mkp). Relay k chooses a quantization codeword ŷn
rk which is

jointly typical with its received sequence yn
rk, and then sends out the bin index lk

corresponding to the chosen quantization codeword, i.e., lk = B(ŷn
rk), where B(·)

is the binning function.

Decoding. We describe the decoding at receiver Rx1. Decoder 1 looks for a unique
index pair (m1c, m1p) such that

(xn
1 (m1c, m1p), xn

1c(m1c), xn
2c(m2c), ŷn

r1, yn
1 ) ∈ T (n)

ǫ (6.98)

for some m2c ∈ [1 : 2nR2c ] and some ŷn
r1 with B(ŷn

r1) = l, where l is the bin index
received via the noiseless link from relay 1. If such a unique pair (m1c, m1p) is found,
the decoder declares it as the transmitted codeword, otherwise it declares an error.

Error analysis. We will do analysis for the receiver 1, the analysis for the receiver
2 follows immediately by symmetry. In the following we use m to denote a message
triple (m1c, m1p, m2c) and xn(m) to denote the corresponding codeword triple. 1
denotes a vector whose entries are 1’s, with appropriate length.

Without loss of generality, assume that (m1c, m1p, m2c) = (1, 1, 1), i.e., m = 1,
was sent.

By the covering lemma [EK11, Lemma 3.3], the encoding at the relay suc-
ceeds with high probability if R̂1 ≥ I(Yr1; Ŷr1). By the conditional typicality
lemma [EK11, Sec. 2.5], the transmitted codeword, the truly selected quantiza-
tion codeword, and the received sequence are jointly typical as n → ∞. Let K
denote the index of the truly chosen quantization codeword by the relay 1, and L
denotes its bin index. The decoding error happens if at least of the following two
events occurs: (i) There exist wrong codewords of the transmitters and wrong quan-
tization codewords of relay 1 that pass the joint typicality check (6.98); (ii) There
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exist wrong codewords of the transmitters and correct quantization codewords of
relay 1 that pass the joint typicality check (6.98). Hence, we define the following
events:
E1 :=

{

∃ (m1c, m1p) 6= (1, 1), m2c ∈ [1 : 2nR2c ] and ∃ ŷn
r1(k), k ∈ [1 : 2nR̂1 ], k 6= K

such that B(ŷn
r1(k)) = L and the corresponding sequences are jointly typical with

yn
1 , as specified in (6.98).

}

E2 :=
{

∃ (m1c, m1p) 6= (1, 1), m2c ∈ [1 : 2nR2c ] such that the corresponding se-
quences and ŷn

r1(K) are jointly typical with yn
1 , as specified in (6.98).

}

Conditioned on the successful encoding at the relay, the decoding error at the de-
coder 1 can be bounded by:

Pe1 ≤ P(E1) + P(E2). (6.99)

Next we bound P(E1) and P(E2).

Bounding P(E1). First note that the decoder 1 is not required to decode m2c cor-
rectly. Hence, following the same argument as in [CMGE08] we have

P(E1) ≤
∑

S

P(E1(S)), (6.100)

where P(E1(S)) is defined and bounded in the sequel with index set

S ∈ {{1p}, {1c, 1p}, {1p, 2c}, {1c, 1p, 2c}}.

We also define S̃ := {1c, 1p, 2c} \ S. Further, let mS denote the messages whose
indices are given by S, and RS =

∑

i∈S Ri.

P(E1(S)) :=
∑

m:m
S

6=1,m
S̃

=1

∑

k 6=K

P
{

(Xn(m), Ŷ n
r1(k), Y n

1 ) ∈ T (n)
ǫ , B(Ŷ n

r1(k)) = L
}

(a)
= 2−nC1

∑

m:m
S

6=1,m
S̃

=1

∑

k 6=K

P
{

(Xn(m), Ŷ n
r1(k), Y n

1 ) ∈ T (n)
ǫ

}

≤ 2−nC12nRS

∑

k 6=K

P
{

(Xn(m), Ŷ n
r1(k), Y n

1 ) ∈ T (n)
ǫ

}

, (6.101)

where (a) follows due to the uniform binning. As an example, let us consider the
case S = {1p, 2c}. For this case we have

∑

k 6=K

P
{

(Xn(m), Ŷ n
r1(k), Y n

1 ) ∈ T (n)
ǫ

}

=
∑

k 6=K

P
{

(Xn
1c(1), Xn

1 (1, m1p), Xn
2c, Ŷ n

r1(k), Y n
1 ) ∈ T (n)

ǫ

}

=
∑

k 6=K

∑

(xn
1c

,xn
1 ,xn

2c
,ŷn

r1,yn
1 )∈T

(n)
ǫ

p(xn
1c, xn

1 , xn
2c, ŷn

r1, yn
1 )
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(a)

≤ 2nR̂1

∑

(xn
1c

,yn
1 )∈T

(n)
ǫ

p(xn
1c, yn

1 )
∑

xn
1 ∈T

(n)
ǫ (X1|xn

1c
,yn

1 )

p(xn
1 |xn

1c)

·
∑

xn
2c

∈T
(n)

ǫ (X2c|xn
1c

,xn
1 ,yn

1 )

p(xn
2c)

∑

ŷn
r1∈T

(n)
ǫ (Ŷr1|xn

1c
,xn

1 ,xn
2c

,yn
1 )

p(ŷn
r1)

(b)

≤ 2nR̂1

∑

(xn
1c

,yn
1 )∈T

(n)
ǫ

p(xn
1c, yn

1 )2−n(I(X1,X2c;Y1|X1c)+I(Ŷr1;X1,X2c,Y1)−δ(ǫ))

≤ 2nR̂1 2−n(I(X1,X2c;Y1|X1c)+I(Ŷr1;X1,X2c,Y1)−δ(ǫ)), (6.102)

where δ(ǫ)→ 0 as n→∞. (a) follows due to the fact that Ŷ n
r1(k) and Xn

2c(m2c) are
independent of (Xn

1c, Y n
1 ) for k 6= K and m2c 6= 1; (b) follows from the properties

of jointly typical sequences [EK11, Sec. 2.5]. Substitute (6.102) back to (6.101) we
conclude that for S = {1p, 2c}, P(E1(S))→ 0 as n→∞ if

R1p + R2c < I(X1, X2c; Y1|X1c) + I(Ŷr1; X1, X2c, Y1) + C1 − R̂1. (6.103)

On the other hand, we can also bound P(E1(S)) as follows:

P(E1(S)) =
∑

m:m
S

6=1,m
S̃

=1

∑

k 6=K

P
{

(Xn(m), Ŷ n
r1(k), Y n

1 ) ∈ T (n)
ǫ , B(Ŷ n

r1(k)) = L
}

≤
∑

m:m
S

6=1,m
S̃

=1

P
{

(Xn(m), Y n
1 ) ∈ T (n)

ǫ

}

· P
{

∃ k 6= K, B(Ŷ n
r1(k)) = L,

(

Xn(m), Ŷ n
r1, Y n

1

)

∈ T (n)
ǫ

∣

∣

∣(Xn(m), Y n
1 )∈ T (n)

ǫ

}

≤ 2nRS P
{

(Xn(m), Y n
1 ) ∈ T (n)

ǫ

}

. (6.104)

Similar to the derivation of (6.102) we can bound the probability in (6.104) and
show that for S = {1p, 2c}, P(E1(S))→ 0 as n→∞ if

R1p + R2c < I(X1, X2c; Y1|X1c). (6.105)

Combining (6.103) and (6.105) we conclude that for S = {1p, 2c}, P(E1(S))→ 0 as
n→∞ if

R1p + R2c < I(X1, X2c; Y1|X1c) + (I(Ŷr1; X1, X2c, Y1) + C1 − R̂1)+

(a)
= I(X1, X2c; Y1|X1c) + (C1 − I(Ŷr1; Yr1|X1, X2c, Y1))+

= I(X1, X2c; Y1|X1c) + (C1 − ξ1)+, (6.106)

where (a) follows from R̂1 ≥ I(Yr1; Ŷr1) and the Markov chain

Ŷr1 − Yr1 − (X1, X1c, X2c, Y1).
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Bounding P(E2). Similar to (6.100) we have

P(E2) ≤
∑

S

P(E2(S))

where

P(E2(S)) :=
∑

m:m
S

6=1,m
S̃

=1

P
{

(Xn(m), Ŷ n
r1(K), Y n

1 ) ∈ T (n)
ǫ

}

.

Notice that in this case the quantization codeword is the true one chosen by the
relay. Hence, to bound P(E2(S))’s we can consider (Y n

1 , Ŷ n
r1) as a single channel

output sequence. The bounds then follow directly from the properties of the jointly
typical sequences [EK11, Sec. 2.5]. In particular, for S = {1p, 2c}, P(E2(S))→ 0 as
n→∞ if

R1p + R2c < I(X1, X2c; Y1, Ŷr1|X1c). (6.107)

Combining (6.106) and (6.107) we have: For S = {1p, 2c}, P(E1(S)) → 0 and
P(E2(S))→ 0 as n→∞ if (6.25) is satisfied. Applying the same analysis for other
S ∈ {{1p}, {1c, 1p}, {1p, 2c}, {1c, 1p, 2c}}, we conclude that P(E1) and P(E2), and
therefore Pe1 in (6.99) vanishes as n → ∞ if the constraints in (6.24)–(6.27) are
satisfied.

6.B Proof of Theorem 6.3.1

6.B.1 Achievability

Since Tk = tk(Xk), k ∈ {1, 2}, we can choose Xkc = Tk in the general inner bound
in Theorem 6.2.1. Furthermore, we set Ŷrk = Yrk, i.e., we only do hash-forward.
Using the properties of the channel we have:

a1 = I(X1; Y1|T1, T2, Q)

a′
1 = I(X1; Y1, Yr1|T1, T2, Q)

b1 = I(X1, T2; Y1|T1, Q)

b′
1 = I(X1, T2; Y1, Yr1|T1, Q)

c1 = I(X1; Y1|T2, Q)

c′
1 = I(X1; Y1, Yr1|T2, Q)

d1 = I(X1, T2; Y1|Q)

d′
1 = I(X1, T2; Y1, Yr1|Q)

ξ1 = I(Yr1; Yr1|X1, T2, Y1, Q)

(a)
= 0,



146 Interfering Relay Channels

where (a) follows because Yr1 is a function of (X1, Y1). By symmetry we easily obtain
a2, a′

2, b2, b′
2, c2, c′

2, d2, d′
2, ξ2. Substituting the above quantities into the inner bound

in Theorem 6.2.1 we obtain an inner bound for the semideterministic IRC, which
consists of the inequalities in Theorem 6.3.1 plus the following two inequalities,
emanating from (6.14) and (6.16):

R1 < min{I(X1; Y1|T1, T2, Q) + C1, I(X1; Y1, Yr1|T1, T2, Q)}
+ min{I(X2, T1; Y2|T2, Q) + C2, I(X2, T1; Y2, Yr2|T2, Q)} (6.108)

R2 < min{I(X2; Y2|T1, T2, Q) + C2, I(X2; Y2, Yr2|T1, T2, Q)}
+ min{I(X1, T2; Y1|T1, Q) + C1, I(X1, T2; Y1, Yr1|T1, Q)}. (6.109)

In the sequel we prove the redundancy of (6.108) and (6.109). First note that,

I(T2; Y2, Yr2|X1, Q) = H(T2|X1, Q)−H(T2|Y2, Yr2, X1, Q)

(a)
= H(T2|Q)−H(T2|Y2, Yr2, X1, T1, Q)

≥ H(T2|T1, Q)−H(T2|Y2, Yr2, T1, Q)

= I(T2; Y2, Yr2|T1, Q), (6.110)

where (a) follows because T1 is a function of X1, and X1 is independent of T2 given
Q. By symmetry we have

I(T1; Y1, Yr1|X2, Q) ≥ I(T1; Y1, Yr1|T2, Q). (6.111)

Next, we have

min{I(X2, T1; Y2|T2, Q) + C2,I(X2, T1; Y2, Yr2|T2, Q)}
≥ I(X2, T1; Y2|T2, Q)

≥ I(T1; Y2|X2, T2, Q)

(c)
= I(T1; Y2|X2, Q)

(d)
= I(T1; Y2, Yr2|X2, Q)

(e)

≥ I(T1; Y1, Yr1|X2, Q)

(f)

≥ I(T1; Y1, Yr1|T2, Q), (6.112)

where:

• (c) is because T2 is a function of X2, and Y2 depends only on (X2, T1);

• (d) is because Yr2 = f2(X2, Y2);

• (e) is due to (6.32a) with N = 1, W = Q;

• (f) is due to (6.111).
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Inserting (6.112) into the right hand side (RHS) of (6.108) gives:

RHS of (6.108) ≥ min{I(X1; Y1|T1, T2, Q) + C1, I(X1; Y1, Yr1|T1, T2, Q)}
+ I(T1; Y1, Yr1|T2, Q)

≥ min{I(X1; Y1|T2, Q) + C1, I(X1; Y1, Yr1|T2, Q)}
= RHS of (6.33).

Therefore (6.108) is redundant. By symmetry (6.109) is redundant.

6.B.2 Converse

Before upperbounding the achievable rates we will prove some useful inequalities.
Consider a sequence of (2nR1 , 2nR2 , n) codes with vanishing error probability. Note
that since the messages M1 and M2 are independent, Xn

k (Mk) is independent of
Xn

l (Ml) and T n
l , k, l ∈ {1, 2}, k 6= l. Hence we have

I(T n
2 ; Y n

2 , Y n
r2|Xn

1 ) ≥ I(T n
2 ; Y n

2 , Y n
r2|T n

1 ), (6.113)

whose proof is similar to the proof of (6.110), by replacing each random variable
with the corresponding random n-sequence, and no Q is involved.

Let us denote the sequence that receiver k receives from relay k (via the noiseless
link) by V n

k , k ∈ {1, 2}. We have

I(Xn
1 ; Y n

1 , V n
1 ) = I(Xn

1 ; Y n
1 ) + I(Xn

1 ; V n
1 |Y n

1 ) (6.114)

(a1)

≤ I(Xn
1 ; Y n

1 ) + H(V n
1 ) (6.115)

(a2)

≤ I(Xn
1 ; Y n

1 |T n
2 ) + H(V n

1 ) (6.116)

≤ I(Xn
1 , T n

1 ; Y n
1 |T n

2 ) + H(V n
1 )

= I(Xn
1 ; Y n

1 |T n
1 , T n

2 ) + I(T n
1 ; Y n

1 |T n
2 ) + H(V n

1 ) (6.117)

≤ I(Xn
1 ; Y n

1 |T n
1 , T n

2 ) + I(T n
1 ; Y n

1 , Y n
r1|T n

2 ) + H(V n
1 ), (6.118)

where: (a1) follows from the nonnegativity of entropy, and conditioning does not
increase entropy; (a2) is because Xn

1 is independent of T n
2 . We also have

I(Xn
1 ; Y n

1 , V n
1 ) ≤ I(Xn

1 ; Y n
1 , Y n

r1, V n
1 )

(b1)
= I(Xn

1 ; Y n
1 , Y n

r1) (6.119)

(b2)

≤ I(Xn
1 ; Y n

1 , Y n
r1|T n

2 ) (6.120)

≤ I(Xn
1 , T n

1 ; Y n
1 , Y n

r1|T n
2 )

= I(Xn
1 ; Y n

1 , Y n
r1|T n

1 , T n
2 ) + I(T n

1 ; Y n
1 , Y n

r1|T n
2 ), (6.121)
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where: (b1) is because V n
1 is a function of Y n

r1; (b2) is because Xn
1 is independent of

T n
2 . On the other hand, from (6.115),

I(Xn
1 ; Y n

1 , V n
1 ) ≤ I(Xn

1 ; Y n
1 ) + H(V n

1 )

= I(Xn
1 , T n

2 ; Y n
1 )− I(T n

2 ; Y n
1 |Xn

1 ) + H(V n
1 )

(c1)
= I(Xn

1 , T n
2 ; Y n

1 )− I(T n
2 ; Y n

1 , Y n
r1|Xn

1 ) + H(V n
1 )

(c2)

≤ I(Xn
1 , T n

2 ; Y n
1 )− I(T n

2 ; Y n
2 , Y n

r2|Xn
1 ) + H(V n

1 )

(c3)

≤ I(Xn
1 , T n

2 ; Y n
1 )− I(T n

2 ; Y n
2 , Y n

r2|T n
1 ) + H(V n

1 ), (6.122)

where: (c1) is because Y n
r1 is a function of Xn

1 and Y n
1 ; (c2) is due to (6.32) with

N = n, W = ∅; (c3) follows from (6.113). Furthermore, using (6.119)

I(Xn
1 ; Y n

1 , V n
1 ) ≤ I(Xn

1 ; Y n
1 , Y n

r1)

= I(Xn
1 , T n

2 ; Y n
1 , Y n

r1)− I(T n
2 ; Y n

1 , Y n
r1|Xn

1 )

(d1)

≤ I(Xn
1 , T n

2 ; Y n
1 , Y n

r1)− I(T n
2 ; Y n

2 , Y n
r2|Xn

1 )

(d2)

≤ I(Xn
1 , T n

2 ; Y n
1 , Y n

r1)− I(T n
2 ; Y n

2 , Y n
r2|T n

1 ), (6.123)

where: (d1) is due to (6.32); (d2) follows from (6.113).
By symmetry we obtain the following inequalities, which are the duals of (6.122)

and (6.123):

I(Xn
2 ; Y n

2 , V n
2 ) ≤ I(Xn

2 , T n
1 ; Y n

2 )− I(T n
1 ; Y n

1 , Y n
r1|T n

2 ) + H(V n
2 ), (6.124)

I(Xn
2 ; Y n

2 , V n
2 ) ≤ I(Xn

2 , T n
1 ; Y n

2 , Y n
r2)− I(T n

1 ; Y n
1 , Y n

r1|T n
2 ). (6.125)

We are now ready to bound the achievable rates.
Proof of (6.33): By Fano’s inequality,

n(R1 − ǫn) ≤ I(W1; Y n
1 , V n

1 )

≤ I(Xn
1 ; Y n

1 , V n
1 )

(e1)

≤ I(Xn
1 ; Y n

1 |T n
2 ) + H(V n

1 )

(e2)

≤
n
∑

i=1

[I(X1i; Y1i|T2i) + H(V1i)]

≤
n
∑

i=1

[I(X1i; Y1i|T2i) + C1], (6.126)

where: (e1) is due to (6.116); (e2) is because conditioning does not increase entropy,
and because Y1i depends only on (X1i, T2i).
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Next,

n(R1 − ǫn) ≤ I(Xn
1 ; Y n

1 , V n
1 )

(f1)

≤ I(Xn
1 ; Y n

1 , Y n
r1|T n

2 )

(f2)

≤
n
∑

i=1

I(X1i; Y1i, Yr1i|T2i), (6.127)

where: (f1) follows from (6.120); (f2) is because Yr1i is a function of Y1i and X1i,
and Y1i depends only on X1i, T2i.

We define a random variable Q, uniformly distributed over {1, . . . , n} and inde-
pendent of everything else. Further, for k ∈ {1, 2} we define Xk = XkQ, Tk = TkQ,
Yk = YkQ, Yrk = YrkQ. Then (6.126) and (6.127) become

R1 − ǫn ≤ I(X1; Y1|T2, Q) + C1

R1 − ǫn ≤ I(X1; Y1, Yr1|T2, Q),

where ǫn → 0 as n→∞, which proves (6.33).
The bound on R2 in (6.34) follows from (6.33) by symmetry.
Proof of (6.35): Again, starting with Fano’s inequality,

n(R1 + R2 − 2ǫn) (6.128)

≤ I(Xn
1 ; Y n

1 , V n
1 ) + I(Xn

2 ; Y n
2 , V n

2 )

(g1)

≤ min

{

I(Xn
1 ; Y n

1 |T n
1 , T n

2 ) + I(T n
1 ; Y n

1 , Y n
r1|T n

2 ) + H(V n
1 ),

I(Xn
1 ; Y n

1 , Y n
r1|T n

1 , T n
2 ) + I(T n

1 ; Y n
1 , Y n

r1|T n
2 )

}

+ min

{

I(Xn
2 , T n

1 ; Y n
2 )− I(T n

1 ; Y n
1 , Y n

r1|T n
2 ) + H(V n

2 ),

I(Xn
2 , T n

1 ; Y n
2 , Y n

r2)− I(T n
1 ; Y n

1 , Y n
r1|T n

2 )

}

= min{I(Xn
1 ; Y n

1 |T n
1 , T n

2 ) + H(V n
1 ), I(Xn

1 ; Y n
1 , Y n

r1|T n
1 , T n

2 )}
+ min{I(Xn

2 , T n
1 ; Y n

2 ) + H(V n
2 ), I(Xn

2 , T n
1 ; Y n

2 , Y n
r2)}

(g2)

≤ min{
n
∑

i=1

[I(X1i; Y1i|T1i, T2i) + H(V1i)],

n
∑

i=1

I(X1i; Y1i, Yr1i|T1i, T2i)}

+ min{
n
∑

i=1

[I(X2i, T1i; Y2i) + H(V2i)],
n
∑

i=1

I(X2i, T1i; Y2i, Yr2i)}

≤ min{
n
∑

i=1

[I(X1i; Y1i|T1i, T2i) + C1],

n
∑

i=1

I(X1i; Y1i, Yr1i|T1i, T2i)}

+ min{
n
∑

i=1

[I(X2i, T1i; Y2i) + C2],

n
∑

i=1

I(X2i, T1i; Y2i, Yr2i)}, (6.129)
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where we use (6.118), (6.121), (6.124), and (6.125) in (g1); (g2) is because condi-
tioning does not increase entropy, Yki depends only on (Xki, Tli), Yrki is a function
of (Xki, Yki), for k, l ∈ {1, 2}, k 6= l.
The bound on R1 + R2 in (6.37) follows from (6.35) by symmetry.
Proof of (6.36): By Fano’s inequality,

n(R1 + R2 − 2ǫn)

≤ I(Xn
1 ; Y n

1 , V n
1 ) + I(Xn

2 ; Y n
2 , V n

2 )

(h1)

≤ min

{

I(Xn
1 , T n

2 ; Y n
1 )− I(T n

2 ; Y n
2 , Y n

r2|T n
1 ) + H(V n

1 ),

I(Xn
1 , T n

2 ; Y n
1 , Y n

r1)− I(T n
2 ; Y n

2 , Y n
r2|T n

1 )

}

+ min

{

I(Xn
2 , T n

1 ; Y n
2 )− I(T n

1 ; Y n
1 , Y n

r1|T n
2 ) + H(V n

2 ),

I(Xn
2 , T n

1 ; Y n
2 , Y n

r2)− I(T n
1 ; Y n

1 , Y n
r1|T n

2 )

}

= min

{

I(Xn
1 , T n

2 ; Y n
1 )− I(T n

1 ; Y n
1 , Y n

r1|T n
2 ) + H(V n

1 ),

I(Xn
1 , T n

2 ; Y n
1 , Y n

r1)− I(T n
1 ; Y n

1 , Y n
r1|T n

2 )

}

+ min

{

I(Xn
2 , T n

1 ; Y n
2 )− I(T n

2 ; Y n
2 , Y n

r2|T n
1 ) + H(V n

2 ),

I(Xn
2 , T n

1 ; Y n
2 , Y n

r2)− I(T n
2 ; Y n

2 , Y n
r2|T n

1 )

}

(h2)

≤ min

{

I(Xn
1 , T n

2 ; Y n
1 )− I(T n

1 ; Y n
1 , Y n

r1) + H(V n
1 ),

I(Xn
1 , T n

2 ; Y n
1 , Y n

r1)− I(T n
1 ; Y n

1 , Y n
r1)

}

+ min

{

I(Xn
2 , T n

1 ; Y n
2 )− I(T n

2 ; Y n
2 , Y n

r2) + H(V n
2 ),

I(Xn
2 , T n

1 ; Y n
2 , Y n

r2)− I(T n
2 ; Y n

2 , Y n
r2)

}

≤ min

{

I(Xn
1 , T n

2 ; Y n
1 )− I(T n

1 ; Y n
1 ) + H(V n

1 ),

I(Xn
1 , T n

2 ; Y n
1 , Y n

r1)− I(T n
1 ; Y n

1 , Y n
r1)

}

+ min

{

I(Xn
2 , T n

1 ; Y n
2 )− I(T n

2 ; Y n
2 ) + H(V n

2 ),

I(Xn
2 , T n

1 ; Y n
2 , Y n

r2)− I(T n
2 ; Y n

2 , Y n
r2)

}

(h3)
= min

{

I(Xn
1 , T n

1 , T n
2 ; Y n

1 )− I(T n
1 ; Y n

1 ) + H(V n
1 ),

I(Xn
1 , T n

1 , T n
2 ; Y n

1 , Y n
r1)− I(T n

1 ; Y n
1 , Y n

r1)

}

+ min

{

I(Xn
2 , T n

1 , T n
2 ; Y n

2 )− I(T n
2 ; Y n

2 ) + H(V n
2 ),

I(Xn
2 , T n

1 , T n
2 ; Y n

2 , Y n
r2)− I(T n

2 ; Y n
2 , Y n

r2)

}

= min{I(Xn
1 , T n

2 ; Y n
1 |T n

1 ) + H(V n
1 ), I(Xn

1 , T n
2 ; Y n

1 , Y n
r1|T n

1 )}
+ min{I(Xn

2 , T n
1 ; Y n

2 |T n
2 ) + H(V n

2 ), I(Xn
2 , T n

1 ; Y n
2 , Y n

r2|T n
2 )}

(h4)

≤ min{
n
∑

i=1

[I(X1i, T2i; Y1i|T1i) + C1],

n
∑

i=1

I(X1i, T2i; Y1i, Yr1i|T1i)}



6.B. Proof of Theorem 6.3.1 151

+ min{
n
∑

i=1

[I(X2i, T1i; Y2i|T2i) + C2],

n
∑

i=1

I(X2i, T1i; Y2i, Yr2i|T2i)}, (6.130)

where: we use (6.122), (6.123), (6.124), and (6.125) in (h1); (h2) is because T n
1 and

T n
2 are independent; (h3) is because T n

1 is a function of Xn
1 , T n

2 is a function of Xn
2 ;

(h4) holds due to the same reasons that make (g2) hold.
Proof of (6.38):

n(2R1 + R2 − 2ǫn)

≤ I(Xn
1 ; Y n

1 , V n
1 ) + I(Xn

1 ; Y n
1 , V n

1 ) + I(Xn
2 ; Y n

2 , V n
2 )

(t1)

≤ min

{

I(Xn
1 ; Y n

1 |T n
1 , T n

2 ) + I(T n
1 ; Y n

1 , Y n
r1|T n

2 ) + H(V n
1 ),

I(Xn
1 ; Y n

1 , Y n
r1|T n

1 , T n
2 ) + I(T n

1 ; Y n
1 , Y n

r1|T n
2 )

}

+ min

{

I(Xn
1 , T n

2 ; Y n
1 )− I(T n

2 ; Y n
2 , Y n

r2|T n
1 ) + H(V n

1 ),

I(Xn
1 , T n

2 ; Y n
1 , Y n

r1)− I(T n
2 ; Y n

2 , Y n
r2|T n

1 )

}

+ min

{

I(Xn
2 , T n

1 ; Y n
2 )− I(T n

1 ; Y n
1 , Y n

r1|T n
2 ) + H(V n

2 ),

I(Xn
2 , T n

1 ; Y n
2 , Y n

r2)− I(T n
1 ; Y n

1 , Y n
r1|T n

2 )

}

= min{I(Xn
1 ; Y n

1 |T n
1 , T n

2 ) + H(V n
1 ), I(Xn

1 ; Y n
1 , Y n

r1|T n
1 , T n

2 )}
+ min{I(Xn

1 , T n
2 ; Y n

1 ) + H(V n
1 ), I(Xn

1 , T n
2 ; Y n

1 , Y n
r1)}

+ min

{

I(Xn
2 , T n

1 ; Y n
2 )− I(T n

2 ; Y n
2 , Y n

r2|T n
1 ) + H(V n

2 ),

I(Xn
2 , T n

1 ; Y n
2 , Y n

r2)− I(T n
2 ; Y n

2 , Y n
r2|T n

1 )

}

(t2)

≤ min{I(Xn
1 ; Y n

1 |T n
1 , T n

2 ) + H(V n
1 ), I(Xn

1 ; Y n
1 , Y n

r1|T n
1 , T n

2 )}
+ min{I(Xn

1 , T n
2 ; Y n

1 ) + H(V n
1 ), I(Xn

1 , T n
2 ; Y n

1 , Y n
r1)}

+ min

{

I(Xn
2 , T n

2 , T n
1 ; Y n

2 )− I(T n
2 ; Y n

2 ) + H(V n
2 ),

I(Xn
2 , T n

2 , T n
1 ; Y n

2 , Y n
r2)− I(T n

2 ; Y n
2 , Y n

r2)

}

= min{I(Xn
1 ; Y n

1 |T n
1 , T n

2 ) + H(V n
1 ), I(Xn

1 ; Y n
1 , Y n

r1|T n
1 , T n

2 )}
+ min{I(Xn

1 , T n
2 ; Y n

1 ) + H(V n
1 ), I(Xn

1 , T n
2 ; Y n

1 , Y n
r1)}

+ min{I(Xn
2 , T n

1 ; Y n
2 |T n

2 ) + H(V n
2 ), I(Xn

2 , T n
1 ; Y n

2 , Y n
r2|T n

2 )}
(t3)

≤ min{
n
∑

i=1

[I(X1i; Y1i|T1i, T2i) + C1],

n
∑

i=1

I(X1i; Y1i, Yr1i|T1i, T2i)}

+ min{
n
∑

i=1

[I(X1i, T2i; Y1i) + C1],

n
∑

i=1

I(X1i, T2i; Y1i, Yr1i)}

+ min{
n
∑

i=1

[I(X2i, T1i; Y2i|T2i) + C2],
n
∑

i=1

I(X2i, T1i; Y2i, Yr2i|T2i)}, (6.131)

where: we use (6.118), (6.121), (6.122), (6.123), (6.124), and (6.125) in (t1); (t2)
holds since Xn

2 is a function of T n
2 , T n

1 and T n
2 are independent, and due to chain
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rule and the nonnegativity of entropy; (t3) holds due to the same reasons that make
(g2) hold.
The bound on R1 + 2R2 in (6.39) follows from (6.38) by symmetry.

The bound on the cardinality of Q follows from the application of the support
Lemma [CK81, Lemma 3.4, pp. 310].

6.C Proof of Proposition 6.3.1

Achievability: Note that in the general achievable rate region for the DMC-IRC, if we
set the whole message at each transmitter to be the common message, then naturally
the resulting achievable region is an inner bound for the SC-MARC. Note that in
this case we retain the constraint on R2 at Rx1 (corresponding to (6.25)) and the
constraint on R1 at Rx2 (corresponding to (6.29)) because each receiver is required
to decode both messages correctly. In particular, by setting X1c = X1, X2c = X2,
R1c = R1, R1p = R2, Ŷr1 = Yr1 in (6.3)–(6.11) we have

a1 = a′
1 = 0 (6.132)

b1 = b′
1 = I(X2; Y1|X1, Q) (6.133)

c1 = I(X1; Y1|X2, Q), c′
1 = I(X1; Y1, Yr1|X2, Q) (6.134)

d1 = I(X1, X2; Y1|Q), d′
1 = I(X1, X2; Y1, Yr1|Q) (6.135)

ξ1 = 0, (6.136)

and symmetrically for a2, a2, b2, b′
2, c2, c′

2, d2, d′
2, ξ2. Substituting the above values

into (6.24)–(6.31) we obtain the desired rate regions.
Converse: First we note the following relationships: (a) Xn

1 is independent of Xn
2 ;

(b) the channel is memoryless; (c) V n
k is a function of Y n

rk, k ∈ {1, 2}; (d) Yrk is a
function of Xk and Yk, k ∈ {1, 2}; (e) conditioning does not increase entropy. Using
these observations in the equalities and inequalities below, we have:
By Fano’s inequality

n(R1 − ǫn) ≤ I(Xn
1 ; Y n

1 , V n
1 )

≤ I(Xn
1 ; Y n

1 ) + H(V n
1 )

(a)

≤ I(Xn
1 ; Y n

1 |Xn
2 ) + H(V n

1 )

(b,e)

≤
n
∑

i=1

[I(X1i; Y1i|X2i) + C1]. (6.137)

Next, we have

n(R1 − ǫn) ≤ I(Xn
1 ; Y n

1 , V n
1 )

(c)

≤ I(Xn
1 ; Y n

1 , Y n
r1)
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(a)

≤ I(Xn
1 ; Y n

1 , Y n
r1|Xn

2 )

(b,e)

≤
n
∑

i=1

I(X1i; Y1i, Yr1i|X2i). (6.138)

Combining (6.137) and (6.138) we have (6.46) proven. Again, by Fano’s inequality

n(R1 − ǫn) ≤ I(Xn
1 ; Y n

2 , V n
2 )

(c)

≤ I(Xn
1 ; Y n

2 , Y n
r2)

(a)

≤ I(Xn
1 ; Y n

2 , Y n
r2|Xn

2 )

(d)
= I(Xn

1 ; Y n
2 |Xn

2 )

(b,e)

≤
n
∑

i=1

I(X1i; Y2i|X2i), (6.139)

which proves (6.47). By symmetry (6.48) and (6.49) follow.
For the sum-rate, let us also start with Fano’s inequality

n(R1 + R2 − 2ǫn) ≤ I(Xn
1 ; Y n

1 , V n
1 ) + I(Xn

2 ; Y n
1 , V n

1 )

(a)

≤ I(Xn
1 ; Y n

1 , V n
1 |Xn

2 ) + I(Xn
2 ; Y n

1 , V n
1 )

= I(Xn
1 , Xn

2 ; Y n
1 , V n

1 )

(c)

≤ min{I(Xn
1 , Xn

2 ; Y n
1 ) + H(V n

1 ), I(Xn
1 , Xn

2 ; Y n
1 , Y n

r1)}
(b,e)

≤ min

{

n
∑

i=1

[I(X1i, X2i; Y1i) + C1],

n
∑

i=1

I(X1i, X2i; Y1i, Yr1i)

}

,

which proves (6.50). By symmetry (6.51) follows. The single letterization procedure
is similar to the paragraph after (6.127).

The bound on the cardinality of Q follows from the application of the support
lemma [CK81, Lemma 3.4, pp. 310].

6.D Proof of Theorem 6.4.1

Throughout the proofs we use V n
i to denote the output of the digital relay link at

receiver i, i ∈ {1, 2}. In the inequalities below we utilize the following facts: (a)
Xn

1 is independent of Xn
2 , (b) V n

k is a function of Y n
rk, k ∈ {1, 2}, (c) i.i.d Gaus-

sian distribution maximizes the differential entropy and the conditional differential
entropy subject to covariance constraints.
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Bounds on individual rates in (6.56) and (6.57):
By Fano’s inequality we have

n(R1 − ǫn) ≤ I(Xn
1 ; V n

1 , Y n
1 )

≤ I(Xn
1 ; V n

1 , Y n
1 , Xn

2 )

(a)
= I(Xn

1 ; V n
1 , Y n

1 |Xn
2 )

= I(Xn
1 ; Y n

1 |Xn
2 ) + I(Xn

1 ; V n
1 |Y n

1 , Xn
2 )

≤ I(Xn
1 ; Y n

1 |Xn
2 ) + H(V n

1 ). (6.140)

We have

I(Xn
1 ; Y n

1 |Xn
2 ) = h(Y n

1 |Xn
2 )− h(Y n

1 |Xn
1 , Xn

2 )

= h(h11Xn
1 + Zn

1 )− h(Zn
1 )

(c)

≤ n

2
log(1 + SNR1), (6.141)

and

H(V n
1 ) ≤ nH(V1)

≤ nC1. (6.142)

Putting (6.141) and (6.142) back to (6.140) we have

R1 − ǫn ≤
1

2
log(1 + SNR1) + C1, (6.143)

where ǫn → 0 as n→∞. We also have

n(R1 − ǫn) ≤ I(Xn
1 ; V n

1 , Y n
1 )

(b)

≤ I(Xn
1 ; Y n

r1, Y n
1 )

(a)
= I(Xn

1 ; Y n
r1, Y n

1 |Xn
2 )

= I(Xn
1 ; Y n

1 |Xn
2 ) + I(Xn

1 ; Y n
r1|Y n

1 , Xn
2 )

= h(h11Xn
1 + Zn

1 )− h(Zn
1 ) + h(h1rXn

1 + Zn
r1|h11Xn

1 + Zn
1 )− h(Zn

r1)

(c)

≤ n

2
log(1 + SNR1 + SNRr1). (6.144)

Next, to prove the outer bounds on the sum-rate and weighted sum-rate, we will
first transform the genie aided channel into a MIMO IC plus some bounded terms.
We will then leverage the outer bounds for the MIMO IC which are developed
by Karmakar and Varanasi in [KV13, Lemma 1], which can be shown to be the
same as the bounds introduced by Telatar and Tse in [TT07] for the channel under
consideration.
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Bounds on R1 + R2 in (6.58)–(6.60). By Fano’s inequality we have

n(R1 + R2 − 2ǫn) ≤ I(Xn
1 ; Y n

1 , V n
1 ) + I(Xn

2 ; Y n
2 , V n

2 )

= I(Xn
1 ; Y n

1 ) + I(Xn
1 ; V n

1 |Y n
1 ) + I(Xn

2 ; Y n
2 ) + I(Xn

2 ; V n
2 |Y n

2 )

≤ I(Xn
1 ; Y n

1 ) + I(Xn
2 ; Y n

2 ) + H(V n
1 ) + H(V n

2 )

≤ I(Xn
1 ; Y n

1 ) + I(Xn
2 ; Y n

2 ) + nC1 + nC2.

At this point we can use the bounds on I(Xn
1 ; Y n

1 )+I(Xn
2 ; Y n

2 ) established in [TT07]
or [KV13, Lemma 1] to obtain the bounds in (6.58)–(6.60). A similar procedure with
more details will be shown shortly in the proof of (6.62).
Bounds on 2R1 + R2 in (6.61). By Fano’s inequality we have

n(2R1 + R2 − 3ǫn) ≤ 2I(Xn
1 ; Y n

1 , V n
1 ) + I(Xn

2 ; Y n
2 , V n

2 )

≤ 2I(Xn
1 ; Y n

1 ) + I(Xn
2 ; Y n

2 ) + 2H(V n
1 ) + H(V n

2 )

≤ 2I(Xn
1 ; Y n

1 ) + I(Xn
2 ; Y n

2 ) + 2nC1 + nC2.

Applying the bounds on 2I(Xn
1 ; Y n

1 ) + I(Xn
2 ; Y n

2 ) in [TT07,KV13] we complete the
proof.
Bounds on R1 + R2 in (6.62)–(6.64). By Fano’s inequality we have

n(R1 + R2 − 2ǫn) ≤ I(Xn
1 ; Y n

1 , V n
1 ) + I(Xn

2 ; Y n
2 , V n

2 )

(b)

≤ I(Xn
1 ; Y n

1 , Y n
r1) + I(Xn

2 ; Y n
2 , Y n

r2).

By defining Ȳi := (Yi, Yri), i ∈ {1, 2}, we can apply the bounds in [TT07, KV13]
to obtain (6.62)–(6.64). In particular, we are having a MIMO interference channel
where each transmitter has 1 antenna and each receiver has 2 antennas. With regard
to the notation in [KV13] we have M1 = M2 = 1, N1 = N2 = 2, and the channel
matrices given by

H11 = [h11 h1r]T (6.145)

H12 = [h1c h12]T (6.146)

H21 = [h21 h2c]T (6.147)

H22 = [h2r h22]T . (6.148)

We also have ρii = ρij = 1 for i, j ∈ {1, 2}, i 6= j. Putting the above parameters
into [KV13, Eq. (13)] we have an outer bound on the sum-rate:

R1 + R2 ≤
1

2
log det(I2 + H12HT

12 + H22HT
22) +

1

2
log det(I2 + H11K1HT

11),

where K1 = (1 + HT
12H12)−1. Simple calculations give

1

2
log det(I2 + H12HT

12 + H22HT
22) =

1

2
log
(1 + INR2 + SNRr2 + INRr2

+SNR2(1 + INRr2η2
2)

)

1

2
log det(I2 + H11K1HT

11) =
1

2
log
(

1 +
SNR1 + SNRr1

1 + INRr2 + INR2

)

,
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which lead to (6.62). (6.63)–(6.64) follow similarly from [KV13, Eqs. (14)-(15)].
Bounds on 2R1 + R2 in (6.65). By Fano’s inequality we have

n(2R1 + R2 − 3ǫn) ≤ 2I(Xn
1 ; Y n

1 , V n
1 ) + I(Xn

2 ; Y n
2 , V n

2 )

(b)

≤ 2I(Xn
1 ; Y n

1 , Y n
r1) + I(Xn

2 ; Y n
2 , Y n

r2).

Then we define Ȳi := (Yi, Yri), i ∈ {1, 2}, and apply the bounds on 2I(Xn
1 ; Ȳ n

1 ) +
I(Xn

2 ; Ȳ n
2 ) in [TT07,KV13].

Bounds on R1 + R2 in (6.66)–(6.68). By Fano’s inequality we have

n(R1 + R2 − 2ǫn) ≤ I(Xn
1 ; Y n

1 , V n
1 ) + I(Xn

2 ; Y n
2 , V n

2 )

(b)

≤ I(Xn
1 ; Y n

1 ) + H(V n
1 ) + I(Xn

2 ; Y n
2 , Y n

r2)

≤ I(Xn
1 ; Y n

1 ) + I(Xn
2 ; Y n

2 , Y n
r2) + nC1.

At this point we can use the bounds on I(Xn
1 ; Y n

1 )+I(Xn
2 ; Y n

2 , Y n
r2) in [TT07,KV13]

to end up with the bounds in (6.66)–(6.68).
Bound on 2R1 + R2 in (6.69) By Fano’s inequality

n(2R1 + R2 − 3ǫn) ≤ 2I(Xn
1 ; Y n

1 , V n
1 ) + I(Xn

2 ; Y n
2 , V n

2 )

(b)

≤ 2I(Xn
1 ; Y n

1 ) + 2H(V n
1 ) + I(Xn

2 ; Y n
2 , Y n

r2)

≤ 2I(Xn
1 ; Y n

1 ) + I(Xn
2 ; Y n

2 , Y n
r2) + 2nC1.

Then we can use the bound on 2I(Xn
1 ; Y n

1 ) + I(Xn
2 ; Y n

2 , Y n
r2) in [TT07, KV13] to

obtain (6.69).
Bounds on R1 + R2 in (6.70)–(6.72). These bounds follow readily from the bounds
in (6.66)–(6.68) by symmetry.
Bound on 2R1 + R2 in (6.73) By Fano’s inequality

n(2R1 + R2 − 3ǫn) ≤ 2I(Xn
1 ; Y n

1 , V n
1 ) + I(Xn

2 ; Y n
2 , V n

2 )

(b)

≤ 2I(Xn
1 ; Y n

1 , Y n
r1) + I(Xn

2 ; Y n
2 ) + H(V n

2 )

≤ 2I(Xn
1 ; Y n

1 , Y n
r1) + I(Xn

2 ; Y n
2 ) + nC2.

Then we can use the bound on 2I(Xn
1 ; Y n

1 , Y n
r1) + I(Xn

2 ; Y n
2 ) in [TT07,KV13].

Bounds on 2R1+R2 in (6.74): Let Sn
1 = h12Xn

1 +Zn
2 , Sn

2 = h21Xn
2 +Zn

1 . We see that
Y n

1 = h11Xn
1 + Sn

2 , Y n
2 = h22Xn

2 + Sn
1 . Using Fano’s inequality, conditioning does

not increase entropy, chain rule we have that if a rate pair (R1, R2) is achievable,
then

n(2R1 + R2 − 3ǫn)

≤ 2I(Xn
1 ; Y n

1 , V n
1 ) + I(Xn

2 ; Y n
2 , V n

2 )

(b)

≤ I(Xn
1 ; Y n

1 , Y n
r1) + I(Xn

1 ; Y n
1 ) + I(Xn

1 ; V n
1 |Y n

1 ) + I(Xn
2 ; Y n

2 ) + I(X2; V n
2 |Y n

2 )
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≤ I(Xn
1 ; Y n

1 , Y n
r1, Sn

1 , Xn
2 ) + I(Xn

1 ; Y n
1 ) + H(V n

1 ) + I(Xn
2 ; Y n

2 , Sn
2 ) + H(V n

2 )

(a)
= I(Xn

1 ; Y n
1 , Y n

r1, Sn
1 |Xn

2 ) + I(Xn
1 ; Y n

1 ) + H(V n
1 ) + I(Xn

2 ; Y n
2 , Sn

2 ) + H(V n
2 )

≤ I(Xn
1 ; Sn

1 |Xn
2 ) + I(Xn

1 ; Y n
1 , Y n

r1|Sn
1 , Xn

2 ) + I(Xn
1 ; Y n

1 ) + h(Y n
2 , Sn

2 )

− h(Y n
2 , Sn

2 |Xn
2 ) + nC1 + nC2

= h(Sn
1 )− h(Zn

2 ) + h(Y n
1 , Y n

r1|Sn
1 , Xn

2 )− h(Zn
1 , Zn

1r) + h(Y n
1 )− h(Sn

2 )

+ h(Y n
2 , Sn

2 )− h(Sn
1 , Zn

1 ) + nC1 + nC2

= h(Sn
1 )− h(Zn

2 ) + h(Y n
1 , Y n

r1|Sn
1 , Xn

2 )− h(Zn
1 , Zn

1r) + h(Y n
1 ) + h(Y n

2 |Sn
2 )

− h(Sn
1 )− h(Zn

1 ) + nC1 + nC2

= h(Y n
1 , Y n

r1|Sn
1 , Xn

2 )− h(Zn
1 , Zn

1r) + h(Y n
1 )− h(Zn

1 ) + h(Y n
2 |Sn

2 )− h(Zn
2 )

+ nC1 + nC2

= h(h11Xn
1 + Zn

1 , h1rXn
1 + Zn

r1|h12Xn
1 + Zn

2 )− h(Zn
1 , Zn

1r)

+ h(h11Xn
1 + h21Xn

2 + Zn
1 )− h(Zn

1 ) + h(h22Xn
2 + h12Xn

1 + Zn
2 |h21Xn

2 + Zn
1 )

− h(Zn
2 ) + nC1 + nC2

(c)

≤ n(RHS of (6.74)).

Bounds on 2R1 + R2 in (6.75): We define Sn
1 , Sn

2 as above. Again, using Fano’s
inequality, conditioning does not increase entropy, and chain rule, we have: if a rate
pair (R1, R2) is achievable then

n(2R1 + R2 − ǫn)

≤ 2I(Xn
1 ; Y n

1 , V n
1 ) + I(Xn

2 ; Y n
2 , V n

2 )

(b)

≤ I(Xn
1 ; Y n

1 , Y n
r1) + I(Xn

1 ; Y n
1 ) + I(Xn

1 ; V n
1 |Y n

1 ) + I(Xn
2 ; Y n

2 , Y n
r2)

≤ I(Xn
1 ; Y n

1 , Y n
r1, Sn

1 , Xn
2 ) + I(Xn

1 ; Y n
1 ) + H(V n

1 ) + I(Xn
2 ; Y n

2 , Y n
r2, Sn

2 )

≤ h(Sn
1 )− h(Zn

2 ) + h(Y n
1 , Y n

r1|Sn
1 , Xn

2 )− h(Zn
1 , Zn

1r) + h(Y n
1 )− h(Sn

2 ) + nC1

+ I(Xn
2 ; Y n

2 , Y n
r2, Sn

2 ). (6.149)

The last term in (6.149) can be bounded as follows:

I(Xn
2 ; Y n

2 , Y n
r2, Sn

2 ) = I(Xn
2 ; Sn

2 ) + I(Xn
2 ; Y n

2 , Y n
r2|Sn

2 )

= h(Sn
2 )− h(Zn

1 ) + h(Y n
2 , Y n

r2|Sn
2 )− h(Y n

2 , Y n
r2|Xn

2 , Sn
2 )

≤ h(Sn
2 )− h(Zn

1 ) + h(Y n
2 , Y n

r2|Sn
2 )− h(Y n

2 |Xn
2 , Sn

2 )

− h(Y n
r2|Xn

2 , Sn
2 , Y n

2 , Xn
1 )

= h(Sn
2 )− h(Zn

1 ) + h(Y n
2 , Y n

r2|Sn
2 )− h(Sn

1 )− h(Zn
r2). (6.150)

Putting (6.150) back to (6.149) we have

n(2R1 + R2 − ǫn) ≤ h(Y n
1 , Y n

r1|Sn
1 , Xn

2 )− h(Zn
1 , Zn

1r) + h(Y n
1 )− h(Zn

1 )

+ h(Y n
2 , Y n

r2|Sn
2 )− h(Zn

2 )− h(Zn
r2)
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(c)

≤ n(RHS of (6.75)). (6.151)

6.E Proof of Theorem 6.4.2

Before proving Theorem 6.4.2 we need two lemmas, whose proofs follow in the
sequel.

Lemma 6.4. Given the power allocation in (6.80), we have:

SNR1p ≥
SNR1

1 + INR2
, SNRr1p ≥

SNRr1

1 + INR2
, (6.152)

INR1p ≤ 1, INRr1p ≤ |h2c|2/|h21|2. (6.153)

Proof. Since we choose P1p = min
{

1, 1
|h12|2

}

and P2p = min
{

1, 1
|h21|2

}

,

SNR1p = |h11|2P1p = |h11|2 min

{

1,
1

|h12|2
}

≥ |h11|2
1 + |h12|2

=
SNR1

1 + INR2
.

Similarly we can show that SNRr1p ≥ SNRr1

1+INR2
. Next,

INR1p = |h21|2P2p = |h21|2 min

{

1,
1

|h21|2
}

≤ 1,

and

INRr1p = |h2c|2P2p = |h2c|2 min

{

1,
1

|h21|2
}

≤ |h2c|2
|h21|2

.

Lemma 6.4 enables us to prove Lemma 6.5 below.



6.E. Proof of Theorem 6.4.2 159

Lemma 6.5. Let us define:

f1(∆1) =
1

2
log
(

2 + 2∆1 + |h2c|2/|h21|2
)

(6.154)

f2(∆2) =
1

2
log
(

2 + 2∆2 + |h1c|2/|h12|2
)

. (6.155)

Given the power allocation in (6.80) we have

ξ1 ≤
1

2
log

[

1 +
1

∆1

(

1 +
|h2c|2
|h21|2

)]

(6.156)

a1 ≥ C
(

SNR1

1 + INR2

)

− 1

2
(6.157)

a′
1 ≥ C

(

SNR1 + SNRr1

1 + INR2

)

− f1(∆1) (6.158)

b1 ≥ C
(

INR1 +
SNR1

1 + INR2

)

− 1

2
(6.159)

b′
1 ≥ C

(

INR1 + INRr1 +
SNR1(1 + η2

1 INRr1) + SNRr1

1 + INR2

)

− f1(∆1) (6.160)

c1 ≥ C (SNR1)− 1

2
(6.161)

c′
1 ≥ C (SNR1 + SNRr1)− f1(∆1) (6.162)

d1 ≥ C (SNR1 + INR1)− 1

2
(6.163)

d′
1 ≥ C

(

INR1 + INRr1 + SNR1(1 + η2
1 INRr1) + SNRr1

)

− f1(∆1). (6.164)

Similar inequalities hold for a2, a′
2, b2, b′

2, c2, c′
2, d2, d′

2 by symmetry.

Proof. The proof is similar to the proof of [ZY13, Lemma 1]. We will use the results
of Lemma 6.4, indexed as follows: (a) SNR1p ≥ SNR1

1+INR2
, (b) SNRr1p ≥ SNRr1

1+INR2
, (c)

INR1p ≤ 1, and (d) INRr1p ≤ |h2c|2

|h21|2 .
First, for the term related to the quantization at each relay:

ξ1 = I(Ŷr1; Yr1|X1, X2c, Y1)

=
1

2
log

[

1 +
1

∆1

(

1 +
INRr1p

1 + INR1p

)]

≤ 1

2
log

[

1 +
1

∆1

(

1 +
INRr1p

INR1p

)]

=
1

2
log

[

1 +
1

∆1

(

1 +
|h2c|2
|h21|2

)]

.
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For other quantities in Lemma 6.5:

a1 = I(X1; Y1|X1c, X2c)

=
1

2
log

(

1 +
SNR1p

1 + INR1p

)

(c)

≥ 1

2
log (1 + SNR1p)− 1

2
(a)

≥ 1

2
log

(

1 +
SNR1

1 + INR2

)

− 1

2
.

a′
1 = I(X1; Y1, Ŷ1r|X1c, X2c)

=
1

2
log

(

(1 + ∆1)(1 + SNR1p + INR1p) + SNRr1p + INRr1p(1 + η2
1SNR1p)

(1 + ∆1)(1 + INR1p) + INRr1p

)

=
1

2
log
(

(1 + ∆1)(1 + SNR1p + INR1p) + SNRr1p + INRr1p(1 + η2
1SNR1p)

)

− 1

2
log ((1 + ∆1)(1 + INR1p) + INRr1p)

(c,d)

≥ 1

2
log (1 + SNR1p + SNRr1p))− f1(∆1)

(a,b)

≥ 1

2
log

(

1 +
SNR1 + SNRr1

1 + INR2

)

− f1(∆1).

In the same way we can show that

b1 = I(X1, X2c; Y1|X1c)

=
1

2
log

(

1 + SNR1p + INR1

1 + INR1p

)

≥ 1

2
log

(

1 + INR1 +
SNR1

1 + INR2

)

− 1

2
.

b′
1 = I(X1, X2c; Y1, Ŷ1r|X1c)

=
1

2
log

(

(1 + ∆1)(1 + SNR1p + INR1) + SNRr1p + INRr1(1 + η2
1SNR1p)

(1 + ∆1)(1 + INR1p) + INRr1p

)

≥ 1

2
log

(

1 + INR1 + INRr1 +
SNR1(1 + η2

1 INRr1) + SNRr1

1 + INR2

)

− f1(∆1).

c1 = I(X1; Y1|X2c)

=
1

2
log

(

1 +
SNR1

1 + INR1p

)

≥ 1

2
log(1 + SNR1)− 1

2
.

c′
1 = I(X1; Y1, Ŷ1r|X2c)
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=
1

2
log

(

(1 + ∆1)(1 + SNR1 + INR1p) + SNRr1 + INRr1p(1 + η2
1SNR1)

(1 + ∆1)(1 + INR1p) + INRr1p

)

≥ 1

2
log (1 + SNR1 + SNRr1)− f1(∆1).

d1 = I(X1, X2c; Y1)

=
1

2
log

(

1 + SNR1 + INR1

1 + INR1p

)

≥ 1

2
log(1 + SNR1 + INR1)− 1

2
.

d′
1 = I(X1, X2c; Y1, Ŷ1r)

=
1

2
log

(

(1 + ∆1)(1 + SNR1 + INR1) + SNRr1 + INRr1(1 + η2
1SNR1)

(1 + ∆1)(1 + INR1p) + INRr1p

)

≥ 1

2

(

1 + INR1 + INRr1 + SNR1(1 + η2
1 INRr1) + SNRr1

)

− f1(∆1).

Hence Lemma 6.5 is proven.

Now we are ready to prove Theorem 6.4.2. First note that in order to show a
bounded gap between an inner and an outer bound we must show that every con-
straint on individual rate or (weighted) sum-rate in the inner bound is within a
bounded distance to some constraint of the same kind in the outer bound. Let
us now define δCi := (Ci − ξi)

+, gi(ξi) := 1/2 + ξi, i ∈ {1, 2}. Comparing each
constraint of the inner bound (6.13)–(6.23) with each corresponding constraint of
the outer bound (6.56)–(6.75), and utilizing the inequalities in Lemma 6.5 (marked
with (∗) below), we have:
For individual rate constraints:

• min{c1 + δC1, c′
1} in the RHS of (6.13) is within max{g1(ξ1), f1(∆1)} of the

RHS of (6.56).

Proof. We have:

c1 + (C1 − ξ1)+
(∗)

≥ 1

2
log(1 + SNR1)− 1

2
+ C1 − ξ1

=
1

2
log(1 + SNR1) + C1 − g1(ξ1),

which is within g1(ξ1) of the outer bound 1
2 log(1 + SNR1) + C1 in RHS

of (6.13). The remaining gap follows straightforwardly from the lower bound
on c′

1 in Lemma 6.5.

• a1 + δC1 + b2 + δC2 (resp. a1 + δC1 + b′
2) in the RHS of (6.14) is within

g1(ξ1) + g2(ξ2) (resp. g1(ξ1) + f2(∆2)) of the first term in the RHS of (6.56).
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Proof. We have:

a1 + (C1 − ξ1)+ + b2 + (C2 − ξ2)+

≥ a1 + C1 − ξ1 + b2 + C2 − ξ2

(∗)

≥ 1

2
log

(

1 +
SNR1

1 + INR2

)

− 1

2
+ C1 − ξ1

+
1

2
log

(

1 + INR2 +
SNR2

1 + INR1

)

− 1

2
+ C2 − ξ2

≥ 1

2
log (1 + SNR1) + C1 − (ξ1 +

1

2
)− (ξ2 +

1

2
)

=
1

2
log (1 + SNR1) + C1 − g1(ξ1)− g2(ξ2),

which is within g1(ξ1) + g2(ξ2) of the outer bound 1
2 log (1 + SNR1) + C1.

Further,

a1+(C1 − ξ1)+ + b′
2

(∗)

≥ 1

2
log

(

1 +
SNR1

1 + INR2

)

− 1

2
+ C1 − ξ1

+
1

2
log

(

1 + INR2 + INRr2 +
SNR2(1 + η2

2 INRr2) + SNRr2

1 + INR1

)

− f2(∆2)

≥ 1

2
log (1 + SNR1) + C1 − g1(ξ1)− f2(∆2),

which is within g1(ξ1)+f2(∆2) of the outer bound 1
2 log (1 + SNR1)+C1.

• a′
1 + b2 + δC2 (resp. a′

1 + b′
2) in the RHS of (6.14) is within f1(∆1) + g2(ξ2)

(resp. f1(∆1) + f2(∆2)) of the second term in the RHS of (6.56).

Proof. We have:

a′
1 + b2 + (C2 − ξ2)+

(∗)

≥ 1

2
log

(

1 +
SNR1 + SNRr1

1 + INR2

)

− f1(∆1)

+
1

2
log

(

1 + INR2 +
SNR2

1 + INR1

)

− 1

2
+ C2 − ξ2

≥ 1

2
log (1 + SNR1 + SNRr1)− f1(∆1)− (

1

2
+ ξ2)

=
1

2
log (1 + SNR1 + SNRr1)− f1(∆1)− g2(ξ2),
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which is within f1(∆1)+g2(ξ2) of the outer bound 1
2 log (1 + SNR1 + SNRr1).

Next,

a′
1 + b′

2

(∗)

≥ 1

2
log

(

1 +
SNR1 + SNRr1

1 + INR2

)

− f1(∆1)

+
1

2
log

(

1 + INR2 + INRr2 +
SNR2(1 + η2

2 INRr2) + SNRr2

1 + INR1

)

− f2(∆2)

≥ 1

2
log (1 + SNR1 + SNRr1)− f1(∆1)− f2(∆2),

which is within f1(∆1)+f2(∆2) of the outer bound 1
2 log (1 + SNR1 + SNRr1).

Similar gaps for R2 follow by symmetry.
For sum-rate constraints: Following the same line of the above proofs we can show
that of the constraints on R1 + R2 in (6.17)–(6.19):

• d1 + δC1 + a2 + δC2, a1 + δC1 + d2 + δC2, b1 + δC1 + b2 + δC2 are within
g1(ξ1) + g2(ξ2) of the RHS’s of (6.58), (6.59), and (6.60), respectively.

• a′
1+d′

2, d′
1+a′

2, b′
1+b′

2 are within f1(∆1)+f2(∆2) of the RHS’s of (6.62), (6.63),
and (6.64), respectively.

• a1 + δC1 + d′
2, d1 + δC1 + a′

2, b1 + δC1 + b′
2 are within g1(ξ1) + f2(∆2) of the

RHS’s of (6.66), (6.67), and (6.68), respectively.

• b′
1 + b2 + δC2, a′

1 + d2 + δC2, d′
1 + a2 + δC2 are within f1(∆1) + g2(ξ2) of the

RHS’s of (6.70), (6.71), and (6.72), respectively.

For weighted sum-rate constraints: Of the inner bounds on 2R1 + R2 in (6.21), it
can be shown that the bounds a1 + δC1 + d′

1 + b2 + δC2 and a1 + δC1 + d′
1 + b′

2 are
redundant. For the remaining bounds:

• a1 + δC1 +d1 + δC1 + b2 + δC2 is within 2g1(ξ1)+g2(ξ2) of the RHS of (6.61).

• a′
1 + d′

1 + b′
2 is within 2f1(∆1) + f2(∆2) of the RHS of (6.65).

• a1 + δC1 + d1 + δC1 + b′
2 is within 2g1(ξ1) + f2(∆2) of the RHS of (6.69).

• a′
1 + d′

1 + b2 + δC2 is within 2f1(∆1) + g2(ξ2) of the RHS of (6.73).

• a′
1 +d1 +δC1 +b2 +δC2 is within f1(∆1)+g1(ξ1)+g2(ξ2) of the RHS of (6.74).

• a′
1 + d1 + δC1 + b′

2 is within f1(∆1) + g1(ξ1) + f2(∆2) of the RHS of (6.75).
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The gaps for R1 + 2R2 follow directly from the gaps for 2R1 + R2 by symmetry.
To this end, we loosen the gaps obtained from the above comparisons by re-

placing |h2c|2/|h21|2 in the definition of ∆1 and ξ1 in (6.154) and (6.156) with its
upper bound θ defined in (6.81) (similarly done for ∆2 and ξ2). The final step is
optimizing ∆1 and ∆2 to minimize the new (loosened) gaps. At this point we can
apply the result in [ZY13] and conclude that the optimal values are ∆1 = ∆2 =
1
4 (
√

θ2 + 16θ + 16− θ). Direct calculation leads to the optimized gap in (6.82).

6.F Proof of Proposition 6.4.1

First, by replacing Xkc by Xk, Rkp = 0, k ∈ {1, 2}, Q = 1 in Theorem 6.2.1,
i.e., the whole message at each transmitter is set to be the common message, and
noticing that each decoder does not interested in decoding the common message of
the unpairing transmitter uniquely, we obtain the following achievable rate region
Ri

S−IRC :

R1 < min{c1 + (C1 − ξ1)+, c′
1} (6.165)

R2 < min{c2 + (C2 − ξ2)+, c′
2} (6.166)

R1 + R2 < min{d1 + (C1 − ξ1)+, d′
1} (6.167)

R1 + R2 < min{d2 + (C2 − ξ2)+, d′
2}. (6.168)

From the equations of the received signals Y1, Y2, Yr1, Yr2 in (6.52)–(6.55), and by
choosing the distribution of the quantization codebooks Ŷrk = Yrk + Zqk with
Zqk ∼ N(0, ∆k), k ∈ {1, 2} we have:

c1 = I(X1; Y1|X2) =
1

2
log(1 + SNR1) (6.169a)

c′
1 = I(X1; Y1, Ŷr1|X2) =

1

2
log

(

1 + SNR1 +
SNRr1

1 + ∆1

)

(6.169b)

d1 = I(X1, X2; Y1) =
1

2
log(1 + SNR1 + INR1) (6.169c)

d′
1 = I(X1, X2; Y1, Ŷr1)

=
1

2
log

(

1 + SNR1 + INR1 +
SNRr1 + INRr1 + SNR1INR1η2

1

1 + ∆1

)

(6.169d)

ξ1 = I(Ŷr1; Yr1|X1, X2, Y1) =
1

2
log

(

1 +
1

∆1

)

, (6.169e)

and c2, c′
2, d2, d′

2, ξ2 follow by symmetry. Next, we choose the quantization level
∆1 = 1. This reflects the fact that in many networks with relays, it is near optimal
for each relay to quantize its received signal at the noise level [ADT11,WT11a]. It
then follows from (6.169e) that ξ1 = 1/2. We proceed to compare the inner and outer
bounds, keeping in mind that ∆1 = ∆2 = 1, ξ1 = ξ2 = 1/2, SNR1 + SNRr1 ≤ INR2,
and SNR2 + SNRr2 ≤ INR1.
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Individual rate constraints. Direct comparison reveals that

• c1 + (C1 − ξ1)+ = 1
2 log(1 + SNR1) + (C1 − ξ1)+ in (6.165) is within 1/2 bit

of the outer bound 1
2 log(1 + SNR1) + C1 in (6.56).

• c′
1 = 1

2 log
(

1 + SNR1 + SNRr1

1+∆1

)

in (6.165) is within 1/2 bit of the outer bound
1
2 log(1 + SNR1 + SNRr1) in (6.56).

Therefore, the inner bound on R1 is within 1/2 bit of the outer bound. The same
gap for R2 follows by symmetry.
Sum-rate constraints. Direct comparison reveals that

• d1 + (C1 − ξ1)+ = 1
2 log(1 + SNR1 + INR1) + (C1 − ξ1)+ in (6.167) is within 1

bit of the outer bound
1

2
log
(

1 + SNR2+SNRr2

1+INR1

)

+
1

2
log(1 + SNR1 + INR1) + C1

in (6.67).

• d′
1 = 1

2 log
(

1 + SNR1 + INR1 +
SNRr1+INRr1+SNR1INR1η2

1

1+∆1

)

in (6.167) is within 1

bit of the outer bound
1

2
log
(

1 + SNR2+SNRr2

1+INR1+INRr1

)

+
1

2
log(1+INR1+SNRr1+INRr1+SNR1(1+η2

1 INRr1))

in (6.63).

By symmetry, it follows that min{d2 + (C2 − ξ2)+, d′
2} is within 1 bit of the outer

bounds in (6.71) and (6.62).

6.G Proof of Proposition 6.4.2

Similarly to the Gaussian IRC in the strong interference regime, we also set the
whole message at each transmitter to be the common message, i.e., replacing Xkc by
Xk, setting Rkp = 0, k ∈ {1, 2}, Q = 1 in (6.24)–(6.31). As a result, the achievable
rate region Ri

C−MARC consists of (6.165)–(6.168) plus two extra conditions given
below, which follow from (6.29) and (6.25), due to the fact that each decoder is to
decode both messages:

R1 < min{b2 + (C2 − ξ2)+, b′
2} (6.170)

R2 < min{b1 + (C1 − ξ1)+, b′
1}. (6.171)

By the same procedure for quantization as for the Gaussian IRC with strong inter-
ference in Appendix 6.F, we obtain c1, c′

1, d1, d′
1, ξ1 as in (6.169), plus

b1 = I(X2; Y1|X1) =
1

2
log(1 + INR1) (6.172)

b′
1 = I(X2; Y1, Ŷr1|X1) =

1

2
log

(

1 + INR1 +
INRr1

1 + ∆1

)

, (6.173)
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and symmetrically for b2, b′
2, c2, c′

2, d2, d′
2, ξ2. Note that we also choose ∆1 = ∆2 = 1,

which make ξ1 = ξ2 = 1/2 (see (6.169e)). Keeping these in mind, let us compare
the inner and outer bounds.
Individual rate constraints.

• c1 + (C1 − ξ1)+ = 1
2 log(1 + SNR1) + (C1 − ξ1)+ in (6.165) is within 1/2 bit

of the outer bound 1
2 log(1 + SNR1) + C1 in (6.83).

• c′
1 = 1

2 log
(

1 + SNR1 + SNRr1

1+∆1

)

in (6.165) is within 1/2 bit of the outer bound
1
2 log(1 + SNR1 + SNRr1) in (6.83).

• b2 + (C2 − ξ2)+ = 1
2 log(1 + INR2) + (C2 − ξ2)+ in (6.170) is within 1/2 bit of

the outer bound 1
2 log(1 + INR2) + C2 in (6.84).

• b′
2 = 1

2 log
(

1 + INR2 + INRr2

1+∆2

)

in (6.170) is within 1/2 bit of the outer bound
1
2 log(INR2 + INRr2) in (6.84).

Therefore we conclude the active inner bound on R1 is within 1/2 bit of some outer
bound. By symmetry we obtain the same result for R2.
Sum-rate constraints.

• d1 + (C1 − ξ1)+ = 1
2 log(1 + SNR1 + INR1) + (C1 − ξ1)+ in (6.167) is within

1/2 bit of the outer bound

1

2
log(1 + SNR1 + INR1) + C1,

in (6.87).

• d′
1 = 1

2 log
(

1 + SNR1 + INR1 +
SNRr1+INRr1+SNR1INR1η2

1

1+∆1

)

in (6.167) is within

1/2 bit of the outer bound

1

2
log
(

1 + SNR1 + INR1 + SNRr1 + INRr1 + SNR1INR1η2
1

)

,

in (6.89).

Similarly we obtain the same gaps for the two remaining bounds on R1 + R2.
Accordingly we conclude that the active inner bound on sum-rate is within 1/2 bit
of some outer bound.

Finally, since the inner bound is within 1/2 bit of the outer bound, the inner
bound is within 1/2 bit of the capacity region of the channel.
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6.H Proof of Proposition 6.4.3

We will prove the theorem in the reverse direction, i.e., we fix the power allocation
at the transmitters and the quantization distortion at the relays, and then find the
conditions on C1, C2 such that the second terms in the min in the RHS of (6.24)–
(6.31) are active.

Since we are focusing on the case when the quantization codewords can be
recovered correctly at that destination, i.e., Ŷrk is a channel output at the receiver
Rxk, k ∈ {1, 2}, it is reasonable to think of relay and receiver as single receiver. As
such, we expect that the rule of thumb for power allocation in [ETW08, WT11a]
should perform well. Accordingly, we allocate transmit power for the private signal
such that it arrives at the unintended receiver at the level below the noise level.
Specifically, we choose

P1p = min

{

1,
1

INR2 + INRr2

}

(6.174)

P2p = min

{

1,
1

INR1 + INRr1

}

. (6.175)

Moreover, as learned from the linear deterministic model in [WT11a], it is reason-
able for each relay to choose the quantization distortion at the level of undesired
signals plus noise perceived by the associated receiver. In particular we choose

∆1 = 1 + INRr1p, ∆2 = 1 + INRr2p. (6.176)

Then we have the “rate-loss” terms to be bounded

ξ1 = I(Ŷr1; Yr1|X1, X2c, Y1)

=
1

2
log

[

1 +
1

∆1

(

1 +
INRr1p

1 + INR1p

)]

≤ 1

2
. (6.177)

Similarly, ξ2 ≤ 1
2 . In the same line of the proof of Lemma 6.4 in Appendix 6.E, we

can show the following bounds:

INRr1

1 + INR1 + INRr1
≤ INRr1p ≤ 1 (6.178a)

INR1

1 + INR1 + INRr1
≤ INR1p ≤ 1 (6.178b)

SNRr1

1 + INR2 + INRr2
≤ SNRr1p (6.178c)

SNR1

1 + INR2 + INRr2
≤ SNR1p. (6.178d)
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Now, in order for the second terms in the min in the RHS of (6.24)–(6.31) to be
active we need

(C1 − ξ1)+ ≥ max{a′
1 − a1, b′

1 − b1, c′
1 − c1, d′

1 − d1}
= d′

1 − d1.

Since ξ1 ≤ 1
2 , a sufficient condition would be

C1 ≥
1

2
+ d′

1 − d1

=
1

2
+ I(X1, X2c; Ŷr1|Y1). (6.179)

Now we have

I(X1, X2c; Ŷr1|Y1) =
1

2
log





1 + ∆1 +
SNRr1+INRr1+SNR1INRr1η2

1

1+SNR1+INR1

1 + ∆1 +
INRr1p

1+INR1p





(a)

≤ 1

2
log





1 + ∆1 +
SNRr1+INRr1+SNR1INRr1η2

1

1+SNR1+INR1

1 + ∆1 +
INRr1p

2





(b)

≤ 1

2
log





(SNRr1+INRr1+SNR1INRr1η2
1)(1+INR1+INRr1)

+(4+4INR1+6INRr1)(1+SNR1+INR1)

(4 + 4INR1 + 7INRr1)(1 + SNR1 + INR1)



 ,

where (a) follows from the upper bound on INR1p in (6.178b), (b) follows from the
lower bound on INRr1p in (6.178a). Hence, a sufficient condition for C1 is

C1 ≥
1

2
log





2(SNRr1+INRr1+SNR1INRr1η2
1)(1+INR1+INRr1)

+2(4+4INR1+6INRr1)(1+SNR1+INR1)

(4 + 4INR1 + 7INRr1)(1 + SNR1 + INR1)



 . (6.180)

Due to this condition on C1 (and similarly for C2), the achievable rate region in
Theorem 6.2.1 reduces to

R1 < c′
1 (6.181)

R1 < a′
1 + b′

2 (6.182)

R2 < c′
2 (6.183)

R2 < a′
2 + b′

1 (6.184)

R1 + R2 < a′
1 + d′

2 (6.185)

R1 + R2 < b′
1 + b′

2 (6.186)

R1 + R2 < d′
1 + a′

2 (6.187)

2R1 + R2 < a′
1 + d′

1 + b′
2 (6.188)

R1 + 2R2 < b′
1 + a′

2 + d′
2. (6.189)
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Let us define

g1(∆1) :=
1

2
log((1 + ∆1)(1 + INR1p) + INRr1p)

g2(∆2) :=
1

2
log((1 + ∆2)(1 + INR2p) + INRr2p).

Using the bounds in (6.178a)–(6.178d) we have

g1(∆1) ≤ 1

2
log(7) (6.190a)

g2(∆2) ≤ 1

2
log(7), (6.190b)

and

a′
1 = I(X1; Y1, Ŷ1r|X1c, X2c)

=
1

2
log

(

(1 + ∆1)(1 + SNR1p + INR1p) + SNRr1p + INRr1p(1 + η2
1SNR1p)

(1 + ∆1)(1 + INR1p) + INRr1p

)

≥ 1

2
log (1 + SNR1p + SNRr1p))− g1(∆1)

≥ 1

2
log

(

1 +
SNR1 + SNRr1

1 + INR2 + INRr2

)

− g1(∆1).

In the same way we can show that

b′
1 = I(X1, X2c; Y1, Ŷ1r|X1c)

=
1

2
log

(

(1 + ∆1)(1 + SNR1p + INR1) + SNRr1p + INRr1(1 + η2
1SNR1p)

(1 + ∆1)(1 + INR1p) + INRr1p

)

≥ 1

2
log

(

1 + INR1 + INRr1 +
SNR1(1 + η2

1 INRr1) + SNRr1

1 + INR2 + INRr2

)

− g1(∆1).

c′
1 = I(X1; Y1, Ŷ1r|X2c)

=
1

2
log

(

(1 + ∆1)(1 + SNR1 + INR1p) + SNRr1 + INRr1p(1 + η2
1SNR1)

(1 + ∆1)(1 + INR1p) + INRr1p

)

≥ 1

2
log (1 + SNR1 + SNRr1)− g1(∆1).

d′
1 = I(X1, X2c; Y1, Ŷ1r)

=
1

2
log

(

(1 + ∆1)(1 + SNR1 + INR1) + SNRr1 + INRr1(1 + η2
1SNR1)

(1 + ∆1)(1 + INR1p) + INRr1p

)

≥ 1

2

(

1 + INR1 + INRr1 + SNR1(1 + η2
1 INRr1) + SNRr1

)

− g1(∆1).

The preceding inequalities lead to the following gap between inner and outer bounds:
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• Constraints on R1:

The RHS of (6.181) is within g1(∆1) of the RHS of (6.56).

The RHS of (6.182) is within g1(∆1) + g2(∆2) of the RHS of (6.56).

• Constraints on R2 follow by symmetry.

• Constraints on R1 + R2:

The RHS of (6.185) is within g1(∆1) + g2(∆2) of the RHS of (6.62).

Similarly for the RHS of (6.187).

The RHS of (6.186) is within g1(∆1) + g2(∆2) of the RHS of (6.64).

• Constraint on 2R1 + R2:
The RHS of (6.188) is within 2g1(∆1) + g2(∆2) of the RHS of (6.65).

• Constraint on 2R1 + R2 follows by symmetry.

In summary, we conclude that inner bound on the individual rates are within
g1(∆1)+g2(∆2) bits of the outer bound, inner bound on R1 +R2 is within g1(∆1)+
g2(∆2) of the outer bound, inner bound on 2R1 + R2 is within 2g1(∆1) + g2(∆2)
of the outer bound, and inner bound on R1 + 2R2 is within g1(∆1) + 2g2(∆2) of
the outer bound. Using (6.190) we obtain the desired gap. Finally, recall that the
outer bounds we have just used are derived by assuming each receiver cooperates
with its associated relay.

6.I Proofs of Lemma 6.2 and Lemma 6.3

Proof of Lemma 6.2: By setting the whole message at each transmitter to be private,
i.e., setting Xkc = ∅, Rkc = 0, k ∈ {1, 2}, and Q = const in Theorem 6.2.1, the
achievable rate region for the IRC reduces to a rectangle given by

R1 < min{I(X1; Y1) + (C1 − I(Ŷr1; Yr1|X1, Y1))+, I(X1; Y1, Ŷr1)}
R2 < min{I(X2; Y2) + (C2 − I(Ŷr2; Yr2|X2, Y2))+, I(X2; Y2, Ŷr2)}.

Extending the above achievable region to the Gaussian IRC, as described in Sec-
tion 6.4.2, with the quantization distortion ∆k = 1+INRrk, k ∈ {1, 2}, we can easily
show that I(Xk; Yk) + (Ck− I(Ŷrk; Yrk|Xk, Yk))+ ≤ I(Xk; Yk, Ŷrk) if the conditions
in (6.93) are satisfied. Hence, the resulting achievable region is given by

R1 < I(X1; Y1) + (C1 − I(Ŷr1; Yr1|X1, Y1))+

R2 < I(X2; Y2) + (C2 − I(Ŷr2; Yr2|X2, Y2))+,

which yields the achievable sum-rate Cw
lb = R1 + R2 in explicit form in (6.94).
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Proof of Lemma 6.3: Recall that we denote the sequences sent over the noiseless
links by V n

1 and V n
2 . By the Fano’s inequality

n(R1 + R2 − 2ǫn) ≤ I(Xn
1 ; Y n

1 , V n
1 ) + I(Xn

2 ; Y n
2 , V n

2 )

≤ I(Xn
1 ; Y n

1 ) + H(V n
1 ) + I(Xn

2 ; Y n
2 ) + H(V n

2 )

≤ I(Xn
1 ; Y n

1 ) + I(Xn
2 ; Y n

2 ) + nC1 + nC2, (6.191)

where ǫn → 0 as n → ∞. Under the condition (6.95) we can proceed to bound
I(Xn

1 ; Y n
1 ) + I(Xn

2 ; Y n
2 ) in the same way as done in [SKC09,MK09,AV09]. Specifi-

cally, we can find a useful and smart genie, which gives us

I(Xn
1 ; Y n

1 )+I(Xn
2 ; Y n

2 ) ≤ n

2
log

(

1 +
SNR1

1 + INR1

)

+
n

2
log

(

1 +
SNR2

1 + INR2

)

. (6.192)

Combining (6.191) and (6.192) completes the proof.





Chapter 7

Conclusion

7.1 Concluding Remarks

In this thesis we have investigated the role of relaying and cooperation in inter-
ference management for wireless networks. We followed an information theoretic
approach, and we addressed several problems in network information theory hav-
ing their practical motivation in modern wireless networking. In so doing, we have
been able to propose new coding strategies, establish fundamental inner and outer
bounds on the capacity regions of multiple scenarios. These bounds have been shown
to be the capacity regions in different cases. We illuminated the connection among
coding strategies and showed how to tailor them to achieve better performance. In
particular, we showed how to combine two different versions of superposition cod-
ing with classical relaying protocols to efficiently mitigate interference while keeping
the analysis simple. We showed analytically and numerically the benefit of having
layers in coding strategies for interference-relay channels. We also demonstrated the
optimality of a simple relaying protocol for certain interfering relay networks.

An interesting finding of this thesis is the equivalence of different relaying strate-
gies, with and without binning, in terms of achievable rates, for several interference-
relay networks. This provides a more complete view on the many existing relaying
strategies in the literature. A comparison of long- and short-message relaying also
reveals a trade-off between complexity, delay, and achievable rates, thereby pro-
viding a deeper understanding of those relaying strategies. Another feature of the
thesis is the study of networks which have both in-band and out-of-band links. This
is a very important model for modern wireless systems, where the backhaul links
are implemented to connect master nodes such as base stations. One such example
is the HetNet introduced in Chapter 1, cf. Fig. 1.1. We showed how to analyze those
networks, for both the discrete memoryless and the Gaussian models.

To sum up, this thesis conducted a comprehensive and in-depth study of coding
strategies for cooperative interference management. Through concrete “toy prob-
lems” serving as abstractions of important practical scenarios, we developed a clear
overview on the strategies and to provided an in-depth analysis. The methods, re-
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sults, and insight obtained here are expected to be useful for further studies of
the topic and for benchmarking and inspiration for implementation in practical
systems.

7.2 Future Work

There are certainly many open questions remaining to answer and many directions
to extend the work of this thesis. One example is to further optimize the parameters
in the proposed coding schemes, particularly finding smarter power allocation and
quantization schemes so as to approach the capacity regions more closely. Recall
from Chapter 6 that a “rule of thumb” for signal quantization at the relays is to
quantize at the noise level of the receivers. This, however, is not necessarily always
optimal as recently shown in [KO13]. Therefore, finding a smarter quantization rule
seems to be reasonable and may lead to significant improvements of the results.

An important immediate extension of our work is to analyze more complex inter-
ference networks, ideally with an arbitrary number of nodes. Within this topic, one
natural question is whether we can generalize the analysis of quantize-bin-forward
in Chapter 6 to such general networks, in a similar way that noisy network coding
generalizes quantize-forward and network coding to the general discrete memo-
ryless multicast networks. The question is particularly relevant to heterogeneous
networks where in-band and out-of-band links coexist. It also has an important
engineering implication because quantize-bin-forward is more favorable than noisy
network coding in terms of delay and complexity.

Another important topic for future work is to study the interaction of the coding
techniques in this thesis with other forms of cooperation, in particular the coop-
eration induced by feedback. Research has shown that a few bits of feedback can
considerably improve the performance of many coding schemes in network informa-
tion theory. For the IC, the recent works in [JXG07,ST11,TU11,SAYS09,VSA12]
also showed promising results. Extending these knowledge to interference networks
with relays is clearly an appealing topic.

Although briefly touched upon in Chapter 3, the asymptotic behavior of Gaus-
sian networks at high signal-to-noise ratios is not covered in the thesis. In such
cases the notion of degrees of freedom (DoF) appears to be the most relevant one,
which might deserve further investigation. Another interesting topic that has not
been covered is the use of deterministic models [ADT11] (DM) to approximate
the capacity regions. We, however, note that some of the results in Chapter 6 are
indirectly obtained from insight based on the DM.

Additionally, enhancing the coding schemes to include fading channels is always
an important step towards real-world implementations.

Finally, using coding techniques that have previously been suggested for the
relay and/or interference channel may not be sufficient to efficiently manage inter-
ference in general wireless networks. Therefore, an important challenge for future
work may be to invent completely new coding strategies.
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[OS12] P. Ökvist and A. Simonsson, “LTE HetNet trial - range expansion
including micro/pico indoor coverage survey,” in Proc. IEEE Vehic-
ular Tech. Conf. (VTC Fall), 2012.

[PV11a] V. Prabhakaran and P. Viswanath, “Interference channels with des-
tination cooperation,” IEEE Trans. Inf. Theory, vol. 57, no. 1, pp.
187–209, Jan. 2011.

[PV11b] ——, “Interference channels with source cooperation,” IEEE Trans.
Inf. Theory, vol. 57, no. 1, pp. 156–186, Jan. 2011.

[Qua11] Qualcomm Incorporated, “LTE Advanced: Heterogeneous net-
works,” 2011.

[RHZ+13] P. Razaghi, S.-N. Hong, L. Zhou, W. Yu, and G. Caire, “Two birds
and one stone: Gaussian interference channel with a shared out-of-
band relay of limited rate,” IEEE Trans. Inf. Theory, vol. 59, no. 7,
pp. 4192–4212, 2013.

[RV11] A. Raja and P. Viswanath, “Compress-and-forward scheme for a
relay network: Approximate optimality and connection to algebraic
flows,” IEEE Trans. Inf. Theory, Submitted 2011.

[RY10] P. Razaghi and W. Yu, “Universal relaying for the interference chan-
nel,” in Inf. Theory and Applications Workshop (ITA), Feb. 2010.

[Sas04] I. Sason, “On achievable rate regions for the Gaussian interference
channel,” IEEE Trans. Inf. Theory, vol. 50, no. 6, pp. 1345–1356,
Jun. 2004.



182 Bibliography

[Sat81] H. Sato, “The capacity of the Gaussian interference channel under
strong interference (corresp.),” IEEE Trans. Inf. Theory, vol. 27,
no. 6, pp. 786–788, Nov. 1981.

[SAYS09] A. Sahai, V. Aggarwal, M. Yüksel, and A. Sabharwal, “On chan-
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