
Transition to turbulence in the

asymptotic suction boundary layer

Taras Khapko

February 2014
Technical Reports

Royal Institute of Technology
Department of Mechanics

SE-100 44 Stockholm, Sweden



Akademisk avhandling som med tillst̊and av Kungliga Tekniska Högskolan i
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Linné FLOW Centre, KTH Mechanics, Royal Institute of Technology
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Abstract

The focus of this thesis is on the numerical study of subcritical transition to
turbulence in the asymptotic suction boundary layer (ASBL). Applying con-
stant homogeneous suction prevents the spatial growth of the boundary layer,
granting access to the asymptotic dynamics. This enables research approaches
which are not feasible in the spatially growing case.

In a first part, the laminar–turbulent separatrix of the ASBL is investi-
gated numerically by means of an edge-tracking algorithm. The consideration
of spanwise-extended domains allows for the robust localisation of the attract-
ing flow structures on this separatrix. The active part of the identified edge
states consists of a pair of low- and high-speed streaks, which experience calm
phases followed by high energy bursts. During these bursts the structure is
destroyed and re-created with a shift in the spanwise direction. Depending on
the streamwise extent of the domain, these shifts are either regular in direc-
tion and distance, and periodic in time, or irregular in space and erratic in
time. In all cases, the same clear regeneration mechanism of streaks and vor-
tices is identified, bearing strong similarities with the classical self-sustaining
cycle in near-wall turbulence. Bifurcations from periodic to chaotic regimes
are studied by varying the streamwise length of the (periodic) domain. The
resulting bifurcation diagram contains a number of phenomena, e.g. multista-
bility, intermittency and period doubling, usually investigated in the context
of low-dimensional systems.

The second part is concerned with spatio–temporal aspects of turbulent
ASBL in large domains near the onset of sustained turbulence. Adiabatically
decreasing the Reynolds number, starting from a fully turbulent state, we study
low-Re turbulence and events leading to laminarisation. Furthermore, a robust
quantitative estimate for the lowest Reynolds number at which turbulence is
sustained is obtained at Re ≈ 270.

Descriptors: Boundary layers, instability, laminar–turbulent transition, dy-
namical systems, edge states, near-wall turbulence, laminarisation
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Överg̊ang till turbulens i det asymptotiska sugningsgräns-
skiktet

Taras Khapko

Linné FLOW Centre, KTH Mechanics, Royal Institute of Technology
SE-100 44 Stockholm, Sweden

Abstrakt

Den här avhandlingen fokuserar p̊a numeriska studier med subkritisk transak-
tion till turbulens i det asymptotiska sugningsgränsskiktet (ASBL). Med kon-
stant homogent insug kan en tillväxt av gränsskiktet förhindras, vilket ger
tillg̊ang till asymptotisk dynamik. Detta till̊ater forskningsmetoder som inte
är tillgängliga när gränsskiktet växer.

I den första delen undersöks separeringen mellan det laminära och turbu-
lenta omr̊adet av ASBL numeriskt genom att använda en randsp̊arningsalgo-
ritm. En utvidgning av den numeriska domänen i spännvis riktning till̊ater
att en robust lokalisering av de attraherande flödesstrukturerna hittas i denna
separering. Den aktiva delen av de identifierade randtillst̊anden (“edge states”)
best̊ar av ett par l̊ag- och höghastighets str̊ak, vilka upplever lugna faser som
följs av högenergiutbrott. Under dessa utbrott förstörs och återskapas struk-
turen, men med en skiftning i spännvis riktning. Beroende p̊a domänens stor-
lek i denna riktning blir dessa skiftningar antingen regelbundna i riktning och
avst̊and, och periodiska i tiden, eller s̊a blir de oregelbundna i rum och spo-
radiska i tid. I alla undersökta fall har samma tydliga regenereringsmekanism
av str̊aken och virvlarna identifierats, med en stark likhet till den klassiska
självupprätth̊allande cykeln i väggturbulensen. Bifurkationer fr̊an periodiska
till kaotiska regimer studeras här genom att variera den strömvis längden av
(den periodiska) domänen. Det resulterande bifurkationsdiagrammet inneh̊aller
många fenomen, t.ex. multistabilitet, periodiskt återkommande och periodisk
dubblering, vanligtvis undersökta i l̊agdimensionella system.

Den andra delen behandlar rum och temporala aspekter av ett turbulent
ASBL i större domäner nära gränsen till upprätth̊allande turbulens. Genom
att adiabatiskt minska Reynoldstalet fr̊an ett fullt turbulent tillst̊and studeras
turbulens av l̊aga Reynoldstal, och händelser som leder till laminarisering av
flödet. Även en robust kvantitativ uppskattning för det lägsta Reynoldstal d̊a
turbulens upprätth̊alls f̊as vid Re ≈ 270.

Nyckelord: Gränsskikt, instabilitet, laminär–turbulent transition, dynamiska
system, edge states, väggturbulens, laminarisering
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Preface

The current study focuses on different aspects of transition to turbulence in a
boundary layer flow. A general discussion on transitional wall-bounded flows
is given in the introduction. The considered flow case and the main concepts
of the current study are also discussed. In the second part of the work the
following articles are included, adjusted to the present thesis format.

Paper 1. T. Khapko, T. Kreilos, P. Schlatter, Y. Duguet, B. Eck-

hardt & D. S. Henningson, 2013 Localized edge states in the asymptotic
suction boundary layer. J. Fluid Mech. 717, R6.

Paper 2. T. Khapko, Y. Duguet, T. Kreilos, P. Schlatter, B. Eck-

hardt & D. S. Henningson, 2014 Complexity of localised coherent structures
in a boundary-layer flow. Eur. Phys. J. E (to appear).

Paper 3. T. Khapko, P. Schlatter, Y. Duguet & D. S. Henning-

son, 2014 Turbulence and laminarisation in the spatially extended asymptotic
suction boundary layer. Internal report.
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Part I

Introduction





CHAPTER 1

Introduction

There are two fundamental regimes of a fluid flow – laminar and turbulent.
The flow is considered laminar when fluid moves seemingly in strict parallel
layers, whereas unpredictable chaotic motion in space and time characterises
turbulence. Most flows around us are turbulent. Turbulence is associated
with much higher drag compared to the laminar regime. With about 10% of
the total energy being spent worldwide on overcoming this drag (Guest 2012),
understanding turbulence and the processes leading from laminar to turbulent
regime are of tremendous importance. Studies of transition to turbulence are
relevant to many applications in aerodynamics, ship hydrodynamics, transport
in pipelines, etc.

The motion of fluids is typically modelled by the Navier–Stokes equations.
In most cases, together with continuity equation they form a closed system,
which allows to determine the state of the flow at any time instance t provided
appropriate initial and boundary conditions. This state is described by four
unknowns: velocity field u = (u, v, w) in streamwise x, wall-normal y and
spanwise z directions, and pressure p.

The fundamental aspects of transition to turbulence are usually considered
in the context of “canonical” flow cases, which provide a simplified laboratory
framework for the study. Most of them are planar analytical solutions of the
incompressible Navier–Stokes equations for a Newtonian fluid with constant
properties, which accompanied by the continuity equation read

∂u

∂t
+ (u · ∇)u = −1

ρ
∇p+ ν∇2u , (1.1a)

∇ · u = 0 , (1.1b)

where ρ is the density and ν is the kinematic viscosity of the fluid. Assuming
that the flow is steady, and x- and z-independent, system (1.1) simplifies to

ν
∂2u

∂y2
= v

∂u

∂y
︸︷︷︸

A

+
1

ρ

∂p

∂x
︸ ︷︷ ︸

B

, (1.2a)

v = const . (1.2b)

By solving (1.2) for different combinations of the terms A and B together with
correct boundary conditions we obtain different canonical solutions. The most

1



2 1. INTRODUCTION

Table 1.1. Some of the canonical solutions of the Navier–
Stokes equations.

Combination Solution

A = 0 and B = 0 plane Couette flow
A = 0 and B 6= 0 plane Poiseuille flow/ pipe flow
A 6= 0 and B = 0 asymptotic suction boundary layer (ASBL)

ReSN

edge state

ReC Re

E

TS waves

turbulent regime

Figure 1.1. Schematic bifurcation diagram for ASBL and
plane Poiseuille flow. Without the TS branch it is also applica-
ble to plane Couette flow and pipe flow. Quantity E measures
the distance from the laminar flow.

classical ones are listed in table 1.1. Note that pipe flow is obtained not in
planar, but in cylindrical geometry.

For a long time transition to turbulence was investigated using the linear
stability analysis. It allows to determine the critical value of the Reynolds num-
ber Rec, the governing parameter of the flow, above which the flow becomes
unstable to finite-amplitude disturbances. The Reynolds number is defined as
Re = UL/ν, where U and L are the characteristic velocity and length, re-
spectively. According to this approach, pipe flow and plane Couette flow were
found to be linearly stable for all values of Re, whereas for asymptotic suction
boundary layer (ASBL) Rec = 54370 and for plane Poiseuille flow Rec = 5772.
In the two latter cases, above Rec two-dimensional Tollmien–Schlichting (TS)
waves are exponentially amplified (Schmid & Henningson 2001), later under-
going a sequence of bifurcations leading to turbulence. This is known as the
“classical” transition scenario. TS waves can actually be triggered also below
Rec by finite-amplitude perturbations (Herbert 1975; Rotenberry 1993).

However, for all the above mentioned flows, transition to turbulence can
be observed also in the linearly stable regime. It occurs in the presence of
strong disturbances to the system, bypassing the classical transition scenario
and evolving as a fully nonlinear process. This is known as subcritical transi-
tion, which arises due to existence of another concurrent state of the system
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even below Rec (see figure 1.1). This state corresponds to the upper branch
solution created in a saddle–node bifurcation which occurs at ReSN < Rec
(Dauchot & Manneville 1997; Manneville 2005). It undergoes subsequent bi-
furcations leading to a chaotic structure, which supports turbulent behaviour.
The lower branch solution is a saddle, with its stable manifold separating basins
of attraction of the laminar and turbulent states. This separatrix is now known
as the edge of chaos (Skufca et al. 2006). Recently, a lot of efforts were devoted
to studying the attracting state within this separatrix, the edge state (Schnei-
der et al. 2007). This relative attractor can be a simple object, like a fixed
point or a periodic orbit, or a more complicated chaotic structure. In all cases
it serves as an example of simple dynamics in the high-dimensional system we
consider. As such it can be used for understanding the mechanisms of the sus-
tained non-trivial flow behaviour. In addition, being a saddle of the system, it
guides the evolution of the flow going towards turbulence. This motivates the
development of nonlinear control strategies targeting the edge state (Kawahara
2005).

When considered in spatially-extended domains, the edge state shows ro-
bust localisation (Mellibovsky et al. 2009; Duguet et al. 2009; Schneider et al.
2010b; Duguet et al. 2010, 2012), thus remaining a predominantly temporal
phenomenon. However, there is another (spatio–temporal) aspect of studying
transition which aims at understanding the mechanisms with which turbulence
spreads spatially to fill the whole flow. Moreover, in most wall-bounded flows
close to the onset of sustained turbulence, turbulent regions were found to or-
ganise in oblique bands, sometimes forming a laminar–turbulent pattern (Coles
1965; Prigent 2001). These spatio–temporal features of the flow call for a dif-
ferent study approach using the concepts of spatio–temporal intermittency and
phase transition (Pomeau 1986; Chaté & Manneville 1987; Manneville 2009;
Shi et al. 2013).

In this thesis we focus on these aspects of transition in the asymptotic
suction boundary layer. As was shown above, ASBL is one of the analytical
solutions of the incompressible Navier–Stokes equations. The flow is realisable
in experiments with a porous flat plate and a well-controlled suction mech-
anism (Antonia et al. 1988; Fransson & Alfredsson 2003). ASBL lacks the
complications associated with the spatially growing boundary-layer flows. This
growth is counteracted by constant homogeneous suction, which is one of the
well known approaches to flow control. Thus, ASBL’s biggest advantage is that
it is a parallel boundary layer, which enables investigations of the asymptotic
dynamics of the flow.

The thesis has the following structure. In Chapter 2 the details of the flow
case and the employed numerical method are given. Chapter 3 is devoted to a
discussion of the edge of chaos concept, whereas in Chapter 4 an overview of
low-Re turbulent behaviour in wall-bounded shear flows is presented. Chapter 5
contains a short summary of the papers from Part II. Finally, conclusions and
an outlook of the performed work are given in Chapter 6.



CHAPTER 2

Asymptotic suction boundary layer

2.1. Governing equations and solution

The asymptotic suction boundary layer (ASBL) is the flow above a porous flat
plate subject to constant homogeneous suction, for which all properties have
become streamwise independent (see Schlichting 1987). A sketch of the flow is
shown in figure 2.1. The flow is governed by the incompressible Navier–Stokes
and continuity equations (1.1). The boundary conditions are no-slip at the wall
and free-stream away from the wall

(u, v, w)y=0 = (0,−VS , 0) , (2.1a)

(u, v, w)y=∞
= (U∞,−VS , 0) , (2.1b)

where U∞ and VS are the free-stream and suction velocities, respectively.

The system (1.1) with the boundary conditions (2.1) admits an exact ana-
lytical solution (U, V,W ), which does not depend on the streamwise direction x

(U, V,W ) = (U∞(1− e−yVS/ν),−VS , 0) ,

p = const .

This is the base flow that we consider.

The Reynolds number is defined using the displacement boundary-layer
thickness

Re =
U∞δ∗

ν
,

where

δ∗ =

∫
∞

0

(

1− u

U∞

)

dy =
ν

VS
. (2.2)

Using the expression (2.2) the Reynolds number becomes the ratio between
the free-stream and suction velocities Re = U∞/VS . As was mentioned in
Chapter 1, the laminar base flow is linearly stable below Rec = 54370 (Hocking
1975). However, transition to turbulence can be triggered at much lower values
of Reynolds number Re ≈ 300 (Mariani et al. 1993; Levin et al. 2005; Levin &
Henningson 2007; Schlatter & Örlü 2011).

An interesting property of ASBL follows from the integral momentum
equation in the asymptotic state, which holds for both laminar and turbulent

4
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x

z

y

̶ Vs

U
∞

δ*

u

v

w

Figure 2.1. Sketch of the asymptotic suction boundary layer.

regimes
∫

∞

0

−VS
∂u

∂y
dy =

∫
∞

0

ν
∂2u

∂y2
dy . (2.3)

Integrating the above expression (2.3) we get

VSU∞ = ν
∂u

∂y

∣
∣
∣
y=0

,

which using the definition of the wall-shear stress τw = ρν
(
∂u/∂y

)∣
∣
y=0

and the

friction velocity uτ = (τw/ρ)
1

2 becomes

VS

U∞

=

(
uτ

U∞

)2

.

Thus, for both laminar and turbulent ASBL the skin friction cf is fixed by
the suction rate

cf =
τw

1
2ρU

2
∞

= 2

(
uτ

U∞

)2

=
2

Re
.

This means that the momentum loss at the wall is compensated by continuously
entraining free-stream fluid through suction.

The free-stream velocity U∞ and the displacement thickness δ∗ are used as
the characteristic units for the non-dimensionalisation. Starting from here all
the mentioned quantities are non-dimensional.

2.2. Numerical method

Numerical studies of the asymptotic suction boundary layer were performed
using a KTH Mechanics in-house code called SIMSON (Chevalier et al.
2007). It is a fully spectral code, which solves the incompressible Navier–
Stokes equations in the velocity–vorticity formulation inside a channel geom-
etry. The domain in which the numerical solution is calculated is defined as
Ω = [−Lx/2, Lx/2] × [0, Ly] × [−Lz/2, Lz/2]. The code is written in Fortran
77/90. It can be used to perform direct numerical simulations (DNS) as well as
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Figure 2.2. Time evolution of the 99% boundary layer thick-
ness δ99 for the laminar ASBL flow when using Dirichlet (solid)
and Neumann-type (dashed) boundary conditions.

large-eddy simulations (LES), however only the former was used for this the-
sis. The solver is parallelised using both shared and distributed memory par-
allelisation with the Open Multi-Processing (OpenMP) and Message Passing
Interface (MPI), respectively. The flow field u is expanded using Fourier basis
in streamwise x and spanwise z directions and using Chebyshev polynomials in
the wall-normal y direction. Dealiasing using the 3/2 rule is performed in the
wall-parallel directions. Third-order Runge–Kutta and second-order Crank–
Nicolson methods are used for time advancement of nonlinear and linear terms,
respectively.

As a direct consequence of using the Fourier decomposition, periodic
boundary conditions are imposed in the streamwise x and the spanwise z direc-
tions. In comparison with previous work on ASBL using SIMSON (Levin 2005),
where constant suction was incorporated into the governing equations, in this
thesis an implementation with suction moved to the wall-normal boundary con-
ditions was used. Dirichlet boundary conditions are imposed at the bottom of
the domain corresponding to no-slip at the wall. When simulating a boundary-
layer flow Neumann-type boundary conditions are typically prescribed at the
top of the domain, which allow for large bursts in the wall-normal direction.
However, as a direct consequence of the integral momentum equation, using
Neumann-type conditions for ASBL, and thus not prescribing constant suction
at the top of the domain, leads to a slow boundary layer growth (see figure 2.2).
Hence, Dirichlet boundary conditions are used also at the top of the domain,
with the adequate choice of its height Ly

(u, v, w)y=0 = (0,−VS , 0) ,

(u, v, w)y=Ly
= (1,−VS , 0) .
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As shown by Schlatter & Örlü (2011) in the turbulent ASBL regime the
boundary-layer thickness δ99 saturates at very high values in comparison to the
laminar one even at moderate Reynolds numbers. Moreover, for relatively small
computational domains the final 99% thickness, as well as the size of the largest
turbulent structures, depends on the dimensions of the domain. Therefore, an
appropriate choice of the computational box is important in order to ensure
the validity of turbulent ASBL simulations.



CHAPTER 3

Laminar–turbulent separatrix

3.1. Edge of chaos and edge states

When considering the Navier–Stokes equations in a dynamical systems frame-
work, we deal with a phase space X which consists of all possible states of the
flow. A vector x in this phase space X corresponds to a given velocity field,
which describes one single state of the flow. In this case the following dynamical
system is associated with the time evolution of Navier–Stokes equations

ẋ = f(x) , (3.1a)

x(0) = x0 , (3.1b)

where f : X→ X and x0 is the initial flow field at time t = 0.

The laminar state is a fixed point of the system (3.1). In many shear flows,
despite the linear stability of the laminar state, another concurrent state of the
flow can be observed. Depending on the initial condition x0 the flow can either
laminarise or turbulence may be triggered. Thus, the two states, laminar and
turbulent, are in competition with each other. This suggests the existence of a
basin boundary between the two somewhere in phase space. This boundary is
an invariant manifold of the phase space and is called the edge of chaos (Skufca
et al. 2006). The trajectories lying on this boundary are believed to reach a
relative attractor within it, the so-called edge state (Schneider et al. 2007).

Skufca et al. (2006) considered a Galerkin representation of a parallel shear
flow, where the laminar state co-exists with a chaotic saddle which supports
transient turbulent behaviour. A chaotic saddle is a chaotic structure in the
phase space that traps trajectories, which however have a finite probability of
escape. It has been observed for wall-bounded shear flows near the threshold
ReSN (Schmiegel & Eckhardt 1997) following a boundary crisis (Mellibovsky
& Eckhardt 2012; Kreilos & Eckhardt 2012; Avila et al. 2013). This type of
bifurcation occurs when the chaotic attractor collides with its basin boundary
(Alligood et al. 1996). By studying lifetimes (duration of the transient) for a
span of initial conditions, Skufca et al. (2006) were able to identify the geometric
structure separating the laminar state and the chaotic saddle, the edge of chaos.
The conceptual view of the phase space in figure 3.1(a) shows the edge of
chaos to be a highly convoluted object. In addition, they were also able to
follow the trajectories within the edge for an infinite time using a method
suggested by Nusse & Yorke (1989) for the “dynamic restraint problem”. This

8
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Laminar
state

Laminar basin Strange
saddle

periodic
saddle
point

typical line

edge points

Q2D

Laminar
(attractor)

Basin boundary

3D

Exact solution on basin boundary

(t = t
1
)

(t = t
2
)

Turbulent attractor

(a) (b)

Figure 3.1. Conceptual representations of the phase space
showing the difference between the perceptions of Skufca et al.
(2006) and Toh & Itano (2003). (a) Laminar attractor and
the chaotic saddle governing the transient turbulence, with
the convoluted edge of chaos in-between, taken from Skufca
et al. (2006); (b) Laminar and turbulent attractors with the
separatrix in-between, taken from Toh & Itano (2003).

problem consists in finding trajectories which stay within the chaotic saddle
for an arbitrary long period of time. The procedure of Nusse & Yorke (1989)
creates a trajectory straddling the stable set of the chaotic attractor using the
PIM (Proper Interior Maximum) triple algorithm, which consequently finds
three points with the highest lifetime as the intermediate one. In the edge of
chaos case, the PIM algorithm is replaced by a bisection between low and high
lifetime points, which is repeated at suitable time intervals. Computed edge
trajectories quickly converged to a relative attractor within the edge, which in
their case changed from periodic orbit to a chaotic attractor as the Reynolds
number was varied. The same ideas were later applied to the full Navier–Stokes
system in the pipe geometry by Schneider et al. (2007), who coined the term
“edge state”, which appeared to be chaotic in their case.

The laminar–turbulent separatrix was also studied earlier in the context
of fluid flows, before the notion of the edge state was established. When look-
ing at the streak bursting as a part of the self-sustaining process (Hamilton
et al. 1995), Toh & Itano (1999) found a travelling-wave solution lying on the
laminar–turbulent boundary in the plane Poiseuille flow. This was done using
a shooting method, which will be discussed in section 3.2. Compared to Skufca
et al. (2006) the basin boundary separates the laminar state and the turbulent
chaotic attractor, which results in a more simplistic phase-space picture (see
figure 3.1(b)). From their initial viewpoint, the bursting corresponded to the
escape from the travelling wave along its unstable manifold (Toh & Itano 1999;
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Itano & Toh 2001). Later, when refinement was added to the initial shoot-
ing method, the result was reinterpreted as a periodic-like solution within the
laminar–turbulent separatrix, which undergoes calm and bursting phases (Toh
& Itano 2003). The same numerical technique was applied to plane Couette
flow by Kawahara & Kida (2001). For longer domains, they obtained Nagata’s
lower branch solution Nagata (1990); Clever & Busse (1997), which was identi-
fied earlier through homotopy methods. Later, Wang et al. (2007) reconfirmed
that the lower branch solution lies within the basin boundary and Schneider
et al. (2008) showed that it is the edge state in some parameter ranges. For
shorter domains, Kawahara & Kida (2001) found a gentle periodic orbit, which
was later shown to be, in fact, the edge state in this set-up (Kawahara 2005).

3.2. Edge tracking

A well-established technique for following the trajectories within the edge of
chaos is called edge tracking. The main steps of the algorithm are shown in
figure 3.2. We start with choosing two bracketing initial conditions, one uT

leading to turbulence and the other one uL going laminar as they are evolved
in time. Knowing that the edge of chaos lies somewhere in-between, we perform
a bisection on the line connecting the two (see figure 3.2(a)). Thus, we consider
the family of initial conditions u = uL + λ(uT − uL), where λ is the bisection
parameter varied between 0 and 1. At each step of the bisection a single initial
condition is evolved in time, until it comes close to the laminar or turbulent
state (see figure 3.2(b)). This approach would result in crossing a threshold
for some relevant quantity that allows to unambiguously distinguish the two
states (at least far from the expected saddle–node bifurcation). In our case we
use the rms (root-mean-square) of the wall-normal velocity fluctuations vrms.
Depending on which side the trajectory ends, a new initial condition is chosen
by rescaling λ and the process is repeated. At the end of the bisection we obtain
a trajectory which stays longest close to the edge of chaos. Still at some point
it leaves to either the laminar or turbulent regime, due to the limited numerical
accuracy of the bisection. Therefore, in order to stay within the edge of chaos
for an arbitrary long time, subsequent bisections are performed between the
new refined initial conditions, which are chosen based on the previous step (see
figures 3.2(c)–(d)). The obtained piecewise continuous trajectory shadows the
basin boundary for an infinite time and approaches the relative attractor within
this boundary, the edge state.

One of the differences between the employed edge-tracking techniques
comes from the choice of the refined initial conditions uT and uL. In the
shooting method (Toh & Itano 2003) uL is the quasi-two-dimensional compo-
nent of the velocity, whereas uT is the full velocity field close to the edge. In
the study by Skufca et al. (2006) uT and uL are chosen on the two last trajec-
tories of the previous bisection diverging from the edge in different directions.
Schneider et al. (2007) repeatedly used the laminar profile as uL and a state on
the last turbulent trajectory as uT . Similarly, in this work uL is the laminar
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Figure 3.2. Conceptual sketch of the phase space illustrat-
ing the edge-tracking algorithm. The laminar state and tur-
bulence are represented with a green dot and a convoluted
red structure, respectively. The grey surface corresponds to
the laminar–turbulent boundary, with the yellow curve rep-
resenting the edge state. (a) The family of initial conditions
used for the bisection is represented by a part (solid) of the
black dashed line connecting two states from both sides of the
boundary, uT and uL. Here the laminar state is used as uL.
(b) Two trajectories obtained with the bisection which shadow
the separatrix and later leave it in two different directions. (c)
The last trajectory of the current bisection and the family of
initial conditions for the next one. (d) Results of the following
bisection.

flow, however uT is a state on the last trajectory, regardless of whether it goes
laminar or turbulent.

3.3. Recent developments

3.3.1. Extended domains

The initial edge state studies in parallel shear flows (Toh & Itano 2003; Schnei-
der et al. 2007, 2008) were all performed in periodic domains of small finite size.
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This did not only lower the computational cost, but also ensured no spatial co-
existence of the two regimes. Later studies (Duguet et al. 2009; Schneider et al.
2010b; Mellibovsky et al. 2009; Duguet et al. 2010; Avila et al. 2013; Zammert
& Eckhardt 2013) showed that the dynamics on the edge stays low-dimensional
even in extended domains, with robust spatial localisation of the edge states.
The appearance of families of spanwise-localised states in plane Couette flow
was shown to be connected to the snaking bifurcations (Knobloch 2008; Schnei-
der et al. 2010a; Duguet et al. 2011).

3.3.2. Boundary-layer flows

Recently, the concept of edge states was applied to the boundary layer flows
(Cherubini et al. 2011; Duguet et al. 2012; Biau 2012; Kreilos et al. 2013;
Khapko et al. 2013, 2014). In the Blasius boundary layer over a flat plate
(Cherubini et al. 2011; Duguet et al. 2012) an additional complication comes
from the slow spatial growth, which strengthens the domain size requirements
needed to keep the structures on the edge localised as they move downstream.
Duguet et al. (2012) were able to identify an almost-cyclic dynamics in terms
of the local boundary-layer thickness scaling. However, the proper asymptotic
dynamics remains inaccessible in this set-up. Biau (2012) used a modelling
approach, based on the parallel model of the Blasius flow proposed by (Spalart
1988), where the temporal evolution of a short streamwise extent of the flow
is considered. Another possible alternative is to consider ASBL (Kreilos et al.
2013; Khapko et al. 2013, 2014), a parallel boundary-layer flow that is both
an analytical solution of the incompressible Navier–Stokes equations and is
realisable in experiments (Antonia et al. 1988; Fransson & Alfredsson 2003).

Similarly to the edge state studies in other flows, small domains were con-
sidered initially (Kreilos et al. 2013). In this configuration the edge state was
found to be a relative periodic orbit. Structurally it is made up of a pair of
low- and high-speed streaks, which are shifted by exactly half of the box width
during the high-energy bursts. As the domain is extended in the spanwise
direction, the structure on the edge invariably localises (Khapko et al. 2013).
Depending on the streamwise period Lx, either chaotic behaviour is observed or
all trajectories reach one of the three edge states, which differ in the direction of
the spanwise shift during bursts. These three states, as well as the chaotic one,
are shown in figure 3.3 using a space–time diagram of the streamwise velocity
u averaged in x at y = 1. Independently of the temporal dynamics a clear re-
generation mechanism, comparable to the self-sustaining process by Hamilton
et al. (1995), is apparent in all cases.

The bifurcations leading from the periodic to erratic behaviour were studied
by slowly varying the streamwise length of the domain Lx (Khapko et al. 2014).
The main results are summarised in figure 3.4 using a bifurcation diagram. It
shows the complex variation of the dynamics on the edge depending on the
bifurcation parameter Lx. A number of interesting phenomena can be observed,
which are typically studied in the context of simple systems such as logistic
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Figure 3.3. Space–time diagrams for streamwise velocity
fluctuations u′ averaged in x at y = 1: (a) left-going state
(L) for Lx = 6π; (b) right-going state (R) for Lx = 6π; (c)
alternate left- and right-going state (LR) for Lx = 6π; (d)
chaotic edge state for Lx = 4π.

maps. Among those are multistability, Pomeau–Manneville intermittency and
period doubling. These concepts are explained in the second paper in Part II
of the thesis. This paper also includes a detailed discussion of the bifurcation
diagram.

3.3.3. Practical importance and real-life observations

Apart from the clear theoretical importance of edge states as a backbone of the
turbulent dynamics, there are also few publications focusing on the practical
aspect of this concept. Kawahara (2005) proposed a control strategy, which
targets the flow when it approaches the edge state, forcing it to cross the
basin boundary, leading to laminarisation. The work by Xi & Graham (2012)
concerns the polymer drag reduction in plane Poiseuille flow. They observe
that the turbulent flow is going through active and hibernating intervals, with
the former one shortening with the addition of polymers. It is argued that
hibernating phases are excursions towards the edge state, itself hardly affected
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Figure 3.4. Bifurcation diagram in terms of the cross-flow
energy peaks Ecf max. The branches for the L and LR states
from figure 3.3 are represented with squares (red) and circles
(blue), respectively. Larger symbols represent stable (filled)
and unstable (empty) states, whereas erratic behaviour is de-
noted with smaller symbols.

by the polymer additives. In this case the edge state provides the upper limit
for the polymer-induced drag reduction, which may explain the maximum drag
reduction phenomenon, when the flow becomes unresponsive to the addition of
polymers.

An important question is the possibility to observe edge states or their
dynamics in experiments. Bottin et al. (1998) performed experiments of decay-
ing turbulence in plane Couette flow. During the decay they observed active
regions of streamwise vortices, which could be stabilised using a continuous
deformation approach by introducing a thin wire into the flow. With an in-
credible insight, Bottin et al. (1998) claimed them to be associated to nonlinear
solutions belonging to a branch disconnected from the laminar profile, which
are unstable in the plane Couette flow limit. A similar observation was later
made by de Lozar et al. (2012), who were able to detect the edge state dynam-
ics in a pipe flow experiment of spatially decaying turbulence. Furthermore,
they were able to converge experimental flow fields to unstable solutions on the
laminar–turbulent boundary, known to be part of the chaotic edge state in pipe
flow (Pringle & Kerswell 2007; Duguet et al. 2008; Pringle et al. 2009).



CHAPTER 4

Wall turbulence at low Reynolds numbers and beyond

4.1. Laminar–turbulent patterns in wall-bounded shear flows

The interest in turbulence at low Reynolds numbers in spatially extended do-
mains was triggered by the famous experiments in Taylor–Couette flow (Coles
1965; Atta 1966), where “barber-pole” structures were discovered in counter-
rotating regimes. Studying transition Coles (1965) and Atta (1966) saw that
once turbulence is created, it does not spread to contaminate the whole domain.
Instead it organises into oblique bands, forming a helical laminar–turbulent
pattern. Since then a lot of studies were devoted to this phenomenon, with
explanation attempts (Hegseth et al. 1989), and comprehensive experiments in
systems of much larger aspect ratio (Prigent 2001) compared to the original
set-up of Coles (1965). The same behaviour was observed in another similar
flow, the rotor-stator system (Cros & Le Gal 2002).

These results raised a natural question whether this behaviour is limited
to the circular wall-bounded flows, which are intrinsically periodic, or whether
similar structures can be observed also in other wall-bounded but parallel sys-
tems like plane Poiseuille, plane Couette or boundary-layer flow. However,
when studying this phenomenon in above-mentioned flows, severe technical ob-
stacles arise in the form of high aspect ratio requirements, overcome only in the
last decade. In experiments additional complication comes from the non-zero
mean advection (except plane Couette flow). Spatio–temporal studies in these
flows were initiated with investigations of turbulent spots (Carlson et al. 1982;
Henningson et al. 1987; Lundbladh & Johansson 1991; Tillmark & Alfredsson
1992; Bottin 1998). However, in these studies turbulent spots never developed
into laminar–turbulent patterns due to either limited simulation times or con-
finement of the domains. Finally, Prigent (2001) obtained laminar–turbulent
bands in an extended plane Couette apparatus, showing the relevance of this
phenomenon also for parallel wall-bounded flows. Following this experimen-
tal investigation, laminar–turbulent stripes were obtained numerically in plane
Poiseuille flow (Tsukahara et al. 2005) and in plane Couette flow (Barkley &
Tuckerman 2005). Barkley & Tuckerman (2005) considered short-and-narrow
tilted domains, reducing computational requirements, however fixing the incli-
nation angle of the obtained bands. Later, Duguet et al. (2010) performed a
high aspect ratio study, which allowed for a whole range of different inclina-
tion angles of the stripes (see figure 4.1). They also showed that the pattern
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Figure 4.1. Laminar–turbulent pattern in plane Couette
flow. Shown is streamwise velocity in xz-plane at y = 0. Fig-
ure taken from Duguet et al. (2010).

forms independently of the prescribed initial condition (noise or localised dis-
turbance), provided the right parameter range. In plane Couette flow, this
range in Re and box dimensions was obtained by Philip & Manneville (2011)
by adiabatically decreasing Re starting from a fully turbulent regime. Later
it was shown that this behaviour can be extended to higher Reynolds num-
bers (Brethouwer et al. 2012; Deusebio et al. 2014), if some external stabilising
forces are applied (e.g. magnetic field, rotation or stratification). Duguet &
Schlatter (2013) proposed an explanation of the mechanism for stripes forma-
tion in plane Couette flow, which can possibly be extended also to the other
flow cases. In pipe flow the laminar–turbulent stripes phenomenon is some-
times associated with turbulent puffs (Wygnanski & Champagne 1973), which
however lack obliqueness due to the confinement of the flow.

4.2. Low-Re turbulence in boundary-layer flows

The study of low Reynolds number turbulence becomes challenging when con-
sidering a boundary-layer flow above a solid flat plate. The slow spatial growth
of the layer, and thus consecutive increase of the lengthscales, leads to progres-
sive increment of Re. This means that the laminar–turbulent co-existence is
observed only during transition in a form of growth and merging of turbulent
spots. The asymptotic low-Re turbulent regime, which requires a parallel flow,
is out of reach. Apart from different modelling approaches (Spalart & Yang
1987; Spalart 1988), a possible way to overcome this obstacle is to apply suc-
tion at the wall. If the suction is constant and homogeneous it leads to the
asymptotic suction boundary layer, which is a parallel boundary-layer flow.

A study of low-Re turbulence in a spatially extended ASBL flow is pre-
sented as paper 3 in this thesis. A similar technique to the one by Prigent
(2001) and Philip & Manneville (2011) was used, according to which the Rey-
nolds number is decreased in small steps starting from a fully turbulent state
(results of this approach are shown in figure 4.2). In ASBL this can be easily
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Figure 4.2. Time evolution of 99% boundary layer thickness
δ99 for different Re in statistically steady regime illustrating
results of the lowering Re approach. Here the Reynolds num-
ber was lowered from Re = 333 to Re = 257.

Figure 4.3. Three-dimensional visualisation of the turbu-
lent ASBL at Re = 270. Shown are isosurfaces of positive
(red) and negative (blue) streamwise velocity fluctuations, to-
gether with vortices (green) visualised using the λ2 criterion
(Jeong & Hussain 1995). Flow from left to right.

achieved by changing the suction velocity. The study revealed that, on the con-
trary to most other wall-bounded shear flows, in the case of ASBL turbulence
does not form oblique bands. The fluctuations become weaker with decreasing
Reynolds numbers, however turbulence still fills the whole domain even for the
lowest Re at which it still can be sustained (see figure 4.3). Further decrease
of Re leads to sudden full laminarisation of the flow. Thus, the co-existence of
laminar and turbulent zones was observed only during laminarisation events.
Interestingly, apart from being fully turbulent, the flow has distinct regions
with higher and lower turbulence intensity. This behaviour was found to be
well-explained by the concept of amplitude modulation, which has been previ-
ously developed in the context of high-Re turbulence.
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Figure 4.4. Schematic representation of the large-scale
superstructures and their influence in a boundary-layer flow
taken from Marusic et al. (2010). In the right top corner hot-
wire signal decomposed into large-scale and small-scale com-
ponents is shown.

4.3. Amplitude modulation

Amplitude modulation is a basic concept used in signal processing. According
to it, the carrier wave transmitting the signal is modulated by the low-frequency
wave, which contains the information to be transferred. The concept of ampli-
tude modulation in turbulence was introduced by Hutchins & Marusic (2007b).
They performed an experimental study of high Reynolds number turbulence,
doing measurements near the wall using the hot-wire anemometry. Analysing
the obtained signal (see figure 4.4) they observed a modulating effect of the
large-scales (low-frequency) on the small-scales (high-frequency), drawing an
analogy with the amplitude modulation.

This effect was attributed to the large-scale superstructures residing in the
log region (see figure 4.4). The large-scale motion is increasing in intensity
with the increase of Reynolds number, leaving an energy footprint close to the
wall. Apart from this, it affects the magnitude of the near-wall fluctuations,
enhancing them below high-speed regions and reducing them below low-speed
ones. Thus, small-scale fluctuations are modulated by the large-scale motion.
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Summary of papers

Paper 1

Localized edge states in the asymptotic suction boundary layer.
The laminar–turbulent separatrix is studied numerically in the asymptotic suc-
tion boundary layer. In domains close to the minimal flow unit the obtained
edge state is a relative periodic orbit. When the numerical domain is extended
in width, the structures found by the edge tracking are localised in the spanwise
direction, experiencing either periodic or chaotic dynamics depending on the
streamwise length of the domain, which imposes the fundamental streamwise
wavenumber. In both cases, as well as in small domains, the edge state consists
of an active pair of a low- and a high-speed streak. The dynamics of the streaks
consists of calm and bursting phases, during which the structure breaks and
reforms with a shift in the spanwise direction. In the parameter range where
the dynamics is periodic, three distinct edge states were distinguished based
on the direction of the spanwise shift (left, right, left-right). In the chaotic
range, the shifts are aperiodic with unpredictable direction and magnitude. In
both cases a clear regeneration cycle of the structures was identified, bearing
similarities with the classical self-sustaining process of near-wall turbulence.

Paper 2

Complexity of localised coherent structures in a boundary-layer flow.
The attracting states within the laminar–turbulent separatrix are studied nu-
merically in the asymptotic suction boundary-layer flow. We consider spanwise-
extended domains, which allow for robust localisation of the structures on this
separatrix. Depending on the streamwise wavenumber, the computed edge
states are either periodic or chaotic in time. In the periodic case, multistability
is observed, with three attracting states within the separatrix, two of which
are symmetry-related. We study the bifurcations leading from the periodic to
erratic behaviour by slowly varying the streamwise length of the domain. New
states with longer periods were identified in the process. Period doubling and
Pomeau–Manneville intermittency were detected as a part of the complex bi-
furcations connecting the two dynamics. In addition, co-existence of an erratic
and a periodic state was observed. Independent of the temporal behaviour the
dynamics on the edge stays low-dimensional and non-extensive.
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Paper 3

Turbulence and laminarisation in the spatially extended asymptotic suction
boundary layer.
Low Reynolds number turbulence is studied numerically in the asymptotic suc-
tion boundary layer. Starting from a fully turbulent flow the Reynolds number
is lowered in small steps until laminarisation is observed. The use of a spa-
tially extended domain allows us to focus on the spatio–temporal aspects of
the examined dynamics. Near the onset of sustained turbulence the flow does
not develop clear laminar regions. The weakening of the near-wall turbulent
dynamics in some parts of the domain was found to be associated with the
amplitude modulation by the large-scale flow further away from the wall. The
processes leading to laminarisation are investigated in detail. In addition, the
procedure allows us to identify the value of the critical Reynolds number, below
which turbulence is not sustained.



CHAPTER 6

Conclusions & outlook

In the first part of this work we have computed edge states in the asymptotic
suction boundary layer. Performing edge tracking in wide domains revealed
robust localisation of the attracting states on the edge. Their dynamics is non-
extensive, meaning that further increase of spanwise width of the domain would
not change their structure. In this set-up, for a particular range of streamwise
length of the domain Lx, we have observed multistability on the edge. Three
periodic states, two of them symmetry related, are acting as attractors within
the laminar–turbulent boundary. For lower values of Lx no simple attracting
states were found, with the tracked trajectory on the edge experiencing irregular
dynamics. In all cases, the edge state consists of an active pair of low- and high-
speed streaks. The low-speed streak develops sinuous instabilities (Brandt &
Henningson 2002), with the resulting vortex interactions leading to abrupt
breakdown of the structure. As the dynamics is restricted to the edge, the
same structure reforms with a shift in the spanwise direction. Different states
are distinguished based on the regularity, magnitude and direction of these
shifts. Overall features of this regeneration process resemble the classical self-
sustaining cycle in the near-wall turbulence.

The complex bifurcations connecting the two different dynamics were inves-
tigating by slowly changing Lx. In the process, new states with longer periods
and states which are intermittent were discovered. In addition, co-existence of
chaotic and periodic states was observed. In this case, performing edge tracking
from a random initial condition, erratic behaviour could have been regarded
as a long transient approach to the periodic state. This demonstrates the lim-
itation of edge tracking in terms of unveiling the phase-space structure of the
basin boundary. We propose a possible explanation for the final bifurcation
diagram. According to it, the changes on the edge are connected to the oc-
currences of saddle–node bifurcations, in which new states are destroyed and
created, as some of those states lie within the basin boundary.

Successfully studying edge states first in small, then in wide domains, the
next natural step is to consider domains extended in both streamwise and
spanwise direction. Hence now we plan to focus on computing fully localised
edge states in ASBL. Comparing these states to the structures obtained by
Duguet et al. (2012) can instruct us regarding the liability of using ASBL as a
model for the spatially developing boundary-layer flow.
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In the second part of the thesis we have investigated low-Re turbulence in
ASBL. By slowly decreasing Reynolds number starting from a fully developed
turbulence we were able to explore the behaviour of the flow in a large range
of Re close to the critical value Reg, below which turbulence is not sustained.
The study revealed that even close to Reg the flow stays fully turbulent. Sur-
prisingly, we found out that at these low values of Re amplitude modulation,
a high-Re concept, plays an important role in the dynamics of the flow. In
addition, the implied protocol allowed us to obtain a reliable estimate for the
value of Reg ≈ 270.

As the next step we plan to work on an explanation for the observed dynam-
ics in ASBL. As such, this dynamics serves as an intriguing counter example
to the behaviour observed in the other wall-bounded shear flows. Comparison
between the two may benefit the understanding of both phenomena.
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tence spatio-temporelle dans l’écoulement de couette plan. PhD thesis, Université
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