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Abstract

Rapid advances in sensing, computing, and wireless technologies have led to signif-
icant interest in the understanding and development of wireless networked control
systems. Networked control systems consist of spatially distributed agents such as
plants (dynamical systems), sensors, and controllers, that interact to achieve desired
objectives. The sensors monitor the plants and communicate measurements to re-
motely situated controllers. The controllers apply actions to stabilize and control the
plants. Such systems have diverse applications in security, surveillance, industrial
production, health monitoring, remote surgery, environment management, space
missions, and intelligent transport systems. The objective of the thesis is to under-
stand the fundamental limits and principles involved in the design of sensing and
control strategies for dynamical systems controlled over communication networks.

The thesis has three parts. Part I and Part III consider the design of sensing
and control strategies for mean-square stabilization of linear dynamical systems
over fundamental communication channels such as point-to-point, relay, multiple-
access, broadcast, and interference channels. The sensors and other nodes within the
communication network are assumed to have average power transmit constraints.
Moreover, the communication links between all agents (plants, sensors, controllers)
are modeled as Gaussian channels. Necessary as well as sufficient conditions for
mean-square stabilization over various network topologies are derived. The nec-
essary conditions are arrived at using information theoretic arguments such as
properties of mutual information, directed information, and differential entropy.
The sufficient conditions are obtained using delay-free sensing and control policies.
These conditions quantify the effect of communication network parameters such
as transmit powers, channel noise, and channel interference on the stability of the
plant(s). Different settings where linear policies are optimal, asymptotically optimal
(in certain parameters of the system) and suboptimal have also been identified. Part
II considers the design of real-time sensing and control strategies for minimization
of a quadratic cost function of the state process of a system over Gaussian net-
works. Two fundamental Gaussian networks are considered: i) cascade network and
ii) parallel network. For each network, non-linear sensing and control schemes are
proposed and sub-optimality of linear strategies is discussed.

The results reveal fundamental limits on the performance of linear systems con-
trolled over Gaussian networks. The methods used to derive these results reveal a
close interplay between information theory and control theory.
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Chapter 1

Introduction

In the language of engineering and science, a group of interacting, interrelated, or
interdependent elements forming a complex whole is often called a system [FD].
For example, the solar system comprising of the Sun and its planetary system

of eight planets, their moons, and other non-stellar objects. A system is dynamical
if its behavior changes over time due to external or internal factors, for example
physical changes in a human body, climate change on earth, and motion of a vehicle.
If the behavior of a dynamical system can be steered in a desired way by applying
appropriate actions or forces, then it is referred to as a control system. There are
numerous control systems around us, that either exist naturally or are engineered
by humans. An example of a biological control system is the regulation of glucose
in the bloodstream through the production of insulin by the pancreas [AM09]. An
engineering example is an air flight control system which assists pilot in flying an
aircraft. In manufacturing industry, the desired physical or chemical composition
of a product is often achieved by employing certain feedback control mechanism.
Even our economies are based on complex interactions between individuals and
corporations.

Some control systems have spatially distributed components such that the op-
eration of these distributed components is coordinated by exchange of information
to achieve an overall objective. These are commonly known as networked control
systems. More precisely, a networked control system has four main components:
sensors, actuators, controllers, and the process (or system) to be controlled. These
components communicate to perform coordinated actions. For example, our ner-
vous system coordinates voluntary and involuntary actions by transmitting signals
between different parts of our body. In the engineering world, networked control
systems have existed for several decades in power plants, manufacturing industry,
and transportation systems where information is usually collected from different
locations and then communicated to a central station using wired connections.
Important decisions/assessments are made at the central station which are then
communicated to different locations using wired connections. Due to wired con-
nections, the implementation of these systems have been very limited in the past.

1



2 Introduction

Plants Controllers
Sensors

Communication
Network

C1

C2

Cm

P1

P2

Pn

Figure 1.1: Feedback control of plants (dynamical systems) over a wireless network.
The sensors monitor the plants and communicate their measurements to remotely
situated controllers. The controllers then apply actions to control the plants.

However, the recent advances in wireless access technologies and the rapid de-
velopment of low cost and energy efficient devices that are capable of sensing,
computing, and transmitting, have laid a foundation to build distributed systems
that can reliably perform under reasonable cost. The use of wireless technologies
in networked control systems may lead to a large scale deployment of distributed
components that are mobile, flexible and cost effective. Such system have potential
applications in many areas such as machine-to-machine communication for security,
surveillance, industrial production, health monitoring, remote surgery, environment
management, space missions, and intelligent transport systems.

The replacement of wired connections with wireless connections in networked
control systems provide many advantages such as reduced wiring, lower installation
and maintenance costs, higher flexibility and adaption capability. However, there
are additional challenges in the design and analysis of such systems due to the in-
sertion of less reliable and insecure wireless communication links. In recent years,
the researchers in the areas of control theory, communication theory, and computer
science have directed substantial attention to address the challenges associated with
successful implementation of networked control systems. This is a multi-disciplinary
research topic that requires a deep understanding of interaction between informa-
tion and control sciences. An efficient implementation of networked control systems
requires a joint design of control and communication strategies, but unfortunately
control engineering and communication engineering have been widely studied sep-
arately with very little overlap. The tools, methodologies, and systems developed
in these areas are quite mature, but they have very little ground in common. Com-
munication theory primarily focuses on reliable transmission of information and
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the delay in transmission is of secondary importance. On the other hand, control
system designs are robust to uncertainties but very sensitive to delays. It is not
simple to merge the systems developed in these areas, therefore, a new and unified
approach is needed to understand the fundamental principles and finally build ef-
ficient networked control systems. This thesis also makes an effort in this direction
by studying some open problems on sensing, estimation, and control over networks.

In this thesis, we consider the scenario depicted in Figure 1.1, where there are a
number of plants (systems to be controlled) that are monitored by a group of sensor
nodes. These sensor nodes communicate their measurements to remotely situated
control units over wireless links. Based on the signals received from the sensors, the
remote controllers take appropriate actions to control the plants remotely. Some
basic questions we try to answer in this thesis are: How much transmission power
the sensors should use to stabilize dynamical systems over a communication net-
work using remote controllers? How do the channel impairments such as noise and
interference affect stability of a remote control system? What are the suitable trans-
mission schemes in different network architectures when the objective is to estimate
or control state of a dynamical system? Although large networked control systems
are the main motivation of this thesis, we focus on small systems with fewer com-
ponents to understand the fundamental principles. An accurate analysis of small
systems can give us right intuitions to understand and build networked control
systems on a larger scale.

In the rest of this chapter, we first provide a brief introduction to stochastic
control, stochastic networked control, team decision problems, and the problem of
stabilization over communication channels. We then give an outline of the main
contributions of this thesis. The purpose is to first make the reader familiar with
some technical terminologies and basic concepts which are helpful in understand-
ing the key contributions of this thesis as well as the technical discussions in the
following chapters.

1.1 Stochastic Control

Consider a discrete-time system with the following state and measurement equa-
tions:

Xt+1 = ft (Xt, Ut, Wt) , t ∈ N

Yt = ht(Xt, Vt), (1.1)

where N = {0, 1, 2, . . . }, Xt ∈ X is the state variable, Ut ∈ U is the action variable,
Wt ∈ W is the system noise (process noise), and Vt ∈ V is the measurement noise.
The spaces X and U are termed as state and action spaces, and the spaces W,V are
called noise spaces. We assume that {X,U,W,V} are non-empty Borel spaces. The
system function ft and the measurement function ht are Borel measurable functions.
Moreover, the initial state X0 and the disturbances {Wt, Vt} are random objects
with distributions µx0 , µwt

, and µvt
respectively. At any time t, the controller
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has access to the information variable It = {Y0, Y1, . . . , Yt, U0, U1, . . . , Ut−1} and it
employs a policy or strategy γt such that

γt : It 7→ Ut

γt : Yt+1 × Ut → P(U), (1.2)

where P(U) is the space of probability measures defined on U. A control policy
is deterministic if γt : Yt+1 × Ut → U. A control policy is known as Markov or
memoryless if the controller uses only Yt to generate Ut. A control policy is called
stationary if γt = γ for all t.

In a stochastic control problem the controller can have different objectives, there-
fore, the control policy needs to be designed accordingly. For instance, one objec-
tive of the controller might be to stabilize the system in some appropriate sense,
for example in the mean-square sense: supt E

[
X2

t

]
< ∞, or in ergodic sense, i.e.,

limT →∞
1
T

∑T −1
t=0 g(Xt) exists, where g is a real-valued Borel measurable function.

Another common objective is to design a control policy γ̄ := {γ0, γ1, . . . γT } such
that the following additive cost function is minimized:

J(γ̄) = E

[
T∑

t=0

c (Xt, Ut)

]

, (1.3)

where T ∈ N and c : X × U → R is a cost function. In this case, an optimal
policy γ̄⋆ would satisfy J(γ̄⋆) ≤ J(γ̄) for all γ̄ ∈ Γ, where Γ is the set of admissible
control policies. A control policy is admissible if it is measurable with respect to
sigma-algebra generated by the information variable It.

In stochastic control problems, the control action Ut can have two effects or
roles, with contradictory objectives [Söd02]:

1. Control action ut should be chosen to make the present cost and the future
costs E [c (Xt+k, Ut+k)] for k ≥ 0, small. This often implies that ut has to be
small. We refer to this as action effect.

2. Control action ut should be chosen to obtain more precise information about
future states. This often implies that ut has to be large to dominate over the
disturbance in the system. This effect is known as probing.

Since the action role and the probing role of control have usually conflicting objec-
tives, an optimal controller is the one that achieves an optimal trade-off. Due to the
above two effects, we say that the control has a dual effect or a dual role. The dual
effect of control does not occur when the controller has perfect information of the
state, i.e., Yt = Xt. Although in most stochastic control problems with incomplete
state information dual effect of control is present, there may exist rare instances
where dual effect is not present. Such problems are known as neutral problems and
an optimal policy for such problems can be obtained in two steps: i) determine
the conditional distribution of the state (information state) and express the cost



1.2. Stochastic Networked Control 5

in terms of information state, ii) determine optimal control laws as functions of
information state. This property is known as a separation principle or separation
of estimation and control [Wit71], i.e., the controller first computes an optimal es-
timate of the state and then applies action using the state estimate. One popular
stochastic control problem where the separation of estimation and control holds is
given below.

LQG Control Problem. Consider the following linear system model:

Xt+1 = AXt + BUt + Wt

Yt = CXt + Vt, (1.4)

where Vt and Wt are jointly Gaussian white noise sequences and A, B, C are ma-
trices of appropriate dimensions. The initial state X0 is assumed to be Gaussian
distributed and independent of the noise variables Vt and Wt. Suppose the objective
is to minimize the following quadratic cost function:

J(γ̄) = Eγ̄

[

XT
NQ0XN +

N∑

t=0

(
XT

t Q1Xt + UT
t Q2Ut

)

]

, (1.5)

over all admissible control policies, γ̄ ∈ Γ. This is known as the Linear Quadratic
Gaussian (LQG) control problem, since the system model is linear, the cost is
quadratic and disturbances are Gaussian. The optimal control policy for this prob-
lem is given by Ut = −LtX̂t, where Lt is a time varying matrix and X̂t = E[Xt|It]
is the optimal state estimate that can be generated using Kalman filter. Hence, it
is allowed to separate estimation and control in the LQG control optimal. Even
if we assume non-Gaussian disturbances and restrict controller to be linear, then
optimal linear controller also exhibits the separation structure. The LQG control
problem in fact exhibits a stronger property than the separation principle known
as certainty equivalence, which says that one can replace all random variables in
the system model by their mean values and then determine an optimal controller
for this deterministic system [Söd02].

1.2 Stochastic Networked Control

A networked control system is comprised of multiple agents which are often perform-
ing two major tasks: i) Generate suitable signals to communicate information, ii)
Apply control actions to minimize errors and reduce costs. In the stochastic control
framework introduced in the previous section, there is a central agent (controller)
with perfect memory (recall). But networked control systems are decentralized in
nature. A simple example of a networked control system would be to assume that
the measurement function ht in the state equation (1.1) is not fixed and it has to be
designed along with the control function γt to minimize some cost function. That
is, in this simple stochastic networked control example, the objective is to jointly
design measurement and control strategies. Obviously stochastic networked control
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problems are much harder to solve than stochastic control problems due to their
decentralized nature. As a concrete example, we look at the following problem on
joint design of measurement and control strategies for a scalar linear systems, that
was studied by Bansal and Başar in 1989 [BB89].

Consider the following scalar system:

Xt+1 = λtXt + Ut + Wt, t ∈ N

Yt = St + Vt, (1.6)

where St = ht(Xt, Y0, Y1, . . . , Yt−1), Ut = γt(Y0, Y1, . . . , Yt), and {ht, ft} are Borel
measurable functions. The initial state X0 and the noise variables {Wt, Vt} are all
independent and zero mean Gaussian distributed. The objective is to jointly design
measurement and control policies {ht, γt} such that the following cost is minimized:

J(h̄, γ̄) = Eh̄,γ̄

[
N∑

t=0

at+1X2
t+1 + btU

2
t + qtS

2
t

]

, (1.7)

where at, bt, qt > 0 and h̄ := {h0, h1, . . . , hN } and γ̄ := {γ0, γ1, . . . , γN }. Note
that this problem becomes equivalent to the LQG control problem if ht is fixed
to be linear in the state, for which separation structure is optimal. However, for
non-linear measurement functions, the optimality of separation structure does not
apply in general and this problem is very hard to solve. Interestingly, Bansal and
Başar showed that the optimal measurement and control strategies for this problem
are actually linear with the following structure:

St = mt (Xt − E [Xt|Y0, Y1, . . . , Yt−1]) , Ut = −ltE [Xt|Y0, Y1, . . . , Yt−1] , (1.8)

where mt and lt are some scalars (complete description is given in [BB89]). It is
noteworthy that the optimal measurement policy is to linearly transmit innovation
at each time step. Similar results carry over to infinite horizon problem with dis-
counted cost as shown in [BB89]. To this end, we want to highlight that optimal
measurement and control policies for vector valued systems in quadratic Gaussian
settings are still unknown.

1.3 Networked Control System as Stochastic Team

A networked control system can be viewed as a stochastic dynamic team where
multiple decision makers (agents) strive for a common goal [Rad62, YB13]. These
decision makers have the same probabilistic description of the system but usually
have different observations or measurements. For example, in the simple networked
control example discussed in the previous section, there are two decision makers–a
sensor and a controller, and their common objective is to minimize a quadratic cost
function. A comprehensive discussion on team decision problems in various settings
can be found in Chapter II and Chapter III of [YB13]. In the following, we provide



1.3. Networked Control System as Stochastic Team 7

a brief introduction to mathematical framework for team decision problems and
some fundamentals which will be useful in understanding the contributions of this
thesis.

A stochastic team decision problem has the following five ingredients:

1. Number of decision makers and action sets available at each decision maker.

2. A probabilistic description of the uncertainties in the system.

3. The measurements/observations at the decision makers.

4. A cost function.

5. A solution concept based on which we can compare different policies.

We illustrate this with the help of an example: Consider a sequential1 dynamic2

team with N decision makers {DM1, DM2, . . . , DMN}, where DM i has an infor-
mation space Yi and an action space Ui. Let (Ω, F , P ) be the probability space asso-
ciated with uncertainties in the system. Consider a decision making sequence where
DM1 acts first, then DM2 acts, and so on. Let hi : Ω ×U1 ×U2 × · · · ×Ui−1 → Yi

be the measurement function of DM i and γi : Yi → Ui be the action policy of
DM i, such that Y i = hi(ω, U1, U2, . . . , U i−1) and U i = γi(Y

i) = γi(hi(ω)), where
w ∈ Ω, U i ∈ Ui and {Yi,Ui} are the information and the action spaces of DM i.
The measurement functions {h1, h2, . . . , hN } for all decision makers are fixed. The
action policy of the team γ̄ := {γ1, γ2, . . . , γN } has to be designed to minimize an
average cost:

J(γ̄) = E
[
c(ω, U1, U2, . . . , UN)

]
, (1.9)

where c : Ω × U1 × U2 × · · · × UN → R denotes a cost function. A team policy γ̄⋆

is optimal if

J(γ̄⋆) = inf
γ̄∈Γ

J(γ̄), (1.10)

where Γ is the set of admissible team policies. Note that an optimal policy may not
exist in a stochastic team decision problem. Another weaker notion of optimality
is person-by-person optimality which is defined as follows. A team strategy γ̄⋆ :=
{γ⋆

1 , γ⋆
2 , . . . , γ⋆

N } is person-by-person optimal if

J(γ⋆
1 , . . . , γ⋆

i−1, γ⋆
i , γ⋆

i+1, . . . , γ⋆
N) ≤ J(γ⋆

1 , . . . , γ⋆
i−1, γi, γ⋆

i+1, . . . , γ⋆
N ), (1.11)

1In a sequential team, there exists a predefined order in which the decision makers take actions,
whereas in a non-sequential team this order can be uncertain and may depend on other parameters.

2In a dynamic team, the information available to a decision maker can be affected by actions of
other decision makers, whereas in a static team the actions of one decision maker do not influence
information available to the other decision makers.
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DM1 DM2
X1 = Y1 X2 X3

W

Y2U1 U2

Figure 1.2: Witsenhausen Counterexample.

for all γi ∈ Γi and for all i ∈ {1, 2, . . . , N}. Person-by-person optimality is a neces-
sary but not sufficient condition for global or team optimality.

Since U i = γi(hi(ω, U1, U2, . . . , U i−1)), the cost in (1.9) also depends on the
measurement functions h̄ := {h1, h2, . . . , hN}. We refer to h̄ as the information
structure of the team problem. The importance of information structure is central
in stochastic team decision problems [Wit68, SA74, Ho80, MMRY12, YB13]. In the
following we briefly introduce information structures and discuss their effect on the
solution of team decision problems.

Broadly speaking, there are three main types of information structures: classi-
cal, quasi-classical, and non-classical. A team is said to have a classical information
structure if DM i has access to the information available at DMk for all k < i.
In the case of the classical information structure, the information is expanding
, i.e., Y1 ⊆ Y2 ⊆ Y3 · · · ⊆ YN . A quasi-classical (or partially nested) informa-
tion structure is the one in which if DMk affects the information of DM j , then
DM j must know the information available at DMk i.e., Yk ⊆ Yj . An information
structure which is neither classical nor quasi-classical is known as a non-classical
information structure. In the classical information structure the information is ex-
panding and one can use dynamic programming to find optimal action policies.
However, for quasi-classical and non-classical information structures, there does not
exist a systematic procedure to find optimal control laws. Only for LQG systems
with quasi-classical information structures, optimal control policies are known to
be affine [Ho80]. Many team problems are non-classical in nature and unfortunately
a systematic theory to address these problems is lacking [Bas08]. In the following
we a give an example of a well-known team decision problem with non-classical
information pattern.

Witsenhausen’s Counterexample. Consider a team problem with two de-
cision makers depicted in Figure 1.2. The decision maker DM1 observes Y1 = X1

where X1 ∼ N (0, σ2) and then applies an action U1 = γ1(Y1). The decision maker
DM2 observes Y2 = X1 +U1 +W where W ∼ N (0, σ2

w), and then applies an action
U2 = γ2(Y2). The objective is to find an optimal team decision policy γ̄⋆ = {γ⋆

1 , γ⋆
2 }

such that the following cost is minimized:

J(γ̄) = E
[
k2U2

1 + X2
3

]
, (1.12)
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DM1 DM2

X1 = Y1 U1

W

Y2 U2

Figure 1.3: Transmission of a Gaussian variable over a Gaussian channel.

where X3 = X2−U2 and k > 0. Note that the problem has non-classical information
structure because DM2 does not have access to Y1. This problem was introduced by
Witsenhausen in 1968 [Wit68], even though the problem looks simple but optimal
decision policies are unknown till today. Witsenhausen proved that optimal policies
for this problem exist and further showed by giving a counter example that the
optimal policies are not linear [Wit68].

In problems with a non-classical information pattern, a decision maker can en-
code some information in his/her action about those variables which are not known
to other decision makers, which is commonly known as a signaling incentive. Thus
the control has a triple role in team decision problems with non-classical informa-
tion structures: i) probing role, ii) action role, iii) signaling role. An optimal decision
policy is the one that achieves an optimal tradeoff between these three roles of con-
trol with conflicting objectives. It has been pointed out that in fact it is not only
the non-classical nature but also the structure of cost function that contributes to
the difficulty of finding optimal solutions [Bas08]. There exist rare instances where
linear policies are actually optimal in non-classical setting. One such example is
given below.

Gaussian Test Channel. Consider a team problem with two decision mak-
ers depicted in Figure 1.3. The decision maker DM1 observes Y1 = X where
X ∼ N (0, σ2) and then applies an action U1 = γ1(Y1). The decision maker
DM2 observes Y2 = U1 + W , where W ∼ N (0, σ2

w), and then applies an action
U2 = γ2(Y2). The objective is to find an optimal team decision policy γ̄⋆ = {γ⋆

1 , γ⋆
2 }

such that the following cost is minimized:

J(γ̄) = E
[
(X − U2)2

]
, (1.13)

subject to the constraint: E[U2
1 ] ≤ P . Note that the information structure of this

problem is non-classical as well, however, an optimal decision policy for this problem
is known and it is linear [Ber71,Bas08,YB13].

1.4 Control Over Communication Channels

Consider the scenario depicted in Fig. 1.4, where a plant has to be controlled or
stabilized (in some sense) over a communication channel by the joint actions of



10 Introduction

Sensor ControllerChannel

Plant

External disturbance

Figure 1.4: Control over a communication channel.

a sensor and a controller. We raise two important questions: i) Given an unstable
plant and a communication channel, can we find measurement (sensing) and control
policies such that the plant is stable? ii) Given a plant (source) and a communication
channel, what are the sensing and control policies that minimize an expected cost
function of plant’s state process? Obviously to answer such question, one would
require a description of the plant and communication channel, and also the notion
of stability and cost function that one is interested in. Throughout this thesis, we
consider linear time invariant plants, Gaussian communication channels, quadratic
cost function, and mean-square stability which requires second moment of plant’s
state process to be bounded.

As an example, let us consider the problem of mean-square stabilization of
a scalar linear time invariant (LTI) plant over an additive white Gaussian noise
channel.

Stabilization Over a Gaussian Channel. Consider a scalar discrete time
LTI system with the following state equation:

Xt+1 = λXt + Ut + Wt, t ∈ N, (1.14)

where Xt ∈ R, Ut ∈ R, and Wt ∈ R are state, control, and noise variables. We
assume that the open-loop system is unstable (|λ| > 1) and the initial states X0 is
a random variable with Gaussian distribution. Assume that at any time t the sensor
has access to the information set IS

t := {X0, X1, . . . , Xt, U0, U1, . . . , Ut−1} and it
produces a signal St = ft(I

S
t ), where ft denotes the sensing/encoding policy such

that the following average transmit power constraint is ensured: E[S2
t ] ≤ P . The

signal transmitted by the sensor is received at the controller as Rt = St +Zt, where
Zt ∼ N (0, N) denotes Gaussian distributed channel noise variable. Thus, at any
time t the controller has access to the information set IC

t := {R0, R1, . . . , Rt} and
it applies an action Ut = πt(I

C
t ), where πt denotes the control policy. The common

objective of the sensor and the controller is to keep the second moment of the state
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process bounded, i.e., to ensure E
[
X2

t

]
< ∞ for all t. This notion of stability is

commonly known as mean-square stability or quadratic stability. In [Sah01], it was
shown that the scalar plant can be mean-square stabilized over the given scalar
Gaussian channel if and only if

log(|λ|) <
1

2
log

(

1 +
P

N

)

. (1.15)

Furthermore, linear and memoryless (Markov) sensing and control policies are op-
timal for mean-square stabilization. The fact that linear policies are optimal for
quadratic stabilization is not very surprising because we have already discussed
an example in Sec.1.2 where linear measurement and control policies minimize a
quadratic cost function of state and control variables. More interesting observation
at this point is the relationship given in (1.15) between plant parameter λ and the
channel parameter P

N
, which is actually signal-to-noise ratio of the channel. This

relationship characterizes signal-to-noise requirement for mean-sqaure stabilization
of a scalar LTI plant over a scalar AWGN channel. A communication theorist will
also identify that the term on the right hand side (RHS) of the inequality in (1.15)
is the Shannon capacity of the AWGN channel.

There exists a diverse literature on the problem of control over communication
channels, focusing on different plant models, channel models, performance mea-
sures, and design constraints. For instance the plant and the channel models can
be either discrete-time or continuous with different network topologies and differ-
ent assumption on channel impairments. There can be different design constraints
such as transmission delay-constraints, transmit power constraints, bandwidth con-
straint etc. In the following, we provide a brief overview of the literature on control
over communication channels.

Bibliographic Notes. Important contributions to control over communica-
tion channels include [BB89,Bai99,WB99,NE00,EM01,NE04,Eli04,MS04,TSM04,
TM04, MDE06, SM06, MS07, BMF07, MD08, MRFB09, YT09, YB11, FA11, LDA11,
Yük12, MCF13]. In the early works [Str65, Won68] it is shown that for linear sys-
tems subject to Gaussian noise with linear sensing policies having perfect memory
(recall), the optimal control policies are linear and there exists a separation prop-
erty between estimation and control. However, Witsenhausen showed in [Wit68]
via a simple counter example that linear policies may not be optimal when there
are more than two or more decision makers (sensors/controllers) without per-
fect memory (recall). The Witsenhuasen problem is still unsolved. Its difficulty
lies in its non-classical information structure [Rad62, Wit71, Ho80]. The problem
of remotely controlling dynamical systems over communication channels is often
studied with methods from stochastic control theory and information theory. The
seminal paper by Bansal and Başar [BB89] used fundamental information theo-
retic arguments to obtain optimal policies for LQG control of a first order plant
over a point to point Gaussian channel. Minimum rate requirements for stabiliz-
ability of a noiseless scalar plant were first established in [Bai99, WB99] followed
by [NE00]. Further rate theorems for stabilization of linear plants over some dis-
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crete and continuous alphabet channels can be found in [TM04, BMF07, MD08,
CFD08,MRFB09,YTCW09,YB11,FMS10,SM11,Yük12,SGQ10,VSC12]. If a com-
munication channel is used as part of the feedback loop to stabilize a plant, then
classical Shannon capacity may not be a relevant metric. In [SM06], Sahai and
Mitter introduced the notion of “anytime capacity" based on an operational defi-
nition to characterize moment stabilizability of dynamical systems over communi-
cation channels. However, the characterization of the anytime capacity for general
and multi-terminal networks is a difficult task. The papers [BB89, TSM04, TM04,
BMF07,MRFB09,YTCW09,FMS10,YT09,SM11,YB11,SGQ10,VSC12] addressing
control over Gaussian channels are more relevant to this thesis. In [BB89] linear
sensing and control policies are shown to be optimal for the LQG control of a first
order linear plant over a point-to-point Gaussian channel. A necessary condition for
stabilization relating eigenvalues of the plant to the capacity of the Gaussian chan-
nel first appeared in [TSM04,TM04]. Some important contributions on stabilization
over Gaussian channels with average transmit power constraints have been made
in [BMF07, MRFB09, FMS10, YTCW09, SM11, KGL11, VSC12]. In [BMF07] suffi-
cient conditions for stabilization of both continuous time and discrete time multi-
dimensional plants over a scalar white Gaussian channel were obtained using linear
time invariant (LTI) sensing and control schemes. It was shown in [BMF07,FMS10]
that under some assumptions there is no loss in using LTI schemes for stabilization.
That is the use of non-linear time varying schemes does not allow stabilization over
channels with lower signal-to-noise ratio. The stability results were extended to a
colored Gaussian channel in [MRFB09]. In [YB11] the authors considered noisy
communication links between both sensor–controller and controller–actuator, and
presented necessary and sufficient conditions for mean square stability. Stabilization
of noiseless LTI plants over parallel white Gaussian channels subject to transmit
power constraint has been studied in [YTCW09, SM11, KGL11, VSC12]. The pa-
per [YTCW09] considers output feedback stabilization and [SM11] considers state
feedback stabilization, and they both derive necessary and sufficient conditions for
stability under a total transmit power constraint.

Although several problems related to control of a linear plant over point-to-
point Gaussian channels have been extensively studied, the literature on control
of multiple plants over Gaussian networks is scarce. Many important issues such
as resource allocation, interference management, cooperation between terminals,
distributed designs etc. have been widely studied for communication in classical
multi-terminal networks in information theory, however, it is not straightforward
to apply those results to the problems where communication channels are used as
part of a feedback loop to control dynamical systems. Such problems are hard be-
cause a network can have an arbitrary topology and every node within the network
can have memory and can employ any transmission strategy. The papers [Tat03]
and [GDH+09] have derived conditions for stabilization over networks with digital
noiseless channels and analog erasure channels respectively, however, those results
do not apply to noisy networks. In [SM06, Yük12] moment stability conditions in
terms of error exponents have been established. However, even a single letter ex-
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pression for channel capacity of some basic Gaussian channels such as relay channel,
broadcast channel, and interference channel [CT06] are not known in general.

1.5 Thesis Outline and Contributions

This thesis studies several open problems related to sensing, estimation and control
of linear dynamical systems over communication networks. In particular we consider
transmission over point-to-point channels, relay channels, multiple-access channels,
broadcast channels, and interference channels. We assume that all the nodes in
the network have limited transmit power and the communication links between all
nodes are modeled as additive white Gaussian channels. The thesis is divided into
following three parts, where each part is comprised of two chapters. Part I focuses
on control of a linear system (plant) over networks, where different agents in the
network can cooperate to communicate state of the system to a remote controller.
The common objective of all agents is to stabilize the plant in mean-square sense.
Part II considers control of a linear system over basic cascade and parallel Gaussian
networks when the objective is to minimize a quadratic cost function of the system’s
state variables. Part III is a continuation of Part I; it considers stabilization of
multiple linear dynamical systems over fundamental multi-user Gaussian channels.
The thesis ends with a summary of the key findings and some interesting directions
for future research.

Some of the results presented in the thesis have already been published in jour-
nals and conferences, and some are under review. Parts of the thesis are adopted
from the corresponding research papers nearly verbatim. In the following we give a
brief introduction of each chapter along with the reference to the associated papers,
so that the reader knows in advance what to expect in each chapter.

Part I: Chapter 2

This chapter studies the problem of mean-square stabilizing a multi-dimensional
linear time invariant plant over a multi-dimensional point-to-point Gaussian chan-
nel and tries to address the following questions: i) Is there any loss in restricting
sensing and control policies to be linear? ii) Should the policies be time-invariant
or time-variant? iii) What is an optimal linear scheme? In particular, we show that
linear time varying policies are optimal for stabilization in a large class of settings.
This chapter is based on

[ZOYS13a] A. A. Zaidi, T. J. Oechtering, S. Yüksel, and M.
Skoglund,“Stabilization and Control Over Gaussian Networks,”
in: B. Bernhardsson, G. Como, A. Ranzter (Eds.), “Information
and Control in Networks,” Springer. (In press)
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[ZYOS] A. A. Zaidi, S. Yüksel, T. J. Oechtering and M. Skoglund, “On
the tightness of linear policies for stabilization of linear systems
over Gaussian networks,” submitted to Systems & Control Letters,
June 2013.

Part I: Chapter 3

This chapter addresses the problem of remotely stabilizing a noisy linear time in-
variant plant over a Gaussian relay network. The network is comprised of a sensor
node, a group of relay nodes that can cooperate to communicate the observations
of the plant’s state to the remote controller. Necessary as well as sufficient con-
ditions for mean-square stabilization over various network topologies are derived.
The sufficient conditions are in most cases obtained using delay-free linear policies
and the necessary conditions are obtained using information theoretic tools. Dif-
ferent settings where linear policies are optimal, asymptotically optimal (in certain
parameters of the system), and suboptimal have been identified. This chapter is
based on

[ZOYS13b] A. A. Zaidi, T. J. Oechtering, S. Yüksel and M. Skoglund, “Sta-
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actions Automatic Control, Accepted July 2013.
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Part II: Chapter 4

This chapter considers the problem of causal transmission of a memoryless Gaus-
sian source over a two-hop memoryless Gaussian relay channel. The source and the
relay encoders have average transmit power constraints, and the performance cri-
terion is mean-squared distortion. The main contribution in this chapter is to show
that unlike in the case of a point-to-point scalar Gaussian channel, linear encoding
schemes are not optimal over a two-hop relay channel in general, extending the
sub-optimality results which are known for more than three hops. In some cases,
simple three-level quantization policies employed at the source and at the relay
can outperform the best linear policies. Further a lower bound on the distortion is
derived and it is shown that the distortion bounds derived using cut-set arguments
are not tight in general for sensor networks. This chapter is based on

[ZYOS13] A. A. Zaidi, S. Yüksel, T. J. Oechtering and M. Skoglund, “On
optimal policies for control and estimation over a Gaussian relay
channel,” Automatica, vol. 49, no. 9, Sep. 2013.

[ZYOS11] A. A. Zaidi, S. Yüksel, T. J. Oechtering and M. Skoglund, “On
optimal policies for control and estimation over a Gaussian re-
lay channel,” in Proc. IEEE Conference on Decision and Control
(CDC), Dec. 2011.

Part II: Chapter 5

This chapter considers a scenario of distributed sensing for networked control sys-
tems. A non-linear scheme for distributed sensing and transmission is proposed.
The proposed non-linear delay-free sensing and transmission strategy is compared
with the well-known amplify-and-forward strategy, using the LQG control cost as a
figure of merit. It is demonstrated that the proposed non-linear scheme outperforms
the best linear scheme even when there are only two sensors in the network. The
proposed sensing and transmission scheme can be implemented with a reasonable
complexity and it is shown to be robust to the uncertainties in the knowledge of
the sensors about the statistics of the measurement noise and the channel noise.
This chapter is based on

[AZWS11] M. Andersson, A. A. Zaidi, N. Wernersson, M. Skoglund, “Nonlin-
ear distributed sensing for closed-loop control over Gaussian chan-
nels,” in Proc. IEEE Swedish Communication Technologies Work-
shop (Swe-CTW), Oct. 2011.
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Part III: Chapter 6

This chapter studies quadratic stabilization of two linear time invariant plants
over noisy multiple-access and broadcast communication channels with arbitrarily
distributed initial states. We propose to use communication and control schemes
based on the coding schemes introduced by Ozarow et al. [Oza84,OLYC84] for the
multiple-access and the broadcast channels with noiseless feedback which are exten-
sions of the Schalkwijk-Kailath coding scheme [SK66]. By employing the proposed
communication and control schemes over the multiple-access and the broadcast
channels, we derive stability regions those are sufficient for mean square stability
of the two linearly controlled LTI systems. This chapter is based on

[ZOS10b] A. A. Zaidi, T. J. Oechtering and M. Skoglund, “Sufficient con-
ditions for closed-loop control over multiple-access and broadcast
Channels,” in Proc. IEEE Conference on Decision and Control
(CDC), Dec. 2010.

Part III: Chapter 7

The problem of feedback stabilization of LTI plants over a Gaussian interference
channel is considered. Two plants with arbitrary distributed initial states are moni-
tored by two separate sensors which communicate their measurements to two sepa-
rate controllers over a Gaussian interference channel under average transmit power
constraints. Linear delay-free sensing and control schemes are proposed and suffi-
cient conditions for mean-square stability are derived under these schemes. Neces-
sary conditions for mean square-stabilization are also derived, that are shown to
be tight for some system parameters. Further it is shown that linear memoryless
sensing and control schemes are optimal for stabilization in some special cases. It
is shown that the conventional estimation based control strategies can be quite in-
efficient in multi-terminal settings, unlike point-to-point channels where they are
optimal. This chapter is based on

[ZOYS13c] A. A. Zaidi, T. J. Oechtering, S. Yüksel and M. Skoglund, “Multi-
plant stabilization over Gaussian interference channel,” IEEE
Transactions Automatic Control, To be submitted.

[ZOS11] A. A. Zaidi, T. J. Oechtering and M. Skoglund, “Closed-loop stabi-
lization over Gaussian interference channel,” in Proc. IFAC World
Congress, Aug. 2011.
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Single system: stability
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Chapter 2

Point-to-point Channels

This chapter considers a setup where a linear time invariant system (plant)
with a random initial state and driven by Gaussian noise has to be remotely
stabilized. A sensor node monitors the plant and communicates its observa-

tions (measurements) to a remotely situated control unit over a communication link,
that is modeled as an additive white Gaussian channel. The common goal of the
sensors and the controller is to stabilize the plant in closed-loop. Usually in remote
control applications, sensing and transmission under strict delay and power con-
straints are required. Therefore, we focus on delay-free and energy efficient sensing
and transmit schemes throughout the chapter. We study mean-square stabilization
of a linear dynamical system over vector Gaussian channels. Some real-time sens-
ing and control schemes are proposed and stabilizability of the plant under those
schemes is studied. We try to address the following interesting questions in this
chapter: i) Is there any loss in restricting sensing and control policies to be linear?
ii) Should the policies be time-invariant or time-variant? iii) What is an optimal
linear scheme?

If the goal is stabilization in the sense of ergodicity [Yük12] or similar notions
such as stability in probability [SM06,MS07], Shannon capacity is the right measure
to tell what is possible or not. But if the goal is stabilization in the sense of second
moment, then knowing Shannon capacity is not sufficient [SM06]. However, the
Gaussian setting is special due to the possible mean-square optimality of linear
policies as a consequence of what is known as source-channel matching [GRV03,
BB89,TSM04]. In the control literature, these problems have also been considered
where the sufficiency of Shannon capacity being greater than a lower bound has
been observed in a class of settings [FMS10,SM11,KGL11], which, however, consider
noise-free plants. It is observed in [SM11] that LTI schemes are not optimal for
stabilization over parallel channels. For optimal encoding in the unmatched case,
linear encoding is also not optimal in general [Pil69,LP76]. One of the main results
presented in this chapter states that linear schemes are actually optimal for a wide
class of source-channel pairs when the objective is quadratic stability.
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Figure 2.1: Control over parallel Gaussian channels.

2.1 Problem Formulation

Consider the following linear time invariant system:

Xt+1 = AXt + BUt + Wt, t ∈ N, (2.1)

where Xt ∈ Rn is a state process, Ut ∈ Rn is a control process, Wt ∈ Rn is an
independent and identically distributed sequence of Gaussian random variables with
zero mean and covariance KW . The matrices A and B are of appropriate dimensions
and the pair (A, B) is controllable. Let {λ1, λ2, . . . , λn} denote the eigenvalues of
the system matrix A. Without loss of generality we assume that all the eigenvalues
of the system matrix are outside the unit disc (1 ≤ |λi| < ∞ for all i), i.e., all modes
are unstable. The initial state X0 is a random variable with bounded differential
entropy |h(X0)| < ∞ and a given covariance matrix Λ0 with Tr [Λ0] < ∞. Consider
the scenario depicted in Fig. 2.1, where a sensor observes an n-dimensional state
process and transmits it to a remote controller over m parallel Gaussian channels.
At any time instant t, St := [s1,t, s2,t, . . . , sm,t] and Rt := [r1,t, r2,t, . . . , rm,t] are
the input and output of the channel, where ri,t = si,t + zi,t and zi,t ∼ N (0, Ni)
are zero mean white Gaussian noise components with N1 ≤ N2 ≤ · · · ≤ Nm. We
assume that there is a noiseless causal feedback link from the controller to the
sensor and the plant. Let ft : R(n+m)t+n → Rm denote the sensing policy such
that St = ft(X[0,t], R[0,t−1]), where X[0,t] := {X0, X1, . . . , Xt} and the sensor is
assumed to have an average transmit power constraint E[‖St‖2] ≤ PS . Further, let
πt : Rm(t+1) → Rn be the controller policy, then we have Ut = πt

(
R[0,t]

)
. The

common goal of the sensor and the controller is to stabilize the system (2.1) in the
mean square sense. The notion of mean-square stability is introduced in Chapter
1, however, in the following we define it for the sake of completeness.

Definition 2.1.1. A system is said to be mean square stable if there exists M < ∞
such that supt E[‖Xt‖2] < M .
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2.2 Necessary Condition

We first present a necessary condition for mean-square stabilization over the point-
to-point Gaussian channel depicted in Fig. 2.1.

Theorem 2.2.1. The linear system in (2.1) can be mean square stabilized over the
given parallel Gaussian channel only if

log (|det (A)|) <
1

2

m∑

i=1

log

(

1 +
Pi

Ni

)

, (2.2)

with Pi = max{γ − Ni, 0} and γ is chosen such that
∑m

i=1 Pi = PS.

Proof. In order to prove Theorem 2.2.1, we make use of the following lemma.

Lemma 2.2.1. The linear system in (2.1) can be mean square stabilized over a
channel only if

log (|A|) ≤ lim inf
T →∞

1

T
I
(
S[0,T −1] → R[0,T −1]

)
, (2.3)

where I
(
S[0,T −1] → R[0,T −1]

)
=
∑T −1

t=0 I
(
S[0,t]; Rt|R[0,t-1]

)
denotes the directed in-

formation between the sequence of channel input variables S[0,T −1] and the sequence
of channel output variables S[0,T −1] received at the remote controller.

Proof. The proof is given in Appendix 2.A.

We can bound the directed information I
(
S[0,T −1] → R[0,T −1]

)
as

I
(
S[0,T −1] → R[0,T −1]

)

(a)

≤ I
(
S[0,T −1]; R[0,T −1]

)

(b)

≤
T −1∑

t=0

I (s1,t, s2,t, . . . , sm,t; r1,t, r2,t, . . . , rm,t)

=
T −1∑

t=0

[h (r1,t, r2,t, . . . , rm,t) − h (r1,t, r2,t, . . . , rm,t|s1,t, s2,t, . . . , sm,t)]

=

T −1∑

t=0

[h (r1,t, r2,t, . . . , rm,t) − h (z1,t, z2,t, . . . , zm,t|s1,t, s2,t, . . . , sm,t)]

=

T −1∑

t=0

[h (r1,t, r2,t, . . . , rm,t) − h (z1,t, z2,t, . . . , zm,t)]

(c)

≤
T −1∑

t=0

[
m∑

i=1

h (ri,t) −
m∑

i=1

h (zi,t)

]
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(d)

≤
T −1∑

t=0

[
m∑

i=1

log

(

1 +
Pi

Ni

)]

=
T

2

m∑

i=1

log

(

1 +
Pi

Ni

)

, (2.4)

where (a) follows from [Mas90, Theorem 1]; (b) follows from the fact that
the channels are memoryless and conditioning reduces entropy; (c) follows from
conditioning reduces entropy and mutual independence of the noise sequence
{z1,t, z2,t, · · · , zm,t}; and (d) follows from the fact that the Gaussian distribution
maximizes differential entropy for a fixed variance. Now using (2.4) in Lemma 2.2.1

we get the necessary condition given in (2.2). The function
∑L

i=1 log
(

1 + Pi

Ni

)

is

jointly concave in {Pi}m
i=1, therefore we can solve this optimization problem by the

Lagrangian method. The optimal power allocation using the Lagrangian method is
given by Pi = max{γ − Ni, 0}, where γ is chosen such that

∑m

i=1 Pi = PS , which is
the well-known water-filling solution [TV05].

We now discuss some sensing and control schemes for stabilization over the given
point-to-point Gaussian channel. By employing these schemes, we obtain sufficient
conditions for stabilization, which are also presented in the following sections. The
corresponding methods for scalar and vector channels are discussed in Sec. 2.3 and
Sec. 2.4 respectively.

2.3 Scheme for Scalar Channels

In this section we consider mean square stability of the system in (2.1) over a scalar
Gaussian channel, i.e., we assume that m = 1 in the system model shown in Fig. 2.1.
The state encoder E observes the n-dimensional state process and transmits it over
a one-dimensional Gaussian channel. We restrict our study to the class of encoders
that are linear in the observed state with an average transmit power constraint PS .
Therefore at any time t, the signal transmitted by the state encoder is given by
St = EtXt, where Et is an 1 × n row vector. The power constraint at the encoder
is given by

E[S2
t ] = EtΛtE

T
t ≤ P, (2.5)

where Λt := E[XtX
T
t ]. The remotely located controller receives the following signal,

Rt = St + Zt, (2.6)

where Zt is an i.i.d. Gaussian variable with zero mean and variance N . The infor-
mation set available to the controller is IC

t = {R[0,t], U[0,t−1]}. The controller applies
an action which is linear in the information set, that is Ut = mtI

C
t . In the following

we study mean square stability under the above linear sensing and control scheme.



2.3. Scheme for Scalar Channels 25

We have restricted ourselves to linear schemes because they are easy to design
and implement. At this point, we highlight some interesting questions that may
arise in the reader’s mind: i) Is there any loss in restricting sensing and control
policies to be linear? ii) Should the policies be time-invariant or time-variant? iii)
What is an optimal linear scheme? We try to address these questions in the Sections
2.3.1-2.3.2.

2.3.1 A Linear Time Invariant Scheme

Consider the linear scheme presented above to be time invariant, i.e., at any time t,
the encoder output is given by, St = EXt. The controller receives Rt = EXt + Zt,
then it runs a Kalman filter to estimate the state and applies the following action
Ut = −AE[Xt|IC

t ], which is optimal for stabilization under the given sensing scheme.
Thus the closed-loop system is given by

Xt+1 = A
(
Xt − E[Xt|IC

t ]
)

+ Wt

(a)
= A

(

Xt − ΛtE
T
[
EΛtE

T + σ2
z

]−1
Rt

)

+ Wt

(b)
= A

(

I − ΛtE
T
[
EΛtE

T + σ2
z

]−1
E
)

Xt + Z̃t, (2.7)

where (a) follows from the fact that the control actions whiten the state pro-
cess and the Gaussian distribution of state process is preserved via linear ac-
tions of the encoder and the controller, which results in E[Xt|IC

t ] = E[Xt|Rt] =
E[XtR

T
t ]E[RtR

T
t ]−1Rt; and (b) follows by substituting Rt = EXt + Zt and sum-

ming up all the white Gaussian noise terms and denoting the sum by Z̃t. The state
covariance matrix Λt satisfies the following recursion

Λt+1 = AΛtA
T − AΛtE

T
[
EΛtE

T + σ2
z

]−1
EΛtA

T + KW , (2.8)

which is the well-known Riccati equation. In [BMF07], the authors studied such
a scheme. According to [BMF07], a noiseless plant can be mean square stabilized
by any time-invariant encoding matrix E over a Gaussian channel of information
capacity1 C as long as the following two conditions are fulfilled: i) log (|det (A)|) <
C, ii) the pair (A, E) is observable.

We now give a simple example where the LTI scheme fails to stabilize the system.
Consider a diagonal system matrix A = diag(λ1, λ2, λ3) with two equal eigenvalues

and let E =
(

e1 e2 e3

)

. The observability matrix O is then given by

O ,






E

EA

EA2




 =






e1 e2 e3

e1λ1 e2λ2 e3λ3

e1λ2
1 e3λ2

2 e3λ2
3




 . (2.9)

1The definition of information capacity for Gaussian channels can be found on page 263
in [CT06].
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For the pair (A, E) to observable, the observability matrix O is required to have
full rank. In the above example if any two eigenvalues of A are equal, then there
can be at most two linearly independent columns in O and thus O can never be
made of full rank by any choice of E. (One can also use the Hautus–Rosenbrock
test for observability.) Therefore, an LTI scheme can never stabilize if two or more
eigenvalues of a diagonal system matrix are equal, no matter how much power
the encoder is allowed to spend. In Section 2.4 we introduce a linear time varying
scheme and show that this scheme can always stabilize the system.

2.3.2 An Optimal Linear Scheme for Stabilization

Consider a linear system with diagonalizable system matrix A and diagonal KW . For
this linear system, we derive an optimal linear time varying sensing policy E⋆

t which
minimizes the following cost:

∑tf

i=1 E
[
‖Xt‖2

]
. We have restricted the matrices A

and KW to be diagonal for the ease of analysis. The optimal time varying sensing
scheme is presented in the following theorem.

Theorem 2.3.1. Let G̃ :=
[√

P, 0, 0, . . . , 0
]

∈ Rn, Kt = AT (I+Kt+1) A

(

I −

G̃T G̃
(

1
N+P

))

with Ktf
= 0, and πt be a unitary matrix such that

πT
t

(

Λ
1
2
t AT (I+Kt+1) AΛ

1
2
t

)

πt = diag (υ1,t, . . . , υn,t) with υ1,t ≥ υ2,t ≥ · · · > 0.

The optimal linear time varying sensing policy is given by: E⋆
t = G̃πtΛ

− 1
2

t .

Proof. We rewrite the Riccati equation (2.8) as

Λt+1 =AΛ
1
2
t

(

I − Λ
1
2
t ET

t√
N

[
EtΛtE

T
t√

N
+ 1

]−1
EtΛ

1
2
t√

N

)

Λ
1
2
t AT + KW

(a)
=AΛ

1
2
t

(

I − CT
t

[
CtC

T
t + 1

]−1
Ct

)

Λ
1
2
t AT + KW

(b)
=AΛ

1
2
t

[
I + CT

t Ct

]−1
Λ

1
2
t AT + KW , (2.10)

where (a) follows from Ct :=
EtΛ

1
2
t√

N
; and (b) follows from the matrix inversion lemma

[I + UWV ]−1 = I − U [W −1 + V U ]−1V , by choosing U = CT
t , W = 1, V = Ct.

The finite horizon optimal stabilization problem can be stated as:

{C⋆
i }tf −1

i=0 = arg min
{Ci}tf −1

i=0
:CtCT

t ≤ P
N

tf −1
∑

t=0

Tr[Λt+1], (2.11)

subject to,

Λt+1 = AΛ
1
2
t

[
I + CT

t Ct

]−1
Λ

1
2
t AT + KW . (2.12)
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This is a non-linear dynamic optimization problem. In order to solve this problem
we follow a dynamic programming approach. Such an approach has also been con-
sidered for continuous time systems in [BB94]. At any time t let the value function
be Vt (Λt) = Tr[KtΛt + Lt]. We have to find Ct such that

Tr[KtΛt + Lt] = min
Ct:CtCT

t ≤ P
N

{Tr [Λt+1] + Tr [Kt+1Λt+1 + Lt+1]}

= min
Ct:CtCT

t ≤ P
N

Tr [(I + Kt+1) Λt+1 + Lt+1]

(a)
= min

Ct:CtCT
t ≤ P

N

Tr

[

(I+Kt+1) ×
(

AΛ
1
2
t

[
I+CT

t Ct

]−1
Λ

1
2
t AT +KW

)

+ Lt+1

]

(b)
= Tr [(I+Kt+1) KW + Lt+1] + min

Ct:CtCT
t ≤ P

N

Tr

[

(I+Kt+1) AΛ
1
2
t

[
I+CT

t Ct

]−1
Λ

1
2
t AT

]

= Tr [(I+Kt+1) KW + Lt+1] + min
Ct:CtCT

t ≤ P
N

Tr

[

Λ
1
2
t AT (I+Kt+1) AΛ

1
2
t

[
I+CT

t Ct

]−1
]

(c)
= Tr [(I+Kt+1) KW + Lt+1] + Tr

[

Λ
1
2
t AT (I+Kt+1) AΛ

1
2
t

[
I+πtG

T GπT
t

]−1
]

(d)
= Tr [(I+Kt+1) KW + Lt+1] +

Tr

[

Λ
1
2
t AT (I+Kt+1) AΛ

1
2
t

(

I−πtG
T
(
1 + GπT

t πtG
T
)−1

GπT
t

)]

(e)
= Tr [(I+Kt+1) KW + Lt+1] +

Tr

[

AT (I+Kt+1) A

(

Λt − Λ
1
2
t πtG

T GπT
t Λ

1
2
t

(

1 +
P

N

)−1)]

(f)
= Tr [(I+Kt+1) KW + Lt+1] + Tr

[

AT (I+Kt+1) A

(

I − GT G

(
N

N + P

))

Λt

]

,

(2.13)

where (a) follows by substituting Λt+1 using equation (2.12); (b) follows from the
fact that Kt+1 and Lt+1 do not depend on Ct; (c) follows from the fact that ac-
cording to [Bas80] the unique solution to the trace minimization problem given

by C⋆
t = GπT

t , where G :=
[√

P
N

, 0, 0, . . . , 0
]

, and πt is a unitary matrix which

diagonalizes
(

Λ
1
2
t AT (I+Kt+1) AΛ

1
2
t

)

such that πT
t

(

Λ
1
2
t AT (I+Kt+1) AΛ

1
2
t

)

πt =

diag (υ1,t, . . . , υn,t) with υ1,t ≥ υ2,t ≥ · · · > 0; (d) follows from the matrix inver-
sion lemma, [I + UWV ]−1 = I − U [W −1 + V U ]−1V by choosing V = GπT

t , W =
1, U = πtG

T ; (e) follows from πtπ
T
t = I and GGT = P

N
; and (f) follows from

the assumption that A and Λt are diagonal, which implies that Kt+1 and πt are
also diagonal. (Diagonality of Kt+1 will become clear shortly.) Therefore, we have

Λ
1
2
t πtG

T GπT
t Λ

1
2
t = Λ

1
2
t GT GΛ

1
2
t = GT GΛt, since GT G is diagonal. In order to satisfy

the above equality (2.13), we choose Ktf
= Ltf

= 0, and {Kt+1, Lt+1} according
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to

Kt = AT (I+Kt+1) A

(

I − GT G

(
N

N + P

))

,

Lt = (I+Kt+1) KW + Lt+1. (2.14)

We can observe that Kt is also diagonal if A and KW are diagonal, since GT G is

diagonal. We have found the optimal C⋆
t = Gπt and we know that Ct =

EtΛ
1
2
t√

N
,

therefore, E⋆
t = G̃πtΛ

− 1
2

t where G̃ :=
√

NG =
[√

P , 0, 0, · · · , 0
]

.

2.4 A Linear Time Variant Scheme For Vector Channels

In this section we propose a linear time varying scheme for stabilization over vector
Gaussian channels and derive sufficient conditions for mean-sqaure stability under
the proposed scheme. We also state conditions that guarantee optimality of our
proposed scheme.

We first give the scheme for a system with invertible input matrix B, assuming
that B = I in (2.1): Consider that the control actions in (2.1) are taken periodically
after every K time steps, i.e., at t = lK − 1 for l ∈ N. Under this control strategy,
the state equation at t = lK is given by

Xt+K = AKXt + Ut+K−1 +
K−1∑

i=0

AK−i−1Wt+i. (2.15)

For AK ∈ Rn×n there exists a real non-singular matrix T and a real matrix Ã
such that T −1AKT = diag [J1, . . . , Jp], where Jp is a Jordan block of dimension
(algebraic multiplicity) np [HJ90]. A Jordan block Jp ∈ Rnp×np associated with a
real eigenvalue λ of multiplicity np has the following form:

Jp =










λ 1

λ
. . .
. . . 1

λ










, (2.16)

and a Jordan block Jp ∈ Rnp×np associated with a complex conjugate pair of
eigenvalues λ = σ ± jω is given by

Jp =










D I

D
. . .
. . . I

D










(2.17)
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where D =

(

σ ω

−ω σ

)

. Now apply the linear transformation X̃t = T −1Xt such

that T −1AKT is in a real Jordan normal form. Under this transformation, (2.15)
is written as

X̃t+K = ÃX̃t + Ũt+K−1 + Vt, for t = lK, l ∈ N, (2.18)

where Ã := T −1AKT , Ũt := T −1Ut, and Vt := T −1
∑K−1

i=0 AK−i−1W̄t+i. The ma-
trix Ã is in real Jordan form with eigenvalues λ̃i = λK

i , where λi are the eigenvalues
of A.

Now consider that the sensor observes the state vector X̃t :=
[x1,t, x2,t, . . . , xn,t]

T periodically at t = lK. The sensor has access to m par-
allel Gaussian channels over which it wishes to communicate the state vector Xt to
the remote decoder/controller. We propose the following periodic linear transmit
strategy. Consider that within each period of K time steps, the encoder linearly
transmits different components xi,t of the state vector Xt on different channels
such that the following two conditions are satisfied in every time step t:

1. Each channel is used for the transmission of at most one state component,
i.e., two components of the state vector are not transmitted over one channel
simultaneously.

2. None of the state components is transmitted over more than one channel
simultaneously.

Let kij ∈ N be the number of times the j-th channel having information information
capacity is used to transmit the state xi,t. Under the proposed scheme, we have

kij ≥ 0,

m∑

j=1

kij ≤ K,

n∑

i=1

kij ≤ K. (2.19)

We assume that xi,t is Gaussian distributed due to the following argument: If the
initial state xi,0 is not Gaussian distributed, then one can perform an initialization
step following the idea in [SK66] to make it Gaussian. This initialization step is ex-
plained in Appendix 3.B. After this initialization step, the state is always Gaussian
distributed since the policies are linear and the noise variables are Gaussian. There-
fore, without loss of generality we can assume that xi,t is Gaussian distributed. Let
x̂i,t denote the decoder’s MMSE estimate of xi,t at the end of each transmission
period of K time steps. It is shown in Appendix 2.B that under the proposed linear
scheme, the minimum mean-squared error of each state component is given by

E

[

(xi,t − x̂i,t)
2
]

= 2
−2
∑

m

j=1
kijCj

E
[
x2

i,t

]
. (2.20)

Let us define X̃est,t := [x̂1,t, x̂2,t, . . . , x̂n,t]
T . The controller then takes the following

actions Ũt+K−1 = −ÃX̃est,t at t = lK − 1. Let fij :=
kij

K
. It is shown in Sec. 2.4.2
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that if we can choose {K, kij} such that {fij} satisfy the conditions given in the
following theorem, then the plant is mean-square stable.

Theorem 2.4.1. The system (2.1) can be mean square stabilized over m parallel
Gaussian channels using a linear time varying scheme if there exist fij ∈ Q such
that fij ≥ 0,

∑m

j=1 fij ≤ 1,
∑n

i=1 fij ≤ 1 and

log (|λi|) <

m∑

j=1

fijCj , ∀i ∈ {1, 2, . . . , n}, (2.21)

where λi are eigenvalues of the system matrix A in (2.1) and Cj := 1
2 log(1 +

Pj

Nj
).

Proof. The proof is given in Sec. 2.4.2.

Theorem 2.4.1 holds for a system with a controllable (A, B) pair by the following
argument: For a system with controllable (A, B), any input can be realized by n
consecutive actions of the controller. Since the state encoder has access to the
channel outputs, the encoder-decoder pair can always keep refining estimates of
the state components during the K time steps according to the scheme given in the
appendix. At the end of K time steps, an estimate X̃est is available at the controller
side. Now the controller wishes to apply an input −AX̃est, which can be realized in
following n time steps due to the assumption that the pair (A, B) is controllable.
During these n time steps, when the controller is applying actions to realize the
input −AX̃est, the encoder-decoder pair will keep on refining the state estimate.

2.4.1 Tightness of the Linear Scheme

Papers [SM11, KGL11] derive conditions for mean-square stabilization of noiseless
linear plants over parallel Gaussian channels. The necessary condition in [SM11,
Theorem 6] is not tight in general and its achievability is not guaranteed by LTI
schemes. The paper [KGL11] proposes a non-linear scheme for a noise-free scalar
plant and derives a sufficient condition [KGL11, Theorem 6], which coincides with
the necessary condition (2.2). Thus, the non-linear scheme in [KGL11] is optimal
for stabilization of noiseless scalar plant. In the following, we present the conditions
under which the proposed linear scheme is optimal for mean-square stabilization of
noisy multi-dimensional plants over vector Gaussian channels.

Theorem 2.4.2. The linear scheme is optimal for mean-square stabilizing an n-
dimensional plant over m parallel Gaussian channels if there exist fij ∈ Q such

that fij ≥ 0,
∑m⋆

j=1 fij ≤ 1,
∑n

i=1 fij = 1 and

log (|λi|) <

m⋆

∑

j=1

fij

2
log

(

1 +
P ⋆

j

Nj

)

, (2.22)
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for all i ∈ {1, 2, . . . , n} and j ∈ {1, 2, . . . , m⋆}, where P ⋆
j is the optimal power

allocation given by the water-filling solution and m⋆ ≤ m is the number of active
channels for which optimal transmit power is non-zero.

Proof. According to the water-filling solution [TV05, pp. 204-205], the optimal
power allocation over sub-channels for maximizing information capacity is given
by P ⋆

j = max{γ − Nj , 0}, where γ is chosen such that
∑m

i=j P ⋆
j = PS . Since we

have assumed N1 ≤ N2 ≤ · · · ≤ Nm, there exists 0 ≤ m⋆ ≤ m such that P ⋆
j > 0 for

j ≤ m⋆ and P ⋆
j = 0 for j > m⋆. Suppose we allocate the powers to the sub-channels

according to the water filling solution, i.e., we now have m⋆ active parallel channels

with capacities Cj = 1
2 log

(

1 +
P ⋆

j

Nj

)

for 1 ≤ j ≤ m⋆. According to Theorem 2.4.1,

the system in (2.1) is mean-square stable under the linear time varying scheme if
there exist fij ∈ Q such that fij ≥ 0,

∑m

j=1 fij ≤ 1,
∑n

i=1 fij ≤ 1 and

log (|λi|) <

m⋆

∑

j=1

fij

2
log

(

1 +
P ⋆

j

Nj

)

, (2.23)

for all i ∈ {1, 2, . . . , n} and j ∈ {1, 2, . . . , m⋆}. Summing over 1 ≤ i ≤ n, we get

n∑

i=1

log(|λi|) <
n∑

i=1

m∑

j=1

fijCij

=
m∑

j=1

(
n∑

i=1

fij

)

Cj . (2.24)

Observe that if
∑n

i=1 fij = 1, then (2.24) can be written as

log (|det (A) |) =
n∑

i=1

log(|λi|) <
1

2

m∑

j=1

log

(

1 +
P ⋆

j

Nj

)

, (2.25)

which is the same condition as (2.2), i.e., the necessary and the sufficient conditions
coincide. Thus, the proposed scheme is optimal in the sense that there does not exist
any other scheme that can stabilize the plant with a lower transmission power, when
there exist coefficients fij that satisfy the conditions given in Theorem 2.4.2.

Remark 2.4.1. A general vector Gaussian channel can be decomposed into an
equivalent parallel channel by employing linear pre-processing at the encoder and
linear post-processing at the decoder [TV05, pp. 292]. If the equivalent parallel chan-
nel satisfies the conditions in Theorem 2.4.2, then the proposed linear scheme is also
optimal over the given vector Gaussian channel.

Remark 2.4.2. The verification of the existence of coefficients fij satisfying the
conditions given in Theorem 2.4.2 is a linear program and is computationally fea-
sible. In the following we provide some particular instances where linear scheme is
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optimal. In all the following examples, we assume that
∑n

i=1 log(|λi|) <
∑m

j=1 Cj

because this is a necessary condition for stabilization.

1. If n = m, log(λi) < Ci, then we can choose fii = 1 and fij = 0 for j 6= i.

2. If m = 2, n = 3, with λ1 = λ2 = λl
3, C2 = lC1 for any l ∈ N, then we can

choose, f11 = f21 = 1, f31 = 0, f12 = f22 = 0, f32 = 1.

3. If m = 1 (scalar channel), then we can choose fi1 = log(|λi|)∑
n

i=1
log(|λi|) for all i.

Remark 2.4.3. The sufficient condition [KGL11, Theorem 6] for stabilization of
a scalar noiseless plant over parallel Gaussian channels with the necessary condi-
tion (2.2). Thus the non-linear scheme in [KGL11] is optimal for stabilization of
noiseless scalar plant. The non-linear scheme [KGL11] can be combined with the
time varying scheme proposed in Sec. 2.4 to get an optimal scheme for stabilization
of noiseless multi-dimensional plants. Thus the necessary condition (2.2) is also
sufficient for stabilization of noiseless multi-dimensional plants.

2.4.2 Proof of Theorem 2.4.1

Under the proposed linear scheme, we can write (2.18) as

X̃t+K = Ã
(
X̃t − X̃est,t

)
+ Vt, t = lK, l ∈ N, (2.26)

where Ã is in real Jordan form with eigenvalues λ̃i. Some of these eigenvalues can
be either real or complex and distinct or have algebraic multiplicity. According to
(2.26), the state component corresponding to a real distinct eigenvalue λ̃i is given
by

xi,t+K = λ̃i(xi,t − x̂i,t) + vi,t. (2.27)

For a complex eigenvalue pair λ̃i = λ̃∗
i+1, the state components are given by

xi,t+K = σ̃(xi,t − x̂i,t) + ω̃(xi+1,t − x̂i+1,t) + vi,t,

xi+1,t+K =−ω̃(xi,t−x̂i,t)+σ̃(xi+1,t −x̂i+1,t)+vi+1,t. (2.28)

If λ̃r = λ̃r+1 = · · · = λ̃s = λ̃ for some r ≤ s, then according to (2.16) and (2.26)
the corresponding states are given by

xi,t+K =λ̃(xi,t − x̂i,t) + (xi+1,t − x̂i+1,t) + vi,t,

xs,t+K =λ̃(xs,t − x̂s,t) + vs,t, (2.29)
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for i = r, . . . , s − 1. Finally, if λ̃r = λ̃∗
r+1 = λ̃r+2 = λ̃∗

r+3 · · · = λ̃⋆
s = σ̃ + jω̃ for some

r ≤ s, then according to (2.17) and (2.26) the corresponding states are given by

xi,t+K =σ̃(xi,t −x̂i,t)+ω̃(xi+1,t−x̂i+1,t)+(xi+2,t−x̂i+2,t)

+ vi,t, for i = r, r + 2, . . . , s − 2,

xi+1,t+K = − ω̃(xi,t−x̂i,t)+σ̃(xi+1,t −x̂i+1,t)+(xi+3,t−x̂i+3,t)

+ vi+1,t, for i = r + 1, r + 3 . . . , s − 1,

xs−1,t+K =σ̃(xs-1,t − x̂s-1,t) + ω̃(xs,t − x̂s,t) + vs-1,t,

xs,t+K = − ω̃(xs-1,t − x̂s-1,t) + σ̃(xs,t − x̂s,t) + vs,t. (2.30)

In the following we find conditions which are sufficient for mean-square stabi-
lization of the state components given by (2.27), (2.28), (2.29), and (2.30), that
covers all possible Jordan blocks for the system matrix A. We first consider the
state equation (2.27) corresponding to a unique real eigenvalue λ̃i. Let kij be the
number of times the j-th channel is used for the transmission of state xi,t associated
with the unique real eigenvalue λ̃i. The second moment of xi,t+K at t = lK is,

E
[
x2

i,t+K

]
= λ̃2

iE [(xi,t − x̂i,t)] + E
[
v2

i,t

]

(a)
= λ̃2

i 2
−2
∑

m

j=1
kij Cj

E
[
x2

i,t

]
+ νi, (2.31)

where (a) follows from the (2.20) and νi := E
[
v2

i,t

]
for i = 1, 2, . . . , n. Since νi is

bounded, we observe that E
[
x2

i,t

]
is bounded if λ̃2

i 2
−2
∑

m

j=1
kijCj < 1. Thus, the

state xi,t is stable if

λ̃2
i 2

−2
∑

m

j=1
kijCj < 1

⇒ log
(
|λ̃i|
)

<
m∑

j=1

kijCj . (2.32)

Next consider the states in (2.28), which are associated with a unique complex
eigenvalue pair λ̃i, λ̃i+1. Since |λ̃i| = |λ̃i+1|, we assume that kij = ki+1j , i.e., all
the channels are equally used for the transmission of xi,t and xi+1,t. The second
moments of xi,t+K and xi+1,t+K at t = lK are given by

E
[
x2

i,t+K

]
=2

−2
∑

m

j=1
kijCj

(
σ̃2E

[
x2

i,t

]
+ ω̃2E

[
x2

i+1,t

])

+ 2σ̃ω̃E [(xi,t − x̂i,t) (xi+1,t − x̂i+1,t)] + νi, (2.33)

E
[
x2

i+1,t+K

]
=2

−2
∑

m

j=1
kijCj

(
ω̃2E

[
x2

i,t

]
+ σ̃2E

[
x2

i+1,t

])

− 2σ̃ω̃E [(xi,t − x̂i,t) (xi+1,t − x̂i+1,t)] + νi+1. (2.34)

By summing (2.33) and (2.34) we get,

E
[
x2

i,t+K

]
+ E

[
x2

i+1,t+K

]
=
(
σ̃2 + ω̃2

)
2

−2
∑

m

j=1
kijCj

×
(
E
[
x2

i,t

]
+ E

[
x2

i+1,t

])
+ νi + νi+1. (2.35)



34 Point-to-point Channels

The sum E
[
x2

i,t+K

]
+E

[
x2

i+1,t+K

]
is bounded if

(
σ̃2 + ω̃2

)
2

−2
∑

m

j=1
kij Cj < 1. Since

|λ̃i|2 = |λ̃i+1|2 =
(
σ̃2 + ω̃2

)2
and kij = ki+1j , we have the following conditions for

stabilization:

log
(
|λ̃i|
)

<

m∑

j=1

kijCj ,

log
(
|λ̃i+1|

)
<

m∑

j=1

ki+1jCj . (2.36)

Now consider the state components {xi,t}s
i=r, corresponding to the Jordan block

associated with real eigenvalue given in (2.29). Since all the states are equally
unstable, we let krj = kr+1j = · · · = ksj =: kij . Following the same steps as in
(2.31), we can show that xs,t is stable if log

(
|λ̃|
)

<
∑m

j=1 kijCj . For i = r, . . . , s−1,
if we assume that xi+1,t is stable, the second moment of xi,t+K at t = lK can be
bounded as

E
[
x2

i,t+K

] (a)
= λ̃2E

[

(xi,t − x̂i,t)
2
]

+ E

[

(xi+1,t − x̂i+1,t)
2
]

+ 2λ̃E [(xi,t − x̂i,t) (xi+1,t − x̂i+1,t)] + νi

(b)
= λ̃22

−2
∑

m

j=1
kijCj

E
[
x2

i,t

]
+ 2

−2
∑

m

j=1
kij Cj

E
[
x2

i+1,t

]

+ 2λ̃E [(xi,t − x̂i,t) (xi+1,t − x̂i+1,t)] + νi

(c)

≤ λ̃22
−2
∑

m

j=1
kijCj

E
[
x2

i,t

]
+ 2

−2
∑

m

j=1
kij Cj

E
[
x2

i+1,t

]

+2λ̃

√

E

[

(xi,t−x̂i,t)
2
]

E

[

(xi+1,t−x̂i+1,t)
2
]

+νi

=λ̃22
−2
∑

m

j=1
kijCj

E
[
x2

i,t

]
+ 2

−2
∑

m

j=1
kij Cj

E
[
x2

i+1,t

]

+ 2λ̃2
−2
∑

m

j=1
kij Cj

√

E
[
x2

i,t

]
E
[
x2

i+1,t

]
+ νi

(d)

≤b1E
[
x2

i,t

]
+ b2

√

E
[
x2

i,t

]
+ b3, (2.37)

where (a) follows from (2.29); (b) follows from (2.20); (c) follows by Cauchy-Schwarz
inequality; (d) follows from the assumption that xi+1,t is stable, i.e., E

[
x2

i+1,t

]
< M

(we have already shown that xs,t is stable if log
(
|λ̃|
)

<
∑m

j=1 kijCj) and by defining

b1 := λ̃22
−2
∑

m

j=1
kijCj , b2 := 2λ̃2

−2
∑

m

j=1
kij Cj

√
M , and b3 := 2

−2
∑

m

j=1
kijCj M +νi.

We now find a condition to ensure convergence of the sequence,

αt+1 = b1αt + b2
√

αt + b3, (2.38)

by making use of the following lemma.
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Lemma 2.4.1. Let T : R 7→ R be a non-decreasing continuous mapping with a
unique fixed point x⋆ ∈ R. If there exists u ≤ x⋆ ≤ v such that T (u) ≥ u and
T (v) ≤ v, then the sequence generated by xt+1 = T (xt), t ∈ N converges starting
from any initial value x0 ∈ R.

Proof. The proof is given in Appendix 2.C.

We observe that the mapping T (α) = b1α + b2
√

α + b3 with α ≥ 0 is monoton-
ically increasing since b1, b2 > 0. It will have a unique fixed point α⋆ if and only if
b1 < 1, since b2, b3 > 0. Assuming that b1 < 1, there exists u < α⋆ < v such that
T (u) ≥ u and T (v) ≤ v. Therefore, by Lemma 2.4.1 the sequence {αt} is convergent

if b1 = λ̃22
−2
∑

m

j=1
kijCj < 1 ⇒ log(λ̃) <

∑m

j=1 kijCj . Since |λ̃i| = λ̃, xi,t is stable if

log
(
|λ̃i|
)

<

m∑

j=1

kijCj . (2.39)

Finally, let us consider the states given in (2.29) corresponding to the Jordan block
associated with the complex eigenvalues. Since all the state components {xi,t}s−1

i=r

are equally unstable, we fix krj = kr+1j = · · · = ksj = kij . Following the same steps
as in (2.33), (2.34), and (2.35), we can show that the sum E

[
x2

i,t+K

]
+E

[
x2

i+1,t+K

]

is bounded if

log
(
|λ̃s−1|

)
<

m∑

j=1

kijCj ,

log
(
|λ̃s|
)

<
m∑

j=1

kijCj . (2.40)

For i = r, r + 2, r + 4, . . . , s − 3, we have

E
[
x2

i,t+K

]
=2

−2
∑

m

j=1
kijCj

(
σ̃2E

[
x2

i,t

]
+ω̃2E

[
x2

i+1,t

]
+E

[
x2

i+2,t

])

+ 2σ̃ω̃E [(xi,t − x̂i,t) (xi+1,t − x̂i+1,t)]

+ 2ω̃E [(xi+1,t − x̂i+1,t) (xi+2,t − x̂i+2,t)]

+2σ̃E [(xi,t−x̂i,t) (xi+2,t−x̂i+2,t)]+νi, (2.41)

E
[
x2

i+1,t+K

]
=2

−2
∑

m

j=1
kijCj

(
ω̃2E

[
x2

i,t

]
+σ̃2E

[
x2

i+1,t

]
+E

[
x2

i+3,t

])

− 2σ̃ω̃E [(xi,t − x̂i,t) (xi+1,t − x̂i+1,t)]

+2σ̃E [(xi+1,t − x̂i+1,t) (xi+3,t − x̂i+3,t)]

−2ω̃E [(xi,t−x̂i,t) (xi+3,t−x̂i+3,t)]+νi+1. (2.42)
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Assuming that xi+2,t and xi+3,t are stable, the sum E
[
x2

i,t+K

]
+ E

[
x2

i+1,t+K

]
is

bounded by

E
[
x2

i,t+K

]
+ E

[
x2

i+1,t+K

] (a)
=
(
σ̃2 + ω̃2

)
2

−2
∑

m

j=1
kij Cj

(
E
[
x2

i,t

]
+ E

[
x2

i+1,t

])

+ 2
−2
∑

m

j=1
kijCj

(
E
[
x2

i+2,t

]
+ E

[
x2

i+3,t

])

+ 2σ̃E [(xi,t − x̂i,t) (xi+2,t − x̂i+2,t)]

+ 2σ̃E [(xi+1,t − x̂i+1,t) (xi+3,t − x̂i+3,t)]

+ 2ω̃E [(xi+1,t − x̂i+1,t) (xi+2,t − x̂i+2,t)]

− 2ω̃E [(xi,t − x̂i,t) (xi+3,t − x̂i+3,t)] + νi + νi+1

(b)

≤
(
σ̃2 + ω̃2

)
2

−2
∑

m

j=1
kij Cj

(
E
[
x2

i,t

]
+ E

[
x2

i+1,t

])

+ 2
−2
∑

m

j=1
kijCj

(
E
[
x2

i+2,t

]
+ E

[
x2

i+3,t

])

+ 2σ̃2
−2
∑

m

j=1
kijCj

√

E
[
x2

i,t

]
E
[
x2

i+2,t

]

+ 2σ̃2
−2
∑

m

j=1
kijCj

√

E
[
x2

i+1,t

]
E
[
x2

i+3,t

]

+ 2ω̃2
−2
∑

m

j=1
kijCj

√

E
[
x2

i+1,t

]
E
[
x2

i+2,t

]

+ 2ω̃2
−2
∑

m

j=1
kijCj

√

E
[
x2

i,t

]
E
[
x2

i+3,t

]
+ νi + νi+1

(c)

≤
(
σ̃2 + ω̃2

)
2

−2
∑

m

j=1
kijCj

(
E
[
x2

i,t

]
+ E

[
x2

i+1,t

])

+ 2
−2
∑

m

j=1
kijCj M + 2σ̃2

−2
∑

m

j=1
kijCj M

√

E
[
x2

i,t

]

+ 2σ̃2
−2
∑

m

j=1
kijCj M

√

E
[
x2

i+1,t

]

+ 2ω̃2
−2
∑

m

j=1
kijCj M

√

E
[
x2

i,t

]

+ 2ω̃2
−2
∑

m

j=1
kijCj M

√

E
[
x2

i+1,t

]
+ νi + νi+1

(d)

≤ b1

(
E
[
x2

i,t

]
+E

[
x2

i+1,t

])
+b2

√

E
[
x2

i,t

]
+ E

[
x2

i+1,t

]
+b3,

(2.43)

where (a) follows from (2.41) and (2.42); (b) follows from Cauchy-Schwarz in-
equality; (c) follows from the assumption that

(
E
[
x2

i+2,t

]
< +E

[
x2

i+3,t

])
< M ,

and (d) follows by using the following inequality
√

E
[
x2

i,t

]
+
√

E
[
x2

i+1,t

]
<

2
√

E
[
x2

i,t

]
+ E

[
x2

i+1,t

]
and defining b1 :=

(
σ̃2 + ω̃2

)
2

−2
∑

m

j=1
kijCj , b2 :=

8 (σ̃ + ω̃) 2
−2
∑

m

j=1
kijCj M , and b3 := 2

−2
∑

m

j=1
kij Cj M + νi + νi+1. If we define

αt := E
[
x2

i,t

]
+ E

[
x2

i+1,t

]
, then according to (2.43) we get a majorizing sequence

that has the same form as (2.38) with the values of bi given above. Using Lemma
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2.4.1 we can show that αt is convergent if b1 =
(
σ̃2 + ω̃2

)
2

−2
∑

m

j=1
kij Cj < 1. Since

(
σ̃2 + ω̃2

)
= |λ̃|2 = |λ̃i|2, we get

log
(
|λ̃i|
)

<

m∑

j=1

kijCj . (2.44)

According to (2.32), (2.36), (2.39), and (2.44), all modes are stable if

log
(
|λ̃i|
)

<

m∑

j=1

kijCj . (2.45)

Since |λ̃i| = |λi|K , we can re-write (2.45) as,

log
(
|λi|K

)
<

m∑

j=1

kijCj

⇒ log (|λi|) <

m∑

j=1

fijCj , (2.46)

where fij :=
kij

K
. According to (2.19) fij ≥ 0,

∑m
j=1 fij ≤ 1, and

∑n
i=1 fij ≤ 1. This

completes the proof. �

2.5 Conclusions

We studied the problem of mean-square stabilization of a noisy multi-dimensional
linear systems over vector Gaussian channels subject to an average transmit power
constraint. We observed that linear time invariant schemes are not sufficient in gen-
eral for stabilization of a multi-dimensional plant even over a scalar point-to-point
Gaussian channel. A linear time varying sensing and control scheme is proposed
and the conditions which guarantee optimality of the linear scheme are derived.
For a given system and a given channel, the optimality of the linear policies can be
verified by solving a linear program. We observe that the linear scheme is optimal
for a wide class of linear systems and Gaussian channels in the sense that there
does not exist any other scheme that can mean-square stabilize the system using
a lower transmission power. Interestingly, linear policies are optimal for quadratic
stabilization even if the source-channel matching principle does not hold.

Appendix

2.A Proof of Lemma 2.2.1

This proof essentially follows from the same steps as in Theorem 4.1 of [Yük12],
however, with some differences due to the network structure. Similar considerations
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have appeared in different contexts in [MD08,SDO11]. Consider the following series
of inequalities:

I
(
S[0,T -1] → R[0,T -1]

)

(a)
=

T −1∑

t=0

I
(
S[0,t]; Rt|R[0,t-1]

)

(b)
=

T −1∑

t=0

(
h
(
Rt|R[0,t-1]

)
− h

(
Rt|S[0,t], R[0,t-1]

))

(c)
=

T −1∑

t=0

(
h
(
Rt|R[0,t-1]

)
− h

(
Rt|S[0,t], R[0,t-1], Xt

))

(d)

≥
T −1∑

t=0

(
h
(
Rt|R[0,t-1]

)
− h

(
Rt|R[0,t-1], Xt

))

(e)
=

T −1∑

t=0

I
(
Xt; Rt|R[0,t-1]

)

= I (X0; R0) +

T −1∑

t=1

I
(
Xt; Rt|R[0,t-1]

)

=
T −1∑

t=1

(
h
(
Xt|R[0,t-1]

)
−h

(
Xt|R[0,t]

))
+ I (X0; R0)

(f)
=

T −1∑

t=1

(
h
(
AXt−1 + BUt−1 + Wt−1|R[0,t-1]

)
− h

(
Xt|R[0,t]

))
+ I (X0; R0)

(g)
=

T −1∑

t=1

(
h
(
AXt−1 + Wt−1|R[0,t-1]

)
− h

(
Xt|R[0,t]

))
+ I (X0; R0)

(h)

≥
T −1∑

t=1

(
h
(
AXt−1 + Wt−1|R[0,t-1], Wt−1

)
− h

(
Xt|R[0,t]

))
+ I (X0; R0)

(i)
=

T −1∑

t=1

(
h
(
AXt−1|R[0,t-1]

)
− h

(
Xt|R[0,t]

))
+ I (X0; R0)

(j)
=

T −1∑

t=1

(
log (|det (A)|) + h

(
Xt−1|R[0,t-1]

)
− h

(
Xt|R[0,t]

))
+ I (X0; R0)

= (T − 1) log (|det (A)|) + h (X0|R0) − h
(
XT -1|R[0,T -1]

)
+ I (X0; R0)

= h (X0) + (T − 1) log (|det (A)|) − h
(
XT -1|R[0,T -1]

)

(k)

≥ h (X0) + (T − 1) log (|det (A)|) − h (XT -1)
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(l)

≥ h (X0) + (T − 1) log (|det (A)|) − log ((2πe)n |det (K)|) , (2.47)

where (a) follows from the definition of directed information; (b) follows from
the definition of mutual information; (c) follows from the Markov chain X[0,t] −
{S[0,t], R[0,t-1]} − Rt; (d) follows from the fact that conditioning reduces entropy;
(e) follows from the property of mutual information; (f) follows from (2.1); (g) fol-
lows from Ut−1 = πt−1(R[0,t-1]); (h) follows from the fact that conditioning reduces
entropy; (i) follows from h

(
AXt-1 + Wt-1|R[0,t-1], Wt−1

)
= h(AXt−1|R[0,t-1]) +

h(Wt−1|Wt−1) due to mutual independence of Xt and Wt; (j) follows from h (AX) =
log (|det (A)|) + h(X) [CT06, Theorem 8.6.4]; (k) follows from the fact that con-
ditioning reduces entropy; and (m) follows the fact that for a mean square stable
system there exists a matrix K ≻ 0 with det

(
E
[
XT

t Xt

])
< det (K) for all t and

further for a given covariance matrix the differential entropy is maximized by the
Gaussian distribution. Using (2.47) we lower bound the directed information rate
as lim infT →∞

1
T

I
(
S[0,T -1] → R[0,T -1]

)
≥ log (|det (A)|).

2.B Estimation With Noiseless Feedback

For simplification we drop the subscripts of xi,t and consider that a variable x
has to be transmitted/estimated over m parallel Gaussian channels, where j-th
sub-channel has information capacity Cj = 1

2 log (1 + Pj/Nj) for j = 1, 2, . . . , m.
Assume that the encoder uses the first channel k1 times, the second channel k2

times, and so on. Consider the following scheme based on the Schalkwijk Kailath

(SK) coding scheme [SK66]: At t = 1, the encoder transmits s1,1 =
√

P1

E[x2] x over

the first channel, the decoder receives r1,1 = s1,1 + z1,1, and computes the MMSE

estimate x̂1 =
E[xr1,1]
E[r2

1,1]
r1,1, where x̂t denotes the estimate of x at time t. Further

the estimation error at any time t is denoted as ǫt := x − x̂t and the encoder can
compute the error due to noiseless feedback link. By computation, the variance of
ǫ1 is

E[ǫ2
1] =

N1

P1 + N1
E[x2]

= 2−C1E[x2], (2.48)

where C1 = 1
2 log (1 + P1/N1). For 2 ≤ t ≤ k1, the encoder transmits s1,t =

√
P1

E[ǫ2
t-1]

ǫt-1, the decoder estimates ǫ̂t-1 =
E[ǫt-1r1,t]

E[r2
1,t]

r1,t and updates its estimate

of x as x̂t = x̂t-1 − ǫ̂t-1. The associated estimation error is, ǫt = x − x̂t = ǫ̂t-1 − ǫt-1.
The variance of the estimation error is computed as E[ǫ2

t ] = 2−C1E[ǫ2
t−1], which

together with (2.48) implies

E[ǫ2
k1

] = 2−k1C1E[x2]. (2.49)

Similarly, for the next k2 time steps the encoder transmits over the second sub-
channel having information capacity C2, and then over the third channel and so
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on. At the end of transmission over the j-th sub-channel the variance of estimation
error is given by

E[ǫ2
k1+k2+...+kj

] = 2−kjCjE[ǫ2
kj-1

]. (2.50)

Accordingly the estimation error at the end of whole transmission period, i.e., at
t =

∑m
j=1 kj , is given by

E[(x − x̂t)
2] = 2−kmCmE[ǫ2

km-1
]

= 2
−
∑

m

j=1
kjCj

E[x2]. (2.51)

2.C Proof of Lemma 2.4.1

Assume that T (x) is a non-decreasing mapping with a unique fixed point x⋆. Further
assume that there exist u ≤ x⋆ ≤ v such that T (u) ≥ u and T (v) ≤ v. Consider a
sequence generated by the following iterations: xt+1 = T (xt) with t ∈ N, x0 ∈ R.
We want to show that starting from any x0 ∈ R, the sequence {xt} converges. There
are three possibilities: i) x0 = x⋆, ii) x0 > x⋆, and iii) x0 < x⋆. For x0 ∈ [x⋆, ∞)
we have T (x) ≤ x, therefore x1 = T (x0) ≤ x0. Since T (x) is non-decreasing,
x2 = T (x1) ≤ T (x0) = x1. Thus, for any t ∈ N we have xt+1 = T (xt) ≤ T (xt−1) =
xt. Further, this sequence is lower bounded by x⋆ because for any xt ∈ [x⋆, ∞),
x⋆ = T (x⋆) ≤ T (xt) = xt+1 due to non-decreasing T (·). Thus, the sequence {xt}
converges since it is monotonically decreasing and lower bounded by x⋆ [Rud76,
Theorem 3.14]. For x ∈ (−∞, x⋆] we have T (x) ≥ x, therefore, x1 = T (x0) ≤ x0.
Since T (x) is non-decreasing, we have x2 = T (x1) ≥ T (x0) = x1. Thus, for any
t ∈ N we have xt+1 = T (xt) ≥ T (xt−1) = xt. Further, this sequence is upper
bounded by x⋆ because for any xt ∈ (−∞, x⋆], we have xt+1 = T (xt) ≤ T (x⋆) = x⋆

due to non-decreasing T (·). Since {xt} is strictly increasing and upper bounded by
x⋆ for x0 ∈ [x⋆, ∞), it converges [Rud76, Theorem 3.14].



Chapter 3

Relay Networks

This chapter considers a setup in which a sensor node communicates the
observations of a linear dynamical system (plant) over a network of wireless
nodes to a remote controller in order to stabilize the system in closed-loop.

The wireless nodes have transmit and receive capability and we call them relays,
as they relay the plant’s state information to the remote controller. We assume a
transmit power constraint on the sensor and relays, and the wireless links between
all agents (sensor, relays, and controller) are modeled as Gaussian channels. The
objective is to study stabilizability of the plant over Gaussian relay networks.

The existing literature on control over Gaussian channels has mostly focused
on situations where there is no intermediate node between the sensor and the re-
mote controller. Problems related to control over Gaussian networks with relay
nodes have so far been open. Such problems are hard because a relay network can
have an arbitrary topology and every node within the network can have memory
and can employ any transmit strategy. The papers [Tat03] and [GDH+09] have de-
rived conditions for stabilization over networks with digital noiseless channels and
analog erasure channels respectively, however those results do not apply to noisy
networks. In [SM06, Yük12] moment stability conditions in terms of error expo-
nents have been established. However, even a single letter expression for channel
capacity of the basic three-node Gaussian relay channel [CT06] is not known in
general. In [GV05] Gastpar and Vetterli determined capacity of a large Gaussian
relay network in the limit as the number of relays tends to infinity. The problem of
control over Gaussian relay channels was introduced in [ZOS10a,ZOYS10] and fur-
ther studied in [ZOYS11,KGL10]. The papers [ZOS10a,ZOYS10,ZOYS11,KGL10]
derived sufficient conditions for mean square stability of a scalar plant by employing
linear schemes over Gaussian channels with single relay nodes. In this chapter we
consider more general setups with multiple relays and multi-dimensional plants. We
also derive necessary conditions along with sufficient conditions and further discuss
how good linear policies are for various network topologies.

41
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3.1 Problem Formulation

Consider the same discrete LTI plant model as in Chapter 2, given by the following
state equation:

Xt+1 = AXt + BUt + Wt, t ∈ N, (3.1)

where Xt ∈ Rn, Ut ∈ Rm, and Wt ∈ Rn are state, control, and plant noise The
initial state X0 is a random variable with bounded differential entropy |h(X0)| < ∞
and a given covariance matrix Λ0. The plant noise {Wt} is a zero mean white
Gaussian noise sequence with variance KW and it is assumed to be independent
of the initial state X0. The matrices A and B are of appropriate dimensions and
the pair (A, B) is controllable. Let {λ1, λ2, . . . , λn} denote the eigenvalues of the
system matrix A. Without loss of generality we assume that all the eigenvalues of
the system matrix are outside the unit disc, i.e., |λi| ≥ 1. The unstable modes can
be decoupled from the stable modes by a similarity transformation. If the system
in (3.1) is one-dimensional then A is scalar and we use the notation A = λ. We
consider a remote control setup, where a sensor node observes the state process
and transmits it to a remotely situated controller over a network of relay1 nodes as
shown in Fig. 4.1. The communication links between nodes are modeled as white
Gaussian channels, which is why we refer to it as a Gaussian network. In order
to communicate the observed state value Xt, an encoder E is lumped with the
observer O and a decoder D is lumped with the controller C. In addition there
are L relay nodes {Ri}L

i=1 within the channel to support communication from E
to D. At any time instant t, Se,t and Rt are the input and the output of the
network and Ut is the control action. Let ft denote the observer/encoder policy
such that Se,t = ft(X[0,t], U[0,t−1]), where X[0,t] := {X0, X1, . . . , Xt} and we have
the following average transmit power constraint E[S2

e,t] ≤ PS . Further let πt denote
the decoder/controller policy, then Ut = πt

(
R[0,t]

)
. The objective in this paper is

to find conditions on the system matrix A so that the plant in (3.1) can be mean
square stabilized (cf. Definition 2.1.1) over a given Gaussian network.

3.2 Necessary Condition for Stabilization

In the literature [Eli04,MD08,SDO11,Yük12], there exists a variety of information
rate inequalities characterizing fundamental limits on the performance of linear sys-
tems controlled over communication channels. We have presented one such result
in Lemma 2.2.1 for point-to-point channels, which is also valid for the general net-
work depicted in Fig. 3.1. In the following we state another relationship which also
gives a necessary condition for mean square stabilization over the general network
depicted in Fig. 3.1.

1A relay is a communication device whose sole purpose is to support communication from the
information source to the destination. In our setup the relay nodes cooperate to communicate the
state process from sensor to the remote controller. If the system design objective is to replace
wired connections, then relaying is a vital approach to communicate over longer distances.
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P
la

nt O/E D/CRL
R1

R2

R3

Xt Se,t Rt

Ut

Figure 3.1: The unstable plant has to be controlled over a Gaussian relay network.

Theorem 3.2.1. If the linear system in (3.1) is mean square stable over the Gaus-
sian relay network, then

log (|det (A) |) ≤ lim inf
T →∞

1

T
I(X̄[0,T −1] → R[0,T −1]), (3.2)

where {X̄t} denotes the uncontrolled state process obtained by substituting Ut = 0
in (3.1), i.e., X̄t+1 = AX̄t +Wt, the notation |det (A) | represents the absolute value
of determinant of matrix A and

I(X̄[0,T −1] → R[0,T −1]) =
T −1∑

t=0

I
(
X̄[0,t]; Rt|R[0,t-1]

)

is the directed information from the uncontrolled state process {X̄[0,T −1]} to the
sequence of variables {R[0,T −1]} received by the controller over the network of relay
nodes.

Proof. The proof is given in Appendix 3.A, which essentially follows from the same
steps as in the proof of Theorem 4.1 in [Yük12], however, with some differences
due to the network structure. Similar constructions can also be found in [MD08,
SDO11].

A general communication network consists of an arbitrary number of nodes with
arbitrary communication links. In order to understand the problem of stabilization
over a general relay network, we study some basic topologies such as non-orthogonal
network, orthogonal network, cascade network, and parallel network (which will be
defined later). These topologies serve as the basic building blocks of a large network.
In the rest of this chapter, we derive necessary as well as sufficient conditions for
mean square stabilization over these fundamental network topologies. Necessary
conditions are obtained using Theorem 3.2.1. Sufficient conditions are obtained
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using delay-free linear sensing and control schemes. We study these fundamental
topologies individually so that the proof techniques and the intuitions gained from
our study are rich enough to address general Gaussian networks.

3.3 Cascade (Serial) Network

Consider a cascade network comprised of L − 1 half-duplex relay nodes depicted
in Fig. 3.2. The state encoder E observes the state of the system and transmits
its signal to the relay node R1. The relay node R1 transmits a signal to the relay
node R2 and so on. Finally the state information is received at the remote de-
coder/controller D from RL−1. At any time step t, Se,t is the signal transmitted
from E and Si

r,t is the signal transmitted from Ri, which are given by

Se,t = ft

(
X[0,t], U[0,t−1]

)
∀t : t = 1 + nL, n ∈ N, Se,t = 0 otherwise,

Si
r,t = gi

t

(

Y i
[0,t]

)

∀t : t = 1 + i + nL, n ∈ N, Si
r,t = 0 otherwise, (3.3)

where ft : R2t-1 → R, gi
t : Rt → R such that E

[
f2

t

(
X[0,t], U[0,t−1]

)]
= LPS,

E

[(
gi

t

(
Y[0,t]

))2
]

= LP i
r ,
∑L-1

i=1 P i
r ≤ PR. The signal received by Ri is

Y 1
t = Se,t + Z1

t , Y i
t = Si-1

r,t + Zi
t ∀t : t = nL + i, n ∈ N, Y i

t = 0 otherwise.

(3.4)

Here Zi
t ∼ N (0, Ni) denotes mutually independent white Gaussian noise compo-

nents. Accordingly D receives Rt = SL-1
r,t + ZL

t at t = nL and zero otherwise.

E DR1 R2 RL-1

Channel

Z1
t Z2

t ZL
t

Se,t S1
r,t S2

r,t SL-1
r,tY 1

t Y 2
t Y L-1

t Rt

Figure 3.2: A cascade Gaussian network model.

We now present a necessary condition for mean square stability over the given
channel.

Theorem 3.3.1. If the system (3.1) is mean square stable over the cascade network
then

log (|det (A)|) <
1

2L
log

(

1 + L min

{

PS

N1
,

PR
∑L

i=2 Ni

})

. (3.5)

Proof. We first derive an outer bound on the directed information I(X̄[1,LT ] →
R[1,LT ]) over the given channel and then use Theorem 3.2.1 to find the necessary
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condition (3.5).

I(X̄[1,LT ] → R[1,LT ])
(a)
= I(X̄[1,LT ]; R[1,LT ])

(b)

≤ I(X̄[1,LT ]; Y i
[1,LT ], R[1,LT ])

=

LT∑

t=1

I(X̄[1,LT ]; Rt, Y i
t |R[1,t-1], Y i

[1,t-1])

(c)
=

LT∑

t=1

(

h(Rt, Y i
t |R[1,t−1], Y i

[1,t-1])

− h(Rt, Y i
t |R[1,t−1], Y i

[1,t-1], X̄[1,LT ])
)

(d)
=

LT∑

t=1

(

h(Y i
t |R[1,t−1], Y i

[1,t−1]) + h(Rt|R[1,t-1], Y i
[1,t])

− h(Y i
t |R[1,t-1], Y i

[1,t-1], X̄[1,LT ]) − h(Rt|R[1,t-1], Y i
[1,t], X̄[1,LT ])

)

(e)
=

LT∑

t=1

(

h(Y i
t |R[1,t−1], Y i

[1,t−1]) − h(Y i
t |R[1,t-1], Y i

[1,t-1], X̄[1,LT ])

+ I(Rt; X̄[1,LT ]|R[1,t-1], Y i
[1,t])

︸ ︷︷ ︸

=0

)

(f)

≤
LT∑

t=1

(

h(Y i
t ) − h(Y i

t |R[1,t-1], Y i
[1,t-1], X̄[1,LT ])

)

(g)

≤
LT∑

t=1

(

h(Y i
t ) − h(Y i

t |Si-1
r,t , R[1,t-1], Y i

[1,t-1], X̄[1,LT ])
)

(h)
=

LT∑

t=1

I(Si-1
r,t ; Y i

t )

(i)
=

T −1∑

t=0

I(Si-1
r,tL+i; Y i

tL+i)

(j)

≤ 1

2

T −1∑

t=0

log

(

1 +
LP i-1

r

Ni

)

=
T

2
log

(

1 +
LP i-1

r

Ni

)

(3.6)

where (a) follows from [Mas90, Theorem 1]; (b) follows from the fact that adding side
information cannot decrease mutual information; (c), (d) and (e) follow from prop-
erties of mutual information and differential entropy; (f) follows from conditioning
reduces entropy and the following Markov chain X̄[1,LT ] − (Y i

[1,t], R[1,t-1]) − Rt;
(g) follow from conditioning reduces entropy; (h) follows from the Markov chain
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Y i
t − Si-1

r,t − (R[1,t-1], Y i
[1,t-1], X̄[1,LT ]) due to memoryless channel from Si-1

r,t to Y i
t ; (i)

follows from (3.3) and (3.4); and (j) follows from the fact that mutual information
of a Gaussian channel is maximized by the Gaussian input distribution [CT06, The-
orem 8.6.5]. By following the same steps as (3.6), we can also obtain

I(X̄[1,LT ] → R[1,LT ]) ≤ T

2
log

(

1 +
LPS

N1

)

. (3.7)

The directed information I(X̄[1,LT ] → R[1,LT ]) can also be bounded as

I
(
X̄[1,LT ] → R[1,LT ]

)
=

LT∑

t=1

I
(
X̄[1,t]; Rt|R[1,t-1]

)

(a)

≤
LT∑

t=1

I
(

SL-1
r,[1,t]; Rt|R[1,t-1]

)

= I
(

SL-1
r,[1,LT ] → R[1,LT ]

)

(b)

≤
LT∑

t=1

I(SL-1
r,t ; Rt)

(c)
=

T −1∑

t=0

I(SL-1
r,tL+L; RtL+L)

(d)

≤ T

2
log

(

1 +
LP L-1

r

NL

)

, (3.8)

where (a) follows from the Markov chain X̄[1,LT ] − (SL-1
r,[1,t], R[1,t-1]) − R[1,t], (b)

follows from [Mas90, Theorem 1]; (c) follows from (3.3) and (3.4); and (d) follows
from the fact that mutual information of a Gaussian channel is maximized by the
Gaussian input distribution [CT06, Theorem 8.6.5]. Finally using (3.6), (3.7), and
(3.8), we have the following bound:

I(X̄[1,LT ] → R[1,LT ])

≤ T

2
min

{

log

(

1 +
LPS

N1

)

, log

(

1 +
LP 1

r

N2

)

, . . . , log

(

1 +
LP L-1

r

NL

)}

(a)
=

T

2
log

(

1 + L min

{
PS

N1
,

P 1
r

N2
, . . . ,

P L-1
r

NL

})

≤ T

2
log

(

1+L min

{

PS

N1
, max

P i
r :
∑

P i
r ≤PR

min

{
P 1

r

N2
, . . . ,

P L-1
r

NL

}})

(b)
=

T

2
log

(

1 + L min

{

PS

N1
,

PR
∑L

i=2 Ni

})

, (3.9)
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(a) follows from the fact that log(1 + x) is a monotonically increasing function of
x; and (b) follows from the optimal power allocation choice P i

r = Ni+1PR∑
L

i=2
Ni

. Finally

dividing (3.9) by LT and let T → ∞ according to Theorem 3.2.1, we get the
necessary condition (3.5).

We now present a sufficient condition for mean-square stability over the given
network.

Theorem 3.3.2. The scalar linear time invariant system in (3.1) with A = λ can
be mean square stabilized using a linear scheme over a cascade network of L relay
nodes if

log (|λ|) < max
P i

r :
∑

L

i=1
P i

r ≤PR

1

2L
log

(

1 +
LPS

LPS + N1

L−1∏

i=1

(
LP i

r

LP i
r + Ni+1

))

, (3.10)

where the optimal power allocation is given by P i
r =

−Ni+1+

√

N2
i+1

− 4Ni+1
γ

2 and γ < 0

is chosen such that
∑L

i=1 P i
r ≤ PR. When all Ni are equal, the optimal choice is

P i
r = PR

L−1 .

Outline of proof: The result can be derived by using a memoryless linear trans-
mission and control scheme. Under linear policies, the overall mapping from the
encoder to the controller becomes a scalar Gaussian channel, which has been well
studied in the literature (see for example [BB89]). We refer the reader to the proof
of Theorem 3.5.2, which contains a detailed derivation for the non-orthogonal net-
work and the proof for this setting is similar. The optimal power allocation follows

from the concavity of
∏L−1

i=1

(
LP i

r

LP i
r +Ni+1

)

in {P i
r}L−1

i=1 and by using the Lagrange

multiplier method.

Remark 3.3.1. For fixed power allocations, as the number of relays L approaches
infinity in (3.5), the RHS converges to zero and stabilization becomes impossible. We
also note that the ratio between the sufficiency and necessity bounds (ratio between
RHS of (3.3.2) and RHS of (3.5)) converges to zero as the number of relays goes
to infinity.

In the related problem of transmitting a Gaussian source with minimum mean-
square distortion, it is shown in Chapter 4 that linear sensing policies are not
globally optimal in general when there is one or more relay nodes in cascade. How-
ever linear policies are shown to be person-by-person optimal in a single relay setup.
According to Chapter 4, simple quantizer based policies can lead to a lower mean-
square distortion than the best linear policy.
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Figure 3.3: Parallel relay network.

3.4 Parallel Network

Consider the network shown in Fig. 3.3, where the signal transmitted by a node does
not interfere with the signals transmitted by other nodes, i.e., there are L parallel
channels from {Ri}L

i=1 to D. We call this setup a parallel network, which models
a scenario where the signal spaces of the relay nodes are mutually orthogonal. For
example the signals may be transmitted in either disjoint frequency bands or in
disjoint time slots. In the first transmission phase, the sensor transmits Se,t with
an average power E

[
S2

e,t

]
= 2PS to the relays and in the second phase all relays

simultaneously transmit to the remote controller with average powers 2P i
r such that

∑L
i=1 P i

r ≤ PR. Accordingly, the received signals are given by

Y i
t = Se,t + Zi

r,t, Ri
t = Si

r,t = 0, t = 1, 3, 5, . . .

Ri
t = Si

r,t + Zi
d,t, Y i

t = Se,t = 0, t = 2, 4, 6, . . . (3.11)

where Zi
r,t ∼ N (0, N i

r), Zi
d,t ∼ N (0, N i

d) denote mutually independent white Gaus-
sian noise variables. In the following we present conditions for mean square stability
of the system in (3.1) over the given parallel network.

Theorem 3.4.1. If the system (3.1) is mean square stable over the parallel network
then

log (|det (A)|) ≤ 1

4
min

{

log

(

1 + 2

L∑

i=1

PS

N i
r

)

,

L∑

i=1

log

(

1 +
2P i

r

N i
d

)}

, (3.12)

where P i
r = max{γ − N i

d, 0} and γ is chosen such that
∑L

i=1 P i
r = PR.

Proof. Following the same steps as in proof of Theorem 3.3.1, we can bound directed
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information I(X̄[1,2T ] → R[1,2T ]) over parallel relay network as,

I(X̄[1,2T ] → {Ri
[1,2T ]}L

i=1)

(a)

≤ min

{
2T∑

t=1

I
(
Se,t; {Y i

t }L
i=1

)
,

2T∑

t=1

I
(
{Si

r,t}L
i=1; {Ri

t}L
i=1

)

}

(b)
= min

{
T∑

t=1

I
(
Se,2t-1; {Y i

2t-1}L
i=1

)
,

T∑

t=1

I
(
{Si

r,2t}L
i=1; {Ri

2t}L
i=1

)

}

(c)

≤ T

2
min

{

log

(

1 + 2

L∑

i=1

PS

N i
r

)

, max
P i

r :Pr≥0,
∑

i
P i

r ≤PR

L∑

i=1

log

(

1 +
2P i

r

N i
d

)}

, (3.13)

where (a) follows from the same steps as in (3.6) and (3.8); (b) follows from (3.11);
and (c) follows from the fact that Gaussian input distribution maximizes mutual

information for a Gaussian channel. The function
∑L

i=1 log
(

1 +
2P i

r

Ni
d

)

is jointly con-

cave in {P i
r}L

i=1. The optimal power allocation is given by P i
r = max{γ − N i

d/2, 0},

where γ is chosen such that
∑L

i=1 P i
r = PR, which is the well-known water-filling

solution [TV05, pp. 204-205]. We obtain (3.12) by using (3.13) in Theorem 3.2.1.

We can obtain a sufficient condition for mean square stability over the parallel
network using linear policies like previously discussed scenarios, which is stated in
the following theorem.

Theorem 3.4.2. The scalar linear time invariant system in (3.1) with A = λ can
be mean square stabilized using a linear scheme over the Gaussian parallel network
if

log (|λ|) <
1

4
log

(

1 +
L∑

i=1

4PSP i
r

2PSNd + 2P i
rN i

r + NdN i
r

)

. (3.14)

Proof. The above result can be obtained by using a memoryless linear sensing and
control scheme and as discussed in the proof of Theorem 3.3.2.

Proposition 3.4.1. The gap between the necessary and sufficient conditions for a
symmetric parallel network with P i

r = Pr, N i
r = Nr is a non-decreasing function of

the number of relays L and approaches 1
4 log

(

1 + Nd(2PS+Nr)
2PrNr

)

as L goes to infinity.

Proof. For P i
r = Pr, N i

r = Nr, the R.H.S. of (3.14) is evaluated as Γsuf :=
1
4 log

(

1 + 4LPSPr

2PSNd+2PrNr+NdNr

)

and the R.H.S of (3.12) can be bounded as Γnec :=

1
4 log

(

1 + 2LPS

Nr

)

. The gap is given by

Γnec − Γsuf =
1

4
log

(

1 +
2PSNd (2PS + Nr)

4PSPrNr + Nr(2PS Nd+2PrNr+NdNr)
L

)

, (3.15)
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which is a non-decreasing function of L, approaching 1
4 log

(

1 + Nd(2PS +Nr)
2PrNr

)

as

L → ∞.

Remark 3.4.1. If N i
d = 0, then Γnec − Γsuf = 0 and the linear scheme is exactly

optimal. For N i
r = 0, Γsuf := 1

4 log
(

1 + 2LPr

Nd

)

and Γnec := L
4 log

(

1 + 2Pr

Nd

)

accord-

ing to (3.12). Clearly limL→∞ (Γnec − Γsuf) = ∞, showing the inefficiency of the
LTI scheme for parallel channels.

It is known that linear schemes can be sub-optimal for transmission over paral-
lel channels [Vai89, WS09b]. A distributed joint source–channel code is optimal in
minimizing mean-square distortion if the following two conditions hold [SVZ98]: i)
All channels from the source to the destination send independent information; ii)
All channels utilize the capacity, i.e., the source and channel need to be matched.
If we use linear policies at the relay nodes then the first condition is not fulfilled
because all nodes would be transmitting correlated information. In [YT09] the au-
thors proposed a non-linear scheme for a parallel network of two sensors without
relays, in which one sensor transmits only the magnitude of the observed state and
the other sensor transmits only the phase of the observed state. The magnitude
and phase of the state are shown to be independent and thus the scheme fulfills the
first condition of optimality. This nonlinear sensing scheme is shown to outperform
the best linear scheme for the LQG control problem in the absence of measurement
noise, although the second condition of source-channel matching is not fulfilled. We
can use this non-linear scheme together with the initialization step of the Schalk-
wijk Kailath (SK) type scheme described in Appendix 3.C for the non-orthogonal
network, which will ensure source-channel matching by making the outputs of the
two sensors Gaussian distributed after the initial transmissions. In Chapter 5 it is
shown that linear sensing policies may not be even person-by-person optimal for
LQG control over parallel network without relays.

For the special case of parallel network with noiseless E − Ri links, we have the
following necessary and sufficient condition for mean-square stability.

Theorem 3.4.3. The system (3.1) in absence of process noise (Wt = 0) can be
mean square stabilized over the Gaussian parallel network with Zi

r,t = 0 for all i,
only if

log (|det (A)|) ≤ 1

4
max

P i
r :Pr≥0,

∑

i
P i

r ≤PR

L∑

i=1

log

(

1 +
2P i

r

N i
d

)

. (3.16)

If the inequality is strict, then there exists a non-linear policy leading to mean-square
stability.

Proof. The necessity follows from Theorem 3.4.1. The sufficiency part for scalar
systems follows from [KGL11, Theorem 6], which is derived using a non-linear
scheme. This scheme can be extended to vector systems using a time sharing scheme
presented in Sec. 2.4.
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Remark 3.4.2. The term on RHS of (3.4.3) is equal to information capacity of
the parallel Gaussian channel. It was shown by Shu and Middleton in [SM11] that
for some first order noiseless plants, linear time invariant encoders/decoders cannot
achieve information capacity of parallel Gaussian channels. However information
capacity required for stabilization can always be achieved by a non-linear time vary-
ing scheme as discussed in Remark 2.4.3.

3.5 Non-orthogonal Network

A communication network is said to be non-orthogonal if all the communicating
nodes transmit signals in overlapping time slots using the same frequency bands.
The networks considered in the previous sections are examples of orthogonal net-
works. In this section, we will focus on non-orthogonal networks. A node which
is capable of transmitting and receiving signals simultaneously using the same fre-
quency band is known as full-duplex while a half-duplex node cannot simultaneously
receive and transmit signals. In practice it is expensive and hard to a build a com-
munication device which can transmit and receive signals at the same time using
the same frequency, due to the self-interference created by the transmitted signal
to the received signal. Therefore half-duplex systems are mostly used in practice.
In this section we study both half-duplex and full-duplex configurations.

3.5.1 Non-orthogonal Half-duplex Network

A non-orthogonal half-duplex Gaussian network with L relay nodes {Ri}L
i=1 is il-

lustrated in Fig. 3.4. The variables Se,t and Si
r,t denote the transmitted signals

from the state encoder E and relay Ri at any discrete time step t. The variables
Zi

r,t and Zd,t denote the mutually independent white Gaussian noise components
at the relay node i and D of the remote control unit, with Zi

r,t ∼ N (0, N i
r) and

Zd,t ∼ N (0, Nd). The noise components {Zi
r,t}L

i=1 are independent across the re-
lays, i.e., E[Zk

r,tZ
i
r,t] = 0 for all i 6= k. The information transmission from the state

encoder consists of two phases as shown in Fig. 3.4. In the first phase the encoder
E transmits a signal with an average power 2βPS , where β ∈ (0, 1] is a parameter
that adjusts power between the two transmission phases. In this transmission phase
all the relay nodes listen but remain silent. In the second transmission phase, the
encoder E and relay nodes {Ri}L

i=1 transmit simultaneously. In this second trans-
mission phase, the encoder transmits with an average power 2(1 − β)PS and the
i-th relay node transmits with an average power 2P i

r such that
∑L

i=1 P i
r ≤ PR. The

input and output of the i-th relay are given by,

Y i
t = Se,t + Zi

r,t, Si
r,t = 0, t = 1, 3, 5, . . .

Y i
t = 0, Si

r,t = gi
t

(

Y i
[0,t−1]

)

, t = 2, 4, 6, . . . (3.17)
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Figure 3.4: A non-orthogonal half-duplex Gaussian network model.

where gi
t : Rt+1 → R is the i-th relay encoding policy such that

E

[(

gi
t

(

Y i
[0,t−1]

))2
]

= 2P i
r and

∑L

i=1 P i
r ≤ PR. The signal received at the de-

coder/controller is given by

Rt = hSe,t +

L∑

i=1

hiS
i
r,t + Zd,t,

where h, hi ∈ R denote the channel gains of E − D and Ri − D links respectively.
We now present a necessary condition mean-square stabilization over non-

orthogonal half-duplex relay network.

Theorem 3.5.1. If the linear system in (3.1) is mean-square stable over the non-
orthogonal half-duplex relay network, then

log (|det (A) |) ≤ 1

4
min

{

max
0<β≤1

(

log

(

1 +
2h2(1 − β)PS

Nd

)
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+log

(

1+2βPS

(
L∑

i=1

1

N i
r

+
h2

Nd

)))

, max
0<β≤1

P i
r :
∑

i
P i

r ≤PR

(

log

(

1+
2h2βPS

Nd

)

+ log

(

1+
1

Nd

(
L+1∑

i=1

δ2
i Pi+2

L+1∑

i=1

L+1∑

k=i+1

ρ⋆
i,kδiδk

√

PiPk

)))}

, (3.18)

where ρ⋆
i,k := 2(1−β)PS√

(2(1−β)PS+Ni)(2(1−β)PS+Nk)
, PL+1 := 2(1 − β)PS , NL+1 := 0,

δL+1 := h, Pi := 2P i
r , δi := hi, Ni := N i

r for all i = {1, 2, . . . , L}.

Proof. We first derive an outer bound on the directed information I(X̄[1,LT ] →
R[1,LT ]) over the given channel and then use Theorem 3.2.1 to find the necessary
condition (3.18).

I(X̄[1,2T ] → R[1,2T ])

(a)
= I

(
X̄[1,2T ]; R[1,2T ]

)

(b)

≤ I(X̄[1,2T ]; {Y i
[1,2T ]}L

i=1, R[1,2T ])

(c)
= I

(

X̄[1,2T ]; R̃[1,2T ], {Y i
[1,2T ]}L

i=1

)

=

2T∑

t=1

I(X̄[1,2T ]; R̃t, {Y i
t }L

i=1|R̃[1,t-1], {Y i
[1,t-1]}L

i=1)

(d)

≤
2T∑

t=1

I(Se,t; R̃t, {Y i
t }L

i=1|R̃[1,t-1], {Y i
[1,t-1]}L

i=1)

(e)

≤
2T∑

t=1

I
(
Se,t; R̃t, {Y i

t }L
i=1

)

(f)
=

T∑

t=1

I
(
Se,2t; R̃2t

)
+

T∑

t=1

I
(
Se,2t-1; R̃2t-1, {Y i

2t-1}L
i=1

)

(g)

≤ T

2
log

(

1 +
2h2(1 − β)PS

Nd

)

+
T

2
log

(

1 + 2βPS

(
L∑

i=1

1

N i
r

+
h2

Nd

))

≤ T

2
max

0<β≤1

{

log

(

1 +
2h2(1 − β)PS

Nd

)

+ log

(

1 + 2βPS

(
L∑

i=1

1

N i
r

+
h2

Nd

))}

,

(3.19)

where (a) follows from [Mas90, Theorem 1]; (b) follows from the fact that adding
side information cannot decrease mutual information; (c) follows by defining R̃t :=

Rt −∑L

i=1 hiS
i
r,t and from the fact that Si

r,t is a function of Y i
[1,t-1]; (d) follows from

the Markov chain X̄[1,2T ]−Se,t −(R̃t, {Y i
t }L

i=1), since X̄[0,T ] is the uncontrolled state
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process and the fact that the channel between Se,[1,2T ] and (R̃[1,2T ], {Y i
[1,2T ]}L

i=1)

is memoryless due to R̃t = Rt − ∑L

i=1 hiS
i
r,t; (e) follows from the Markov chain

(R̃[1,t-1], {Y i
[1,t-1]}L

i=1) − Se,t − (R̃t, {Y i
t }L

i=1) and conditioning reduces entropy; (f)

follows by separating odd and even indexed terms and Y i
2t = 0 according to (3.17);

(g) follows from Y i
2t-1 = Se,2t-1 + Zi

r,2t-1, R̃t = Se,t + Zt, E
[
S2

e,2t

]
= 2(1 − β)PS ,

E
[
S2

e,2t-1

]
= 2βPS , and the fact that mutual information of a Gaussian channel is

maximized by centered Gaussian input distribution [TV05]. The directed informa-
tion rate I(X̄[1,2T ] → R[1,2T ]) can also be bounded as,

I(X̄[1,2T ] → R[1,2T ])

=

2T∑

t=1

I(X̄[1,t]; Rt|R[1,t-1])

(a)

≤
2T∑

t=1

I(Se,t, {Si
r,t}L

i=1; Rt|R[1,t-1])

(b)

≤
2T∑

t=1

I
(
Se,t, {Si

r,t}L
i=1; Rt

)

(c)
=

T∑

t=1

(
I (Se,2t-1; R2t-1) + I

(
Se,2t, {Si

r,2t}L
i=1; R2t

))

(d)

≤ T

2
log

(

1 +
2h2βPS

Nd

)

+
T

2
log

(

1+
1

Nd

(
L+1∑

i=1

δ2
i Pi+2

L+1∑

i=1

L+1∑

k=i+1

ρ⋆
i,kδiδk

√

PiPk

))

≤ T

2
max

0<β≤1

P i
r :
∑

i
P i

r ≤PR

{

log

(

1 +
2h2βPS

Nd

)

+ log

(

1+
1

Nd

(
L+1∑

i=1

δ2
i Pi+2

L+1∑

i=1

L+1∑

k=i+1

ρ⋆
i,kδiδk

√

PiPk

))}

, (3.20)

where ρ⋆
i,k = 2(1−β)PS√

(2(1−β)PS+Ni)(2(1−β)PS+Nk)
, PL+1 = 2(1 − β)PS , NL+1 = 0,

δL+1 = h, Pi = 2P i
r , δi = hi, Ni = N i

r for all i = {1, 2, . . . , L}. The inequality
(a) follows from the Markov chain X̄[0,t] −

(
Se,t, {Si

r,t}L
i=1

)
−Rt due to the memory-

less channel between Se,[1,2T ], {Si
r,[1,2T ]}L

i=1 and R[1,2T ]; (b) follows from the Markov

chain R[1,t-1] −
(
Se,t, {Si

r,t}L
i=1

)
− Rt and conditioning reduces entropy; (c) follows

by separating the odd and even indexed terms and Si
r,2t-1 = 0 according to (3.17);

(d) follows from the fact that the first addend on the R.H.S. of (c) is maximized
by a centered Gaussian distributed Se,t and the second addend is bounded using a
bound presented in [Gas07], where the author studied the problem of transmitting
a Gaussian source over a simple sensor network. In order to apply the upper bound
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given in (48) of [Gas07] to our setup, we consider state encoder E to be a sensor
node with zero observation noise and make the following change of system vari-
ables so that our system model becomes equivalent to the one discussed in [Gas07]:

σ2
S := αt, δi := hi, M := L + 1, Pi := 2P i

r , σ2
Z := Nd, σ2

W,i := N i
r, αi =

√
2(1−β)PS

αt

for all i. We finally obtain (3.18) by dividing (3.19) and (3.20) by 2T and let T → ∞
according to Theorem 3.2.1.

We now present a sufficient condition for mean square stability of a scalar plant
over the given network, which can be extended to a multi-dimensional plant using
the linear time variant scheme given in Sec. 2.4.

Theorem 3.5.2. The scalar linear time invariant system in (3.1) with A = λ can
be mean square stabilized using a linear scheme over the non-orthogonal half-duplex
network if

log (|λ|)<
1

4
max

0<β≤1

P i
r :
∑

i
P i

r ≤PR






log

(

1 +
2h2βPS

Nd

)

+ log



1 +
M̃
(

β,
{

P i
r

}L

i=1

)

Ñ
(

β, {P i
r}L

i=1

)










,

(3.21)

where M̃
(

β,
{

P i
r

}L

i=1

)

=

(
√

2h2(1 − β)PS +
√

2βPSNd

(2h2βPS+Nd)

(
∑L

i=1

√
2h2

i
P i

r

2βPS+Ni
r

))2

and Ñ(β,
{

P i
r

}L

i=1
) =

∑L
i=1

2h2
i P i

r Ni
r

2βPS+Ni
r

+ Nd are real-valued functions.

Proof. The proof is given in Appendix 3.B.

Remark 3.5.1. An optimal choice of the power allocation parameter β at the state
encoder and an optimal power allocation at the relay nodes {P i

r}L
i=1 which maximize

the term on the right hand side of (3.21) depend on the quality of the E −D, E −Ri,
and Ri − D links. This is a non-convex optimization problem, however it can be
transformed into an equivalent convex problem by using the approach in [XCLG08,
Appendix A]. This equivalent convex problem can be efficiently solved for optimal
{P i

r}L
i=1 using the interior point method. For β = 1, we can analytically obtain the

following optimal power allocation using the Lagrangian method:

P i
r = PR

(

h2
i

(
2PS + N i

r

)

(2PSNd + N i
rNd + PRh2

i N i
r)

2

)[
L∑

l=1

h2
l

(
2PS + N l

r

)

(2PSNd + N l
rNd + PRh2

l N l
r)

2

]−1

.

(3.22)

Remark 3.5.2. For channels with feedback, directed information is a useful quan-
tity [Mas90, TSM09]. It is shown in Appendix 3.D that the term on the RHS of
(3.21) is the information rate over the half-duplex network with noiseless feedback,
obtained when running the described closed-loop protocol. Further we show that the
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directed information rate is also equal to the term on the RHS of (3.21). By follow-
ing the same steps as in Appendix 3.D, one can also obtain relationships between
sufficient conditions and information rates under linear policies for the cascade and
the parallel relay networks considered in Sec. 3.3 and Sec. 3.4 respectively.

Remark 3.5.3. It is interesting to see that the conditions in (3.18) and (3.21) do
not depend on the process noise.

3.5.2 Noiseless Plant

In the absence of the process noise in (3.1), the state variance of the noiseless system
under our proposed scheme can be obtained by substituting nw = 0 in (3.39) and
(3.38). That is the state variance of the noiseless plant is given by

αt =

(
λ2N

2h2βPS + N

)

αt−1, t = 2, 4, 6, ...

αt =

(
λ4kÑ(β)

(k2 +
√

k1k)2 + Ñ(β)

)

αt−2, t = 3, 5, 7, ... (3.23)

Since α1 = λ2N
h2PS

α0 + nw, the state variance αt → 0 as t → ∞ if
(

λ4kÑ(β)

(k2+
√

k1k)2+Ñ(β)

)

≤ 1. This is the same condition as in (3.44). Thus by using the

proposed linear scheme, we obtain identical sufficient conditions for mean square
stability of noisy and noiseless first order LTI systems over the non-orthogonal half-
duplex sensor network. Although the sufficient conditions are identical, the state
variance of the noisy plant does not converge to zero unlike the noiseless plant.

Remark 3.5.4. In the presence of process noise the inequality (3.21) is strict,
however it follows from the analysis done above that the equality can be achieved in
the absence of process noise.

A comparison of second moments of the plant state process at three different
power levels of process noise is illustrated in Fig. 3.5. We fix network and plant
parameters, and plot the second moment of the state process E[X2

t ] moment as a
function of time t for three power levels of process noise, i.e., nw = 0, 0.1, and
0.25. For the given set of channel parameters, mean square stability of the system
requires |λ| < 1.975 according to Theorem 3.5.2. We have fixed λ = 1.5, therefore
the second moment stays bounded for all levels of process noise. For nw = 0 the
second moment converges to zero, starting from an arbitrary value equal to 0.25.
For non-zero values of noise process, the second moment keeps alternating between
two different values. This happens due to the first and the second transmission
phases in the half-duplex network.

As shown in Fig. 3.5, for nw = 0.1 and nw = 0.25 the second moment converges
to a unique non-zero value for each transmission phase and thus it keeps alternat-
ing between these two unique limit points. We can also observe that the rate of
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Figure 3.5: Comparison of second moments of the plant state process at three
different levels of process noise for fixed network parameters {PS = 1, L = 1, Pr =
1, h = h1 = 1, β = 0.5, Nd = 0.5, N1

r = 0.1} and plant parameters {α0 = 0.25, λ =
1.5}.

convergence is similar for the three examples, and seems to be unaffected by the
power level of process noise.

In the following we study a special case of the general non-orthogonal half-
duplex network, where there is no direct communication link between the state
encoder and the remote controller.

3.5.3 Two-Hop Network

Consider the half-duplex relay network illustrated in Fig. 3.4 with h = 0. The state
information is communicated to the remote controller only via the relay nodes. We
call this setup a two-hop relay network, where the communication from the state
encoder to the controller takes place in two hops. In the first hop the relay nodes
receive the state information from the state encoder, which then communicate the
state information to the controller in the second hop. The controller takes action in
alternate time steps upon receiving the state information. We can obtain a sufficient
condition for stability over this network by substituting h = 0, β = 1 in Theorem
3.5.2. Similarly a necessary condition can be obtained from (3.18), where β = 1 is
the maximizer of the first term and β = 0 is the maximizer of the second term. In
the following we evaluate the gap between the sufficient and necessary conditions
for a symmetric two hop network.

Proposition 3.5.1. For a symmetric two-hop network with P i
r = Pr, N i

r =
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Figure 3.6: Comparison of necessary and sufficient conditions for a symmetric two-
hop relay network.

Nr, hi = c, h = 0, β = 1, the gap between necessary and sufficient conditions ap-
proaches zero as the number of relays L goes to infinity. The gap also monotonically
approaches zero as Pr goes to infinity.

Proof. For P i
r = Pr, N i

r = Nr, hi = c, h = 0, β = 1 for all i, the R.H.S. of (3.21) is

evaluated as Γsuf := 1
4 log

(

1 + 4L2c2PSPr

2Lc2PrNr+Nd(2PS+Nr)

)

and the R.H.S of (3.18) can

be bounded as Γnec := 1
4 log

(

1 + 2LPS

Nr

)

. The gap between Γsuf and Γnec is given

by

Γnec − Γsuf =
1

4
log

(

1 +
4P 2

SNd+2PS NrNd

L

4c2PSPrNr +
2c2PrN2

r

L
+ NdNr(2PS+Nr)

L2

)

, (3.24)

which approaches zero as L goes to infinity. The gap also monotonically approaches
zero as Pr tends to infinity.

In Fig. 3.6 we have plotted Γnec and Γsuf as functions of L and Pr. These figures
show that linear schemes are quite efficient in some regimes.

Remark 3.5.5. Linear policies can be even exactly optimal in the following special
cases: i) If we fix all relaying policies to be linear, then the channel becomes equiva-
lent to a point-point scalar Gaussian channel, for which linear sensing is known to
be optimal for LQG control [BB89]. ii) If we fix the state encoder to be linear and
assume noiseless causal feedback links from the controller to the relay nodes, then
linear policies are optimal for mean-square stabilization over a symmetric two-hop
relay network, by the following arguments. Since the control actions are available
at the relay nodes via noiseless feedback links, there is no dual effect of control,
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Figure 3.7: A Non-orthogonal Full-duplex Gaussian Network.

i.e., the separation of estimation and control holds. Further by restricting the state
encoder to be linear, the relay network becomes equivalent to the Gaussian network
studied in [Gas08, Gas07], where it is shown that linear policies are optimal if the
network is symmetric.

3.5.4 Non-orthogonal Full-duplex Network

We now consider a non-orthogonal network of L full-duplex relay nodes, where all
the nodes receive and transmit their signals in every time step, i.e., at any time
instant t ∈ N,

Se,t = ft

(
X[0,t], U[0,t−1]

)
, Si

r,t = gi
t

(

Y i
[0,t−1]

)

, ∀t ∈ N,

Y i
t = Se,t + Zi

r,t, Rt = hSe,t +

L∑

i=1

Si
r,t + Zd,t, ∀t ∈ N, (3.25)

where E
[
(Se,t)

2
]

= PS , E
[
(Si

r,t)
2
]

= P i
r , and

∑L
i=1 P i

r ≤ PR.

Theorem 3.5.3. If the linear system in (3.1) is mean-square stable over the non-
orthogonal full-duplex relay network, then

log (|det (A) |) ≤ 1

2
min

{

log

(

1 + PS

(
L∑

i=1

1

N i
r

+
h2

Nd

))

,

max
P i

r :
∑

i
P i

r ≤PR

(

log

(

1+
1

Nd

(
L+1∑

i=1

δ2
i Pi+2

L+1∑

i=1

L+1∑

k=i+1

ρ⋆
i,kδiδk

√

PiPk

)))}

,

(3.26)
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where ρ⋆
i,k = PS√

(PS+Ni)(PS+Nk)
, PL+1 := PS , NL+1 := 0, δL+1 := h, Pi := P i

r ,

δi := hi, Ni := N i
r for all i = {1, 2, . . . , L}.

Proof. The proof follows exactly in the steps of the proof of Theorem 3.5.1, with
an exception that odd and even indexed terms are not treated separately because
E
[
S2

e,t

]
= PS and E

[
(Si

r,t)
2
]

= P i
r for all t.

Theorem 3.5.4. The scalar linear time invariant system in (3.1) with A = λ and
Wt = 0 can be mean square stabilized using a linear scheme over the non-orthogonal
full-duplex Gaussian network if

log (|λ|)<

1

2
max

P i
r :
∑

L

i=1
P i

r ≤PR






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
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
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(3.27)

where η⋆ is the unique root in the interval [0, 1] of the following fourth order poly-
nomial

(
L∑

i=1

√

h2
i PSP i

r

(PS + N i
r)

)

η4 +
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2hPS

L∑

i=1

√

h2
i P i

r

(PS + N i
r)

)
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+
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i P i

rN i
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PS + N i
r

)
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(

Nd +

L∑

i=1

h2
i P i

rN i
r

PS + N i
r

)

.

(3.28)

Proof. The proof is given in Appendix 3.C.

Remark 3.5.6. The term on the right hand side of the inequality in (3.27) is
an achievable rate with which information can be transmitted reliably over the non-
orthogonal full-duplex relay network. This result is derived for a network with single
relay node in [BW09, Theorem 5], however it can be easily extended to problems
with multiple relays.

3.6 Conclusions

We have studied the problem of mean-square stabilization of LTI plants over Gaus-
sian relay networks. Some necessary and sufficient conditions for stabilization are
presented which reveal relationships between stabilizability and communication pa-
rameters. These results can serve as a useful guideline for a system designer. Nec-
essary conditions have been derived using information theoretic tools, and are not
tight in general. Sufficient conditions for stabilization of scalar plants are obtained



3.A. Proof of Necessary Condition 61

by employing linear communication and control schemes. We have discussed opti-
mality of linear policies over the given network topologies. In some special cases,
linear schemes are shown to be either asymptotically optimal or exactly optimal.
It is observed in some network settings that sufficient conditions do not depend on
the plant noise and they can be characterized by the directed information rate from
the sequence of channel inputs to the sequence of channel outputs.

Appendix

3.A Proof of Necessary Condition

Consider the following series of inequalities:

I
(
X[0,T -1] → R[0,T -1]

)

(a)
=

T −1∑

t=0

I
(
X[0,t]; Rt|R[0,t-1]

)

(b)

≥
T −1∑

t=0

I
(
Xt; Rt|R[0,t-1]

)

= I (X0; R0)+

T −1∑

t=1

I
(
Xt; Rt|R[0,t-1]

)

= I (X0; R0) +

T −1∑

t=1

(
h
(
Xt|R[0,t-1]

)
−h

(
Xt|R[0,t]

))

(c)
= I (X0; R0) +

T −1∑

t=1

(
h
(
AXt−1 + BUt−1 + Wt−1|R[0,t-1]

)
− h

(
Xt|R[0,t]

))

(d)
= I (X0; R0) +

T −1∑

t=1

(
h
(
AXt−1 + Wt−1|R[0,t-1]

)
− h

(
Xt|R[0,t]

))

(e)

≥ I (X0; R0) +

T −1∑

t=1

(
h
(
AXt−1 + Wt−1|R[0,t-1], Wt−1

)
− h

(
Xt|R[0,t]

))

(f)
= I (X0; R0) +

T −1∑

t=1

(
h
(
AXt−1|R[0,t-1]

)
− h

(
Xt|R[0,t]

))

(g)
= I (X0; R0) +

T −1∑

t=1

(
log (|det (A)|) + h

(
Xt−1|R[0,t-1]

)
− h

(
Xt|R[0,t]

))

= I (X0; R0) + (T − 1) log (|det (A)|) + h (X0|R0) − h
(
XT -1|R[0,T -1]

)

= h (X0) + (T − 1) log (|det (A)|) − h
(
XT -1|R[0,T -1]

)
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(h)

≥ h (X0) + (T − 1) log (|det (A)|) − h (XT -1)

(i)

≥ h (X0) + (T − 1) log (|det (A)|) − log ((2πe)n |det (K)|) , (3.29)

where (a) follows from the definition of directed information; (b) follows from
the fact that discarding variables cannot increase mutual information; (c) follows
from (3.1); (d) follows from Ut−1 = πt−1(R[0,t-1]); (e) follows from the fact that
conditioning reduces entropy; (f) follows from h

(
AXt-1 + Wt-1|R[0,t-1], Wt−1

)
=

h(AXt−1|R[0,t-1], Wt−1) = h(AXt−1|R[0,t-1]) due to mutual independence of Xt and
Wt; (g) follows from h (AX) = log (|det (A)|) + h(X) [CT06, Theorem 8.6.4]; (h)
follows from conditioning reduces entropy; and (i) follows the fact that for a mean
square stable system there exists a matrix K ≻ 0 with det

(
E
[
XT

t Xt

])
< det (K)

for all t and further for a given covariance matrix the differential entropy is maxi-
mized by the Gaussian distribution. We can also write

I
(
X[0,T -1] → R[0,t-1]

)
=

T −1∑

t=0

I
(
X[0,t]; Rt|R[0,t-1]

)

(a)
=

T −1∑

t=0

I
(
X̄[0,t] + f̄

(
U[0,t-1]

)
; Rt|R[0,t-1]

)

(b)
=

T −1∑

t=0

I
(
X̄[0,t]; Rt|R[0,t-1]

)

= I
(
X̄[0,T -1] → R[0,T -1]

)
, (3.30)

where (a) follows by defining uncontrolled state process X̄t+1 = AX̄t + Wt and
writing the controlled state process X[0,t] as a sum of uncontrolled process X̄[0,t]

and a linear function of control actions U[0,t-1], since the system is linear and control
actions are additive; and (b) follows from Ut = πt(R[0,t]). From (3.29) and (3.30)
we have lim infT →∞

1
T

I
(
X̄[0,T -1] → R[0,T -1]

)
≥ log (|det (A)|), since we have assumed

h(X0) < ∞.

3.B Proof of Theorem 3.5.2

In order to prove Theorem 3.5.2 we propose a linear communication and control
scheme. This scheme is based on the coding scheme given in [BW09] which is an
adaptation of the well-known Schalkwijk–Kailath scheme [SK66]. By employing the
proposed linear scheme, we find a condition on the system parameters λ which is
sufficient to mean square stabilize the system (3.1). The control and communication
scheme for the half-duplex network works as follows: If the initial state X0 is not
Gaussian distributed, then we first make the state process Gaussian distributed by
performing the following initialization step which was introduced in [ZOYS10].
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Initial time step, t = 0

At time step t = 0, the state encoder E observes X0 and it transmits Se,0 =
√

PS

α0
X0.

The decoder D receives R0 = hSe,0 + Zd,0. It estimates X0 as X̂0 = 1
h

√
α0

PS
R0 =

X0 + 1
h

√
α0

PS
Zd,0. The controller C then takes an action U0 = −λX̂0 which results

in

X1 = λX0 + U0 + W0

= λ
(

X0 − X̂0

)

+ W0

= −λ

h

√
α0

PS

Zd,0 + W0. (3.31)

The new plant state X1 ∼ N (0, α1) where α1 = λ2Nd

h2PS
α0 + nw.

First transmission phase, t = 1, 3, 5, ...

The state encoder E observes Xt and transmits Se,t =
√

2βPS

αt
Xt. The relay nodes

{Ri}L
i=1 receive this signal over the Gaussian links and do not transmit any signal

in this transmission phase due to half-duplex restriction. The decoder D observes
Rt = hSe,t + Zd,t and computes the MMSE estimate of Xt, which is given by

X̂t = E[Xt|R[1,t]]

(a)
= E[Xt|Rt]

(b)
=

E[XtRt]

E[R2
t ]

Rt

(c)
=

(
h

√
2βPSαt

2h2βPS + Nd

)

Rt,

where (a) follows from the orthogonality principle of MMSE estimation (that is
E[XtRt−j ] = 0 for j ≥ 1) [Hay96]; (b) follows from the fact that the optimum
MMSE estimator for a Gaussian variable is linear [Hay96]; and (c) follows from
E[XtRt] =

√

2h2βPSαt and E[R2
t ] = 2h2βPS + Nd.

The controller C takes an action Ut = −λX̂t which results in Xt+1 = λ(Xt −
X̂t) + Wt. The new plant state Xt+1 is a linear combination of zero mean Gaussian
variables {Xt, X̂t, Wt}, therefore it is also zero mean Gaussian with the following
variance

αt+1 := E[X2
t+1] = λ2E[(Xt − X̂t)

2] + E[W 2
t ]

= λ2

(
Nd

2h2βPS + Nd

)

αt + nw, (3.32)
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where the last equality follows from E[XtX̂t] = E[X̂2
t ] = 2h2βPSαt

2h2βPS+Nd
(by computa-

tion).

Second transmission phase, t = 2, 4, 6, ...

The encoder E observes Xt and transmits Se,t =
√

2(1−β)PS

αt
Xt. In this phase the

relay nodes choose to transmit their own signal to the decoder D and thus they
cannot listen to the signal transmitted from the state encoder due to the half-
duplex assumption. Each relay node amplifies the signal that it had received in
the previous time step (first transmission phase) under an average transmit power
constraint and transmits it to the decoder D. The signal transmitted from the i-th

relay node is thus given by Si
r,t =

√
2P i

r

(2βPS+Ni
r)

(
Se,t−1 + Zi

r,t−1

)
. The decoder D

accordingly receives

Rt = hSe,t +

L∑

i=1

hiS
i
r,t + Zd,t

= L1Xt + L2Xt−1 + Z̃t, (3.33)

where L1 =
√

2(1−β)h2PS

αt
, L2 =

∑L
i=1

√
4βh2

i
PSP i

r

(2βPS+Ni
r)αt−1

, and Z̃t = Zd,t +
∑L

i=1

√
2h2

i
P i

r

2βPS+Ni
r
Zi

r,t−1 is a white Gaussian noise sequence with zero mean and

variance Ñ(β, {P i
r}L

i=1) = Nd +
∑L

i=1
2h2

i P i
r Ni

r

2βPS+Ni
r
. The decoder then computes the

MMSE estimate of Xt given all previous channel outputs {R1, R2, ..., Rt} in the
following three steps:

1. Compute the MMSE prediction of Rt from {R1, R2, ..., Rt−1}, which is given
by R̂t = L2X̂t−1, where X̂t−1 is the MMSE estimate of Xt−1.

2. Compute the innovation

It = Rt − R̂t

= L1Xt + L2(Xt−1 − X̂t−1) + Z̃t

(a)
=

(
λL1 + L2

λ

)

Xt − L2

λ
Wt−1 + Z̃t, (3.34)

where (a) follows from Xt = λ
(

Xt−1 − X̂t−1

)

+ Wt−1.

3. Compute the MMSE estimate of Xt given {R1, R2, ..., Rt−1, It}. The state Xt

is independent of {R1, R2, ..., Rt−1} given It, therefore we can compute the
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estimate X̂t based only on It without any loss of optimality, that is,

X̂t = E[Xt|It]

(a)
=

E[XtIt]

E[I2
t ]

It

(b)
=

λ (λL1 + L2) αt

(λL1 + L2)2 αt + L2
2nw + λ2Ñ(β, Pr)

It, (3.35)

where (a) follows from an MMSE estimation of a Gaussian variable; and

(b) follows from E[XtIt] =
(

λL1+L2

λ

)
αt and E[I2

t ] =
(

λL1+L2

λ

)2
αt +

L2
2nw

λ2 +

Ñ(β, Pr).

The controller C takes action Ut = −λX̂t which results in Xt+1 = λ(Xt − X̂t)+Wt.
The new plant state Xt+1 is a linear combination of zero mean Gaussian random
variables {Xt, X̂t, Wt}, therefore it is also zero mean Gaussian distributed with the
following variance,

αt+1 =λ2E[(Xt −X̂t)
2]+E[W 2

t ]

(a)
= λ2αt

(

L2
2nw +λ2Ñ(β, Pr)

(λL1+L2)
2

αt+L2
2nw +λ2Ñ(β, Pr)

)

+nw (3.36)

(b)
= λ2αt
















(
∑L

i=1

√
4h2

i
βPSP i

r

2βPS+Ni
r

)2
nw

αt−1
+λ2Ñ(β, Pr)

(

λ
√

2h2(1−βPS)+
∑

L

i=1

√
4h2

i
βPS P i

r

2βPS+Ni
r

αt
αt−1

)2

+

(
∑

L

i=1

√
4h2

i
βPS P i

r

2βPS+Ni
r

)2

nw
αt−1

+λ2Ñ(β,Pr)
















+nw

(c)
= λ2

(
λ2kαt−1 + nw

)










(nwk1) 1
αt−1

+ λ2Ñ(β, Pr)
(

λk2+

√
k1
λ2 (λ2k+nw

1
αt−1

)

)2

+(nwk1) 1
αt−1

+λ2Ñ(β,Pr)










+ nw

= λ2
(
λ2kαt−1 + nw

)










(
nwk1

λ2

)
1

αt−1
+ Ñ(β, Pr)

(

k2+

√

k1k+
nwk1

λ2
1

αt−1

)2

+

( nwk1
λ2 ) 1

αt−1
+Ñ(β,Pr)










+ nw, (3.37)

where (a) follows from E[XtX̂t] = E[X̂2
t ] = (λL1+L2)2αt

(λL1+L2)2αt+L2
2nw+λ2Ñ(β,Pr)

; (b) follows

by substituting the values of L1 and L2; and (c) by substituting αt

αt−1
using (3.32)
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and by defining k := N
2h2βPS+N

, k1 :=

(
∑L

i=1

√
4h2

i
βPSP i

r

2βPS+Ni
r

)2

, k2 :=
√

2h2(1 − βPS).

We want to find the values of the parameter λ for which the second moment of
the state remains bounded. Rewriting (3.32) and (3.37), the variance of the state
at any time t is given by

αt = λ2
(
λ2kαt−2 + nw

)










(
nwk1

λ2

)
1

αt−2
+ Ñ(β, Pr)

(

k2+

√

k1k+
nwk1

λ2
1

αt−2

)2

+( nwk1
λ2 ) 1

αt−2
+Ñ(β,Pr)










︸ ︷︷ ︸

,f(αt−2)

+nw

= λ2
(
λ2kαt−2 + nw

)
f(αt−2) + nw, t = 3, 5, 7, ... (3.38)

αt = λ2

(
N

2h2βPS + N

)

αt−1 + nw, t = 2, 4, 6, ... (3.39)

where α1 = λ2N
h2PS

α0 + nw. If the odd indexed sub-sequence {α2t+1} in (3.38) is
bounded, then the even indexed sub-sequence {α2t} in (3.39) is also bounded. Thus
it is sufficient to consider the odd indexed sub-sequence {α2t+1}. We will now
construct a sequence {α′

t} which upper bounds the sub-sequence {α2t+1}. Then we
will derive conditions on the system parameter λ for which the sequence {α′

t} stays
bounded and consequently the boundedness of {α2t+1} will be guaranteed. In order
to construct the upper sequence {α′

t}, we work on the term f(αt−2) in (3.38) and
make use of the following lemma.

Lemma 3.B.1. Consider a function f(x) =
a+ b

x

(c+
√

d+ b
x

)2+a+ b
x

defined over the in-

terval [0, ∞), where 0 ≤ a, b, c, d < ∞. The function f(x) can be upper bounded as
f(x) ≤ f∞ + m

x
for some 0 < m < ∞, where f∞ := limx→∞ f(x) = a

(c+
√

d)2+a
.

Proof. We want to show that for some m > 0, f(x) ≤ f∞ + m
x

for all x ∈ [0, ∞),
where f∞ := limx→∞ f(x) = a

(c+
√

d)2+a
. To this end, we show that −f(x)+f∞ + m

x

is non-negative for some m ≥ 0.

−f(x) + f∞ +
m

x
= − ax + b

(c
√

x +
√

dx + b)2 + ax + b
+

a

(c +
√

d)2 + a
+

m

x

=
1

((

c +
√

d
)2

+ a

)((
c
√

x +
√

dx + b
)2

+ ax + b
)

x

×
[

− (ax2 + bx)

((

c +
√

d
)2

+ a

)



3.B. Proof of Theorem 3.5.2 67

+ ax

((

c
√

x+
√

dx + b
)2

+ax+b

)

+m

((

c +
√

d
)2

+ a

)((

c
√

x+
√

dx+b
)2

+ax+b

)]

(3.40)

The denominator term in (3.40) is always positive for x ∈ [0, ∞), therefore we focus
on the numerator term. The numerator term after simplification is equal to

m(c4 + c2d + 2c3d + c2d + d2 + 2cd
3
2 + 2ad + ac2 + 2ac

√
d + a2)x

− (bc2 + bd + 2bc
√

d)x + 2ac(x
√

dx2 + bx −
√

dx2)
︸ ︷︷ ︸

≥0

+ ϑ
︸︷︷︸

≥0

, (3.41)

where ϑ is the summation of the remaining terms independent of x, which are
all non-negative and therefore their sum is also non-negative. If we choose m ≥

(bc2+bd+2bc
√

d)

(c4+c2d+2c3d+c2d+d2+2cd
3
2 +2ad+ac2+2ac

√
d+a2)

in (3.41), the non-negativity of (3.40)

in the interval [0, ∞) will be guaranteed.

Starting from (3.38) and by using the above lemma, we write the following series
of inequalities

αt =λ2
(
λ2kαt−2+nw

)
f(αt−2)+nw

(a)

≤ λ2
(
λ2kαt−2+nw

)
(

f∞+
m

αt−2

)

+nw

=λ4kf∞αt−2+
λ2nwm

αt−2
+λ2nwf∞+λ4mk + nw

(b)

≤ λ4kf∞αt−2+λ2m+λ2nwf∞+λ4mk + nw =: g(αt−2), (3.42)

where (a) follows from Lemma 3.B.1 and f∞ = limα→∞ f(α) =
(

Ñ(β,Pr)

(k2+
√

k1k)2+Ñ(β,Pr)

)

; and (b) follows from the fact that αt ≥ nw for all t ac-

cording to (3.39) and (3.38). Since g(α) in (3.42) is a linearly increasing function, it
can be used to construct the sequence {α′

t}, which upper bounds the odd indexed
sub-sequence {α2t+1} given in (3.38). We construct the sequence {α′

t} for all t ≥ 1
as

α2t+1 ≤ α′
t+1 := g(α′

t)
(a)
= λ4kf∞α′

t + λ2m + λ2nwf∞ + λ4mk + nw

(b)
=
(
λ4kf∞

)t
α′

0 + (λ2m + λ2nwf∞ + λ4mk + nw)

t−1∑

i=0

(
λ4kf∞

)i
, (3.43)

where (a) follows from (3.42) and (b) follows by recursively apply (a).

We observe from (3.43) that if
(
λ4kf∞

)
=
(

λ4kÑ(β,Pr)

(k2+
√

k1k)2+Ñ(β,Pr)

)

< 1, then the

sequence {α′
t} converges as t → ∞ and consequently the original sequence {αt} is
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guaranteed to stay bounded. Thus the system in (3.1) can be mean square stabilized
if

λ4 <

(
(k2 +

√
k1k)2 + Ñ(β, {P i

r}L
i=1)

kÑ(β, {P i
r}L

i=1)

)

(3.44)

⇒ log (λ)<
1

4

(

log

(

1 +
2h2βPS

Nd

)

+ log

(

1 +
M̃(β, {P i

r}L
i=1)

Ñ(β, {P i
r}L

i=1)

))

, (3.45)

where the last equality follows from k = N
2h2βPS+N

and M(β, {P i
r}L

i=1) := (k2 +√
k1k)2. Since the relay nodes amplify the desired signal as well as the noise, which

is then superimposed at the decoder to the signal coming directly from the state en-
coder, the optimal choice of the transmit powers {P i

r}L
i=1 :

∑L

i=1 P i
r ≤ PR depends

on the parameters {PS , {N i
r}L

i=1, Nd, h, hi, β}. Moreover, the optimal choice of the
power allocation factor β at the state encoder also depends on these parameters.
Therefore, we rewrite (3.45) as

log (λ)<
1

4
max

0<β≤1

P i
r :
∑

i
P i

r ≤PR






log

(

1 +
2h2βPS

Nd

)

+ log



1 +
M̃
(

β,
{

P i
r

}L

i=1

)

Ñ
(

β, {P i
r}L

i=1

)










,

(3.46)

which completes the proof. �

3.C Proof of Theorem 3.5.4

The scheme for the full-duplex network is in principle similar to the scheme for the
half-duplex network with some modifications to adapt to the full-duplex nature of
the relay nodes. A full-duplex node can simultaneously transmit and receive signals,
therefore in this scheme the relay nodes transmit in every time slot in contrast to
the half-duplex network scenario where the relay nodes transmit in alternate time
slots. The initial transmission and control at t = 0 in the full-duplex scenario is
identical to that of the scheme proposed for the half-duplex scenario in Appendix
3.B. Therefore according to Appendix 3.B, the plant state X1 ∼ N (0, α1), where

α1 = λ2Nd

h2PS
α0. Further transmissions and control actions are as follows.

Time step t = 1

The encoder E observes X1 and it then transmits Se,1 =
√

PS/α1X1 to the decoder
D at the remote control unit. The relay nodes {Ri}L

i=1 overhear the signal trans-
mitted by the controller but remain silent. The decoder D observes R1 = hSe,1 +Z1
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and computes the MMSE estimate of X1, which is given by

X̂1 = E[X1|R1]

(a)
=

E[X1R1]

E[R2
1]

R1

(b)
=

(
h

√
PSα1

h2PS + Nd

)

R1,

where (a) follows from the fact that the optimum MMSE estimator for a Gaussian
random variable is linear [Hay96]; and (b) follows from E[X1R1] =

√
h2PSα1 and

E[R2
1] = h2PS + N .

The controller C takes action U1 = −λX̂1 which results in X2 = λ(X1 − X̂1) + W1.
The new plant state X2 is a linear combination of zero mean Gaussian random
variables {X1, X̂1, W1}, therefore it is also zero mean Gaussian distributed with
the following variance

α2 := E[X2
2 ] = λ2E[(X1 − X̂1)2]

= λ2

(
Nd

h2PS + Nd

)

α1, (3.47)

where the last equality follows from E[X1X̂1] = E[X̂2
1 ] = h2PS α1

h2PS+Nd
(by computa-

tion).

Time steps t ≥ 2

The encoder E observes Xt and it then transmits Se,t =
√

PS

αt
Xt. The relay nodes

simultaneously receive this signal and transmit an amplified version of the signal
which they had received in the previous time step. The signal transmitted by the
i-th relay node is given by

Si
r,t =

√

P i
r

PS + N i
r

(
Se,t−1 + Zi

r,t−1

)
, for all i ∈ {1, 2, . . . , L}, (3.48)

where E[(Si
r,t)

2] = P i
r are chosen to ensure

∑L

i=1 P i
r ≤ PR. Accordingly D receives

Rt = hSe,t +
L∑

i=1

hiSr,t + Zt

= L1Xt + L2Xt−1 + Z̃t, (3.49)

where L1 =
√

h2PS

αt
, L2 =

∑L
i=1

√
h2

i
PSP i

r

(PS+Ni
r)αt−1

, and Z̃t = Zt+
∑L

i=1

√
h2

i
P i

r

PS+Ni
r
Zi

r,t−1

with Z̃t ∼ N (0, Ñ). The computation of the state MMSE estimate X̂t and the action
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taken by controller Ut = −λX̂t are identical to that of the half-duplex network
scheme as proposed in Appendix 3.B. Therefore according to (3.36) the variance
αt+1 of the new plant state Xt+1 is given by

αt+1 = λ2αt

(

λ2Ñ(Pr)

(λL1 + L2)
2

αt+λ2Ñ(Pr)

)

(a)
= λ2αt








λ2Ñ(Pr)
(

λ
√

h2PS +
∑L

i=1

√
h2

i
PSP i

r

(PS+Ni
r)

αt

αt−1

)2

+λ2Ñ(Pr)








(b)
= λ2αt






Ñ(Pr)
(

k2 +
√

k1

λ2
αt

αt−1

)2

+ Ñ(Pr)




 , ∀t ≥ 2, (3.50)

where (a) follows by substituting the values of L1 and L2; and (b) follows by defining

k1 =

(
∑L

i=1

√
h2

i
PSP i

r

(PS+Ni
r)

)2

and k2 =
√

h2PS . Our aim is to find a condition on the

system parameter λ which is sufficient to ensure that the state variance in (3.50)

stays bounded. By defining ηt :=
√

1
λ2

αt

αt−1
, we can rewrite (3.50) as

ηt+1 =

√
√
√
√

Ñ(Pr)
(
k2 + ηt

√
k1

)2
+ Ñ(Pr)

, ∀t ≥ 2. (3.51)

In the following we show that the sequence {ηt} converges to a unique fixed point.
The convergence follows from the following lemma.

Lemma 3.C.1. ( [BW09, Lemma 2]) Consider the function f : x 7→
√

a
a+p(1+bx)2

defined on the closed interval [0, 1] when 0 ≤ a, b, p < ∞. The function f(·) has
exactly one fixed point x∗ ∈ [0, 1] and the infinite sequence x0, x1 = f(x0), x2 =
f(x1), . . . converges to this fixed point for any starting point x0 ∈ [0, 1].

According to Lemma 3.C.1, starting with η2 = α2

α1
=
√

N
h2PS +N

∈ [0, 1], the

sequence {ηt} in (3.51) converges to a fixed point η⋆. This fixed point is given by
the unique solution in the interval [0,1] of the following fourth order polynomial in
(3.28), which has been obtained by simplifying (3.51) and substituting the values
of k1, k2, Ñ(Pr) [BW09]. Having shown that the sequence {ηt} converges to the
unique fixed point, we now find the values of the system parameter λ for which
the state variance {αt} converges to a limit point and consequently stays bounded.
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Rewriting (3.50) as

αt+1 =

(

λ2Ñ(Pr)
(
k2 + ηt

√
k1

)2
+ Ñ(Pr)

)

αt

=

(
t∏

i=2

(

Ñ(Pr)
(
k2 + ηi

√
k1

)2
+ Ñ(Pr)

))

λ2t−2α2

=
(
µ(t)λ2t

)
ν

=
(

λt[ 1
t

logλ(µ(t))+2]
)

ν, (3.52)

where µ(t) :=
∏t

i=2

(

Ñ(Pr)

(k2+ηi

√
k1)

2
+Ñ(Pr)

)

and ν := λ−2α2. We observe that αt → 0

as t → ∞ if

lim
t→∞

[
1

t
logλ (µ (t)) + 2

]

<0, (3.53)

where the existence of the limit follows from convergence of the sequence {ηi}. Since
logλ (µ (t)) = log(µ(t))

log(λ) , we can rewrite (3.53) as

log (λ) < lim
t→∞

1

2t
log

(
1

µ (t)

)

(a)
= lim

t→∞
1

2t
log

(
t∏

i=2

(

1 +

(
k2 + ηi

√
k1

)2

Ñ(Pr)

))

= lim
t→∞

1

2t

t∑

i=2

log

(

1 +

(
k2 + ηi

√
k1

)2

Ñ(Pr)

)

(b)
=

1

2
log

(

1 +

(
k2 + η⋆

√
k1

)2

Ñ(Pr)

)

(c)
=

1

2
log



1 +

(
√

h2PS + η⋆

L∑

i=1

√

h2
i PSP i

r

PS + N i
r

)2(

Nd +

L∑

i=1

h2
i P i

rN i
r

PS + N i
r

)−1


 ,

(3.54)

where (a) follows by substituting the value of µ(t) from (3.52); (b) follows by con-
vergence of the sequence {ηi} to η⋆ and using Cesaro mean theorem [Har49]; and
(c) follows by substituting the values of k1, k2, and Ñ(Pr). This completes the proof
of Theorem 3.5.4. �

3.D Proof of Remark 3.5.2 on Information Rate

The given scheme can be seen as a point-point communication channel, where R2t-1

is the channel output corresponding to the input Se,2t-1 and I2t is the channel output
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corresponding to the input Se,2t for t = 1, 2, 3, . . . . The information rate is given by

lim
T →∞

1

2T
I
(

{Se,2t-1}T

t=1 , {Se,2t}T

t=1 ; {R2t-1}T
t=1 , {I2t}T

t=1

)

= lim
T →∞

1

2T

[

h
(

{R2t-1}T

t=1 , {I2t}T

t=1

)

− h
(

{R2t-1}T

t=1 , {I2t}T

t=1 | {Se,2t-1}T

t=1 , {Se,2t}T

t=1

)]

(a)
= lim

T →∞

1

2T

[ T∑

t=1

(

h (R2t-1) + h (I2t) − h (R2t-1|Se,2t-1) − h (I2t|Se,2t)

)]

(b)
= lim

T →∞

1

2T

[

T
(
h (R2t-1) + h (I2t) − h (R2t-1|Se,2t-1) − h (I2t|Se,2t)

)
]

=
1

2
(I (Se,2t-1; R2t-1) + I (Se,2t; I2t)) , (3.55)

where (a) follows from the fact that P (I2t, R2t-1|Se,2t, Se,2t-1) =
P (I2t|Se,2t)P (R2t-1|Se,2t-1), the channel is memoryless, the random variables
are Gaussian and E[R2l-1R2k-1] = E[I2lI2k] = 0 for k 6= l, and E[R2l-1I2k] = 0
for all l, k = 1, 2, 3, . . . ; and (b) follows from the fact that R2t-1 and I2t are
both sequences of i.i.d. variables. For the first transmission phase the mutual
information between the transmitted variable and the received variable is given by

I (Se,2t-1; R2t-1) = h(R2t-1) − h(R2t-1|Se,2t-1)

= h(R2t-1) − h(Z2t-1)

(a)
=

1

2
log

(

1 +
2h2βPS

N

)

, (3.56)

where (a) follows from R2t-1 ∼ N (0, 2h2βPS + N) and Z2t-1 ∼ N (0, N). In the
second phase the decoder computes the innovation It according to (3.34). The
mutual information between the transmitted variable and the innovation variable
is then given by

I (Se,2t; I2t) = h(I2t) − h(I2t|Se,2t)

= h(I2t) − h(Z̃2t)

(a)
=

1

2
log

(

1 +
M̃(β, Pr)

Ñ(β, Pr)

)

, (3.57)

where (a) follows from I2t ∼ N (0, M̃(β, Pr) + Ñ(β, Pr)) and Z̃2t ∼ N (0, Ñ(β, Pr)).
From (3.56), (3.57), and (3.55) the corresponding information rate is equal to

1

4

(

log

(

1 +
2h2βPS

N

)

+ log

(

1 +
M̃(β, Pr)

Ñ(β, Pr)

))

. (3.58)
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Likewise, the directed information rate for the relay channel under discussion is
given by

lim
T →∞

1

2T
I
(

{Se,2t-1}T

t=1 , {Se,2t}T

t=1 → {R2t-1}T
t=1 , {I2t}T

t=1

)

(a)
= lim

T →∞

1

2T

[
T∑

t=1

(I (Se,2t-1; R2t-1) + I (Se,2t; I2t))

]

(b)
= lim

T →∞

1

2T
[T (I (Se,2t-1; R2t-1) + I (Se,2t; I2t))]

=
1

2
(I (Se,2t-1; R2t-1) + I (Se,2t; I2t)) , (3.59)

where (a) follows from the [Mas90, Theorem 2] and independence of the channel
output sequence {R2t-1, I2t}T

t=1; and (b) follows from the fact that R2t-1 and I2t

are both sequences of i.i.d. variables. Comparing (3.59) and (3.55), the directed
information rate is equal to the information rate which is due to independence of
the channel output sequence.
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Single system: cost-minimization
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Chapter 4

Cascade Network

It is well-known that linear encoding is optimal for transmission of a Gaussian
source over a point-to-point scalar Gaussian channel when the distortion mea-
sure is the mean squared error and when the source and channel bandwidths

match [Jr.65,Ber71]. From [AG87,DT62,Fin65,BB87] we know that linear policies
are also optimal if the encoder observes a noisy version of a Gaussian source. More-
over in [Gas08] Gastpar has shown that a linear (uncoded) scheme is even optimal
in a simple Gaussian sensor network setting where each sensor node observes a noisy
version of a Gaussian source and all the sensor nodes simultaneously transmit over
a multiple-access Gaussian channel. For the problem of mean-square stabilization
of a linear system over Gaussian networks, we concluded in Chapter 2 that linear
policies can even be optimal when the source-channel matching principle does not
hold.

In this chapter we show that linear policies are not optimal in general for the
transmission of a Gaussian source over a Gaussian channel comprised of one or more
relay nodes connected in cascade, when the distortion measure is the mean squared
error. A special case of this problem was studied by Lipsa and Martins in [LM11]
where they provided counterexamples based on binary quantizers to show that
linear policies are not optimal when the number of number of relays are greater than
or equal to three. Further we discuss that linear encoding policies are person-by-
person optimal1 for a two-hop relay channel. However they do not guarantee global
optimality because the given team problem is concave in the encoding policies, as
observed in [YL11]. We also derive a lower bound on distortion which is not tight
in general.

This is a team decision problem under non-classical information structure
[Ho80]. Some such problems are very difficult depending on the cost function and
the information structure. The problem under study in this chapter is a variation
of the Witsenhausen’s problem [Wit68] with the addition of a relay encoder, which

1In a team decision problem, policies of decision makers are person-by-person optimal if there
is no incentive for any decision maker to uni-laterally deviate from its policy given others’ policies
[Ho80].
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R DE YX X̂Se Sr R

ZdZr

Figure 4.1: System model.

is unsolved till today.
The problem of causal transmission over a two-hop relay channel is motivated

by control applications, where the sensor measurements of a dynamical system are
transmitted via a relay node to a remote controller. Control of linear systems over
various types of relay channels is studied in Chapter 3, where we used linear schemes
to derive conditions on mean-square stability.

4.1 System Model

Consider a physical phenomenon characterized by a sequence of independent and
identically distributed real valued Gaussian random variables {Xn}n∈Z+ having zero
mean and variance σ2

x, where n denotes a discrete time index. We wish to instantly
communicate this physical phenomenon to a remote destination over a two-hop
relay channel with as high fidelity as possible. The system model is illustrated in
Fig. 4.1. According to the figure, at a discrete time n ∈ Z+ the source encoder E
observes Xn and produces Se,n = f1,n({Xi}n

i=1) suitable for transmission, where
f1,n : Rn 7→ R is a causal measurable mapping. The mapping f1,n has to satisfy the
following average power constraint,

E[S2
e,n] ≤ PS . (4.1)

The signal Se,n is then observed in noise by the relay node R as Yn = Se,n + Zr,n,
where {Zr,n}n∈Z+ is a zero mean white Gaussian noise sequence of variance Nr.
Since there is no direct link from the source encoder to the destination, we neglect
transmission and processing delays at the relay, i.e., the relay node applies a causal
mapping on the received signal f2,n : Rn 7→ R to produce Sr,n = f2,n({Yi}n

i=1)
under the power constraint,

E[S2
r,n] ≤ Pr. (4.2)

The signal Sr,n is then transmitted over a Gaussian channel. Accordingly the des-
tination node D receives Rn = Sr,n + Zd,n, where {Zd,n}n∈Z+ is a zero mean white
Gaussian noise sequence of variance Nd. Upon receiving Rn the decoder wishes to
reconstruct the transmitted variable Xn by applying a mapping gn : Rn 7→ R to
produce X̂n = gn({Ri}n

i=1). We define the signal-to-noise ratios of E–R and R–D
links as γr := PS/Nr and γd := Pr/Nd respectively. The encoder, the relay, and the
decoder are all causal and delay-free (zero delay). The objective is to choose the
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encoder, relay, and decoder mappings such that following distortion

D = lim
N→∞

1

N

N∑

n=1

E[(Xn − X̂n)2] (4.3)

is minimized subject to the constraints in (4.1) and (4.2).

4.2 Distortion Lower Bound

In this section we derive a lower bound on the distortion. Consider the following
series of (in)equalities:

1

N

N∑

n=1

I(Xn; X̂n)
(a)
=

1

N

(
N∑

n=1

h(Xn) −
N∑

n=1

h(Xn|X̂n)

)

(b)
=

1

N

(

h(X[1,n]) −
N∑

n=1

h(Xn|X̂n)

)

(c)

≤ 1

N

(

h(X[1,n]) −
N∑

n=1

h(Xn|X̂[1,n], X[1,n-1])

)

=
1

N

(

h(X[1,n]) − h(X[1,n]|X̂[1,n])
)

=
1

N
I(X[1,n]; X̂[1,n])

(d)

≤ 1

N
I(Se,[1,n]; R[1,n])

(e)

≤ 1

N
min{I(Se,[1,n]; Y[1,n]), I(Sr,[1,n]; R[1,n])}

(f)

≤ 1

N
min

{
N∑

n=1

I(Se,n; Yn),

N∑

n=1

I(Sr,n; Rn)

}

(g)

≤ 1

2
min

{

log

(

1 +
PS

Nr

)

, log

(

1 +
Pr

Nd

)}

, (4.4)

where (a) follows from the definition of mutual information; (b) follows from in-
dependence of the sequence XN

n ; (c) follows from conditioning reduces entropy;
(d) and (e) follow from the data processing inequality [CT06, Theorem 2.8.1] with
Markov chain XN −SN

e −RN −X̂N ; (f) follows from the fact that the channels are
memoryless and conditioning reduces entropy; and (g) follows from the fact that
mutual information is maximized by Gaussian distribution [CT06, Theorem 8.6.5].
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Further consider the following inequalities:

1

N

N∑

n=1

I(Xn; X̂n)
(a)

≥ 1

2N

N∑

n=1

log

(
σ2

x

E[(Xn − X̂n)2]

)

(b)

≥ 1

2
log
(
σ2

x

)
− 1

2
log

(

1

N

N∑

n=1

E

[

(Xn − X̂n)2
]
)

, (4.5)

where (a) follows from the rate distortion theorem for an i.i.d. Gaussian source
[CT06]; and (b) follows from the concavity of the logarithm function and Jensen’s
inequality. From (4.4) and (4.5), we obtain the following lower bound:

D = lim
N→∞

1

N

N∑

n=1

E

[

(Xn − X̂n)2
]

≥ σ2
x max

{
Nr

PS +Nr

,
Nd

Pr +Nd

}

=
σ2

x

1+min{γr, γd} . (4.6)

Remark 4.2.1. The lower bound has been obtained without using causality con-
straints. Due to the presence of the two channel noise components (Zr and Zd), we
have

max
PSe

I(Se; R) < min{max
PSe

I(Se; Y ), max
PSr

I(Sr; R)}.

As a result of this strict inequality, the bound (4.6) is not tight if we restrict the
encoding policies to be memoryless2. This bound will be tight for memoryless poli-
cies when the variance of any of the two channel noise components is zero. This
observation can also be made from [BB89]. In [YT07, Theorem 3.5] the authors dis-
cussed that I(Se; R) is strictly lower than the capacity of a two-hop relay channel
which follows from block coding arguments and cut-set bound. This tells us that the
distortion bounds obtained using cut-set arguments are not tight in general for relay
networks with memoryless policies. Typically optimal causal mappings are memo-
ryless for the transmission of an i.i.d. source [WV83], however it needs to be shown
for the given two-hop relay channel.

4.3 Linear Policies

In this section we find the optimal linear policies and show that linear policies are
person-by-person optimal. Moreover, it is shown that person-by-person optimality
of linear policies does not guarantee global optimality.

2A policy that only uses the current input at any time n.
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4.3.1 Optimal Linear Encoding

Typically when a source is memoryless and the encoders are causal, the optimal
encoders are memoryless [WV83]. This can be easily verified by showing that if we
transmit a linear combination of the current and the previous source observations,
then the previous observations will only contribute to noise as the source is mem-
oryless. We therefore restrict our study to memoryless linear policies, in the sense
that the encoders merely transmit a scaled version of the received signal. That is,
the source and the relay encoders transmit the following signals:

Se,n =

√
an

σ2
x

Xn, Sr,n =

√

bn

an + Nr

Yn,

where an, bn ∈ R+ are time varying gain coefficients which are chosen such that
the transmit power constraints in (4.1) and (4.2) are satisfied, i.e., an ≤ PS and
bn ≤ Pr. The decoder accordingly receives

Rn =

√

anbn

σ2
x(an + Nr)

Xn +

√

bn

an + Nr

Zr,n + Zd,n,

and computes the MMSE estimate according to X̂n = E[Xn|Rn] = E[Xn|Rn],
where we have used the fact that the {Rn, Rn−k} are mutually independent for all
k 6= n. Since Xn is Gaussian, the distortion is given by

E[(Xn − X̂n)2] = σ2
x

(

1 − anbn

(an + Nr)(bn + Nd)

)

,

⇒ DL = lim
N→∞

σ2
x

N

N∑

n=1

(

1 − anbn

(an + Nr)(bn + Nd)

)

. (4.7)

The optimal choice of the gain coefficients 0 < an ≤ PS , 0 < bn ≤ Pr , which
minimizes (4.7) is {a⋆

n = PS , b⋆
n = Pr}. This choice of the gain coefficients leads to

D⋆
L = σ2

x

(

1 − 1

(1 + γr)(1 + γd)

)

. (4.8)

We have so far found a strict lower bound on the distortion in (4.6) and an
upper bound in (4.8) using the best linear scheme. However we still do not know
how good linear policies are? In the following we show that the linear policies are
person-by-personal optimal, however they do not guarantee global optimality.

4.3.2 Person-by-person Optimality of Linear Policies

Let us fix the source encoder to be linear. Given a linear and memoryless policy
at the source encoder, we now find an optimal relaying policy which minimizes the
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distortion E[(Xn −E[Xn|R[1,n]])
2] at time n. We can rewrite the distortion at time

n as

E

[(
Xn − E

[
Xn|R[1,n]

])2
]

(a)
= E

[(
Xn − E

[
Xn|Y[1,n]

])2
]

+ E

[(
E
[
Xn|Y[1,n]

]
− E

[
Xn|R[1,n]

])2
]

(b)
= E

[

(Xn − cnYn)2
]

+ E

[(
cnYn − E

[
Xn|R[1,n]

])2
]

, (4.9)

where (a) follows from Xn − Y[1,n] − R[1,n] and E[(Xn −E[Xn|Y[1,n]])(E[Xn|Y[1,n]] −
E[Xn|R[1,n]])] = 0 (by the orthogonality principle); and (b) follows from the
fact that the source encoder is linear and memoryless and the MMSE estima-
tion of a Gaussian variable is linear, i.e., E[Xn|Y[1,n]] = cnYn where cn is a
scalar. According to (4.9), the optimal relaying policy is the one which minimizes
E[(cnYn − E[Xn|R[1,n]])

2] since the first term in the distortion function is inde-
pendent of the relaying policy. This problem was studied in [BB87], from which
it follows that an optimal relay encoding policy is linear and memoryless if we fix
the source encoder to be linear memoryless. This observation can also be made
from [GJ07, Yük10, Gas08, AG87, DT62, Fin65]. Now if we fix the relay encoder
policy to be linear and memoryless, one can observe that the problem becomes
equivalent to the transmission of a Gaussian source over a point to point Gaussian
channel subject to an average power constraint, for which it is well-known that
linear (memoryless) encoding is optimal in the sense of minimizing mean-squared
distortion [Jr.65,Ber71]. Hence, linear encoding policies are person-by-person opti-
mal.

4.3.3 Concavity of the Team Problem

In a decentralized team optimization problem person-by-person optimal solutions
are globally optimal if the cost function is convex in the policies of the decision
makers and the cost function satisfies differentiability conditions in the policies
[Rad62]. Let P be an observation channel from the input variable X at the source
encoder to the channel output variable R such that P (·|x) is a probability measure
on the Borel σ-algebra B(R) on R for every x ∈ R, and P (A|·) : R 7→ [0 : 1] is
a Borel measurable function for every A ∈ B(R). That is, P (·|x) is a stochastic
kernel. Similarly we define P1 as an observation channel from the variable X to the
variable Y , and P2 as an observation channel from the variable Y to the variable R.
From [YL11] it follows that the distortion in (4.3) is concave in the joint observation
channel P (A|x) =

∫

R
P2(A|y)P1(dy|x) for every A ∈ B(R). If the encoding policies

are viewed as stochastic kernels, then the individual observation channels P1 and P2

are given by convolutions of Gaussian distributions with the encoding policies, i.e.,
P1 = PSe|X ∗N (0, Nr) and P2 = PSr |Y ∗N (0, Nd). Since the distortion is concave in
the joint channel and the individual channels are affine in the source and the relay
encoding policies, the distortion is concave in the encoding policies (PSe|X , PSr|Y )
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and the optimal policies have to be deterministic if they exist. This implies that
the person-by-person optimal encoding policies do not guarantee global optimality
when policies are viewed as stochastic kernels [YL11].

4.4 Counterexample: Non-linear Policies

In this section we provide a simple counter example to show that linear policies are
not optimal for causal transmission of a Gaussian source over the given two-hop
relay channel. Consider the following time invariant policies at the source encoder
and the relay encoder respectively:

f1(x) =







a, for x > m1

0, for |x| ≤ m1

−a, for x < −m1







, (4.10)

f2(y) =







b, for y > m2

0, for |y| ≤ m2

−b, for y < −m2







, (4.11)

with a, b ∈ R+. In (4.10) and (4.11) we have dropped the index n for the sake of sim-
plicity without any loss as we are considering time invariant policies. According to
these policies, the signals observed at the relay and the destination are respectively
given by

Y =







a + Zr, for X > m1

Zr, for |X | ≤ m1

−a + Zr, for X < −m1







, (4.12)

R =







b + Zd, for Y > m2

Zd, for |Y | ≤ m2

−b + Zd, for Y < −m2







. (4.13)

The policies in (4.10) and (4.11) have to satisfy the transmit power constraints
in (4.1) and (4.2). In Appendix 4.A we have obtained conditions on a, b ∈ R+

to ensure these power constraints, which are given by (4.17) and (4.20) respec-
tively. For these non-linear policies, the MMSE decoder g(R) and the correspond-
ing distortion DNL are given in (4.27) and (4.28). We can numerically com-
pute DNL using (4.28), (4.17), and (4.20) for any fixed values of the parameters
{σ2

x, PS , Pr, Nd, Nr, m1, m2}. We now give two examples to demonstrate that the
proposed simple non-linear scheme can outperform the best linear scheme. In the
following examples we fix the values of the system parameters and then numerically
compute the distortion for non-linear and linear policies according to (4.28) and
(4.8) respectively. We also evaluate the lower bound in (4.6), however the reader
should keep in mind that the bound is not tight in general.
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Figure 4.2: Comparison of linear and non-linear schemes.

Example 1: Fixing σ2
x = PS = Pr = 1, Nr = Nd = 4, m1 = 2.45, m2 = 6.84,

a = 8.36, and b = 9.25 we get: DNL = 0.926, D⋆
L = 0.96, and D = 0.8.

Example 2: Fixing σ2
x = PS = Pr = 1, Nr = Nd = 10, m1 = 2.85, m2 = 12.05,

a = 15.12, and b = 16.25 we get: DNL = 0.964, D⋆
L = 0.992, and D = 0.909.

These examples validate that linear policies are not optimal in general for the given
two-hop relay channel when the source and the relay node have individual power
constraints. Let us now consider a total power, E[S2

e,n] + E[S2
r,n] = P . It can be

easily shown that the distortion is minimized for the linear policies by an equal
power allocation E[S2

e,n] = E[S2
r,n] = P

2 if Nr = Nd. In the above two counterex-
amples equal power constraints and noise variances are imposed on the source and
relay nodes. Therefore, linear policies are still suboptimal even if a total transmit
power constraint is imposed on the source and the relay, instead of separate power
constraints. Note that for more than one relay nodes linked in cascade (multi-hop
channel), the end-to-end distortion can be written as sum of distortions suffered
at each hop since the source input is memoryless and by applying the orthogonal-
ity property, as we did for the two-hop case in (4.9). Therefore linear policies are
sub-optimal for multi-hop relaying in general.

The proposed non-linear scheme is not always better than the optimal linear
scheme as demonstrated in Fig. 4.2, where we have plotted distortion achieved with
the non-linear and the optimal linear schemes as functions of signal-to-noise ratios
for some fixed parameters. The non-linear scheme outperforms the linear scheme
in low SNR regions, however there might exist better non-linear strategies which
may outperform the linear strategy also in high SNR regions. When the channels
are very noisy, one intuition on why the proposed non-linear strategy is superior
may be that it does not amplify the large values of channel noise at its input
unlike the linear (amplify-and-forward) strategy. We note that, in [LM11] a two-
level quantizer was used when the number of relays were greater than two. In our
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setting the result also holds for a single relay, which generalizes and implies the
results of [LM11]. The reason for selecting symmetric quantizers is due to the fact
that symmetry in distribution is preserved when symmetric functions are applied
to sources with symmetric distributions. Moreover with centering the quantizer at
zero, the encoders can utilize the available transmit power in an efficient way by
transmitting signals with power equal to zero more often.

4.5 Conclusion

We studied the problem of mean-square estimation of a Gaussian source over a
two-hop Gaussian relay channel with average transmit power constraints. A lower
bound on the distortion was derived. We observed that the distortion bounds ob-
tained using cut-set arguments are not tight in general for sensor networks if we
restrict policies to be memoryless. Further it was shown that linear policies are
person-by-person optimal over the given two-hop relay channel. However person-
by-person optimality of the linear policies does not guarantee global optimality due
to concavity property of the distortion function in the observation channel. A sim-
ple three-level quantizer function was shown to outperform the best linear scheme
in some cases, thus validating that linear policies are not optimal in general. This
observation is in accordance with the previously known results for non-classical
information structures [Ho80].

Appendix

4.A Transmit Power Constraints

The parameter a ∈ R+ in (4.10) is chosen such that

PS ≥ E
[
f2

1 (X)
]

(a)
= a2

(∫ −m1

−∞
p(x)dx +

∫ ∞

m1

p(x)dx

)

(b)
= 2a2Q

(
m1

σ2
x

)

⇒ a ≤
√
√
√
√

PS

2Q
(

m1

σ2
x

) , (4.17)

where (a) follows from (4.10); (b) follows from p(x) = 1√
2πσ2

x

e
− x2

2σ2
x , Q(x) :=

1√
2π

∫∞
x

e− τ2

2 dτ = 1√
2π

∫ −x

−∞ e− τ2

2 dτ . We now compute p(y) to find the condition

on b ∈ R+ in (4.11) which ensures E
[
S2

r

]
≤ Pr. From (4.12) we have



86 Cascade Network

p(y|x) =







1√
2πNr

e− (y−a)2

2Nr , if x > m1

1√
2πNr

e− y2

2Nr , if |x| ≤ m1

1√
2πNr

e− (y+a)2

2Nr , if x < −m1







. (4.18)

The marginal pdf p(y) can now be computed as

p(y) =

∫

R

p(y|x)p(x)dx

=
1√

2πNr

(

e
−(y+a)2

2Nr

∫ −m1

−∞
p(x)dx + e

−y2

2Nr

∫ m1

−m1

p(x)dx

+ e
−(y−a)2

2Nr

∫ ∞

m1

p(x)dx

)

=
1√

2πNr

[(

e
−(y+a)2

2Nr + e
−(y−a)2

2Nr

)

Q

(
m1

σ2
x

)

+ e
−y2

2Nr

(

1 − 2Q

(
m1

σ2
x

))]

.

(4.19)

The condition on b is obtained as follows:

Pr ≥ E
[
f2

2 (Y )
]

(a)
= b2

(∫ −m2

−∞
p(y)dy +

∫ ∞

m2

p(y)dy

)

(b)
= 2b2

∫ −m2

−∞
p(y)dy

(c)
= 2b2

[

Q

(
m1

σ2
x

){
1√

2πNr

∫ −m2

−∞
e

−(y+a)2

2Nr dy +
1√

2πNr

∫ −m2

−∞
e

−(y−a)2

2Nr dy

}

+

(

1 − 2Q

(
m1

σ2
x

)){
1√

2πNr

∫ −m2

−∞
e

−y2

2Nr dy

}]

(d)
= 2b2

[

Q

(
m1

σ2
x

)(

Q

(
m2−a√

Nr

)

+Q

(
m2+a√

Nr

))

+Q

(
m2√
Nr

)(

1 − 2Q

(
m1

σ2
x

))]

(e)
=: 2b2κ(m1, m2, a, σ2

x, Nr)

⇒ b ≤
√

Pr

2κ(m1, m2, a, σ2
x, Nr)

, (4.20)

where (a) follows from (4.11); (b) follows from symmetry of p(y) around origin;
(c) follows by substituting p(y) from (4.19); (d) follows by the definition of Q(·)
function; and (e) follows by defining κ(m1, m2, a, σ2

x, Nr).
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4.B Distortion Calculation

Since we have the following Markov chain X − Y − R, p(x, r) is given by

p(x, r) =

∫

R

p(r|y)p(y|x)p(x)dy, (4.21)

where p(r|y) follows from (4.13), that is

p(r|y) =







1√
2πNd

e
− (r−b)2

2Nd , if y > m2

1√
2πNd

e
− r2

2Nd , if |y| ≤ m2

1√
2πNd

e
− (r+b)2

2Nd , if y < −m2







. (4.22)

From (4.18) we see that p(y|x) is defined over the three disjoint intervals of x (i.e.,
x < m1, |x| ≤ m1, x > m1). Due to this, the joint pdf p(x, r) is also defined over
these three intervals. For the interval x < −m1,

p(x, r)
(a)
=

p(x)√
2πNd

[

e
−(r+b)2

2Nd√
2πNr

∫ −m2

−∞
e

−(y+a)2

2Nr dy +
e

−r2

2Nd√
2πNr

∫ m2

−m2

e
−(y+a)2

2Nr dy

+
e

−(r−b)2

2Nd√
2πNr

∫ ∞

m2

e
−(y+a)2

2Nr dy

]

=
p(x)√
2πNd

[

e
−(r+b)2

2Nd Q

(
m2 − a√

Nr

)

+ e
−(r−b)2

2Nd Q

(
m2 + a√

Nr

)

+ e
−r2

2Nd

{

1 − Q

(
m2 − a√

Nr

)

− Q

(
m2 + a√

Nr

)}]

(b)
=: p(x)l1(r), (4.23)

where (a) follows from (4.21) and (4.18) and (4.22); and (b) follows by defining
l1(r). Similarly for |x| ≤ m1,

p(x, r) =
p(x)√
2πNd

[

e
−r2

2Nd +

{

e
−(r+b)2

2Nd + e
−(r−b)2

2Nd − 2e
−r2

2Nd

}

Q

(
m2√
Nr

)]

=: p(x)l2(r), (4.24)

and for x > m1,

p(x, r) =
p(x)√
2πNd

[

e
−(r+b)2

2Nd Q

(
m2 + a√

Nr

)

+ e
−r2

2Nd

{

1 − Q

(
m2 − a√

Nr

)

− Q

(
m2 + a√

Nr

)}
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+ e
−(r−b)2

2Nd Q

(
m2 − a√

Nr

)]

=: p(x)l3(r). (4.25)

From (4.23), (4.24), and (4.25), we compute

p(r) =

∫

R

p(x, r)dx

= l1(r)

∫ −m1

−∞
p(x)dx + l2(r)

∫ m1

−m1

p(x)dx + l3(r)

∫ ∞

m1

p(x)dx

= (l1(r) + l3(r)) Q

(
m1

σ2
x

)

+ l2(r)

(

1 − 2Q

(
m1

σ2
x

))

. (4.26)

The MMSE estimator can now be computed using (4.23), (4.24), (4.25), and (4.26)
as follows.

E[X |R = r] =
1

p(r)

∫

xp(x, r)dx

=
1

p(r)

(

l1(r)

∫ −m1

−∞
xp(x)dx+l2(r)

∫ m1

−m1

xp(x)dx+l3(r)

∫ ∞

m1

xp(x)dx

)

(a)
=

1

p(r)
(l3(r) − l1(r))

∫ ∞

m1

xp(x)dx

=
1

p(r)
(l3(r) − l1(r))

√

σ2
x

2π
exp

(

−m1
2

2σ2
x

)

=: g(r), (4.27)

where (a) follows from
∫m1

−m1
xp(x)dx = 0. The associated mean-squared error is

DNL :=

∫

R2

(x − g(r))
2

p(x, r)d(x, r)

=

∫ ∞

−∞

(

l1(r)

∫ −m1

−∞
(x − g(r))

2
p(x)dx + l2(r)

∫ m1

−m1

(x − g(r))
2

p(x)dx

+ l3(r)

∫ ∞

m1

(x − g(r))
2

p(x)dx

)

dr. (4.28)



Chapter 5

Parallel Network

This chapter studies a scenario where the state of a linear dynamical system
is observed in noise by several sensors that convey their measurements over
orthogonal wireless channels to a remote controller. We model communica-

tion links as white Gaussian channels and restrict our study to scalar LTI systems
driven by Gaussian noise. The objective is to design sensing and control schemes
that minimize a quadratic function of the state variables.

For a single sensor setup, a linear sensing and control strategy has been shown
to be optimal for control of a scalar-valued system (plant) over a scalar Gaussian
channel by Bansal and Başar in [BB89]. This single sensor setup has been briefly
discussed in Sec. 1.2. Furthermore in [YT09], Yüksel and Tatikonda showed via a
counter-example that linear schemes are not globally optimal when there are multi-
ple sensors transmitting their signals to a remote controller over parallel Gaussian
channels. In this chapter we show that linear schemes are not even person-by-person
optimal for a parallel network of two sensors, unlike the two-hop cascade network
where linear schemes were shown to be person-by-person optimal in Chapter 4.
We propose a non-linear sensing and control scheme for closed-loop control over
parallel Gaussian channels using multiple sensors. The proposed scheme is instan-
taneous (i.e., delay-free) and it can be implemented with reasonable complexity.
Furthermore, we show that the suggested approach is robust to the uncertainty in
the knowledge of the powers of the measurement and the channel noises, which is
generally a crucial aspect in designing practical systems.

5.1 Problem Formulation

In the earlier chapters (Chapter 2 and Chapter 3) we considered LTI systems in
absence of measurement noise. In this chapter, we consider a more genral setup
where sensors observe noisy measurements of a system’s state. Consider the follow-
ing scalar discrete time LTI system (plant):

Xt+1 = λXt + Ut + Wt, t ∈ N (5.1)
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Figure 5.1: Control over a parallel sensor network.

where Xt is the state process of the system, Ut is the control process, and Wt is the
process noise. The initial state X0 is an unknown random variable drawn according
to a zero-mean Gaussian distribution with variance σ2

x. The process noise Wt is
assumed to be i.i.d. zero-mean Gaussian distributed with variance nw. For the sake
of simplicity, we consider a two sensor setup shown in Fig. 5.1. The state Xt is
observed in noise by the sensors E1 and E2 as

Y i
t = Xt + Zi

e,t, i = 1, 2, (5.2)

where Z1
e,t and Z2

e,t are two i.i.d. measurement noise components, which are Gaus-
sian distributed with zero means and variances N1

e and N2
e respectively. Based on

their noisy observations, the two sensors transmit the following signals,

Si
t = fi,t(Y

i
t ), i = 1, 2, (5.3)

subject to the following power constraints:

E[(Si
t)

2] ≤ Pi, i = 1, 2. (5.4)

Accordingly the remote controller receives

Ri
t = Si

t + Zi
d,t, i = 1, 2, (5.5)

where Zi
d,t, i = 1, 2, are mutually independent zero-mean Gaussian noise variables

with powers N1
d and N2

d respectively. We have assumed orthogonal channels from
the sensors to the controller, therefore there is no interference between the two
received signals (i.e., we have two parallel Gaussian channels from the sensors to
the controller). Based on the received signals, the controller takes an action Ut =

πt

(

R1
[0,t], R2

[0,t]

)

. The objective is to minimize the following finite horizon quadratic

cost function:

JT = E

[
T∑

t=1

X2
t

]

, (5.6)

where the expectation is taken over the initial state X0, the process noise Wt, the
measurement noise Zi

e,t, and the channel noise Zi
d,t.
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5.2 Sensing and Control Schemes

In this section we propose a non-linear distributed sensing and control scheme. For
the sake of reference, we first give a linear sensing scheme.

5.2.1 Linear Sensing Scheme

The reference scheme is the well-known amplify-and-forward strategy, in which the
sensor nodes amplify the received signals subject to average power constraints and
then transmit them to the remote controller. The transmitted signals from the two
sensors are given by

S1
t = η1,tY

1
t , (5.7)

S2
t = η2,tY

2
t , (5.8)

where the parameters η1,t, η2,t are chosen such that the power constraints (5.4)
are fulfilled. The optimal control scheme is given by Ut = −aX̂t, where the state
estimate X̂t is generated using a Kalman filter [Ber05].

5.2.2 Non-linear Sensing Scheme

The non-linear distributed sensing scheme works as follows. At any time t, the
signals transmitted by the two sensors are given by,

S1
t = η1,tY

1
t , (5.9)

S2
t = η2,t

(

Y 2
t − ∆t

⌊
Y 2

t

∆t

⌉)

, (5.10)

where ⌊·⌉ denotes rounding to the nearest integer. A pictorial illustration of this
non-linear scheme is given in Fig. 5.2. The parameter ∆t controls the length of
each period in the periodic sawtooth function shown in Fig. 5.2. The values ∆[0,t]

are chosen such that the cost function JT in (5.6) is minimized. The procedure of
choosing ∆[0,t] is given in Sec. 5.2.4. The parameters {η1,t, η2,t, ∆[0,t]} are chosen
such that the average transmit power constraints (5.4) are met.

This non-linear scheme was first introduced in [WS09b] for the transmission
of a Gaussian source over parallel Gaussian channels. Here we have extended this
scheme for closed-loop control of a dynamical system driven Gaussian noise over
parallel Gaussian channels.

5.2.3 Control Scheme for the Non-linear Sensing Scheme

The controller is assumed to have a separation structure where it first computes
an estimate of the state X̂t and then takes action using the state estimate, i.e.,
Ut = −λX̂t. Since the computation of optimal MMSE state estimate based on all
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Figure 5.2: Non-linear distributed sensing scheme.

previously received signals
{

R1
[0,t], R2

[0,t]

}

is not practical, we propose the following

sub-optimal algorithm.

1. Compute estimates X̃0|t, . . . , X̃t|t of X0, . . . , Xt, where X̃k|t denotes estimate

of Xk at time t based on the previous state estimate X̂t−1 and R1
t using a

Kalman filter cf. Kalman Filter 1 in the Fig. 5.3.

2. Assume that |(X̃s|t − Y 2
s − Z2

d,s)/ηs| ≤ ∆s/2 ∀s and compute the Maximum

Likelihood estimates Ŷ 2
s as (cf. ML decoder in Fig. 5.3):

Ŷ 2
s = argminYs∈Y((S2(Ys) − R2

s)2), (5.11)

where Y = {Ys : |X̃s|t − Ys| ≤ ηs∆s/2}.

3. Finally assume that the estimates Ŷ 2
s had been linearly encoded (multiplied by

ηt
0) and find the estimate X̂t from a Kalman filter using {R1

[0,t], η[0,t], U[0,t−1]}
and U[0,t−1] as input cf. Kalman Filter 2 in Fig. 5.3.

5.2.4 Choosing ∆t.

We propose the following procedure to choose the parameters {∆t} in the sawtooth
sensor mapping:

• For time step t = 0, we choose ∆0 so as to minimize E[(X̂0 − X0)2]. This is
done using methods similar to the ones in [WS09a].

• For time step t = 1, we fix ∆0 to the value found in step 1, and simulate the
system up to t = 1 for different values of ∆1. We then choose the value of ∆1

that minimizes E[(X̂1 − X1)2].

• Similarly for any time t = s, we fix ∆0, . . . , ∆s−1 to the values found in the
previous steps and simulate the system up to t = s for different ∆s. We then
choose the ∆s that minimizes E[(X̂s − Xs)2].
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Figure 5.3: State estimator for the non-linear distributed sensing scheme.

5.3 Performance Analysis

Let Zt denote the estimation error in X̂t, i.e.

X̂t = Xt + Zt. (5.12)

Now we can rewrite the state equation (5.1) as

Xt+1 = λXt + Ut + Wt

= −λZt + Wt, (5.13)

which follows from Ut = −λX̂t. The cost function (5.6) is then given by

LT = E

[
T∑

t=1

X2
t

]

= E

[
T −1∑

t=0

(−λZt + Wt)
2

]

=

T −1∑

t=0

(
λ2σ2

Zt
+ nw

)
, (5.14)

which shows that the performance of the system will depend on the following two
terms: λ2σ2

Zt
and nw. The second term nw arises from the process noise which we

will not be able to affect. The first term λ2σ2
Zt

arises from the estimation error Zt.
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Hence, improving the estimation of Xt, i.e., lowering σ2
Zt

will lower the value of
the cost function as previously stated. However, one might also suspect that the
induced distribution of Zt affects the cost LT since it changes the distribution of
Xt. This is only implicitly true, the created MSE E[(Xt − X̂t)

2] of the proposed
scheme in (5.9)–(5.10) will, approximately, not depend on the distribution of Xt

given a fixed system S1 and S2, see [WS09a]. However, the distribution of Xt will
affect P (∆t

0, t) which in turn will affect the scaling parameter of the output and
this parameter naturally affects the MSE.

The impact of the process noise Wt on our system is interesting. A high process
noise variance nw will directly make the objective function larger as seen above,
but it will also make the correlation between the two sensor measurements larger.
If we have no process noise then Xt = −λZt−1 which, given good encoders and
decoders, will be small. Thus, the impact of measurement noise will be higher,
taking away the correlation between Y 1

t and Y 2
t and most of the benefits of non-

linear transmission scheme. For low process noise we would thus expect that using
non-linear encoders at time t = 0 and linear encoders for the other time steps
(corresponding to ∆t → ∞ for t > 0) will be optimal.

The impact of the channel noise variances N i
d on the performance was studied

in [WS09a]. There it was shown that either low or high Nd will lead to a linear
system working as well as the nonlinear. In order to verify our claims, we perform
numerical simulations for different values of the system parameters.

Numerical Simulations:

In Figures 5.4–5.6 we present results from three simulations. For all simulations,
we choose the system parameter λ = 1.2, the initial state variance σ2

x = 5 and the
time-horizon T = 3. Further we only consider the cases with equal power constraints
at the sensors and equal noise variances, i.e., N1

e = N2
e = Ne, N1

d = N2
d = Nd, and

P1 = P2. All optimized values for ∆[0,T −1] can be found in Table 5.1.
The results from the first simulation are shown in Figure 5.4. Here we vary the

channel noise variance Nd while keeping the other parameters fixed. For the optimal
nonlinear and the linear curves we have optimized the encoders and decoder for the
actual SNR used in the simulation. For the mismatched nonlinear curve we used
the encoder optimized for SNR = 9 dB, but the decoder used the true SNR of
the channel. This was done in order to see how robust the encoders are to SNR
mismatch. We see that the nonlinear system gives a power gain over the linear
system with up to 2 dB, and also that the system is very robust to SNR mismatch.

In the second simulation we use the same parameters as in the first simulation,
but here the process noise variance is nw = 3. The mismatched system is again
optimized for SNR = 9 dB. For this simulation we also see a 2 dB gain, and again
the system is robust to SNR mismatch.

The results from the third simulation are shown in Figure 5.6. Here we keep
the channel noise variance Nd fixed, while instead varying the measurement noise
variance Ne. As in the first two simulations we show results for both optimized and
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Table 5.1: Optimized values of ∆[0,T −1] for different choices of system and channel
parameters.

SNR (dB) Ne nw ∆0 ∆1 ∆2

6 0.001 1 10.6 6.2 4.2

9 0.001 1 5.6 2.4 2.4

12 0.001 1 4 1.8 1.8

15 0.001 1 3 1.4 1.4

18 0.001 1 2.2 1 1

21 0.001 1 1.6 1 1

6 0.001 3 10.5 7.5 6.75

9 0.001 3 5.5 4.5 4.5

12 0.001 3 4 3 3

15 0.001 3 3 2.5 2.5

18 0.001 3 2.25 1.75 1.75

21 0.001 3 1.75 1.25 1.25

10 0.01 0 5 ∞ ∞
10 0.06 0 5.6 ∞ ∞
10 0.11 0 6.2 ∞ ∞
10 0.16 0 6.8 ∞ ∞
10 0.21 0 7.2 ∞ ∞
10 0.26 0 7.8 ∞ ∞
10 0.31 0 8.4 ∞ ∞
10 0.36 0 8.8 ∞ ∞
10 0.41 0 9.2 ∞ ∞
10 0.46 0 9.8 ∞ ∞
10 0.51 0 10.2 ∞ ∞

mismatched ∆[0,T −1]. The mismatched ∆[0,T −1] were optimized for Ne = 0.16.

5.4 Conclusions

We proposed a distributed non-linear sensing scheme for closed-loop control system
with two sensors measuring the plant’s state. The proposed sensing and transmis-
sion scheme is delay-free, robust to the knowledge of noise statistics at the sensors,
and can be implemented with reasonable complexity. The non-linear sensing has
been shown to significantly outperform the best linear strategy. Conceptually, this
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Figure 5.4: Systems with Ne = 0.001 and nw = 1
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Figure 5.5: Systems with Ne = 0.001 and nw = 3

scheme can be easily generalized to an arbitrary number of sensors by employing
a linear mapping at the first sensor node and sawtooth mappings at the remaining
sensor nodes with successively decreasing time periods ∆t. How the number of sen-
sor nodes will affect the system performance compared to the best linear scheme is
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yet to be studied.





Part III

Multiple systems: stability
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Chapter 6

Multiple-access and Broadcast Channels

6.1 Introduction

In the previous chapters we focused on control of a single LTI system over var-
ious communication network settings, with stabilization and cost-minimization
as the two main objectives. This chapter, together with Chapter 7, investigates

control of multiple plants over basic multi-user Gaussian channels such as multiple-
access channel, broadcast channel, and interference channel. In this chapter we
focus on the problem of mean-square stabilization of two LTI plants over two-
user multiple-access and broadcast channels. The two or more user multiple-access
channel is the communication channel where two or more sources transmit their
messages to a common destination [CT06]. By the stabilization over the multiple-
access channel we mean that there exist two separate sensors to sense the states
and a single remote controller to stabilize the two plants i.e., a multi-sensor joint
controller setup.The capacity region of the two-user memoryless Gaussian multiple-
access channel with noiseless feedback is found in [Oza84], which is relevant to the
problem of closed-loop control over the multiple-access channel. The two or more
user broadcast channel is the communication channel where one sender transmits
messages to two or more destinations [CT06]. Stabilization over broadcast channel
refers to a joint sensor multi-controller setup i.e., there exists a common sensor to
jointly observe the states of the two plants and there are two separate remote con-
trollers in order to stabilize them. The capacity region of the Gaussian broadcast
channel with and without feedback is not known [CT06]. For the problem of closed-
loop control, the broadcast channel with feedback is more relevant. In [OLYC84]
Ozarow et al. provided an achievable rate region over the two user memoryless
Gaussian broadcast channel with noiseless feedback which is highly relevant to the
problem considered in this chapter. The coding schemes proposed by Ozarow et al.
in [Oza84,OLYC84] for the memoryless Gaussian multiple-access and the broadcast
channels with noiseless are extensions of the well-known Schalkwijk-Kailath cod-
ing scheme for memoryless Gaussian point-to-point communication channel with
noiseless feedback [SK66].
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In Chapter 2 and Chapter 3, we used linear schemes schemes for deriving suf-
ficient conditions for closed-loop stabilization of a single LTI system over vari-
ous Gaussian network topologies. This chapter now considers extends the study
to two LTI plants that have to be remotely stabilized over the white Gaus-
sian multiple-access and the white Gaussian broadcast channels. We use linear
and memoryless communication and control schemes based on Ozarow’s coding
schemes [Oza84, OLYC84] to derive regions which are sufficient for mean square
stability of the two plants.

6.2 Problem Setup

Consider two scalar noise-free LTI systems whose state equations are given by

X i
t+1 = λiX

i
t + U i

t , i = 1, 2, (6.1)

where X i
t ∈ R and U i

t ∈ R are state and control processes of the plant i. We assume
that the open-loop systems are unstable (λi > 1) and the initial states X i

0 are
random variables with arbitrary probability distributions having second moment

αi,0 = E[(X i
0)2] and correlation coefficient ρ0 =

E[X1
0 X2

0 ]√
α1,0α2,0

. We study the problem of

remotely controlling the two unstable systems over white Gaussian broadcast and
multiple-access channels.

6.2.1 Control Over Multiple-access Channel

The setup for control over a multiple-access channel is depicted in Fig. 6.1. There are
separate observers O1 and O2 for the two plants, and there is a common control
unit C situated at remote location. In order to communicate the observed state
values to the controller, an encoder Ei is lumped with Oi and a decoder D is
lumped with the controller. At any time instant t, the encoders E1 and E2 transmit
S1

t and S2
t respectively, and the decoder D receives Rt = S1

t + S2
t + Zt, where

Zt ∼ N (0, N) is the white noise component. Let fi,t denote the observer/encoder
policy for the plant i, then we have Si

t = fi,t({X i
k}t

k=0) which must satisfy an

average power constraint limT →∞
1
T

∑T −1
t=0 E[(Si

t)2] ≤ Pi. Further let γi,t denote
the decoder/controller policy, then U i

t = γi,t({Rk}t
k=0).

6.2.2 Control Over Broadcast Channel

The setup for control over a broadcast channel is depicted in Fig. 6.2. There is a
common observer O and separate controllers C1 and C2 for the two plants. In order to
communicate the observed state values to the controllers, an encoder E is lumped
with the observer and the decoders D1 and D2 are lumped with the respective
controllers. At any time instant t, the encoder transmits St and the decoder Di

receives Ri
t = St +Zt+Zi

t , where Zi
t ∼ N (0, Ni) and Zt ∼ N (0, N) are the mutually

independent white noise components. The noise component Zt in the broadcast
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Figure 6.1: The two unstable LTI plants have to be controlled over the white Gaus-
sian multiple access channel. There are two sensors to separately sense the states
of the two plants and there is a remote common control unit.

channel can model a common noise or interference in the two signals. Let ft denote
the observer/encoder policy, then we have St = ft({X1,k}t

k=0, {X2,k}t
k=0) which

must satisfy an average power constraint limT →∞
1
T

∑T −1
t=0 E[S2

t ] ≤ P . Further let
γi,t denote the decoder/controller policy, then U i

t = γi,t({Ri,k}t
k=0).
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Figure 6.2: The two unstable LTI plants have to be controlled over the white Gaus-
sian broadcast channel. There is a common sensor to jointly sense the states of the
two plants and there are remotely located separate control units.

6.2.3 Mean-square Stability

For a noise-free plant, we modify Definition 2.1.1 (definition of mean square stability
for a noisy plant) as follows.
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Definition 6.2.1. A noiseless system is said to be mean square stable if and only
if

lim
t→∞

E[X2
t ] = 0,

regardless of the initial state X0.

6.3 Main Results

We will first present our results in a comprehensive fashion and then provide the
proofs in the next section.

6.3.1 Stability Results for the Multiple-access Channel

Theorem 6.3.1. The two scalar LTI systems in (6.1) can be mean square stabi-
lized over the memoryless white Gaussian multiple access channel if the systems’
parameters {λ1, λ2} satisfy the following inequalities

log(λ1) <
1

2
log

(

1 +
P1

(
1 − ρ⋆2

)

N

)

,

log(λ2) <
1

2
log

(

1 +
P2

(
1 − ρ⋆2

)

N

)

, (6.2)

where ρ⋆ is the root in the open interval (0, 1) of the following fourth order polyno-
mial

(
P1

(
1 − ρ2

)
+ N

) (
P2

(
1 − ρ2

)
+ N

)
=
(

P1 + P2 + 2ρ
√

P1P2 + N
)

N. (6.3)

Proof. The proof is given in Sec. 6.4.1.

Remark 6.3.1. It can be shown that for fully correlated initial states, i.e., ρ0 = 1,
the stability conditions are given by

log(λi) <
1

2
log

(

1 +
P1 + P2 + 2

√
P1P2

N

)

, i = 1, 2.

Remark 6.3.2. The terms on the right hand side in (6.2) correspond to the
sum-rate optimal achievable rate pair for the two sources over the white Gaus-
sian multiple-access channel with noiseless feedback [Oza84]. However, the stability
region in (6.2) is smaller than the capacity region in [Oza84]. This is because to
ensure second moment stability the coding scheme has to have exponential error
decay.
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6.3.2 Stability Results for the Broadcast Channel

In the broadcast channel there is a joint encoder with an output power constraint
contrary to the multiple-access channel where the two encoders have individual
power constraints. Therefore the joint encoder in the broadcast channel has freedom
to tradeoff between the powers allocated to the transmission of the observed states
of the two plants.

Theorem 6.3.2. The two scalar LTI systems in (6.1) can be mean square stabilized
over the memoryless white Gaussian broadcast channel if the systems’ parameters
{λ1, λ2} satisfy the following inequalities

log(λ1) <
1

2
log

(
D⋆ (N + N1 + P )

D⋆ (N + N1) + g2P (1 − ρ⋆)

)

,

log(λ2) <
1

2
log

(
D⋆ (N + N2 + P )

D⋆ (N + N2) + P (1 − ρ⋆)

)

, (6.4)

where D⋆ = 1 + g2 + 2gρ⋆, g ≥ 0, and ρ⋆ is the largest root in the open interval
(0, 1) of the following polynomial

ρ = −
(
D(NΣ + N1N2)ρ − gP Σ(1 − ρ2)

)

√

(Π (D(N +N1)+g2P (1−ρ2)) (D(N +N2)+g2P (1−ρ2)))
(6.5)

where Π = (P + N + N1)(P + N + N2) and Σ = P + N + N1 + N2.

Proof. The proof is given in Sec. 6.4.2.

Remark 6.3.3. The terms on the right hand side in (6.4) is an achievable rate
pair for the two decoders over the white Gaussian broadcast channel with noiseless
feedback [OLYC84].

Remark 6.3.4. If the noise components Z1
t and Z2

t are zero in the broadcast chan-
nel model, then the two controllers receive the same signal and this setup is equiv-
alent to having a joint controller. Therefore the stability region for the joint-sensor
joint-controller case can be obtained by setting N1 = N2 = 0 in (6.4).

The parameter g in (6.4) can tradeoff between the stabilizability of the two
plants and thus we can obtain a stability region for the given channel parameters
by increasing g from zero to less than infinity. Fig. 6.3 shows some examples of
stability regions for P = 10. The solid line shows the boundary of the stability
region when N = 0 and N1 = N2 = 1, the dashed line shows the boundary of the
stability region when N = N1 = N2 = 0.5, and the dotted line shows the boundary
of the stability region when N = 1 and N1 = N2 = 0. In these examples N +Ni = 1,
and we can observe that the individual noise components {Z1

t , Z2
t } are less harmful

than the common noise component Zt due to diversity effect. For comparison we
also show the stability region when the encoder separately serves the two plants in
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Figure 6.3: Illustration of the stability regions for the broadcast channel.

alternate time steps, i.e., in each time step there is a point-to-point communication
link from the encoder to one of the controllers. For this case the necessary and
sufficient conditions for mean square stability can be found in [ZOS10a], which are
given by

log(λi) <
1

4
log

(

1 +
P

N + Ni

)

for all i ∈ {1, 2}.

The boundary of the rectangular stability region defined by the above inequalities
is shown in Fig. 6.3 for P = 10 and N + Ni = 1.

6.4 Proofs

In order to prove Theorems 6.3.1 and 6.3.2, we propose to use coding schemes
in [Oza84] and [OLYC84]. These schemes are based on Schalkwijk–Kailath coding
scheme [SK66]. By employing the proposed coding schemes over the given broadcast
and multiple-access channels, we then find conditions on the system parameters
{λ1, λ2} which are sufficient to mean square stabilize the systems in (6.1).

6.4.1 Proof of Theorem 6.3.1

The scheme for the white Gaussian multiple-access channel works as follows.
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Initial time steps, t = 0, 1

Similar to the schemes for the channels (point-to-point and relay channels) studied
in the previous chapters, we perform an initialization to make the plants’ states
Gaussian distributed. Initially, the two encoders transmit the observed state values
in alternate time slots to the respective controllers. The first two disjoint trans-
missions in time make the plants’ states Gaussian distributed regardless of the
distribution of their initial states, which will be explained shortly. However if the
initial states are already Gaussian, then the following disjoint initial transmissions
are not needed.

At time step t = 0, the encoder E1 observes X1
0 and transmits S1

0 =
√

P1

α1,0
X1

0 .

The encoder E2 stays quiet, i.e., S2
0 = 0. The decoder D receives R0 = S1

0 + Z0. It
then estimates X1

0 as

X̂1
0 =

√
α1,0

P1
R0

= X1
0 +

√
α1,0

P1
Z0.

The controller C then takes an action U1
0 = −λ1X̂1

0 for the plant 1, which results in
X1

1 = λ1(X1
0 − X̂1

0 ). The state X1
1 ∼ N (0, α1,1) with α1,1 = λ2

1
α1,0N

P1
. The controller

does not take any action for the plant 2, therefore X2
1 = λ2X2

0 with α2,1 = λ2
2α2,0.

At time step t = 1, the encoder E1 stays quiet. The encoder E2 observes X2
1 and

transmits S2
1 =

√
P2

α2,1
X2

1 . The decoder D receives R1 = S2
1 + Z1. It then estimates

X2
1 as

X̂2
1 =

√
α2,1

P2
R1

= X2
1 +

√
α2,1

P2
Z1.

The controller C then takes an action U2
1 = −λ2X̂2

1 for the plant 2, which results
in X2

2 = λ2(X2
1 − X̂2

1 ). The state X2
2 ∼ N (0, α2,2). For the plant 1, the controller

does not take any action U1
1 = 0, therefore X1

2 = λ1X1
1 and X1

2 ∼ N (0, α1,2).
It is noteworthy that due to non-overlapping initial transmissions by the two

encoders, the states X1
2 and X2

2 are now zero mean Gaussian variables with cor-

relation coefficient ρ2 =
E[X1

2 X2
2 ]√

α1,2α2,2
equal to zero1. Henceforth the two encoders will

transmit their signals simultaneously.

1The states in the second time step become uncorrelated irrespective of the value of the
correlation between the initial states. This scheme does not exploit correlation between the initial
states and thus the stability region obtained is independent of the correlation of the initial states.
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Further time steps t ≥ 2

The two encoders E1 and E2 observe X1
t and X2

t , and they respectively transmit

S1
t =

√

P1

α1,t

X1
t ,

S2
t =

√

P2

α2,t

X2
t sgn(ρt),

where ρt =
E[(X1

t −E[X1
t ])(X2

t −E[X2
t ])]√

α1,tα2,t
and sgn(ρt) = 1 if ρt ≥ 0 and sgn(ρt) = −1 if

ρt < 0.
The decoder D receives Rt = S1

t + S2
t + Zt. It then computes an MMSE estimate

of the state of the plant i as

X̂ i
t = E

[
X i

t |Rt

]

(a)
=

E
[
RtX

i
t

]

E

[

(Rt)
2
]Rt, (6.6)

where (a) follows from the fact that the optimum MMSE of the Gaussian variable
is linear [Hay96]; and we have

E
[
X1

t Rt

]
=

√
α1,t

(√

P1 +
√

P2|ρt|
)

,

E[X2
t Rt] =

√
α2,t

(√

P2 +
√

P1|ρt|
)

sgn(ρt),

E[R2
t ] = P1 + P2 + 2|ρt|

√

P1P2 + N. (6.7)

The controller C takes an action U i
t = −λiX̂

i
t for the plant i, which results in

X i
t+1 = λi(X

i
t − X̂ i

t). The mean values of the states are

E
[
X i

t

]
= E

[

λi

(

X i
t − X̂ i

t

)]

(a)
= λiE



X i
t − E

[
RtX

i
t

]

E

[

(Rt)
2
]Rt





(b)
= 0, (6.8)

where (a) follows from (6.6); and (b) follows from E[Xi,2] = 0 and by recursively
using (a). The variance of the state X i

t+1 is given by

αi,t+1 := E
[
(X i

t+1)2
]

= λ2
i E

[(

X i
t − X̂ i

t

)2
]
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= λ2
i E








X i
t − E

[
RtX

i
t

]

E

[

(Rt)
2
]Rt





2





= λ2
i



E

[(
X i

t

)2
]

−
(
E
[
RtX

i
t

])2

E

[

(Rt)
2
]



 . (6.9)

By using (6.7) in (6.9) we get the following recursive equations

α1,t+1 = α1,tλ
2
1

(
N + P2(1 − ρ2

t )

P1 + P2 + 2|ρt|
√

P1P2 + N

)

(6.10)

α2,t+1 = α2,tλ
2
2

(
N + P1(1 − ρ2

t )

P1 + P2 + 2|ρt|
√

P1P2 + N

)

(6.11)

The cross-correlation between the states is given by

E[X1
t+1X2

t+1] = E

[

λ1

(

X1
t − X̂1

t

)

λ2

(

X2
t − X̂2

t

)]

(a)
= λ1λ2



E
[
X1

t X2
t

]
− E

[
X1

t Rt

]
E
[
X2

t Rt

]

E

[

(Rt)
2
]





(b)
= λ1λ2

√
α1,tα2,t

(
Nρt − sgn(ρt)

√
P1P2(1 − ρ2

t )

P1 + P2 + 2|ρt|
√

P1P2 + N

)

, (6.12)

where (a) follows from E[X̂1
t X2

t ] = E[X̂2
t X1

t ] = E[X̂1
t X̂2

t ] =
E[X1

t Rt]E[X1
t Rt]

E[R2
t ]

; and (b)

follows from (6.7). The correlation coefficient is then given by

ρt+1 =
E
[
X1

t+1X2
t+1

]

√
α1,tα2,t

(a)
= λ1λ2

√
α1,tα2,t

α1,t+1α2,t+1

(
Nρt−sgn(ρt)

√
P1P2(1 − ρ2

t )

P1 + P2 + 2|ρt|
√

P1P2 + N

)

(b)
=

Nρt − sgn(ρt)
√

P1P2

(
1 − ρ2

t

)

√

(N + P1(1 − ρ2
t )) (N + P2 (1 − ρ2

t ))
∀t ≥ 2, (6.13)

where (a) follows from (6.12); and (b) follows from (6.10) and (6.11). It has been
shown in [Oza84] that for (6.13) there exists a ρ⋆ such that if ρt = ρ⋆ then ρt+k =
(−1)kρ⋆ for all k ≥ 0, where ρ⋆ is the root in the open interval (0, 1) of the following
fourth order polynomial.

(
P1

(
1 − ρ2

)
+ N

) (
P2

(
1 − ρ2

)
+ N

)
=
(

P1 + P2 + 2ρ
√

P1P2 + N
)

N. (6.14)

If we modify the control actions such that ρ2 becomes equal to ρ⋆ instead of zero,
then ρt will be equal to (−1)tρ⋆ for all t ≥ 2. Suppose in the time step t = 1 the
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controller takes the actions U1
1 = m and U2

1 = −λ2X̂2
1 + m, where m is a Gaussian

variable with zero mean and variance σ2
m. By varying σ2

m the correlation coefficient
ρ2 can be made equal to any value between zero and one. Therefore by choosing
σ2

m such that ρ2 = ρ⋆, we can rewrite (6.10) and (6.11) as

αi,t = αi,2

(

λ2
i

N + Pi(1 − ρ⋆)

P1 + P2 + 2|ρ⋆|√P1P2 + N

)t−2

= αi,2

(

λ2
i

N

N + Pi(1 − ρ⋆)

)t−2

, (6.15)

where the last equality follows from (6.14). We observe from (6.15) that αi,t → 0
as t → ∞ if

(

λ2
i

N

N + Pi(1 − ρ⋆)

)

< 1

⇒ log(λi) <
1

2
log

(

1 +
Pi

(
1 − ρ⋆2

)

N

)

,

which completes the proof. �

6.4.2 Proof of Theorem 6.3.2

The communication and control scheme for the white Gaussian broadcast channel
is in principle similar to that of the multiple-access channel where in the beginning
the encoder separately transmit the states of the two plants in order to make them
Gaussian. Thereafter the Gaussian distributed states are transmitted jointly. This
scheme works as follows.

Initial time steps, t = 0, 1

In the first two time steps the encoder transmits state observations of each plant
separately. These separate initial transmissions make plant states Gaussian dis-
tributed regardless of the distribution of their initial states. However if the initial
states are already Gaussian, then the following separate initial transmissions are
not needed.

At time step t = 0 the encoder ignores X2
0 and transmits X1

0 as S0 =
√

P
α1,0

X1
0 .

The decoder D1 receives R1
0 = S0 + Z0 + Z1

0 . It then estimates X1
0 as

X̂1
0 =

√
α1,0

P
R1

0

= X1
0 +

√
α1,0

P
(Z0 + Z1

0 ).
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The controller C1 then takes an action U1,0 = −λ1X̂1
0 for the plant 1, which results

in X1
1 = λ1(X1

0 − X̂1
0 ), where X1

1 ∼ N (0, α1,1) with α1,1 = λ2
1

α1,0(N+N1)
P

. The
controller C2 does not take any action for the plant 2, therefore X2

1 = λ2X2
0 with

α2,1 = λ2
2α2,0.

At time step t = 1 the encoder E ignores X1
1 and transmits only X2

1 , i.e.,

S1 =
√

P
α2,1

X2
1 . The decoder D2 receives R2

1 = S1 + Z1 + Z2
1 . It then estimates X2

1

as

X̂2
1 =

√
α2,1

P
R2

1

= X2
1 +

√
α2,1

P
(Z1 + Z2

1 ).

The controller C2 then takes an action U2,1 = −λ2X̂2
1 for the plant 2, which results

in X2
2 = λ2(X2

1 − X̂2
1 ), where X2

2 ∼ N (0, α2,2). The controller C1 does not take any
action for the plant 1, i.e., U1,1 = 0, therefore X1

2 = λ1X1
1 and X1

2 ∼ N (0, α1,2).
Similar to the multiple-access channel, the states X1

2 and X2
2 are now zero

mean Gaussian variables with correlation coefficient ρ2 =
E[X1

2 X2
2 ]√

α1,2α2,2
equal to zero2.

Henceforth the encoder will serve both plants simultaneously.

Further time steps, t ≥ 2

The encoder E observes X1
t and X2

t , and it transmits

St =

√
P

Dt

(
X1

t√
α1,t

+ g
X2

t√
α2,t

sgn(ρt)

)

, (6.16)

where Dt = 1 + g2 + 2g|ρt|, g ≥ 0, ρt =
E[(X1

t −E[X1
t ])(X2

t −E[X2
t ])]√

α1,tα2,t
, and sgn(ρt) = 1 if

ρt ≥ 0 and sgn(ρt) = −1 if ρt < 0.
The decoder Di receives Ri

t = St + Zt + Zi
t . It then computes an MMSE estimate

of the state of the plant i as

X̂ i
t = E

[
X i

t |{Ri,k}t
k=0

]

(a)
= E

[
X i

t |Ri
t

]

(b)
=

E
[
Ri

tX
i
t

]

E

[(
Ri

t

)2
]Ri

t, (6.17)

where (a) follows from E[X i
t Ri,k] = 0 for all k < t and X i

t and Ri
t are Gaussian

variables; (b) follows from the fact that the optimum MMSE of the Gaussian variable

2The states in the second time step become uncorrelated irrespective of the value of the
correlation between the initial states. This scheme does not exploit correlation between the initial
states and thus the stability region obtained is independent of the correlation of the initial states.
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is linear [Hay96]; and we have

E
[
X1

t R1
t

]
=

√

P α1,t

Dt

(1 + g|ρt|) ,

E[X2
t R2

t ] =

√

P α2,t

Dt

(ρt + g sgn (ρt)) ,

E[
(
Ri

t

)2
] = P + N + Ni. (6.18)

The controller Ci takes an action U i
t = −λiX̂

i
t for the plant i, which results in

X i
t+1 = λi(X

i
t − X̂ i

t). The mean values of the states are

E
[
X i

t+1

]
= E

[

λi

(

X i
t − X̂ i

t

)]

(a)
= λiE

[

X i
t − E

[
Ri

tX
i
t

]

E[
(
Ri

t

)2
]
Ri

t

]

(b)
= 0,

where (a) follows from (6.17); and (b) follows from E[Xi,2] = 0 and by recursively
using (a). The variance of the state X i

t+1 is given by

αi,t+1 := E

[(
X i

t+1

)2
]

= λ2
iE

[(

X i
t − X̂ i

t

)2
]

= λ2
i

(

E

[(
X i

t

)2
]

−
(
E
[
Ri

tX
i
t

])2

E[(Ri
t)

2]

)

. (6.19)

By using (6.18) in (6.19) we get the following recursive equations.

α1,t+1 = α1,tλ
2
1

(
Dt(N + N1) + g2P (1 − ρ2

t )

Dt(P + N + N1)

)

(6.20)

α2,t+1 = α2,tλ
2
2

(
Dt(N + N2) + P (1 − ρ2

t )

Dt(P + N + N2)

)

. (6.21)

The cross-correlation between the states is given by

E
[
X1

t+1X2
t+1

]
= E

[

λ1

(

X1
t − X̂1

t

)

λ2

(

X2
t − X̂2

t

)]

= λ1λ2

(

E
[
X1

t X2
t

]
− 2E

[

X̂1
t X2

t

]

+ E

[

X̂1
t X̂2

t

])

(a)
= λ1λ2

(

E
[
X1

t X2
t

]
Π − E

[
R1

t X1
t

]
E
[
R2

t X2
t

]
Σ

Π

)

(b)
= λ1λ2

√
α1,tα2,t

(

ρt − P

DtΠ
(ρt + g |ρt| ρt + g sgn(ρt) + gρt) Σ

)

,

(6.22)
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where (a) follows from E[X̂1
t X2

t ] =
E[R1

t X1
t ]E[R2

t X2
t ]

P +N+N1
, E[X1

t X̂2
t ] =

E[R1
t X1

t ]E[R2
t X2

t ]
P +N+N2

,

E[X̂1
t X̂2

t ] =
E[R1

t X1
t ]E[R2

t X2
t ](P +N)

(P +N+N1)(P +N+N2) , Π , (P + N + N1)(P + N + N2), and Σ ,

(P + N + N1 + N2); and (b) follows from (6.18). Now we can write a recursive
equation for the correlation coefficient ρt by using (6.20), (6.21) and (6.22), as

ρt+1 =
E
[
X1

t+1X2
t+1

]

√
α1,t+1α2,t+1

=

(
Dt (NΣ + N1N2) ρt − gP Σ

(
1 − ρ2

t

)
sgn(ρt)

)

√

(Π (Dt (N + N1) + g2P (1 − ρ2
t )) (Dt (N + N2) + g2P (1 − ρ2

t )))

It has been shown in [OLYC84] that for the above recursive equation there exists
a ρ⋆ such that if ρt = ρ⋆ then ρt+k = (−1)kρ⋆ for all k ≥ 0, where ρ⋆ is the largest
root in the open interval (0, 1) of the polynomial given in (6.5). If we modify our
encoding scheme such that ρ2 becomes equal to ρ⋆ instead of zero, then ρt will be
equal to (−1)tρ⋆ for all t ≥ 2. Suppose in the initial transmissions (i.e., t = 0, 1)

the encoder transmits S0 =
√

P
α1,0

X1
0 + m and S1 =

√
P

α2,1
X2

1 + m, where m is

a Gaussian variable with zero mean and variance σ2
m. In this way ρ2 can take on

value between zero and one by varying σ2
m. Thus by choosing σ2

m such that ρ2 = ρ⋆,
we can rewrite (6.10) and (6.11) as

α1,t = α1,2

(

λ2
1

D⋆(N + N1) + g2P (1 − ρ⋆2)

D⋆(P + N + N1)

)t−2

(6.23)

α2,t = α2,2

(

λ2
2

D⋆(N + N2) + P (1 − ρ⋆2)

D⋆(P + N + N2)

)t−2

(6.24)

Although in the modified encoding scheme we have violated the average power
constraint for the first two transmissions, its effect can be neglected for infinite
time horizon. We observe from (6.23) that α1,t → 0 as t → ∞ if

(

λ2
1

D⋆(N + N1) + g2P (1 − ρ⋆2)

D⋆(P + N + N1)

)

< 1

⇒ log(λ1) <
1

2
log

(
D⋆(P + N + N1)

D⋆(N + N1) + g2P (1 − ρ⋆2)

)

.

Similarly it follows from (6.24) that α2,t → 0 as t → ∞ if

log(λ2) <
1

2
log

(
D⋆(P + N + N2)

D⋆(N + N2) + P (1 − ρ⋆2)

)

,

which completes the proof. �

Remark 6.4.1. The sensing and control schemes presented above for stabilization
of a scalar plant over multiple-access and broadcast channels can be extended to
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vector-valued plants by using the time sharing approach of mode by mode transmis-
sion proposed in Chapter 2. In this time sharing scheme, the sensor transmits only
one component of the state vector at each time step such that the state components
corresponding to more unstable states are transmitted more often. Thus, channel is
time shared between different state components according to their level of instability.

6.5 Conclusion

We studied the problem of mean square stabilizing two discrete time scalar LTI
systems in closed-loop via control over white Gaussian multiple-access and broad-
cast communication channels. We proposed to use simple linear communication and
control schemes and derived sufficient conditions for stability under the proposed
schemes. The stability regions obtained are associated with the achievable rate re-
gions for the given channels with noiseless feedback due to the fact Ozarow’s scheme
provides an exponential error decay. Our results reveal relationships between mean
square stability of the two plants and the communication channels’ parameters,
i.e., average power consumed by the encoder(s) and the average power of the noise
components in different links. We showed that the proposed schemes significantly
outperform the TDMA schemes. We showed that achievable stability regions are
enlarged when the initial states of the two plants are fully correlated. For broadcast
channels, individual noise component seems to be less harmful than common noise
components which models an external interference disturbing the signals received
at both controllers.



Chapter 7

Interference Channels

7.1 Introduction

In a networked control system there are various agents such as sensors, controllers,
actuators, and plants. These agents need to communicate to meet certain control
objectives, and in many applications this communication should preferably take
place over wireless links to reduce cabling cost and to provide flexible and mobile
solutions. A major hurdle in implementing wireless networked control systems is
the interference which happens due to the cross-talk between various agents while
using shared communication resources. There are also external sources of interfer-
ence such as other radio devices communicating in the neighborhood. In certain
situations, interference can be a major factor limiting performance of a networked
control system. Therefore, it is essential to study and understand the behavior
of networked control systems subject to interference. This chapter makes an ef-
fort in this direction by providing necessary conditions and sufficient conditions
for mean-square stabilization over a symmetric Gaussian interference channel. The
gaps between the necessary conditions and the sufficient conditions are evaluated.
It is demonstrated that delay-free linear sensing and control schemes can be close
to optimal in some regimes. Moreover, in certain special cases they are shown to
be exactly optimal.

7.2 Problem Setup

As in Chapter 6, we consider two noise-free LTI plants whose state equations are
given by,

X i
t+1 = AiX

i
t + U i

t , i = 1, 2, (7.1)

where X i
t ∈ Rn and U i

t ∈ Rn, are the state and the control processes of the i-th
plant. We assume that the initial state X i

0 is a random variable with an arbitrary
probability distribution and a given covariance matrix Λi

0 with Tr[Λi
0] < ∞. Let

{λi,1, λi,2, . . . , λi,n} denote the eigenvalues of the system matrix Ai. Without loss
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Figure 7.1: System Model.

of generality we assume that all the eigenvalues of the system matrix Ai are outside
the unit disc, i.e., |λi,j | > 1 for all i, j. The unstable modes can be decoupled
from the stable modes by a similarity transformation. If the system in (7.1) is one
dimensional, then Ai is scalar and we use the notation Ai = λi, where |λi| > 1.

The setup for control over symmetric Gaussian interference channel is depicted
in Fig. 7.1. There are two separate observers {O1, O2} and separate controllers
{C1, C2} for the two plants. In order to communicate the observed state values to
the controllers, an encoder Ei is lumped with the observer Oi and a decoder Di

is lumped with the controller Ci. At any time instant t, the encoders E1 and E2

transmit S1
t and S2

t respectively. The decoders D1 and D2 respectively receive

R1
t = S1

t + cS2
t + Z1

t ,

R2
t = S2

t + cS1
t + Z2

t ,

where c ∈ R+ is the cross channel gain, and Z1
t ∼ N (0, N) and Z2

t ∼ N (0, N)
are white noise components with a fixed cross-correlation coefficient ρz ,
E[Z1

t Z2
t ]

N
∈ [−1, 1]. The cross-correlation between the two noise components mod-

els a common noise or common interference in the two signals. Let f i
t denote

the ith observer/encoder policy, then we have Si
t = f i

t

(

X i
[0,t]

)

where X i
[0,t] :=

{X i
1, X i

2, . . . , X i
t}. The sensors must satisfy an average transmit power constraint

E
[
(S1

t )2
]

= E
[
(S2

t )2
]

= P . We define the correlation between S1
t and S2

t as

ρ̃t :=
E[S1

t S2
t ]

P
∈ [−1, 1]. Further, let πi

t denote the i-th decoder/controller pol-

icy, then U i
t = πi

t

(

Ri
[0,t]

)

. The common objective of the sensors and the controllers

is to stabilize their respective plants in the mean-square sense (cf. Definition 6.2.1).
Rest of the chapter is organized as follows: In Sec. 7.3 necessary conditions for

mean-square stability are presented. In Sec. 7.4 some linear memoryless sensing and
control schemes are introduced and the conditions that guarantee system stability
under those schemes are presented. Sec. 7.5 gives some special cases where these
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schemes are optimal. Further discussions on how interference channel parameters
affect stabilizability are given in Sec. 7.6. The proofs of the necessity and sufficiency
results are given in Sec. 7.7 and Sec. 7.8 respectively. Finally, Sec. 7.9 concludes the
main findings of this chapter and highlights some interesting directions for future
research on this topic.

7.3 Necessary Conditions for Stabilization

In the following theorem we present necessary conditions for mean-square stabiliza-
tion.

Theorem 7.3.1. The two LTI systems in (7.1) can be mean square stabilized over
the given symmetric Gaussian interference channel only if

log (|det (A1) |) ≤ 1

2
log

(

1 +
P (1 + c)

2

N

)

, (7.2)

log (|det (A2) |) ≤ 1

2
log

(

1 +
P (1 + c)2

N

)

, (7.3)

log (|det (A1) |) + log (|det (A2) |) ≤ 1

2
max

0≤ρ≤1

{

log

(

1 +
P
(
1 + c2 + 2cρ

)

N

)

+ log

(

N
(
1 − ρ2

z

)
+P

(
1 + c2−2cρz

) (
1 − ρ2

)

(1 − ρ2
z) (P c2 (1 − ρ2) + N)

)}

. (7.4)

Proof. The proof is given in Sec. 7.7.

Remark 7.3.1. It is interesting to note that the terms on the RHS of (7.2) and (7.3)
are increasing functions of cross-channel gain c, which indicates that interference
may improve stabilizability. However, these are only necessary conditions. In the
following sections we will also present sufficient conditions and show that achievable
stability region can actually enlarge in the presence of strong interference.

Remark 7.3.2. In order to see the effect of noise correlation on the necessary
conditions, let us consider a special case with c = 1. The second addend on the
RHS of (7.4) is then given by,

log

(

N
(
1 − ρ2

z

)
+P

(
1 + c2−2cρz

) (
1 − ρ2

)

(1 − ρ2
z) (P c2 (1 − ρ2) + N)

)

= log




N +

2P(1−ρ2)
(1+ρz)

(P (1 − ρ2) + N)



 , (7.5)

which is a decreasing function of ρz, indicating that higher noise correlation may
be more harmful.
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Remark 7.3.3. For ρz = c = 1, the interference channel becomes equivalent to a
multiple access channel studied in Chapter 6. Therefore, by substituting ρz = c = 1
in (7.4) (we use (7.5) while evaluating (7.4) to avoid a division by zero), we get
the following necessary condition for mean square stabilization over a symmetric
Gaussian multiple access channel:

log (|det (A1) |) + log (|det (A2) |) ≤ 1

2
log

(

1 +
P (1 + c)

2

N

)

, (7.6)

which complements the sufficient conditions derived in Chapter 6.

Remark 7.3.4. The term of on the RHS of (7.4) is also an outer bound on the
symmetric capacity of a two-user Gaussian interference channel with noiseless feed-
back [ST11]. This result is presented in [ST11, Theorem 1] for ρz = 0 and N = 1.

7.4 Sufficient Conditions for Stabilization

In this section, we propose to use delay-free sensing and control schemes for sta-
bilization of scalar LTI plants over the given Gaussian interference channel. By
employing the proposed schemes, we obtain sufficient conditions for mean square
stability.

7.4.1 Proposed Sensing and Control Schemes

At any time t, the encoders {E1, E2} observe the state of their corresponding plants
and respectively transmit,

S1
t =

√

P

α1,t

X1
t ,

S2
t = sgn(ρt)

√

P

α2,t

X2
t ,

where αi,t := E
[
(X i

t)2
]

is the second moment of the i-th state variable,

ρt :=
E[X1

t X2
t ]√

α1,tα2,t
is the correlation coefficient of the two state variables and

sgn(ρt) = −1 when ρt < 0 and sgn(ρt) = 1 when ρt ≥ 0. It is shown in Sec. 7.8.1
that in the steady state either sgn(ρt) = (−1)t or sgn(ρt) = 1 for all t. The sensor E2

can compute sgn(ρt) off-line depending on the values of channel parameters, there-
fore the two sensors are not required to cooperate. This transmit scheme is based
on the coding scheme introduced by Ozarow for Gaussian multiple-access channel
with noiseless feedback [Oza84], which was later used by Kramer for transmission
over interference networks [KGG05].

The i-th controller Ci receives the signal Ri
t and aims at stabilizing the i-th

plant in mean square sense. We consider the following two memoryless linear control
strategies.
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MMSE based Control Scheme

In this scheme, the i-th controller computes a memoryless MMSE estimate of the
state and applies an action which is linear in the state estimate, i.e., the control
actions are given by

U i
t = −λiE

[
X i

t |Ri
t

]
, for i = 1, 2.

We refer to this scheme as MMSE based control scheme.

Optimized Control Scheme

In this scheme, the actions of {C1, C2} at any time t are given by

U1
t = −λ1k

√
α1,tR

1
t ,

U2
t = −λ2k

√
α2,tsgn (ρt) R2

t ,

where αi,t = E
[
(X i

t)2
]
, ρt =

E[X1
t X2

t ]√
α1,tα2,t

, and k ∈ R+ is a design parameter which

can be optimized to maximize achievable stability region. We refer to this scheme
as optimized control scheme.

For the sake of reference we also consider a TDMA transmit scheme in which
the two sensors transmit in disjoint time slots such that there is no cross-talk.

7.4.2 TDMA scheme

Time division multiple-access (TDMA) scheme works as follows: Let l, l1, l2 ∈ N

such that l = l1 + l2. Now consider a periodic transmission scheme with a time
period equal to l time steps. Assume that during each transmission period, sensor
E1 transmits in the first l1 time steps and then sensor E2 transmits in the remaining
l2 time steps. The signals transmitted by the two sensors are given by,

S1
t =

√

P

α1,t

X1
t , S2

t = 0, t ∈ {1 + nl, 2 + nl, . . . , l1 + nl}, n ∈ N,

S2
t =

√

P

α2,t

X2
t , S1

t = 0, t ∈ {l1 + 1 + nl, l1 + 2 + nl, . . . , nl}, n ∈ N. (7.7)

Suppose that the controllers also apply actions in disjoint time steps, given as
follows:

U1
t = −λ1E

[
X1

t |R1
t

]
, U2

t = 0, t ∈ {1 + nl, 2 + nl, . . . , l1 + nl}, n ∈ N,

U2
t = −λ2E

[
X2

t |R2
t

]
, U1

t = 0, t ∈ {l1 + 1 + nl, l1 + 2 + nl, . . . , nl}, n ∈ N.
(7.8)

This is an optimal control strategy given that sensors are transmitting in non-
overlapping time slots. It will be shown shortly that in this scheme the parameters
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l, l1, l2 ∈ N can be chosen arbitrarily to achieve different points in the stability
region.

Remark 7.4.1. The sensing and control schemes presented above for scalar sys-
tems can be applied to vector systems using the time sharing approach of mode
by mode transmission proposed in Chapter 2 for stabilization of multi-dimensional
plants over Gaussian channels. In this time sharing scheme, the sensor transmits
only one component of the state vector at each time step such that the state com-
ponents corresponding to more unstable states are transmitted more often. Thus,
channel is time shared between different state components according to their level
of instability.

7.4.3 Achievable Stability Regions

We now present the stability regions that can be obtained by employing the pro-
posed sensing and control schemes.

Theorem 7.4.1. The two scalar LTI systems in (7.1) with Ai = λi can be mean
square stabilized over the given Gaussian interference channel using MMSE based
scheme if

log(|λi|) <
1

2
log

(

P
(
1 + c2 + 2cρ⋆

)
+ N

P c2
(
1 − ρ⋆2

)
+ N

)

, (7.9)

where ρ⋆ is the largest among all the roots in the interval [0, 1] of the following two
fourth order polynomials

f1(ρ) := ρ4 + a3ρ3 + a2ρ2 + a1ρ + a0, (7.10)

f2(ρ) := ρ4 + b3ρ3 + b2ρ2 + b1ρ + b0,

where

a3 =
N

2cP
, a2 = −2 − N(4 + cρz)

2c2P
,

a1 = −N(1 + 2c2 + 2cρz)

2c3P
− N2

c3P 2
,

a0 = 1 +
N(2c − ρz)

2c3P
, b3 =

2c2P + 2P + N

2cP
,

b2 =
Nρz

2cP
, b1 = − (1 + c2)

c
− N(1 + 2ρz − 2c2)

2c3P
,

b0 = −1 − N(2c − ρz)

2c3P
.

Proof. The proof is given in Sec. 7.8.1.
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Theorem 7.4.2. The two LTI systems in (7.1) with Ai = λi can be mean square
stabilized over the given Gaussian interference channel using optimized scheme if

log (|λi|) < max
k

−1

2
log
(

1 + k2
(
P
(
1 + c2 + 2cρ

)
+ N

)
− 2k

√
P (1 + cρ)

)

(7.11)

where k ∈ R+ and ρ is the unique root in the interval [0, 1] of the following quadratic
equation:

ρ2 + βρ + γ = 0, (7.12)

where

β =

(
2(k

√
P −1)2

+k2(2c2P +N)
)

2ck
√

P(k
√

P −1)
, γ = k2Nρz

2ck
√

P(k
√

P −1)
+ 1 if kNρz < 2c

√
P (1 − k

√
P ),

and β = k2N

2ck
√

P(k
√

P −1)
, γ = − k2Nρz

2ck
√

P(k
√

P −1)
− 1 if kNρz > 2c

√
P (1 − k

√
P ).

Proof. The proof is given in Sec. 7.8.2.

Remark 7.4.2. It is shown in Sec. 7.8 that the MMSE based scheme is a special
case of the optimized scheme, therefore, if a plant is stable under the MMSE based
control scheme then it is also stable under the optimized control scheme but the
reverse is usually not true.

Theorem 7.4.3. The two LTI systems in (7.1) with Ai = λi can be mean square
stabilized over the given Gaussian interference channel using a TDMA scheme if

log (|λ1|) + log (|λ2|) <
1

2
log

(

1 +
P

N

)

. (7.13)

Proof. Following the same steps as in the proof of Theorem 7.4.1, we can obtain the
following sufficient conditions for mean square stability under the TDMA scheme.

log (|λ1|) <
l1
2l

log

(

1 +
P

N

)

, (7.14)

log (|λ2|) <
l2
2l

log

(

1 +
P

N

)

. (7.15)

The conditions (7.14) and (7.14) imply the condition (7.13) because the parameters
l, l1, l2 ∈ N can be chosen arbitrarily.

7.5 Optimality of Linear Policies

The problem at hand has a non-classical information structure, where there are four
decision makers (two sensors and two controllers). It is well-known that for such
problems linear policies are not optimal in general. As an example, we discussed
the Witsenhausen problem [Wit68] in Section 1.3, in which there are two decision
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makers and linear policies are shown to be sub-optimal. In the following we give
some special cases where linear memoryless policies are actually optimal for mean-
square stabilization over the Gaussian interference channel.

Proposition 7.5.1. The MMSE based linear memoryless scheme is optimal for
mean-square stabilization over the given symmetric Gaussian channel if ρz = 0,
c < 1, and P = 2N

(1−c2)2 .

Proof. If we substitute ρz = 0, P = 2N
(1−c2)2 , and ρt = c in (7.40), then after

some algebraic simplifications we have ρt+1 = −sgn(ρt)c which implies ρ⋆ = c. By
evaluating (7.9) for ρ⋆ = c and P = 2N

(1−c2)2 , we get the following sufficient condition
for stability under the MMSE based scheme:

log(|λi|) <
1

2
log

(
3 + c2

1 − c2

)

. (7.16)

Now consider the necessary condition for stability given in (7.4). It can be shown
that for ρz = 0, P = 2N

(1−c2)2 , the term on the RHS in (7.4) is maximized by choosing
ρ = c and the necessary condition is then given by

log(|λ1|) + log(|λ2|) < log

(
3 + c2

1 − c2

)

. (7.17)

The necessary condition in (7.17) coincides with the sufficient condition in (7.16)
for a symmetric setting with |λ1| = |λ2|.

Proposition 7.5.2. The MMSE based linear memoryless scheme is optimal for
mean square stabilization over the given symmetric Gaussian channel with noise
correlation ρz = 1 if the initial states of two plants are fully correlated or anti-
correlated, i.e., ρ0 = ±1.

Proof. For this special case with ρ0 = ±1, we modify the initial transmission phase
discussed in Sec. 7.8.1 where the sensors transmit initial states {X1

0 , X2
0 } in al-

ternate time steps. Instead suppose that both sensors transmit their initial states

simultaneously as S1
0 =

√
P

α1,0
X1

0 and S2
0 =

√
P

α2,0
X2

0 sgn(ρ0). It is trivial to show

that after this initial transmission, {X1
1 , X2

1 } are zero mean Gaussian distributed
when ρz = 1. Furthermore, ρ1 = 1 if ρ0 = 1 and ρ1 = −1 if ρ0 = −1. Following
the transmission scheme given in Sec. 7.8.1 for the remaining time steps, we get
|ρt| = 1 for all t. By substituting ρ⋆ = 1 in (7.9) we get

log(|λi|) <
1

2
log

(

1 +
P (1 + c)2

N

)

, i = 1, 2,

which coincide with the necessary conditions given in (7.2) and (7.3).
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Proposition 7.5.3. The optimized linear memoryless scheme is asymptotically
optimal for mean-square stabilization over the given symmetric Gaussian channel
if the noise correlation ρz = −1.

Proof. In the optimized scheme if we choose k = 1√
P (1+c)

, then for ρz = −1 the

recursion of the state correlation coefficient in (7.40) simplifies to ρt+1 = −sgn(ρt).
This implies ρ⋆ = 1. Now, for k = 1√

P (1+c)
and ρ⋆ = 1, the sufficient condition in

(7.9) becomes

log(|λi|) <
1

2
log

(
P (1 + c)2

N

)

i = 1, 2. (7.18)

By comparing the above condition with the necessary conditions in (7.2) and (7.3),
we observe that the gap between the sufficient and necessary conditions approaches
zero as c goes to infinity.

Proposition 7.5.4. The MMSE based linear memoryless scheme is optimal for
mean-square stabilization over the given symmetric Gaussian channel if the noise

correlation ρz = 1 and 2c(1 + c2P
N

) < 1.

Proof. It is shown at the end of Appendix 7.C that ρ⋆ = 1 when ρz = 1 and
2c(1 + c2P

N
) < 1. By substituting ρ⋆ = 1 in (7.9) and comparing with (7.2), we

observe that the scheme is optimal for this special case.

7.6 Numerical Results and Discussions

The stabilizability of the plants depends on the interference channel parameters
such as average transmit power P , noise power N , noise cross-correlation ρz, and
cross channel gain c. Therefore, it is interesting to study the effect of these channel
parameters on the behavior of the two systems under our proposed schemes and gain
further insight on how good these linear memoryless schemes are. In this section,
we investigate stabilizability of the two plants under different values of noise cross-
correlation and cross channel gain with fixed transmit and noise powers.

In Fig. 7.2–Fig. 7.4 we fix P = 20, N = 1, ρz ∈ {−1, 0, 0.5}, and plot achievable
stability regions for symmetric plants (|λ1| = |λ2|) as functions of interference pa-
rameter c according to Theorem 7.4.1, Theorem 7.4.2, and Theorem 7.4.3. For the
sake of reference we also plot the outer bound on achievable stability region using
Theorem 7.3.1. We observe that the proposed linear memoryless schemes perform
quite close to optimal in low to moderate interference regimes. The optimized con-
trol scheme always outperforms the other two schemes. For ρz = −1, the optimized
scheme seems to be optimal for all the values of cross-channel gain c according
to Fig. 7.2. We have already shown in Proposition 7.5.3 that optimized scheme
is asymptotically optimal when ρz = −1, however, it might be that it is exactly
optimal as indicated by Fig. 7.2. It is interesting that under the proposed schemes
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Figure 7.2: P = 20, N = 1, ρz = −1.
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Figure 7.3: P = 20, N = 1, ρz = 0.
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Figure 7.4: P = 20, N = 1, ρz = 0.5.
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Figure 7.5: P = 20, N = 1, c = 1.
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Figure 7.6: P = 20, N = 1, c = 100.

stabilizability significantly improves as the interference gets very strong. This result
is in line with already known results in information theory, where it has been shown
that the transmission rates over interference channel can be significantly improved
in the presence of very strong interference [Sat81]. One reason for this is that the
state processes of the two plants become highly correlated in strong interference
scenarios due to dominant cross talk. Furthermore, we observe an increasing gap
between the optimized scheme and the MMSE based scheme as the interference
increases beyond certain threshold. This indicates that the conventional MMSE
based control strategy can be quite inefficient in multi-sensor multi-controller set-
tings, even when the sensors are restricted to be linear.

In Fig. 7.5 and Fig. 7.6 we fix P = 20, N = 1, and plot achievable stabil-
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ity regions as functions of noise correlation ρz for a moderate cross-channel gain
(interference) c = 1 and a high cross-channel gain c = 100, respectively. In these
examples, stability region reduces by increasing ρz from -1 to 1. For anti-correlated
noise variables i.e., ρz = −1, there is a dramatic boost in the stabilizability. A
similar behavior was observed in [GLW10], where the authors showed that the
sum-rate capacity over symmetric Gaussian interference channel can be doubled
with feedback in high SNR when the noise components are anti-correlated.

7.7 Necessity Proofs

In order to prove conditions (7.2) and (7.3), we make use of the following Lemma.

Lemma 7.7.1. The i-th linear system in (7.1) can be mean square stabilized over
the Gaussian interference channel only if

log (|det (Ai) |) ≤ lim inf
T →∞

1

T

T -1∑

t=0

I
(

X i
t ; Ri

t|Ri
[0,t-1]

)

, (7.19)

where I
(

X i
t ; Ri

t|Ri
[0,t-1]

)

denotes mutual information between state variable of the

i-th plant state X i
t and the received variable Ri

t, conditioned on the sequence of
received variables Ri

[0,t-1].

Proof. The proof can be found in Appendix 7.A.

In the following we obtain an upper bound on the term
∑T -1

t=0 I
(

X i
t ; Ri

t|Ri
[0,t-1]

)

and then use Lemma 7.7.1 to derive the necessary conditions given in (7.2) and
(7.3). The directed information can be bounded as,

T −1∑

t=0

I
(

X i
t ; Ri

t|Ri
[0,t-1]

) (a)

≤
T −1∑

t=0

I
(

Si
[0,t]; Ri

t|Ri
[0,t-1]

)

(b)

≤ I
(

Si
[0,T −1]; Ri

[0,T −1]

)

(c)

≤ I
(

S1
[0,T −1], S2

[0,T −1]; Ri
[0,T −1]

)

= h
(

Ri
[0,T −1]

)

− h
(

Ri
[0,T −1]|S1

[0,T −1], S2
[0,T −1]

)

(d)
= h

(

Ri
[0,T −1]

)

− h
(

Zi
[0,T −1]

)

(e)
=

T −1∑

t=0

[

h
(

Ri
t|Ri

[0,t−1]

)

− h
(
Zi

t

)]

(f)

≤
T −1∑

t=0

[
h
(
Ri

t

)
− h

(
Zi

t

)]



7.7. Necessity Proofs 127

(g)

≤
T −1∑

t=0

1

2
log

(

1 +
P + c2P + 2cρ̃tP

N

)

(h)

≤ T

2
log

(

1 +
P (1 + c)2

N

)

, (7.20)

where (a) follows from the Markov chain X i
t −{Si

[0,t], Ri
[0,t-1]}−Ri

t; (b) and (c) follow
from the fact that adding more variables cannot decrease mutual information; (d)
follows from Ri

t = Si
t +cSj

t +Zi
t and mutual independence of {Z1

t , Z2
t } and {S1

t , S2
t };

(e) follows from the assumption that Zi
[0,T -1] is a sequence of independent variables;

(f) follows from the fact that conditioning reduces entropy; (g) follows from

h
(
Zi

t

)
=

1

2
log (2πeN) ,

h
(
Ri

t

)
≤ 1

2
log
(
2πe

(
P + c2P + 2cρ̃tP

))
,

where equality holds if we assume Gaussian distributed variables since the Gaussian
distribution maximizes differential entropy for a given variance [CT06, Theorem
8.6.5]; and (h) follows by the maximization of the RHS of (j) subject to −1 ≤ ρ̃t ≤
1 for all t. The maximum value is attained by choosing ρ̃t = 1 if c ≥ 0 and ρ̃t = −1
if c ≤ 0. Now by using (7.20) in Lemma 7.7.1, we get the necessary conditions for
mean square stabilization given in (7.2) and (7.3).

In the following, we derive the necessary condition (7.4) using a genie-aided
bound approach [ST09]. Consider a superior system where the controllers have
some side (extra) information. We define Y i

t := cSi
t + Zj

t for i 6= j and assume
that at any time t, the i-th controller has access to Y i

[0,t] in addition to Ri
[0,t].

In the following, we obtain a necessary condition for mean square stabilization of
this superior system. Note that a condition which is necessary for the stabilization
of this superior system is also necessary for the stabilization of the actual system.
Similar approaches have been used in information theory community to derive outer
bounds on capacity regions [GC82,ST09]. We will again use Lemma 7.7.1 to derive
a necessary condition for the superior system. The following lemma reveals some
functional relationship between different variables in the superior system, which
will be useful in the derivation of the necessary condition.

Lemma 7.7.2. For the superior system with side information Y i
t := hSi

t + Zj
t at

the i-th controller, we have the following relationships for all i, j ∈ {1, 2} and i 6= j:

X i
t = At

iX
i
0 + µi

t

(

Ri
[0,t-1]

)

, (7.21)

Si
t = νi

t

(

X i
0, Y j

[0,t-1]

)

, (7.22)

Si
t = υi

t

(

X i
0, Ri

[0,t-1]

)

, (7.23)

where µi
t : Rt-1 → R, νi

t : Rt → R, and υi
t : Rt → R.
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Proof. The proof is given in Appendix 7.B.

The term
∑T −1

t=0 I
(

X i
t ; Ri

t|Ri
[0,t-1]

)

can also be written as,

T −1∑

t=0

I
(

X i
t ; Ri

t|Ri
[0,t-1]

)

=

T −1∑

t=0

h
(

X i
t |Ri

[0,t-1]

)

− h
(

X i
t |Ri

[0,t]

)

(a)
=

T −1∑

t=0

h
(

At
iX

i
0 + µi

t

(

Ri
[0,t-1]

) ∣
∣Ri

[0,t-1]

)

− h
(

At
iX

i
0 + µi

t

(

Ri
[0,t-1]

) ∣
∣Ri

[0,t]

)

=
T −1∑

t=0

h
(

At
iX

i
0|Ri

[0,t-1]

)

− h
(

At
iX

i
0|Ri

[0,t]

)

= I
(

At
iX

i
0; Ri

[0,T -1]

)

(b)
= I

(

X i
0; Ri

[0,T -1]

)

, (7.24)

where (a) follows by substituting X i
t from (7.21); and (b) follows from the fact that

Ai is invertible and the mutual information between two variables is invariant with
respect to any reversible transformation of one of the variables [Gal68, Page 31].
Now by using (7.24) in Lemma 7.7.1, the i-th plant can be mean square stabilized
only if

log (|det (Ai) |) ≤ lim inf
T →∞

1

T
I
(

X i
0; Ri

[0,T −1]

)

. (7.25)

Thus, the two plants can be mean square stabilized only if

log (|det (A1) |) + log (|det (A2) |)
(a)

≤ lim inf
T →∞

1

T
I
(

X1
0 ; R1

[0,T -1]

)

+ lim inf
T →∞

1

T
I
(

X2
0 ; R2

[0,T -1]

)

(b)

≤ lim inf
T →∞

1

T

{

I
(

X1
0 ; R1

[0,T -1]

)

+ I
(

X2
0 ; R2

[0,T -1]

)}

, (7.26)

where (a) follows from (7.25) and (b) follows from the fact that limit inferior satisfies

superadditivity. We can now bound the sum I
(

X1
0 ; R1

[0,T -1]

)

+ I
(

X2
0 ; R2

[0,T -1]

)

as

I
(

X1
0 ; R1

[0,T −1]

)

+ I
(

X2
0 ; R2

[0,T −1]

)

(a)

≤ I
(

X1
0 ; R1

[0,T −1], Y 1
[0,T −1], X2

0

)

+ I
(

X2
0 ; R2

[0,T −1]

)
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(b)
= I

(

X1
0 ; R1

[0,T −1], Y 1
[0,T −1]

∣
∣X2

0

)

+ I
(

X2
0 ; R2

[0,T −1]

)

(c)
= h

(

R1
[0,T -1], Y 1

[0,T -1]

∣
∣X2

0

)

− h
(

R1
[0,T -1], Y 1

[0,T -1]

∣
∣X1

0 , X2
0

)

+ h
(

R2
[0,T -1]

)

− h
(

R2
[0,T -1]

∣
∣X2

0

)

, (7.27)

where (a) follows from the fact that adding side information cannot decrease mu-
tual information; (b) follows from the assumption that X1

0 and X2
0 are mutually

independent; and (c) follows by writing mutual information in terms of differen-

tial entropies. The differential entropy h
(

R1
[0,T -1], Y 1

[0,T -1]|X1
0 , X2

0

)

in (7.27) can be

simplified as

h
(

R1
[0,T -1], Y 1

[0,T -1]|X1
0 , X2

0

)

=
T -1∑

t=0

h
(

R1
t , Y 1

t |X1
0 , X2

0 , R1
[0,t-1], Y 1

[0,t-1]

)

(a)
=

T -1∑

t=0

h
(

R1
t , Y 1

t |X1
0 , X2

0 , R1
[0,t-1], Y 1

[0,t-1], S1
t , S2

t

)

(b)
=
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t=0
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(

Z1
t , Z2

t |X1
0 , X2
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[0,t-1], Y 1

[0,t-1], S1
t , S2

t

)

(c)
=

T -1∑

t=0

h
(
Z1

t , Z2
t

)
, (7.28)

where (a) follows from (7.22); (b) follows from R1
t = S1

t + cS2
t + Z1

t and Y 1
t =

cS1
t + Z2

t ; and (c) follows from the fact that the channels are memoryless. The

entropy term h
(

R2
[0,T -1]|X2

0

)

in (7.27) can be expressed as

h
(
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h
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t |X2
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=
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t |X2
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=
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(
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t |X2
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)

= h
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Y 1
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0
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, (7.29)
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where (a) follows from R2
t = S2

t + Y 1
t and (7.23); (b) follows from Y 1

t = R2
t − S2

t ;
and (c) follows from R2

t = S2
t + Y 1

t and (7.22). We can now re-write (7.27) as,

I
(

X1
0 ; R1

[0,T −1]

)

+ I
(

X2
0 ; R2

[0,T −1]

)

(a)

≤ h
(
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)
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t
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0
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0

)
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)

−
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h
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t

)

(b)
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[0,T -1]|Y 1
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)
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)
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)}

, (7.30)

where (a) follows from (7.28) and (7.29); (b) follows from (7.22); (c) follows since
conditioning from reduces entropy; and (d) from

h
(
Z1

t , Z2
t

)
=

1

2
log
(

(2πe)
2

N2(1 − ρ2
z)
)

, (7.31)

h(R2
t ) ≤ 1

2
log
(
2πe

(
N + P

(
1 + c2 + 2cρt
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, (7.32)

h
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)
+P N
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t

)
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)

, (7.33)



7.8. Sufficiency Proofs 131

where the computation of (7.31) follows from the assumption that noise variables
are Gaussian and the inequality (7.32) follows from the fact that the Gaussian
distribution maximizes differential entropy for a given variance. The inequality
(7.33) is obtained as follows. We first bound the conditional variance of R1

t given
(Y 1

t , S2
t ) as

Var
[
R1

t |Y 1
t , S2

t

]

≤ E
[
(R1

t )2
]

− E
[
R1

t (Y 1
t , S2

t )
](
E
[
(Y 1

t , S2
t )T (Y 1

t , S2
t )
])−1
(
E
[
R1

t (Y 1
t , S2

t )
])

T

=
N
(
1 − ρ2

z

)
+P

(
1 + c2−2cρz

) (
1 − ρ2

t

)

(1 − ρ2
z) (P c2 (1 − ρ2

t ) + N)
, (7.34)

where the equality is achieved with multivariate Gaussian distribution. Further we
know that the Gaussian distribution maximizes entropy for a given variance, which
gives the inequality (7.33). This completes the proof.

7.8 Sufficiency Proofs

In order to prove Theorem 7.4.1 and Theorem 7.4.2 we find conditions on the system
parameters {λ1, λ2} which are sufficient to mean square stabilize the system in (7.1)
under the sensing and control schemes proposed in Sec. 7.4.

7.8.1 Proof of Theorem 7.4.1

The control and communication scheme for the interference channel works as fol-
lows.

Initial time steps, t = 0, 1

Similar to the schemes for all the channels (point-to-point, relay, broadcast, MAC)
studied in the previous chapters, we perform an initialization to make the plants’
states Gaussian distributed. In this initialization phase, the two encoders transmit
the observed state values in alternate time slots to the respective controllers. The
first two disjoint transmissions in time make the plants’ states Gaussian distributed
regardless of the distribution of their initial states, which will be explained shortly.
However, if the initial states are already Gaussian, then the following disjoint initial
transmissions are not needed.

At time step t = 0, the encoder E1 observes X1
0 and transmits S1

0 =
√

P
α1,0

X1
0 .

The encoder E2 does not transmit, i.e., S2
0 = 0. The decoder D1 receives R1

0 = S1
0 +

Z1
0 . It then estimates X1

0 as

X̂1
0 =

√
α1,0

P
R1

0

= X1
0 +

√
α1,0

P
Z1

0 .
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The controller C1 then takes an action U1
0 = −λ1X̂1

0 for the plant 1, which results in
X1

1 = λ1(X1
0 − X̂1

0 ). The state X1
1 ∼ N (0, α1,1) with α1,1 = λ2

1
α1,0N

P
. The controller

does not take any action for the plant 2, therefore X2
1 = λ2X2

0 with α2,1 = λ2
2α2,0.

At time step t = 1, the encoder E1 does not transmit any signal. The encoder E2

observes X2
1 and transmits S2

1 =
√

P
α2,1

X2
1 . The decoder D2 receives R2

1 = S2
1 + Z2

1 .

It then estimates X2
1 as

X̂2
1 =

√
α2,1

P
R2

1

= X2
1 +

√
α2,1

P
Z2

1 .

The controller C2 then takes an action U2
1 = −λ2X̂2

1 for the plant 2, which results
in X2

2 = λ2(X2
1 − X̂2

1 ), where X2
2 ∼ N (0, α2,2). For the plant 1, the controller does

not take any action U1
1 = 0, therefore X1

2 = λ1X1
1 and X1

2 ∼ N (0, α1,2).
It is noteworthy that due to non-overlapping initial transmissions by the two

encoders, the states X1
2 and X2

2 are now zero mean Gaussian variables with cor-

relation coefficient ρ2 =
E[X1

2 X2
2 ]√

α1,2α2,2
equal to zero1. Henceforth the two encoders will

transmit their signals simultaneously.

Further time steps t ≥ 2

The two encoders E1 and E2 observe X1
t and X2

t , and they respectively transmit

S1
t =

√

P

α1,t

X1
t ,

S2
t =

√

P

α2,t

X2
t sgn(ρt),

where ρt =
E[(X1

t −E[X1
t ])(X2

t −E[X2
t ])]√

α1,tα2,t
and sgn(ρt) = 1 if ρt ≥ 0 and sgn(ρt) = −1 if

ρt < 0.
In accordance, the decoder D1 receives R1

t = S1
t + cS2

t + Z1
t and the decoder D2

receives R2
t = S2

t +cS1
t +Z2

t . The decoder Di then computes a memoryless 2 MMSE

1The states in the second time step become uncorrelated irrespective of the value of the
correlation between the initial states. This scheme does not exploit correlation between the initial
states and thus the stability region obtained is independent of the correlation of the initial states.

2The memoryless estimator is not optimal since the channel outputs are correlated. Therefore
we expect that an improvement might be possible if we use full memory in the estimator. However
the analysis becomes complicated by considering full LMMSE estimation.
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estimate of the state of the plant i as

X̂ i
t = E[X i

t |Ri
t]

(a)
=

E[Ri
tX

i
t ]

E

[(
Ri

t

)2
]Ri

t, (7.35)

where (a) follows from the fact that the optimum MMSE of the Gaussian variable
is linear [Hay96]; and we have

E
[
X1

t R1
t

]
=
√

P α1,t (1 + c|ρt|) ,

E[X2
t R2

t ] =
√

P α2,t (1 + c|ρt|) sgn(ρt),

E[(Ri
t)

2] = P (1 + c2 + 2c|ρt|) + N. (7.36)

The controller Ci takes an action U i
t = −λiX̂

i
t for the plant i, which results in

X i
t+1 = λi(X

i
t − X̂ i

t). The mean values of the states are

E[X i
t+1] = E

[

λi

(

X i
t − X̂ i

t

)]

(a)
= λiE

[

X i
t − E[Ri

tX
i
t ]

E[(Ri
t)

2]
Ri

t

]

(b)
= 0, (7.37)

where (a) follows from (7.35); and (b) follows from E[X i
2] = 0 and by recursively

using (a). The variance of the state X i
t+1 is given by

αi,t+1 := E[(X i
t+1)2]

= λ2
i

(

E[(X i
t )2] − (E[Ri

tX
i
t ])2

E[(Ri
t)

2]

)

(7.38)

By using (7.36) in (7.38) we get the following recursive equations

αi,t+1 = αi,tλ
2
i

(

P c2
(
1 − |ρt|2

)
+ N

P (1 + c2 + 2c|ρt|) + N

)

. (7.39)

The cross-correlation coefficient ρt between the two state processes for all t ≥ 3
is given by

ρt+1 =
E[X1

t+1X2
t+1]

√
α1,t+1α2,t+1

=
1

√
α1,t+1α2,t+1

E

[

λ1

(

X1
t − X̂1

t

)

λ2

(

X2
t − X̂2

t

)]

(a)
=

λ1λ2√
α1,t+1α2,t+1

(

E[X1
t X2

t ] − E[X1
t R2

t ]E[X2
t R2

t ]

E[(R2
t )2]

− E[X2
t R1

t ]E[X1
t R1

t ]

E[(R1
t )2]
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+
E[X1

t R1
t ]E[X2

t R2
t ]E[R1

t R2
t ]

E[R1
t ]E[R2

t ]

)

(b)
= λ1λ2

√
α1,tα2,t

α1,t+1α2,t+1

(

ρt − 2
P sgn(ρt) (c + |ρt|) (1 + c|ρt|)

P (1 + c2 + ch|ρt|) + N

+
P sgn(ρt) (1 + c|ρt|)2 (2cP + P |ρt|(1 + c2) + Nρz

)

(P (1 + c2 + 2c|ρt|) + N)
2

)

(c)
= sgn(ρt)

(
P (1 + c2 + 2c|ρt|) + N

P c2 (1 − |ρt|2) + N

)

×
(

|ρt| − 2
P (c + |ρt|) (1 + c|ρt|)
P (1 + c2 + 2c|ρt|) + N

+
P (1 + c|ρt|)2 (

2cP + P |ρt|(1 + c2) + Nρz

)

(P (1 + c2 + 2c|ρt|) + N)2

)

(d)
=: g(ρt)sgn(ρt), ∀t ≥ 2, (7.40)

where (a) follows from

E[X1
t X̂2

t ] =
E[X1

t R2
t ]E[X2

t R2
t ]

E[(R2
t )2]

,

E[X2
t X̂1

t ] =
E[X2

t R1
t ]E[X1

t R1
t ]

E[(R1
t )2]

,

E[X̂1
t X̂2

t ] =
E[X1

t R1
t ]E[X2

t R2
t ]E[R1

t R2
t ]

E[(R1
t )2]E[(R2

t )2]
, (7.41)

(b) follows from

E[X1
t R2

t ] =
√

P α1,t(c + |ρt|),
E[X2

t R1
t ] =

√

P α2,t(c + |ρt|)sgn(ρt),

E[R1
t R2

t ] = 2cP + P |ρt|(1 + c2) + Nρz (7.42)

(c) follows from (7.39); and (d) follows by defining g(ρt).
Now we wish to find conditions on the parameters {λ1, λ2} which ensure mean

square stability of the two systems in (7.1) over the given white Gaussian interfer-
ence channel. In order to find the values of the parameters {λ1, λ2} for which the
variance of the two state processes given by (7.39) can be made equal to zero as
time goes to infinity, we make use of the following lemma.

Lemma 7.8.1. For the recursive equation in (7.40) there exists at least one
ρ⋆ ∈ [0, 1] such that if |ρt| = ρ⋆ then |ρt+k| = ρ⋆ for all k ≥ 0, where ρ⋆ is a
root of one of the two polynomials {f1(ρ), f2(ρ)} given in (7.10). Further, if ρ⋆ is
a root of f1(ρ), then ρt+k = (−1)kρ⋆, and if ρ⋆ is a root of f2(ρ), then ρt+k = ρ⋆

for all k ≥ 0.
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Proof. The proof can be found in Appendix 7.C.

If we modify our encoding scheme such that ρ2 becomes equal to ρ⋆ instead of
zero, then |ρt| will be equal to ρ⋆ for all t ≥ 2. This modification3 in the encoding
scheme can be done as follows. Suppose in the initial transmissions (i.e., t = 0, 1)

the two encoders transmit S1
0 =

√
P

α1,0
X1

0 + m and S2
1 =

√
P

α2,1
X2

1 + m, where m

is a Gaussian variable with zero mean and variance σ2
m. In this way ρ2 can take on

any value between zero and one by varying σ2
m. Thus, by choosing σ2

m such that
ρ2 = ρ⋆, we can rewrite (7.39) as

αi,t+1 = αi,tλ
2
i

(

P c2
(
1 − ρ⋆

t
2
)

+ N

P (1 + c2 + 2cρ⋆
t ) + N

)

= αi,2

(

λ2
i

P c2
(
1 − ρ⋆

t
2
)

+ N

P (1 + c2 + 2cρ⋆
t ) + N

)t−2

. (7.43)

Although in the modified encoding scheme we have violated the average power
constraint for the first two transmissions, its effect can be neglected for infinite
time horizon. We observe from (7.43) that αi,t → 0 as t → ∞ if

(

λ2
i

P c2
(
1 − ρ⋆

t
2
)

+ N

P (1 + c2 + 2cρ⋆
t ) + N

)

< 1

⇒ log(λi) <
1

2
log

(

P
(
1 + c2 + 2cρ⋆

)
+ N

P c2
(
1 − ρ⋆2

)
+ N

)

, (7.44)

for i ∈ {1, 2}. The term on the right hand side in (7.44) is a monotonically increasing
function of ρ⋆, therefore we choose ρ⋆ to be the largest among all roots in [0, 1] of
the two polynomials {f1(ρ), f2(ρ)}. This completes the proof of Theorem 7.4.1.

7.8.2 Proof of Theorem 7.4.2

The proof of Theorem 7.4.2 follows the proof of Theorem 7.4.1, since the transmit
strategy in the optimized scheme is exactly the same as in the MMSE based scheme.
The two schemes only differ in the control strategy. Therefore the expectations given
in (7.36) and (7.42) are also valid for the optimized scheme. The variance of the

3At this point we modify the encoding scheme in order to artificially guarantee convergence
of ρt to a fixed point. Numerical experiments suggest that ρt always converges to a fixed point
starting from an arbitrary ρ2, and this fixed point is unique.
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state X i
t+1 under the optimized scheme is given by

αi,t+1 := E[(X i
t+1)2]

= E

[(
λiX

i
t + U i

t

)2
]

= λ2
iE

[(
X i

t

)2
]

+ E

[(
U i

t

)2
]

+ 2λiE
[(

X i
tU i

t

)]

= λ2
i αi,t

(

1 + k2
(
P
(
1 + c2 + 2c|ρt|

)
+ N

)
− 2k

√
P (1 + c|ρt|)

)

, (7.45)

where the last equality follows from (7.7) and (7.36). The cross-correlation coeffi-
cient ρt between the two state processes for all t ≥ 3 is given by

ρt+1 =
E[X1

t+1X2
t+1]

√
α1,t+1α2,t+1

(a)
=

λ1λ2√
α1,t+1α2,t+1

E

[(

X1
t − k

√
α1,tR

1
t

)(

X2
t − k

√
α1,tsgn(ρt)R

2
t

)]

=
λ1λ2√

α1,t+1α2,t+1
E

[

X1
t X2

t − k
√

α2,tsgn(ρt)X
1
t R2

t − k
√

α1,tX
2
t R1

t

+ k2√
α1,tα2,tsgn(ρt)R

1
t R2

t

]

(b)
= sgn(ρt)λ1λ2

√
α1,tα2,t

α1,t+1α2,t+1

(

|ρt| + k2P
(
|ρt| + c2|ρt| + 2c

)

− 2k
√

P (c + |ρt|)
)

(c)
= sgn(ρt)

(

|ρt| + k2P
(
|ρt| + c2|ρt| + 2c

)
+ k2Nρz − 2k

√
P (c + |ρt|)

)

(

1 + k2 (P (1 + c2 + 2c|ρt|) + N) − 2k
√

P (1 + c|ρt|)
)

=: sgn(ρt)g(ρt) (7.46)

where (a) follows from (7.7); (b) follows from (7.42); (c) follows from (7.45); and
(d) follows by defining g(ρt).

Now we wish to find conditions on the parameters {λ1, λ2} which ensure mean
square stability of the two systems in (7.1) over the given white Gaussian interfer-
ence channel. In order to find the values of the parameters {λ1, λ2} for which the
variance of the two state processes given by (7.45) can be made equal to zero as
time goes to infinity, we make use of the following lemma.

Lemma 7.8.2. For the recursive equation in (7.46) there exists at least one
ρ⋆ ∈ [0, 1] such that if |ρt| = ρ⋆ then |ρt+l| = ρ⋆ for all l ≥ 0, where ρ⋆ is a
solution of the quadratic given in (7.12).
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Proof. The proof can be found in Appendix 7.D.

Like the proof of Theorem 7.4.1 we can modify our encoding scheme such that
ρ2 becomes equal to ρ⋆, then |ρt| will be equal to ρ⋆ for all t ≥ 2. This modification
in the encoding scheme can be done as follows. Suppose in the initial transmissions

(i.e., t = 0, 1) the two encoders transmit S1
0 =

√
P

α1,0
X1

0 +m and S2
1 =

√
P

α2,1
X2

1 +m,

where m is a Gaussian variable with zero mean and variance σ2
m. In this way ρ2

can take on any value between zero and one by varying σ2
m. Thus by choosing σ2

m

such that ρ2 = ρ⋆, we can rewrite (7.45) as

αi,t+1 = αi,tλ
2
i

(

1 + k2
(
P
(
1 + c2 + 2c|ρ⋆|

)
+ N

)
− 2k

√
P (1 + c|ρ⋆|)

)

. (7.47)

We observe from (7.47) that αi,t → 0 as t → ∞ if

λ2
i

(

1 + k2
(
P
(
1 + c2 + 2c|ρ⋆|

)
+ N

)
− 2k

√
P (1 + c|ρ⋆|)

)

< 1

⇒ log(λi) <
1

2
log

(
1

1 + k2 (P (1 + c2 + 2c|ρ⋆|) + N) − 2k
√

P (1 + c|ρ⋆|)

)

.

(7.48)

We have that for any choice of k ∈ R+ in the control functions, the two plants
are mean square stable if (7.48) is satisfied. In order to maximize achievable sta-
bility region, we maximize the RHS of inequality in (7.48) over the design param-
eter k ∈ R+. This completes the proof of Theorem 7.4.2. Note that if we choose

k =
√

P (1+c|ρ⋆|)
P (1+c2+2c|ρ⋆|) , then the optimized scheme becomes equivalent to the MMSE

based scheme. Therefore the optimized scheme performs at-least as good as the
MMSE based scheme.

7.9 Conclusions

We have derived necessary as well as sufficient conditions for stabilization of LTI
plants over a symmetric Gaussian interference channel. Sufficient conditions are
obtained by employing linear memoryless sensing and control schemes. We showed
that linear memoryless schemes perform quite well over a large range of system
parameters. In some special cases they are exactly optimal or nearly optimal. We
introduced an optimized linear scheme, in which the controllers can be optimized
to maximize achievable stability region. This scheme always outperforms the con-
ventional MMSE based (minimum variance) controller. MMSE based scheme can
be quite inefficient in strong interference, as we observed an increasing gap between
achievable stability regions of the two schemes as a function of cross-channel gain.
This shows that MMSE based control scheme are not suitable for multi-terminal
setups, unlike point-point Gaussian channels where it is actually optimal to use
MMSE based scheme. Moreover, we also observed that TDMA based transmit
scheme is very inefficient for stabilization in multi-plant multi-controller settings.
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The necessary and sufficient conditions derived in the chapter reveal relation-
ships between stabilizability and interference channel parameters such as transmit
power, channel noise power, interference power, and correlation between the noises
at the two controllers. From these relationships, we made some interesting observa-
tions: stability region significantly enlarges as the interference gets very strong. At
high interference, the state processes of the two plants become highly correlated and
thus the two sensors start cooperating by transmitting correlated outputs. More-
over, we have observed that cross-correlation between the noise variables at the two
controllers can significantly effect stabilizability. Negative correlation usually helps
and positive correlation hurts.

The stability results provided in this chapter can be extended for non-symmetric
interference channel using the proposed schemes with further computations. One
can also extend results for a setup where the links from the controllers to the plants
are also white Gaussian communication channels. For this setup we can have an en-
coder at each control unit to encode the control action and a decoder at each plant
to decode the transmitted value of the control action. As long as the encoders,
the decoders, and the controllers are linear, the nature of the problem does not
change and the stability results can be obtained cf. [YB11]. For future studies, an
interesting step would be to find an optimal linear controller for the given problem.
In particular, it would be interesting to find out how much improvement can be
obtained by employing memory in the transmission and control schemes. Another
interesting direction for future research would be to study LQG control problem
in Gaussian interference networks. Clearly, one expects that estimation based con-
trollers would be even worse for LQG control problem. It would be interesting to
see the effect of the interference level on the quadratic cost. Can we achieve lower
cost in the high interference regime similarly as we observe an improved stability
in the high interference regime in this work?

Appendix

7.A Proof of Lemma 7.7.1

The proof of Lemma 7.7.1 follows from the same steps as the proof of Lemma 2.2.1,
however, with minor differences due to zero process noise and the presence of two
plants. Consider the following series of equalities:

T −1∑

t=0

I
(

X i
t ; Ri

t|Ri
[0,t-1]

)

= I
(
X i

0; Ri
0

)
+

T −1∑

t=1

I
(

X i
t ; Ri

t|Ri
[0,t-1]

)
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(b)
= I

(
X i

0; Ri
0

)
+

T −1∑

t=1

(

h
(

X i
t |Ri

[0,t-1]

)

− h
(

X i
t |Ri

[0,t]

))

(c)
=

T −1∑

t=1

(

h
(

AiX
i
t-1 + U i

t-1|Ri
[0,t-1]

)

− h
(

X i
t |Ri

[0,t]

))

+ I
(
X i

0; Ri
0

)

(d)
=

T −1∑

t=1

(

log (|det (Ai) |) + h
(

X i
t-1|Ri

[0,t-1]

)

− h
(

X i
t |Ri

[0,t]

))

+ I
(
X i

0; Ri
0

)

= T log (|det (Ai) |) + h
(
X i

0|Ri
0

)
− h

(

X i
T -1|Ri

[0,T -1]

)

+ I
(
X i

0; Ri
0

)

= h
(
X i

0

)
+ (T − 1) log (|det (Ai) |) − h

(

X i
T -1|Ri

[0,T -1]

)

, (7.49)

where (a) follows from the definition of directed information [Mas90]; (b) follows
by writing mutual information in terms of differential entropies; (c) follows from
(7.1); (d) follows from the fact that for a matrix A and a random variable X , we
have h (AX) = h(X) + log (|det (A) |) [CT06, Theorem 8.6.4, (8.71)]; Using (7.49)
the directed information rate is given by

lim infT →∞
1

T
I
(

X i
[0,T -1] → Ri

[0,T -1]

)

= lim infT →∞
1

T

(

(T − 1) log (|det (Ai) |) + h
(
X i

0

)
− h

(

X i
T -1|Ri

[0,T -1]

))

(a)
= log (|det (Ai) |) − lim sup

T →∞

1

T
h
(

X i
T -1|Ri

[0,T -1]

)

(b)

≥ log (|det (Ai) |) − lim sup
T →∞

1

T
log ((2πe)n|K|)

= log (|det (Ai) |) ,

where the inequality (a) follows from h
(
X i

0

)
< ∞; and (b) follows from the fact

that for a mean square stable system there exists a matrix K ≻ 0 with Λt � K for
all t. Further, we know that for a given covariance matrix K the differential entropy
is maximized by the Gaussian distribution.

7.B Proof of Lemma 7.7.2

Consider the following series of equalities

X i
t+1

(a)
= AiX

i
t + U i

t

(b)
= At+1

i X i
0 +

t∑

k=0

At−kU i
k

= At+1
i X i

0 +
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Akπi
k

(

Ri
[0,k]

)

(7.50)
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= At+1
i X i

0 +

t∑

k=0

Akπi
k

(

Si
[0,k] + Y i

[0,k]

)

, (7.51)

where (a) follows from (7.1); (b) follows by recursively applying (a); (7.50) follows

from U i
t = πi

t

(

Ri
[0,t]

)

; and (7.51) follows from Ri
t = Si

t +hSj
t +Zi

t and Y i
t = hSi

t +Zj
t

for i 6= j. From (7.50) we see that X i
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iX
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, where µi
t : Rt-1 → R.
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, we have Si
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,

where υi
t : Rt → R. Moreover, Si

t can also be written as

Si
t = f i

t

(

X i
[0,t]
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t

(

X i
0, Si

[0,t−1], Y i
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X i
0, Y i
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, (7.52)

where (a) follows from (7.51) and by defining gi
t : R2t-1 → R; and (b) follows from

recursively applying (a) and by defining νi
t : Rt → R.

7.C Proof of lemma 7.8.1

Consider the recursive equation ρt+1 = sgn(ρt)g(ρt) given in (7.40). Based on g(ρ)
we define two polynomials {f1(ρ), f2(ρ)} as,

f1(ρ) := l1(ρ + g(ρ)),

f2(ρ) := l2(−ρ + g(ρ)), (7.53)

where l1 and l2 are two non-zero scalars chosen such that the leading coefficients of
the two polynomials are equal to one, i.e., f1(ρ) and f2(ρ) are monic polynomials.
With some algebraic manipulations, these polynomials are given in a simplified form
in (7.10). Suppose that there exists at least one ρ⋆ ∈ [0, 1] which is a root of one
of the two polynomials {f1(ρ), f2(ρ)}. (In other words we are assuming that there
exists at least one ρ⋆ in the interval [0, 1] which is either a solution to −ρ = g(ρ)
or a solution to ρ = g(ρ).) Then if at any time |ρt| = ρ⋆ and ρ⋆ is a root of f1(ρ)
or f2(ρ), then will we have |ρt+k| equal to ρ⋆ for all k ≥ 0. If ρ⋆ is a root of f1(ρ)
(or a solution to −ρ = g(ρ)), then ρt+k = (−1)kρ⋆; and if ρ⋆ is a root of f2(ρ) (or
a solution to ρ = g(ρ)), then ρt+k = ρ⋆ for all k ≥ 0. Therefore in order to prove
Lemma 7.8.1, we need to show existence of a root in the interval [0,1] of at least of
one of the two polynomials {f1(ρ), f2(ρ)}.

We first consider the polynomial f1(ρ). Since f1(ρ) is a continuous function, it
will have at least one root in the interval [0, 1] if it changes sign within this interval.
That is at least one root exists in [0, 1] if we have either {f1(0) ≥ 0, f1(1) ≤ 0} or
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{f1(0) ≤ 0, f1(1) ≥ 0}. By evaluating f1(ρ) for ρ = 0, 1, we get

f1(0) = 1 +
N(2h − ρz)

2h3P
,

f1(1) = −P N
(
h2 (ρz + 1) + 2h (ρz + 1) (ρz + 1) + 2N2

)

2h3P 2
,

where ρz ∈ [−1, 1] and P, N, h > 0. For all ρz ∈ [−1, 1], we have f1(1) < 0. Further

f1(0) > 0 for −1 ≤ ρz ≤ 2h
(

1 + h2P
N

)

, and f1(0) < 0 for 2h
(

1 + h2P
N

)

< ρz ≤ 1.

Therefore the existence of a root of f1(ρ) in the interval [0, 1] is guaranteed for all

ρz ∈ [−1, 2h(1 + h2P
N

)]. Since we could not show the existence of a root in [0, 1]

of f1(ρ) when ρz > 2h(1 + h2P
N

), we now investigate the polynomial f2(ρ) for all

ρz > 2h(1 + h2P
N

). By evaluating f2(ρ) for ρ = 0, 1, we get

f2(0) = −
(

1 +
N(2h − ρz)

2h3P

)

,

f2(1) =
N (1 + h)2 (ρz − 1)

2h3P
.

We observe that f2(1) ≤ 0 for ρz ∈ [−1, 1], and f2(0) > 0 for ρz > 2h(1 + h2P
N

).

Therefore a root in [0, 1] of f2(ρ) exists when ρz > 2h(1 + h2P
N

). Hence we have
shown the existence of a root in the interval [0,1] of at least of one of the two
polynomials for all values of {P, h, N, ρz}. Further we observe that f2(1) = 0 for
ρz = 1, from which Theorem 7.5.4 follows.

7.D Proof of lemma 7.8.2

We define the following functions based on the recursive equation in (7.46),

J1(ρ) := ρ + g(ρ),

J2(ρ) := −ρ + g(ρ),

where g(ρ) is given in (7.46). A value ρ = ρ⋆ for which either J1(ρ) = 0 or J2(ρ) = 0
translates to ρ = |g(ρ)|. Now if the recursive function ρt+1 = sgn(ρ)g(ρ) achieves a
the point ρ⋆ at time t1 then |ρt+1| = ρ⋆ for all t ≥ t1. If ρ⋆ is root of J1(ρ) then
ρt+n = (−1)nρ⋆, and if ρ⋆ is root of J2(ρ) then ρt+n = ρ⋆.

To find the existence of a root, we evaluate the functions {J1(ρ), J2(ρ)} for ρ = 0
and ρ = 1.

J1(1) = 1 +
k2Nρz +

(

1 − k
√

P (1 + c)
)2

k2N +
(

1 − k
√

P (1 + c)
)2 ,
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J2(1) = − k2N (1 − ρz)

k2N +
(

1 − k
√

P (1 + c)
)2 ,

J1(0) = J2(0) = g(0) =
2ck

√
P
(

k
√

P − 1
)

+ k2Nρz

k2 (c2P + N) +
(

k
√

P − 1
)2 .

It is seen that J1(1) > 0 and J2(1) ≤ 0 for all channel parameters c, P, N ∈ R,
ρz ∈ [−1, 1]. Since J1(0) = J2(0) = g(0), it follows that there is always a root

ρ⋆ ∈ [0, 1] in one of the two functions {J1(ρ), J2(ρ)}. If 2ck
√

P
(

k
√

P − 1
)

+

k2Nρz < 0, then J1(0) < 0and ρ⋆ ∈ [0, 1] is a root of J1. If 2ck
√

P
(

k
√

P − 1
)

+

k2Nρz > 0, then J2(0) < 0 and ρ⋆ ∈ [0, 1] is a root of J2. This leads to the
conclusion that a fixed point ρ⋆ always exists. Furthermore, with some algebraic
simplifications it can be shown that ρ⋆ is the unique solution of

ρ2 + βρ + γ = 0, (7.54)

where β =

(
2(k

√
P −1)

2
+k2(2c2P +N)

)

2ck
√

P (k
√

P −1)
, γ = k2Nρz

2ck
√

P(k
√

P −1)
+ 1 if kNρz <

2c
√

P (1 − k
√

P ), and β = k2N

2ck
√

P(k
√

P −1)
, γ = − k2Nρz

2ck
√

P(k
√

P −1)
− 1 if kNρz >

2c
√

P (1 − k
√

P ).



Chapter 8

Conclusions

The thesis considered remote stabilization and control of linear time invari-
ant systems over communication networks. The results were presented in
three main parts addressing several open problems in sensing and control

of LTI systems over various network topologies with different objectives. Although
large networked control systems are the main motivation, we have focused on sys-
tems with fewer components to understand the fundamental principles. An in-depth
analysis have provided us with intuition to guide the understanding and design of
networked control systems. In this chapter we highlight the main findings of the
thesis and provide some directions for future research on this subject.

In parts I and III, we studied mean-square stabilization of LTI systems over
some fundamental abstractions of communication scenarios such as point-to-point
channels, relay channels, broadcast channels, multiple-access channels, and interfer-
ence channels. We derived necessary conditions as well as sufficient conditions for
stabilization over these channels. Necessary conditions are derived using informa-
tion theoretic arguments. Sufficient conditions are derived using delay-free sensing
and control methods that are suitable for delay-sensitive control applications. By
comparing these necessary and sufficient conditions, we realize how good delay-free
policies are in various network settings. In the following we summarize our key
findings. We observed that linear time invariant sensing and control policies are
insufficient for stabilization of a plant even over a scalar point-to-point Gaussian
channel. However a linear time varying scheme is shown to be optimal for stabi-
lization of LTI plants over a large class of vector Gaussian channels, even when the
source channel matching principle does not hold. For a given system and a given
channel, the optimality of the linear policies can be verified by solving a linear pro-
gram. Further, we discussed that a delay-free non-linear time varying scheme policy
is always optimal for stabilization of noiseless LTI plants over point-to-point Gaus-
sian channels. Then we extended our study to stabilization of an LTI plant over
relay networks, where relays are allowed to employ arbitrary transmit policies under
an average power constraint and arbitrary control policies without any constraint.
We considered three fundamental relay network topologies (cascade, parallel, non-
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orthogonal) that are building blocks of a more general network. We observed that
delay-free linear sensing and control strategies are asymptotically optimal for a sym-
metric two-hop non-orthogonal relay network, with respect to the number of relay
nodes or the transmit powers at the relays. For a two-hop parallel relay network,
we observed a non-decreasing gap between the sufficient conditions derived using
linear policies and the necessary conditions, as a function of the number of relay
nodes in the network. The gap remains bounded as the number of relays approaches
infinity. A very useful observation is that the delay-free linear strategies become in-
creasingly inefficient for stabilization as the number of hops in a relay network
increases, motivating the need for non-linear schemes with or without memory. Fi-
nally, we studied stabilization of multiple plants over multi-user Gaussian channels
without intermediate relay nodes. We observed that delay-free linear time varying
sensing and control approaches are still good choice for multi-user channels in most
cases, when designed appropriately. In fact in some very special cases, delay-free
linear schemes are exactly optimal. An important observation is that TDMA based
sensing methods and state estimation based control strategies are not suitable can-
didates for stabilization of multiple plants over multi-user networks. We introduced
an optimized delay-free linear control scheme that can significantly outperform the
traditional state estimation (MMSE) based scheme over a wide range of communi-
cation channel parameters. The gap between the stability region achieved by the
optimized scheme and the stability region achieved by the MMSE based scheme
increases as a function of the cross-channel gain (or the interference power).

The necessary and sufficient condition derived in this thesis not only explain
how good delay-free sensing and control policies are in various network settings,
but they also shed light on the relationship between stabilizability of plant(s) and
the communication network parameters. They quantify the effect of channel pa-
rameters (transmit power, noise powers, channel gains, interference) on stability.
For instance, they tell us how communication resources such as transmit powers
should be allocated in the network in order to stabilize the given plant(s). For
parallel networks, we observed that an optimal strategy might be to transmit in-
formation to the remote controller using only on a subset of the available channels.
Similarly in non-orthogonal relay networks, it might be more beneficial to turn
off certain relay nodes than employing an AF (linear) strategy if the information
received at the relays is very noisy. For interference channels, we have made an
interesting observation that interference within the communication network can
actually be useful when the objective is to stabilize the plants. In all network set-
tings, we have observed a close connection between information rates and stability
that can be achieved over a given channel, motivating the use of information the-
ory in understanding the problems in networked control systems. In particular, we
have discussed relationships between unstable modes of the plant and directed in-
formation rates between the sequence of channel inputs (or state variables) and the
sequence of channel outputs. By upper bounding these information rates, we have
derived necessary conditions for stabilization in various network settings. Moreover,
we have also shown that the directed information rates under linear policies can
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characterize sufficient conditions for stabilization.
In Part II of the thesis, we studied how good or bad linear policies are when

the objective is to minimize a quadratic cost function of the state process. We
considered two basic network settings: i) cascade network and ii) parallel network.
For a three node cascade network, we showed that although linear schemes are
person-by-person optimal, they are not globally optimal in general. We proposed a
non-linear transmission strategy based on a three-level quantization function. The
proposed non-linear scheme outperforms the best linear scheme in low SNR regions.
When the channels are very noisy, one intuition on why the proposed non-linear
strategy is superior may be that it does not amplify the large values of channel noise
at its input unlike the linear (amplify-and-forward) strategy. For parallel networks,
linear policies are not even person-by-person optimal. One reason for inefficiency of
linear sensing schemes is that the signals transmitted on the parallel channels under
linear schemes can be highly correlated if the measurement noise powers at the
senors are low. We have proposed a non-linear sensing scheme based on a sawtooth
function that outperforms the best linear scheme by reducing correlation between
the information transmitted on different channels. For the problem of stabilization
over parallel networks, we have observed in Part I of the thesis that delay-free
linear policies are optimal for a large class of plant and channel pairs. However,
this result does not carry over to the case when the objective is optimization (cost-
minimization) and not stabilization. Thus, the sensing and control policies which
are suitable for stabilization over a network, may not be suitable when we have an
optimization (cost minimization) problem. That is, a good choice of sensing and
control scheme should be based not only on the information structure of the system
but also on the system’s objective.

Our quest for understanding open problems related to sensing and control over
Gaussian networks has given rise to several interesting questions and at the same
time made us aware of some very fundamental problems that are still unsolved.
In the following we highlight some important problems that we think would be
interesting to explore in the future. This thesis made some progress on the problem
of stabilizing a multi-dimensional plant over a multi-dimensional Gaussian channel,
however the problem of finding optimal sensing and control polices that minimize
a quadratic cost function of the state and control process remains open in both
static and dynamic settings. In the dynamic case, even optimal linear policies are
not known. Our study on stabilization and control over relay networks was one
of the earliest, where we used amplify-and-forward based relaying strategies. We
realized that for relay networks, amplify-and-forward relaying strategies become
increasingly inefficient as the number of relays connected in cascade increases. One
may look for better methods. In fact, in Chapter 4 we have seen examples of simple
quantization based policies that worked well for minimizing end-to-end distortion
in cascade relay channels. One can use similar policies for stabilization over cascade
relay networks. Similarly the non-linear sensing policies introduced in Chapter 5
can be used for stabilization over parallel relay networks. We have realized that it’s
a challenging task to derive sufficient conditions for stabilization under these non-
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linear policies. One extension to Chapter 4 would be to find optimal linear policies
for transmission of a vector Gaussian source over a vector Gaussian cascade relay
channel. Of course it is also interesting to show if optimal policies exist. For multi-
user channels, we know very little today. One natural step would be to look for
optimal delay-free linear policies, which are not known even in the scalar settings.
Extensions to schemes with memory and non-linear methods would be further steps.
For interference channels, it would be interesting to formulate an LQG control
problem and then see if the presence of strong interference can lead to lower cost,
as we have observed in the case of stabilization. We observed that stabilization
is not affected by an additive process noise for point-to-point channels. It would
be very useful to show if this is also valid for general Gaussian networks. Another
potential extension to this thesis would be to consider some sort of cooperation
between remote controllers in multi-user settings.

As the author of the thesis, it would be interesting for me if someone pursues
the above mentioned research problems or other problems related to this thesis.
I would be more than happy to discuss and collaborate in studying problems of
mutual interest.
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